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LOI CAM DPOAN

T6i xin cam doan day 1a cong trinh nghién ctru cua riéng tdi. Cac sd
lidu, két qua trong luan van 1 trung thuc va chua ting duoc ai cong bd trong
bat ky cong trinh nao khéc.

Tac gia luan van

Tran Manh Son
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LOI CAM ON

Téc gia luan van xin tran trong bay té 1ong biét on sau sac nhat dbi véi
GS.TS Tran Hitu Nghi vi d3 tan tinh giup d& va cho nhiéu chi dan khoa hoc c6
gia trj cling nhu thuong xuyén dong vién, tao moi diéu kién thuan loi, gitp d&

tac gia trong sudt qua trinh hoc tap, nghién cau hoan thanh luan van.

Tac gia xin chan thanh cam on cac nha khoa hoc, cac chuyén gia trong
va ngoai truong Pai hoc Dan 1ap Hai phong da tao diéu kién gitp d&, quan tam
gop y cho ban luan van dugc hoan thién hon.

Tac gia xin tran trong cam on cac can b, giao vién cua Khoa xay dung,
Phong dao tao Pai hoc va Sau dai hoc- truong Pai hoc Dan lap Hai phong, va
cac dong nghiép da tao diéu kién thuan loi, giup d& tac gia trong qua trinh

nghién ctru va hoan thanh luan van.

Tac gia luan van

Tran Manh Son
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MO PAU
Ly dolwa chon dé tai:

Nhitng nam gan day, do kinh té phat trién, ngdy cang xuat hién nhiéu
cong trinh cao tAng, cong trinh ¢ khau d6 16n, cong trinh dic biét. Trong nhing
cong trinh d6 nguoi ta thuong dung cac thanh ¢ chiéu dai 16n, tAm - vo chiu
nén va do d6 diéu kién 6n dinh trong mién dan hoi c6 tim quan trong dac biét,
doi hoi phai nghién ctru day du ca vé mat 1y thuyét va thuc nghiém.

Bai toan dao dong cua két cdu dd duoc giai quyét theo nhiéu hudng khac
nhau, phan 16n xut phat tir nguyén 1y ning luong ma theo d6 két qua phu thudc
rat nhiéu vao cach chon dang cua hé ¢ trang thai 1éch khoi dang can béng ban
dau.

Phuong phap nguyén 1y cuc trj Gauss do GS.TSKH. Ha Huy Cuong dé
xuat 1a phuong phéap cho phép ap dung nguyén 1y cuc tri Gauss - von duoc phat
biéu cho hé chat diém -dé giai cac bai toan co hoc vat ran bién dang noi riéng
va bai toan co hoc mdi truong lién tuc nodi chung. Pic diém cta phuong phap
nay 1a bang mot cai nhin don gian ludn cho phép tim dugckét qua chinh xac
clia cac bai toan du d6 1a bai toan tinh hay bai toan dong, bai toan tuyén tinh
hay bai toan phi tuyén.

Poi twong, phwong phap va pham vi nghién ciru ciia ludn an

Trong luan van nay, tac gid sir dung phuong phap nguyén 1y cuc tri Gauss
noi trén va phuong phap chuyén vi cudng birc dé giai bai toan dao dong dan
héi cua thanh, chiu tac dung cia tai trong tinh.

Muc dich nghién ciru ciia luan an
"Nghién ciru dao ddng tir do ciia dam bang PP PTHH"
Néi dung nghién ciru ciia dé tai:
- Trinh bay cac phuong phap giai bai toan dong luc hoc da biét.
- Trinh bay phuong phéap nguyén ly cuc tri Gauss.
- St dung phuong phap cho bai toan dao dong cua thanh.



CHUONG 1.
PHAN TICHDPONG LUC HQC CONG TRINH
1.1. Khai niém

Céc bai toan dau tién vé dao dong trong linh vuc co hoc két cau xuat hién
tir nira thé ky tha XIX. Tuy vay, sau thoi ky do cac bai toan tinh van thu hit
duoc su quan tdm cua cac nha nghién ctiru hon so véi cac bai toan dong. Cho
dén nhimg nam thtr 30 cua thé ky XX, mon Dong luc hoc c¢ong trinh méi duoc
coi nhu mot phan riéng biét trong linh vuc co hoc két cau.

Qua trinh phét trién caa ly thuyét dao dong cong trinh lién quan mat
thiét dén qua trinh phéat trién cua ly thuyét dao dong noi chung va gan lién voi
yéu cau phat trién cua nén kinh té quéc dan. Bic biét 1a trong may chuc nim
gan day, su phét trién nhay vot cua cac nganh giao théng van tai, xay dung co
ban, ché tao may, hang khong da thé hién rd su thanh cong ruc r& trong linh
vuc nghién cau ly luan va thuc nghiém ctia mén Bong luc hoc cdng trinh.

Bia toan don gian dau tién vé dong luc hoc cong trinh 1a nghién citu céch
tinh dao dong cho so d6 két cau dam; tiép d6 1a cac loai két cau hé thanh phirc
tap hon nhu dan, vom, khung, dam lién tuc. Bac biét la trong khoang muoi
nam gan day, viéc nghién ctru dao dong caa tim va vo da duoc cha y dén nhiéu.
Trong thyc té ta thuong phai giai quyét cac bai toan vé dao dong cong trinh khi
thiét ké xay dung cac cong trinh nhu cong trinh nha cong nghiép chiu tai trong
dong, cong trinh cau chiu tai trong di dong, cdng trinh cau va cac cdng trinh
cao chiu tai trong khi dong, cac cong trinh thay céng chiu tac dung cua séng
bién...

Pén nay, di c6 rat nhiéu céng trinh Ion nghién ctu vé dao dong cong
trinh; trong d6 cac nha khoa hoc cua cac nudc XHCN nhu Lién X6 [3, 26] Ba
Lan, Tiép Khic, CHDC Druc [15, 12, 3] dd dong gop nhiéu cong trinh nghién

ctru Xuat sac. Bén canh viéc nghién ciru dé xuat ra 1y luan tinh toan, cac tac gia



cling da nghién curu tim bién phap lam giam anh hudéng dong cua tai trong dong
tac dung Ién cong trinh.

Hién nay, mot trong nhitng hudng méi dugc quan tam nhiéu, khi nghién
ctru dao dong cdng trinh 12 4p dung phuong phap thdng ké; phuong huéng nay
ap dung c6 hiéu qua dac biét dbi vai nhitng loai dao dong chiu cac ngoai lyc cé
tinh chat ngau nhién [3]. Bén canh dé viéc xuat hién cac cong cu tinh toan mai
nhu may tinh dién tir, da thac day rat manh mé viéc nghién ciru dao dong caa
cac cong trinh ciing nhu trong co hoc két cau néi chung [3].

Trong luan vin nay s& chi dé cap dén nhitng van dé rat co ban cuaa ly thuyét
dao dong cong trinh va &p dung né dé tinh toan dao dong cua thanh theo 1oi giai
ban giai tich va theo 10i giai s6 bang phuong phap phan tir hitu han.

1.2. Pac trung co ban cua bai toan dong lwc hoc:

Tai trong thay di theo thoi gian nén trang thai ¢ng suat - bién dang cua
hé ciing thay doi theo thoi gian. Do dé, bai toan dong s& khong co nghiém
chung duy nhat nhu bai toan tinh. Vi vay, bai toan dong phac tap va kho khin
hon nhiéu so véi bai toan tinh. Sy can thiét phai ké dén luc quan tinh 1a diém
khac biét co ban nhat cia bai toan dong luc hoc so véi bai toan tinh. Ngoai ra,
viéc xét dén anh hudng cua luc can ciing 1a mot dic trung co ban phan biét hai
bai toan trén.

1.2.1. Luc can:

Trong tinh toan, d6i khi khong xét dén anh hudng cua luc can nhung lyc
can ludn ludn c6 mat va tham gia vao qué trinh chuyén dong cua hé. Lyc can
xuat hién do nhiéu nguyén nhan khac nhau va anh huéng caa chung dén qua
trinh dao dong 14 rat phic tap. Trong tinh toan, dua ra cac gia thiét khac nhau
vé luc can, phi hop véi diéu kién thyuc té nhat dinh.

Trong da s6 cac bai toan dao dong cong trinh, ta thudng st dung mo hinh vat

liéu bién dang dan nhét (ma sat nhat) do nha co hoc ngudi Puc W.Voigt kién



nghi: xem luc can ty 18 bac nhét véi van tdc dao dong. Cong thic caa lec can:
Pc = Cy’ voi C 1a hé sb tat dan.

Ngoai ra con dua ra mot s6 gia thiét co ban sau:

- Luec cdn theo gid thiét Xorokin: 1a gia thiét vé luc can trong phi dan hdi. Luc
can trong phi dan hoi 12 lyc can tinh dén sy tiéu hao ning luong trong hé, duoc
biéu thi trong viéc 1am ton that tr& ning lwgng bién dang trong qua trinh dao
dong. N6 khdng phu thudc vao tde do bién dang ma phu thudc vao gia tri bién
dang.Trong d6, quan hé gitra cac bién dang chung (d6 vong, goc xoay) vai tai

trong ngoai la quan hé phi tuyén.

Cong thuc cua luc can: Pc=i ;Pd
T

trong d6 Pd 1a luc dan hoi;  1a hé sé tiéu hao nang lugng.
[Luc dan hoi (hay luc phuc hoi) xuat hién khi tach hé khoi vi tri can bang va co
xu hudng dua hé vé vi tri can bang ban dau, twong (g va phu thudc vao chuyén
vi dong cua hé: Pd = P(y). O cé4c hé dan hoi tuyén tinh: Pd = ky vai k 12 hé sb
ctng (luc gay chuyén vi bang 1 don vi)].
- Luc can ma sat kho cia Coulomb (Fms): ty 1€ véi &p luc vudng géc N va co
phuong nguoc véi chiéu chuyén dong.
Cong thuc cua luc can: Frns = #.N (V6i « 1a hé s ma sat).
Luc can s& lam cho chu ky dao dong dai hon. Trong thuc té, c6 nhiing cong
trinh bi cong huéng nhung chua bi phéa hoai ngay vi ¢ hé sb can khac khong.
Do con anh hudng caa lee can nén khi cong huong, cac noi luc, chuyén vi dong
cua hé khong phai bang oo ma c6 tri sé 16n hitu han.
1.2.2. Pic trung dong ciaa hé dao ddng tuyén tinh:

Dao dong tuyén tinh 1a dao dong ma phuong trinh vi phan mé ta dao
dong 1a phuong trinh vi phan tuyén tinh. Pic trung dong cia hé dao dong tuyén

tinh bao gém: khéi lugng cua hé, tinh chat dan hoi cua hé (d6 cung, d6 mém),



ngudn kich dong, tan sé dao dong (tan s6 dao dong riéng, dang dao dong riéng),
hé s6 tat dan...

B4c tu do cua hé dan hdi 1 s6 théng sb hinh hoc doc 1ap can thiét dé xéac
dinh vi tri cia hé tai mot thoi diém bat ky khi ¢ chuyén dong bt ky.

Vén dé xac dinh céc tan sé dao dong riéng va cac dang dao dong riéng caa bai
toan dao dong hé hiru han bac ty do twong rng vai bai toan xac dinh cac tri
riéng va vecto riéng cua dai sé tuyén tinh. Thong thuong, dé danh gia mot cong
trinh chiu tai trong dong, chiing ta thuong danh gia so b théng qua tan s6 dao
dong riéng tha nhat va dang dao dong riéng tha nhat (tan sé dao dong co ban
va dang dao dong co ban).

1.3. Dao ddng tuan hoan - Dao déng diéu hoa:

Hau nhu bat cir hé két cau nao ciing c6 thé chiu mot dang tai trong dong
nao dé trong sudt qué trinh séng cua nod (tai trong tinh duoc xem nhu dang dic
biét cua tai trong dong). C4c tai trong dugc phan thanh: tai trong tuan hoan va
tai trong khdng tuan hoan.

CAc tai trong khdng tuan hoan c6 thé I cac tai trong xung ngan han hoac
c6 thé 1 céc tai trong tong quat dai han, cac dang don gian hoé co thé dung
duoc.

Mot tai trong tuan hoan thé hién sy bién thién theo thoi gian giong nhau
lién tiép d6i véi mot sb lugng 1on chu Ky. Tai trong tuan hoan don gian nhét co
dang hinh sin (hoic cosin) va duoc goi 1a diéu hoa don gian. Nho ¢6 phan tich
Fourier ma bat ca mot tai trong tuan hoan nao ciing c¢6 thé dugc bidu dién nhu
1a mot chudi cac thanh phan diéu hoa don gian. Tai trong tuan hoan gay ra dao
dong tuan hoan trong két cau.

1.3.1. Dao ddng tuan hoan:
La dao dong duoc lap lai sau nhitng khoang thoi gian © nhat dinh. Néu dao

dong duoc biéu dién boi ham sé cua thoi gian y(t) thi bat ky dao dong tuan hoan



nao cling phai théa man: y(t) = y(t+r). Thoi gian lap lai dao dong t duoc goi la chu
ky cta dao dong va nghich dao cua no f = 1/t dugc goi Ia tan so.

Dang don gian nhat cia dao dong tuan hoan 1a dao dong diéu hoa.
1.3.2. Dao ddng diéu hoa:

Thuong dugc md ta bang hinh chiéu trén mot duong thang caa mot diém
di chuyén trén mot vong tron véi van téc goc @. Do d6 chuyén vi y duoc viét:
y = Asinot.

Bai vi dao dong lap lai trong khoang thoi gian 27 nén c6 méi lién hé:
w=2rlt =2
Van téc va gia tdc cling 1a diéu hoa véi cing tan s6 cia dao dong nhung 1éch
véi do dich chuyén lan luot 13 z/2 va =
y=wAsIin(ot+7/2)
y’= - w?Asinwt=w?Asin(ot+ )
Viy: y’= - %y => gia toc ty 1¢ véi do dich chuyén.
1.4. Cac phwong phap dé xay dung phwong trinh chuyén dong:

Phuong trinh chuyén dong cua hé c6 thé xay dung dua trén co so cua
phuong phap tinh hoic cac nguyén ly bién phan nang luong. Cac biéu thirc toan
hoc dé xac dinh cac chuyén vi dong duoc goi 1a phuong trinh chuyén dong cua
hé, n6 ¢ thé duoc biéu thi duéi dang phuong trinh vi phan .

1.4.1. Phwong phap tinh dong hoc:

[Noi dung nguyén 1y D’Alembert dbi v6i co hé: trong chuyén dong cua
co hé, cac luc thyuc sy tc dung I&n chat diém caa hé gém noi luc va ngoai luc
cuing véi cac luc quan tinh 1ap thanh hé luc can bang]

Dua trén co so nhitng nguyén tac can bang cua tinh hoc c6 bo sung thém
lyc quan tinh viét theo nguyén 1y D’ Alembert, diéu kién can bang (tinh dong)
d6i vai céac luc tdng quat viét cho hé n bac tu do:

(Qk + ‘];)kzl..n =0



trong do:
QK - luc tong quét caa céc luc da cho.

theo so luc a ay OZ.
Q=- 3 (xi Ly, Dz, j
‘ =1 oq, aQk aq,

J*k - lyc téng quét cta cac luc quan tinh cia cac khdi luong, twong g véi cac

chuyén vi tong quét gk.

] . _ _theo S0 gloi luong m ” + y” ay
‘ =1 i aqk I aqk “ GQk

Xi, i, zi - c4c chuyén vi cua khdi lwong mi theo phuong céc truc toa do, biéu

dién théng qua cac toa do tong quat gk.
Xi = Xi (Q1, 92, ++---,0n)
Yi =Vi(q, G2, ---,0n)
zi = Zi (Qu, G2, -----,0n)
Ciing c6 thé viét: J*k = -MKkgk, voi MK 1a khéi luong quy doi, twong tng
véi chuyén vi tong quét gk.
1.4.2. Phwong phap nang luwong:
Dua trén dinh luat bao toan nang lugng, truong hop bo qua cac luc ngéan
can chuyén dong, ta co: K + U = const.
trong do:
K - dong nang cua hé:
K= zmiva + ij(z)dzv(—;”
U - thé nang cua hé, c6 thé duogc biéu thdng qua cdng cua cac ngoai luc hoic

cong cua cac noi luc (truong hop hé phang):
U= %ZPiAcos(PiAi)+%Zde.Acos(dP,A)

Hoac:



2 2 2
U——ZI ds f ds ZJst}

1.4.3. Phuwong phap wng dung nguyén ly cong ao:

[Noi dung ctia nguyén 1y: diéu kién can va du dé mot co hé lién két Iy
tudng gitr va dimg duoc can bang tai mot vi tri da cho 1a tong cong 4o cua tat
ca cé&c luc hoat dong tac dung 18n hé déu bang khéng trong di chuyén 4o bat ky
tur vi tri da cho][3, tr.33].

Nguyén ly duoc ap dung nhu sau: oU; +0T; =0 (i=1+n)
trong d6:  oU; - cong kha di ctia noi lyc.

oT; - cong kha di cua ngoai luc (gom luc Kich thich, luc can, luc
quan tinh).

Trong ba phuong phap da gidi thiéu ¢ trén, phuong phap tinh dong dua
ra cach giai quyét don gian cho hé mot sb bac tu do. Sy can thiét phai xem xét
cac lyc lién két va cac biéu do vat thé tu do trong phuong phap nay dan dén
nhitng kho khan dai s6 doi véi nhitng hé ¢ bac ty do cao hon.

Phuong phap ning luong khac phuc dugc nhimg khoé khan cua phuong
phap tinh dong. Tuy nhién, nguyén 1y nang lugng cung cac toa do vat ly chi
dua dugc mot phuong trinh ma diéu dé chi giéi han st dung cho hé mot bac tu
do.

Nguyeén Iy cong 4o khac phuc duoc nhitng han ché cua ca hai phuong
phap trén va l1a mot céng cu manh di vai hé nhiéu bac tu do. Tuy nhién, day
khong phai 1a mét tha tuc hoan toan c¢6 tinh vo hudng, trong d6 viéc xem xet
vecto luc 1a can thiét trong viéc xac dinh céng ao [20, tr.215].

1.4.4. Phwong trinh Lagrange (phwong trinh Lagrange loai 2):
Phuong trinh Lagrange 13 mot thu tuc hoan toan c¢6 tinh vo hudng, xuat

phat tir cac dai lugng vo huéng cia dong ning, thé ning va cong duoc biéu



dién théng qua céac toa do suy rong. Uu diém ndi bat caa cac phuong trinh
Lagrange la dang va sé lugng caa chiing khéng phu thudc vao sb vat thé thudc
co hé va su chuyén dong cua cac vat thé d6. Hon nira, néu lién két 1a 1y tuong
thi trong cac phuong trinh Lagrange khong c6 mat cac phan luc lién két chua
biét.
Gia str hé c6 n bac tu do va cac toa do suy rong caa hé la gi, qz, ..., Qn.
Phuong trinh chuyén dong Lagrange duoc Vviét nhu sau:

d T, o7 v

at'ag) g Taq

:Qi

Trong d6: + T va U lan lugt 1 dong ning va thé ning cta hé.

+ Qi la cé4c luc suy rong tuong ung véi cac luc khong co thé. Phuong trinh
chuyén dong Lagrange duoc &p dung rong rai trong nhiéu linh vuc khoa hoc va
ki thuat, né duoc ap dung véi tat ca hé tuyén tinh va phi tuyén.

1.4.5. Phwong phap wng dung nguyén ly Hamilton:

[Nguyén ly Hamilton c6 ndi dung nhu sau: mét hé co hoc chiu tac dong
cua cac lyc da biét s& co chuyén dong (trong tat ca cac chuyén dong co thé va
cung diéu kién & hai dau cua khoang thoi gian) sao cho bién thién dong ning,
thé ning va cong co hoc cua cac luc khdng bao toan trong khoang thoi gian
dang xét bang khong].

Noi dung nguyén ly c6 thé duoc biéu thi: tjz(éT +8U —R)dt =0
Ly
trong do:
ST, AU - bién phan dong niang va thé ning cua hé.
AR - bién phan cong do céc luc khdng bao toan (luc kich thich, luc can) tac

dung Ién hé.



Tir cac phuong trinh chuyén dong Lagrange sé& xay dung nguyén Iy bién
phan déng hoc Hamilton va nguoc lai. Vi vay c6 thé ding nguyén Iy Hamilton
dé 1am co s& cho dong luc hoc cac hé holonom.

[Theo ngdn ngit ciia G.Hertz: hé co hoc ndo chi c6 nhitng lién két duoc
biéu dién dudi dang hiru han (lién két hinh hoc) goi 1a hé holonom; néu hé d6
chiu nhitng lién két biéu dién bang phuong trinh vi phan khong kha tich thi goi
la hé khdng holonom].

1.5. Dao dgng cia hé hiru han bac tw do:
1.5.1. Dao dong tw do:

Khi hé chuyén dong tu do, vi tri cia cac khdi lwong xac dinh dang cua
hé tai thoi diém bat ky. Poi vai hé n bac tu do, cac khdi lugng ¢ chuyén dong
phiic tap, gom n dao dong véi n tan sé e, khac nhau. N6i chung, ti sé gitra cac
chuyén vi cua cac khdi luong riéng biét lién tuc thay doi. Nhung co thé chon
diéu kién ban dau sao cho moi khéi lugng chi dao dong véi mot tan sé6 @, nao
d6 chon tir pho tan s6. Nhitng dang dao dong nhu thé goi la dang dao dong
riéng (hay dang dao dong chinh).

S6 dang chinh bang sé bac ty do caa hé. Trong cac dang dao déng chinh,
quan hé cac chuyén vi ciia cac khoi luong la hang so6 di voi thoi gian. Néu cho
trudc cac dang dao dong chinh thi ta ciing xac dinh duoc tan sd.

Viéc x4c dinh céc dang dao dong riéng va tan sé dao dong riéng dong
vai tro quan trong trong bai toan dao dong cua hé hitu han bac tu do.
1.5.1.1. C4c tan sé riéng va cac dang dao dgng riéng:

Phuong trinh vi phan dao dong tu do khdng can cua cac khdi luong:

MY”(t) +KY(t) =0  (L.1)
véi M va K 1a cac ma tran vudng cap n, thuong 1a ma tran doi xing. Nghiém
cua (1.1) duoc tim dudi dang:

Y(®) = Asin(@t+2)  (1.2)
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Thay (1.2) vao (1.1) nhan duoc:
[K-0*M ]A=0 (1.3)
Dé hé (1.3) c6 nghiém khdng tam thuong (tac 14 ton tai dao dong) thi:
K-o’M| =0 (L.4)

(1.4) 1a phuong trinh dai s6 bac n di V6i w*, duoc goi 1a phuong trinh tan s6
(hay phuong trinh dac trung). Cac nghiém @; (véii=1+n) cua (1.4) la cac
tan sé riéng. Vecto bao gdm tat ca cac tan sé dao dong riéng xép theo thu tu
tang din (@, < @, <........ < w, dugc goi 1a vecto tan sé dao dong riéng (hay

pho tan sé:

Tan s dao dong riéng thap nhat ol goi 1a tan sé co ban.

Phuong trinh (1.4) c6 thé dugc viét dudi dang giai tich nhu sau:

(m11511 - Ul) Moo, ... Mpoyy
(m21521 - Uz) MyOyp ... Mpoy, s 1
=0 Vol u;=—
W
(mn15n1 - un) mn5n2 mn5nn

Thay cac @; vao (1.3), duoc hé phuong trinh dai s6 tuyén tinh thuan nhat dé
xéc dinh c4c thanh phan cia vecto riéng Ai.

K-o?M|p =0 (15)

Vi (1.5) 1a hé phuong trinh dai s6 tuyén tinh thuan nhat cé det cac hé sé bang
0 nén céc thanh phan cua vecto Ai duoc xac dinh sai khac mét hang sb nhan,

chang han c6 thé chon Ali tuy .
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Dxi :ﬁ Vé. dé théy D =1

|
Ma tran vudng @ biéu thi tat ca cac dang dao dong riéng co thé caa hé, duoc

goi la ma tran cac dang riéng (hay ma tran dang chinh):

¢11 ¢12 .............. wln
Do evieninnine. w
O — 2 22 2n (1.6)
| Pn1 Ppoeeeeeeeennns ®nm |

Mdi mot trong cac vecto cot cia (1.6) cho ta mot dang dao dong riéng cua hé:

o ] [1]

| P2i || Pai
» = =

L Pni | [ Pni ]

1.5.1.2. Gidi bai toan riéng (eigen problem):
Khi hé dao dong tu do khéng can thi bai toan dao dong tu do tré thanh bai toan
riéng tong quat:

K- 0*M]JA=0 (1.7)
Cac tan sd (vong) riéng cua dao dong (&ng véi cac tan sd fi) 1a cac nghiém
@; (I =1+n) cua phuong trinh dic trung bac n:

[K- @*M]=0 (1.8)
bat A = w? (1.8) tré thanh:

[K- AM]=0  (L9)

Khi phan tich dang dao dong, ta c6 bai toan riéng tong quat:

Kg=AM¢
trong do:
My Ay An - cac tri riéng.
PLy P e, @, - cac vecto riéng tuong tng.
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o=lpr...on]
C6 nhiéu phuong phap dé giai bai toan riéng [17]:
+ Nhom 1: cac phuong phép 1dp vecto.

Ko = 4Mo;
+ Nhom 2: cac phuong phap bién doi.

# Kg=A

¢ Ko =1
trong d6: A =diag(4;)
+ Nhom 3: cac ky thuat lap da thirc

p(4;) =0 trong d6 p(4) = det(K-4 M)
+ Nhom 4: sir dung dac tinh sturm cta cac da thirc dac trung

p(4) =det(K — AM)
p(r) (l(r)) _ det(K(r) —20OM (r))

1.5.1.3. Tinh chdt treec giao ciia cac dang chinh - Dang chudn:
Tinh chat truc giao caa cac dang chinh thé hién & chd: cong caa ngoai luc (hay
noi lyc) cua mot dang chinh nay trén chuyén vi (hay bién dang) cua mot dang
chinh khac bang 0.
Biéu thuc biéu thi tinh truc giao cua céc dang chinh c6 thé viét qua ma tran do
cting hodc ma tran khéi lwong nhu sau:

¢ Mp; =0 hoic ¢ Mg; =0 (Vi @ # w;) (1.10)

& dang giai tich, biéu thuc tinh truc giao viét theo ma tran khéi lugng nhu sau:
n
2 My YiiYkj =0
k=1
hoic ¢ thé biéu thi dudi dang cdng caa cac noi lyuc:

M:M - N:N . Q.Q.
iVl i'Vj i ge
Zj—dEJ s+zj—dEF S+Zj—dGF s=0
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Pay 1a tinh chat quan trong trong vi&c giai quyét cac bai toan dao dong cudng
birc cling nhu dao dong tu do caa hé hitu han bac tu do.
- Dgng chudn: 1a dang dao dong riéng thoa man biéu thic: ¢ Mg; =1

Ky higu 12 ¢

1 .
Pien = i VO aal =g Mo, (1.11)

i
Viéc dua cac dang dao dong riéng vé dang chuan goi la chuan hoé cac dang
dao dong riéng. Khi céc dang dao dong riéng da duoc chuan hod, ta viét duoc
diéu kién truc chuan nhu sau:

®L,MD, =E hoic O KD, =Q (1.12)
Trong d6: E 1a ma tran don vi, Q =diag (a)lz)
Piéu kién truc chuan c6 y nghia quan trong trong viéc rdt gon qué trinh tinh
toan cua hé dao dong.
1.5.2. Dao dong cwdong burc cia hé hiru han bac tw do:
Phuong trinh vi phan dao dong cua hé: MY”(t) + CY’(t) tKY(t)= P(t).
Pay 1a bai toan phuc tap va hay gap trong thuc té. C6 nhiéu phuong phéap khéc
nhau dé giai quyét bai toan nay, trong d6 phuong phap hay dwoc st dung la
phuong phéap cong dang dao dong (phuong phap khai trién theo céc dang riéng).
1.5.2.1. Phwong phdp khai trién theo cac dang riéng:
Xét hé hitu han bac ty do chiju luc cudng birc va khdng ké dén luc can.
- Phwong phdp khai trién tdi trong theo cac dang riéng:
Gia str luc Pk(t) voi mot gid tri nao d6 (bao gdom ca gi tri 0) tac dung lén khoi
lwgng mk bat ky, luc Pk(t) dugc khai trién theo céc dang dao dong chinh duéi
dang cac thanh phan PKi(t)

14



n
k=1 k=1 3 mkqozki
k=1
Tai trong khai trién theo dang chinh tht i viét du6i dang ma tran:
T
. Tp
Pi = (TD' Mg; = ¢, PMgj; ¢, (1.14)
@i Mo,

Phuong phap nay tim duoc n hé luc PKi(t) thay cho hé luc Pk(t). Twong
ing véi dang chinh c6 tan sé wi, ta ¢ cac luc PLi(t), P2i(t),  Pni(t) duoc
théhién nhu hinh (1.1).

4 4 §’+ L 2
’A’ m; m, my m, ’”8"

F*t)  B*(t) R*®) Bt

Hinh 1.1
Cac luc nay s& gay ra cac chuyén vi ti Ié véi cac chuyén vi dang chinh thiri. Vi
vay, hé chiu tai trong nhu thé c6 thé xem nhu hé voi mot bac tu do..
Néu c6 mot s6 luong bat ky cac luc Pi(t) duogc dat khdng phai 1én cac khoi

lwong thi can phai thay thé chiing bang cac tai trong Pi*(t) nhu trén hinh 1.2.

s
P T
. F?ni P-mi i Pkni Pmi .

Hinh 1.2.
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Cac luc Pi*(t) tc dung tai cac khdi lugng sao cho: chuyén vi tinh cua céc khoi
luong do ching gay ra gidng nhu cac chuyén vi do céc luc Pi(t) da cho gy ra.

CA4c tai trong thay thé dua trén co so cac phuong trinh:

Fil Fﬂz Fin
Fal FEZ FE
th:[Pb P2,---Pn]: "
I:)nl I:)n2 I:)nn

- Phwong phap tog dp tong quat:
Chuyén vi ciia hé cd thé phan tich thanh téng cia cac chuyén vi thanh phan ang

véi ting dang dao dong chinh:

Y1) = 3V, (t) = Sz () k=l k=l
k=1 k=1

Vi Zi(t):Mi}H(z’)sina),(t—r)dr (1.15)
i@ o

Céc dai luong Zi(t) duoc goi la toa do tong quat cua hé, nd chinh 1a cac bién do
ring voi cac dang chinh.
Ma tran céc toa do tong quat caa hé:
Z(t) = [Z,(1), Z2(),,Zn()]T
1.5.2.2. Trinh ter tinh todn hé dao dong cwong bic:
Theo [1, tr.150], hé hitu han bac tu do dao dong cudng birc dugc tinh toan theo
trinh tu sau:
+ Xac dinh tan sé dao dong riéng va cac dang dao dong riéng.
+ Khai trién tai trong theo cac dang dao dong riéng theo (1.14), hoic xac dinh

c4c toa do tong quat tng Vai cac dang riéng theo (1.15).
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+ Xac dinh chuyén vi cua hé tir két qua nhan dugc ma tran tai trong khai trién
hoic ma tran céc toa do tdng quét.
Y(t) = M-1PkhKai(t)  (1.16)

trong d6: Kai(t) - hé s6 anh huéng dong hoc theo thoi gian cua dang

t
chinh thir i; Kai(t) = L[ f (z).sina; (t—r)dz  (L.17)
230

Hoc: Y(1)=d.Z(t) (1.18)
+ Pé xac dinh noi luc caa hé, can phai biét luc dan hoéi Pd(t) twong (g véi qué
trinh dao dong cua hé.
Vé6i phuong phap khai trién theo cac dang dao dong riéng:
Pd(t) = PkhKi(t) (1.19)

trong do: K; (t) =a),} f(z).sine(t—7)dz (1.20)
0

Véi phuong phap toa do tong quat: Pd(t) = KY(t)
1.5.2.3. Dao dpng cia hé chiu tdi trong diéu hoa
Pa s truong hop hay gap trong ki thuat, nguoi ta thudng dua tai trong
P(t) vé dang gan dtng 13 ham diéu hoa hoic phan tich theo chudi Furie roi lay
mét vai s6 hang dau. Do vay, viéc nghién ciru dao dong véi luc kich thich co
dang Psinrt hay Pcosrt la mét bai toan co ban trong dong luc hoc cong trinh.
Dao dong cudng buc cua hé dudi dang tong quét bao gdom hai phan: dao
dong riéng, dao dong vai luc kich thich. Khi dao dong chuyén sang giai doan
6n dinh thi phan dao dong riéng caa hé khéng con, hé s& dao dong co chu ky
cung vai chu ky caa luc Kich thich.,

Khi hé chiu tac dung cua tai trong diéu hod: P(t) = sinrt thi chuyén vi caa hé:
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Y =GP
Trong d6: G - ma tran giai thac Green: G = dchDdchT

1

w? —r?

D= diag (Si) véi Si =

Khi tan sb r cua luc kich thich bang mat trong céc tri s6 cua tan sé dao dong
riéng o, thi déu xay ra hién twong cong huong (r = @,).

C6 thé str dung phuong phap tinh dong dé xac dinh cac luc quén tinh
trong hé. Déi véi hé dbi xtang, co thé phan tich tai trong thanh ddi xiing va phan
xtng dé van dung cach tinh theo nira hé hodc chuyén vi kép.

1.6. Cac phwong phap tinh gan ding trong déng luc hoc cong trinh:

Céac phuong phap nay duwa trén co s tim tan s6 dao dong riéng theo
phuong trinh dudng dan hdi duoc gia dinh trudc, hoic thay hé c6 sé bac tu do
I6n bang hé s6 cd bac ty do it hon. Cac phuong phap cho két qua tuong doi
chinh x4c ddi vai tan s6 co ban @, . Thuc té, khi tinh toan cac cong trinh, thuong
ngudi ta chi quan tdm dén tan sé co ban @, dé kiém tra diéu kién cong huong.
1.6.1. Phuwong phap nang lwgng (phuwong phap Rayleigh):

Phuong phap nay gia thiét truéc cac dang dao dong va dua trén co s
dinh luat bao toan niang lugng dé xac dinh tan sé va dang dao dong riéng tuong
tng. Khi hé dao déng tu do khong ké dén luc can, trén co so quy luat bao toan
nang luong, c6 thé thiét 1ap dugc méi quan hé: Umax = Kmax.

Pong ning cua hé tai thoi diém t bat ky:

2 2 2
m,,\V MV
K= Zj%dz + Z% = % [Zj m, yok(zndz+ Y m; y2k(z,t)]
Thé ning cua hé (khi chi xét toi anh huang cia mé men ubn):

2
Mzdz_z EJ( 82Yk(t,z) d
= J' 5 L_ 5 7

U=z 2EJ

0z
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Sau khi xac dinh dugoc Umax va Kmax, ta nit ra duoc:

2
ZIEJ{ Yk, z):| dz
oz°

- 2 2
2 MY k() 92+ MY kt2)

Néu biéu thi chuyén vi caa hé khi dao dong tu do dudi dang ma tran:
Y(t) = L.Z(t) = L.ZySin ot

trong do: L - vectodang gia dinh, Z(t) - bién d6 dang gia dinh

LKL

thi: @? = -
L' ML

1.6.2. Phwong phap Bupnop - Galoockin:

Phuong phap Bupnop - Galoockin dugc xay dung dua trén co s& nguyén ly
Hamilton hozc nguyén ly chuyén vi kha di.

Véi bai toan dao dong ty do cua dam, phuong trinh vi phan ctia dang dao dong
chinh thu j:

02 82yj(z,t) 2
2 {Ej(z) 2 @M (5)Y j(21) =0 (1.21)

Gia thiét nghiém caa (1.21) d3 biét va cd thé biéu dién nhu sau:
n
y i) = _Z:Iaiq)i (Z) (122)
2
Trong d6, ai 1 cac hang sé chua biét, cac ham ¢, (z) can phai chon sao cho thoa

man toan bd (hoic mot phan) diéu kién bién (d6ng hoc va tinh hoc) cua bai

toan.
1.6.3. Phwong phap Lagrange - Ritz:
Phuong phap Lagrange - Ritz duoc xay dung trén co so nghién ciru thé ning

toan phan cua hé
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[Noi dung nguyén 1y Lagrange dwoc phat biéu nhu sau trong tit ca cac trang
thai kha di, trang thai can bang dudi tAc dung cua céc luc ¢ thé s& tuong Gng
Vi trang thai ma theo d6, thé nang toan phan caa hé s& co gia tri dirng: &J =0
Thé nang bién dang duoc biéu dién dudi dang cong ngoai luc va céng noi luc
cua hé khi chuyén tir trang thai bién dang vé trang thai khong bién dang

2
2
By | %Yy

2{822

| 1
U= g dZ—(f)CI(z,t)Y(z,t)dZ—zpi(t)yzi,t)

trong do: q(z t) va pi(t) bao gdm céc luc kich thich va luc quén tinh do cac khéi
lugng phan b va tap trung gay ra khi hé dao dong.Véi bai toan dao dong riéng,

gia thiét dang chinh cia dao dong:

Yi@)= > a0 (2)

Trong do, cac ham _(pi () thoa man diéu Kién bién dong hoc (con diéu
Kién bién tinh hoc da ty thoa mén trong cac biéu thirc thé nang).

Tir diéu kién thé nang ctia hé co gia tri dung, ta co: % =0(vsik=1.n

Tir d6 nhan dugc n phuong trinh chinh tic chta al, a2,..., an.
1.6.4. Phwong phap thay thé khéi lwong:
Phuong phap ndy dua trén co s& don gian hoa so d6 khdi luong: thay thé cac
khéi lugng phan b va tap trung trén két cau thanh cac khoi lugng tap trung voi
s6 luong it hon dat tai mot s6 diém dac biét.
Co thé chia céc khdi lugng phan bé thanh nhiéu khoang, tap trung céc khoi
lwong phan bd trén mdi khoang vé trong tam cua nd hodc phan bé céc khoi
lwgng theo nguyén tic don bay: khéi lwgng phan bd trén mdi doan dugc thay
thé bang hai khéi lugng dat ¢ hai dau doan do.

1.6.5. Phwong phap khéi lwong twong duong:
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Phuong phéap nay dugc xay dung trén gia thiét: “Hai hé tuong duong vé
dong nang thi ciing twong dwong vé tan s6”. Vai phuong phap nay, ta phai chon
trude duong dan hoi y(z) va chi tinh dugc tan sé thap nhat cua hé thuc
1.6.6. Cac phwong phap so' trong dong luc hoc cong trinh:
1.6.6.1. Phwong phdp sai phédn:

La phuong phap giai gan dung phuong trinh vi phan ctia dao dong bing
giai hé phuong trinh sai phan. Chia ho thanh n phan tir, tai mdi diém chia, thay
dao ham bing cac sai phan dé lap phuong trinh sai phan tuong tng. Két qua
thu duoc la hé phuong trinh dai s6 tuyén tinh véi cac an so 1a gia tri nghiém
ctia phuong trinh vi phan tai diém chia va cé4c gia tri nghiém tai mot vai diém
chia 1an can. Phuong phap nay cho phép dé dang giai bai toan dao dong ctia hé
c6 cac théng so thay doi: tiét dién, khdi luong, tai trong...
1.6.6.2. Phwong phdp phan ti hiru han:

Hé duoc roi rac hod thanh cac phan tir hitu han, sau d6 xem céac phan tir
hitu han duoc ndi lai voi nhau tai mot sé diém quy dinh (thuong 1a dinh cua
mdi phan ti) goi 1a n(t va tao thanh ludi phan ter hitu han. Tinh lién tuc vé bién
dang cua hé dugc thé hién qua chuyén vi, dao ham cua chuyén vi tai cac nat
cua lugi phan ti hiru han.

S6 phan tir hitu han (hay s6 lwong an so) la cac chuyén vi tai nat cia ludi
phan tir hitu han. Ludi phan ti hitu han cang mau thi cang 1am viéc sat hé thuc
va murc d6 cua két qua tinh cang cao.

Vecto chuyén vi n(t cia lugi phan ta hitu han: {Y} = {y1y2... yn}

Hé phuong trinh vi phan biéu thi dao dong cua ludi phan tir hitu han c6 ké dén
lyc can dan nhét tai thoi diém t bat ky:

MKy @+ [l )+ K]y @)= PO}

1.6.6.3. Phwong phdp tich phan truc tiép:

21



Phuong phap tich phén truc tiép khdng nhitng cho phép giai cac bai toan
dao dong tuyén tinh ma con cho phép giai cac bai toan dao dong phi tuyén phirc
tap. Gom c6 cac phuong phép sau:

+ Phuong phap gia toc tuyén tinh (Phwong phap Viison ): phuong phap nay
xem rang: su thay ddi cua gia tbc chuyén dong trong mdi budc thoi gian tir t
dén (t+At) la tuyén tinh.

+ Phuong phap sai phan trung tdm: thuc chit cia phuong phéap 13 chia budc,
tich phan truc tiép hé phuong trinh vi phan trong tirng khoang chia At (giai bai
toan tinh trong timg budc chia thoi gian At nhung c6 ké dén luc quan tinh va
luc can, ddng thoi phuong trinh can bang duoc giai nhiéu lan ddi véi cac diém
chia trong khoang thoi gian dao dong).

Gia tri gia toc caa chuyén vi duge xem la khong doi trong pham vi hai budc

chia thoi gian va duogc xac dinh:
14 1
% (t)}:A—tz[{Y (t—At J=2{v (t J+{V (t+At} ]

+ Phuong phép gia téc trung binh khong d6i (phuong phap Neimark):

Phuong phéap nay gia thiét rang: & mdi budc thoi gian At, gia toc chuyén dong
bang hang sé va duoc tinh bang gia tri trung binh hai gia tri dau va cudi

cua khoang At:

fro(es )= A;)M W vsi ozt

1.7. Mot sb6 nhan xét:

+ Bai toan dong luc hoc céng trinh nghién ctu phan tng caa hé két cau
khi chiu tai trong dong (ma tai trong tinh chi 1a truong hop dic biét). C6 nhiéu
phuong phap dé giai bai toan dao dong nhung co thé noi, cac phuong phap déu
Xuat phat tir nguyén 1y nang lwong. Xuat phét tir diéu kién dirng caa phiém ham

cua thé ning toan phan ctua hé: SU =0, néu lay bién phan caa phiém ham theo
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chuyén vi thi ta nhan dugc cac phuong trinh can bang, néu lay bién phan cua
phiém ham theo luc thi ta duoc cac phuong trinh bién dang.

+ Viéc xéac dinh cac tan s6 dao dong riéng va cac dang dao dong riéng cia
bai toan dao dong (twong (ng Vvai bai toan xac dinh cac tri riéng va vecto riéng
cua dai s6 tuyén tinh) 1a mot nhiém vu quan trong ca bai toan dao dong.

Bai toan riéng: [K - AM ] A =0 (v6i 1 = @ 2) twong tng Vi viéc tim tri
riéng A sao cho [K — AM ]=0 hau det[K — AM ]=0. P4y la bai toan 16n (da thirc
bac n,véi n 1a bac ty do cua hé), cd nhiéu thuat toan dé giai nhung phuc tap.
Viéc thiét 1ap ma tran d6 cimg K va dua vé dang ma tran duong chéo 1a tuong

d6i kho khan dbi véi hé co nhiéu bac tu do.
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CHUONG 2
PHUONG PHAP PHAN TU HUU HAN

Trong chuong trinh bay mot s khai niém co ban ctua phuong phap phan
tir hitu han, va st dung né dé xay dung va giai bai toan dao dong ty do cua dam,
duoc trinh bay trong chuong 3.

2.1. Phwong phap phan tir hiru han

Phuong phap phan tir hitu han 14 mot phuong phap sb dic biét co hiéu qua
dé tim dang gan dung ciia mot ham chua biét trong mién xac dinh V cia no.
Tuy nhién phuong phap phan ti hitu han khdng tim dang xap xi cia ham can
tim trén toan mién V ma chi trong tirg mién con V., (phan tir) thugc mién xac
dinh V. Do d6 phuong phap nay rat thich hop véi hang loat bai toan vat ly va
ky thuat trong d6 ham can tim dugc xéac dinh trén cac mién phic tap gém nhiéu
ving nho cé dic tinh hinh hoc, vat Iy khac nhau, chiu nhitg diéu kién bién
khac nhau. Phuong phap ra doi tir truc quan phan tich két cau, roi dugc phat
biéu mot cach chat ché va tong quat nhu mot phuong phap bién phan hay
phuong phéap du ¢ trong nhung duoc Xap xi trén mdi phan tir.

Trong phuong phép phan tir hitu han chia két cdu cong trinh thanh mot s6
hitu han cac phan tir. Cac phan tir nay duoc ndi vai nhau tai cac diém dinh trudc
thuong tai dinh phan tir (tham tri tai cac diém trén bién phan tir) goi 1a nut. Nhu
vay viéc tinh toan két cdu cong trinh duoc dua vé tinh toan trén cac phan tir cia
két cu sau d6 két ndi cac phan tir nay lai véi nhau ta dugc 10i giai caa mot két
cau cong trinh hoan chinh. Twong ty nhu phuong phap sai phan hitu han ciing
chia cong trinh thanh cac doan nho (phan tir) va cac trang thai chuyén vi (truong
chuyén vi) v.v... dugc xac dinh tai cac diém ndt sai phan. Su khéc biét cua hai
phuong phap 13 Phwong phap sai phan hitu han sau khi tim duoc cac chuyén vi

tai cAC N0t cua sai phan con cac diém nam giira hai nat duoc xac dinh bang noi
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suy tuyén tinh, con phuong phap phén ti hitu han sau khi xac dinh dugc chuyén
vi tai c4c nt ctia phan tir thi cac diém bén trong duoc xac dinh bang ham noi
suy (ham dang).

Véi bai toan co hoc vat ran bién dang, tuy theo ¥ nghia vat Ii ciia ham noi
suy c6 thé phan tich bai toan theo 3 loai mé hinh sau:

- M6 hinh chuyén vi: Xem chuyén vi 1a dai lwong can tim va ham noi suy
biéu dién gan dang dang phan bé caa chuyén vi trong phan ti.

- M hinh can bang: Ham noi suy biéu dién gan dang dang phan bé cua
g suat hay ndi lyc trong phan tu.

- M6 hinh hdn hgp: Coi cac dai lugng chuyén vi va tng suat 13 2 yéu té
doc lap riéng biét. Cac ham noi suy biéu dién gan dung dang phan bé cia ca
chuyén vi 1an tng suat trong phan tir.

Hién nay, khi 4p dung phuong phap phan ti hitu han dé giai cac bai toan
co hoc thudng sir dung phuong phap phan ta hitu han theo mé hinh chuyén vi.
Sau day luan vin trinh bai ndi dung phuong phap phan tir hitu han theo mé hinh
chuyén vi.

2.1.1 Ndi dung phwong phap phan tir hira han theo md hinh chuyén vi

Trong phuong phap phan tir hitu han - md hinh chuyén vi, thanh phan
chuyén vi dugc xem la dai luong can tim. Chuyén vi dugc lay xap xi trong dang
mot ham don gian goi 1a ham noi suy (hay con goi 1a ham chuyén vi). Trinh tu
phan tich bai toan theo phuong phap phan tir hitu han - md hinh chuyén vi c6
noi dung nhu sau:
2.1.1.1. Roi rac hoa mién khdo sat

Mién khao sat (d6i tuong nghién ctru) dugc chia thanh cac mién con hay
con goi 1a cac phan tir c6 hinh dang hinh hoc thich hop. Céc phan tir nay duoc
coi 1a lién két véi nhau tai cac ndt nam tai dinh hay bién caa phan ta. S6 nat

cua phan tir khdng lay tuy tién ma phu thuc vao ham chuyén vi dinh chon.
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Cac phan tu thuong c6 dang hinh hoc don gian (hinh 2.1)

AN

Hinh 2.1 Dang hinh hoc don gian caa phan ti
2.1.1.2. Chon ham xdp xi

Mot trong nhitng tu tuong cia phuong phap phan tir hitu han 1a xap xi hoa
dai lugng can tim trong m&i mién con. Piéu ndy cho phép ta kha nang thay thé
viéc tim nghiém vén phuc tap trong toan mién V bang viéc tim nghiém tai cac
nat caa phan tr, cOn nghiém trong cac phan tir dugc tim bang viéc dua vao ham
xap xi don gian.

Gia thiét ham xap xi (ham chuyén vi) sao cho don gian ddi véi viéc tinh
toan nhung phai thoa mén diéu kién hoi tu. Thuong chon dudi dang ham da
thie. Biéu dién ham xap xi theo tap hop gia tri cac thanh phan chuyén vi va co
thé ca dao ham cua no tai cac nit cua phan tir. HAm xap xi nay thuong duoc
chon 1a ham da thie vi cc ly do sau:

- Pa thtrc khi duge xem nhu mot t6 hop tuyén tinh cua cac don thic thi
tap hop cac don thirc thoa man yéu cau doc 14p tuyén tinh nhu yéu cau cua Ritz,
Galerkin.

- Ham x4ap xi dang da thirc thuong dé tinh toan, dé thiét 1ap cong thic khi
xay dung cac phuong trinh ctia phan tir hitu han va tinh toan bang may tinh.
Pic biét 1a dé tinh dao ham, tich phan.

- C6 kha ning ting d6 chinh x4c bang cach tang s bac cua da thirc xap xi
(vé ly thuyét da thac bac vo clng s& cho nghiém chinh xé&c). Tuy nhién, khi

thue hanh tinh toan ta thuong ldy da thic xap xi bac thap ma théi.
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Tap hop cac ham xap xi s& xay dung nén mot trudng chuyén vi xac dinh
mot trang thai chuyén vi duy nhat bén trong phan ti theo céc thanh phan chuyén
vi nit. Tir trudng chuyén vi s& xac dinh mét trang thai bién dang, trang thai ang
suat duy nhat bén trong phan tir theo cac gié tri cua cac thanh phan chuyén vi
nt caa phan tu.

Khi chon bac ctiia ham da thirc Xap i can luu ¥ cic yéu cau sau:

- Céc da thiic xap xi can thoa man diéu kién hoi tu. Pay 14 yéu cau quan
trong vi phuong phap phan tir hitu han 1a mot phuong phép s, do d6 phai dam
bao khi kich thudc phan tir giam thi két qua s& hoi tu dén nghiém chinh xac.

- C4c da thirc xap xi duoc chon sao cho khéng mét tinh dang huéng hinh
hoc.

- S6 tham s6 ciia cac da thic xap xi phai bang sé bac ty do caa phan ta,
tc 14 bang sb thanh phan chuyén vi nat cua phan tir. Yéu cau ndy cho kha ning
noi suy da thirc ciia ham xap xi theo gia tri dai lugng can tim, tac 12 theo gia tri
cac thanh phan chuyén vj tai cac diém nat cua phan ti.
2.1.1.3. Xay dung phwong trinh cén bang trong ting phan t, thiét lap ma
trgn dp cirng [K], va vecto tdi trong nat {F}_ciia phan ti thir e.

Thiét 1ap mdi quan hé giira ing suat va chuyén vi mit phan tir

Can thiét 1ap biéu thuc tinh bién dang va Gmg suat tai mot diém bat ki trong

phan tir thong qua an co ban 1a chuyén vi nat phan tir {8}.. Sur dung cac cong

thire trong Li thuyét dan hoi, mbi quan hé gitra bién dang va chuyén vi :

tef =[V]{u} (2.1)
Taco: {uj=[N]{s}, (2.2)
trong do: [N] - goi 12 ma tran ham dang, chira cac toa do ciia cac diém nut

cua phan tr va cac bién cua diém bat ki dang xét.

Thay (2.2) vao (2.1), ta dugc:

27



tej =[VIINJ{s), =[B]{3},  (23)
trong do : [B] = [V][N]— ma tran chira dao ham ctia ham dang.
Theo 1y thuyét dan hdi quan hé gitta tng suat va bién dang :
(s} =[D](e} @4
Thay (2.3) vao (2.4), taduogc :
{c} = [DI[BI{5}- (2.5)
Thé ning toan phan I1.ciaa phan tir
Xét truong hop phan tir chiu tai trong tap trung tai nit {Pn}e (tng voi1
chuyén vi ntit {8}, ) va chiu tai trong phan bd trén bé mit phan tir c6 cuong do

tai diém M bat ki la {q} —{qx}.

y
Thiét 1ap biéu thtc tinh thé nang toan phan I, cta phan tir theo cong ctia
ngoai luc W, va thé nang bién dang U ctia phan tir do.
ITe=Ue-W; (2.6)
Cong ngoai lyc W, (khong xét luc thé tich) dugc tinh:

LAY IURUES

Tu (2.2), ta co: {u}z[N]{S}e:>{u}T=([N]{8}6)T={8}:[N]T
Thay vao biéu thuc tinh cong ngoai luc We trén, thu duoc:

W, = {8}, {P.}, + {8}, [[N] {a}ds(27)

S

Thé nang bién dang U ctia PT duoc tinh:
1 T
U, = Ei{g} {c}dV

Thay (2.3) va (2.5) vao biéu thirc tinh thé ning bién dang Ue ctia phan ti,
ta co:
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1

0.~ [T ol ), 28

Thay (2.7) va (2.8) vao (2.6) thu dugc thé ning toan phan cua phan tir :

1.0, 2| T o0elev |17 )+ T s
2.9)
pat:  [K], =[[B] [D][B]dV (2.10)

[K]e- goi 12 ma tran d§ cung phan tir. Vi [D] 12 ma tran di xtng nén tich

([B]" [D] [B]) ciing d6i xtmg va do d6 [K]e 1a ma tran dbi ximg.
pat {F},={P.}, +[[N]'{a}ds={P,},+{R,}, (211)
S

{F}. - 1a vecto tai trong nut cta phan tir; duoc xay dung boi ngoai luc dat
tai nlit phan tr {Pp}e va ngoai lyc dat trong phan tir qui vé nit {Py}e

trong do: {P.} =[[N] {a}ds (2.12)

S

Thay (2.11) va (2.12) vao (2.9), ta dugc :

1, = {817 [K1, {3}, ~ {81 {F}, .13

Thiét 1ap phwong trinh cin bang
Theo nguyén 1i dimg thé ning toan phan, diéu kién can bang cua phan tir

tai cac diém nut :

oIl

013},

Tién hanh ldy dao ham riéng lan lugt véi timg chuyén vi nat va cho bang

oI, =0=> =0 (2.14)

0, thu dugc m phuong trinh (cho phén tir c6 m chuyén vi nut):
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oI,
08,
oIl,

05
o, _J%1_ (2.15)

oll,
00,
Thay ITctheo (2.13) vao (2.15) vaap dung phép lay dao ham riéng ddi véi

o( ()" [AlX)) o({x)"{8})

ma tran 3IX] :2[A]{X};W:{B} , thu duoc:
[K]. {8}, —{F}, =0 (2.16)
Suyra: [K].{8}, ={F}, (2.17)
trong do:

{F},- vectotdi trong nit cia phan ti thir e xét trong hé toa do dia phuong;
{8} - vecto chuyén vi nt ciia phan tir thir e xét trong hé toa do dia phuong;
[K].- matran do cting cua phan tir thir e xét trong hé toa do dia phuong.
Phuong trinh (2.17) chinh 14 phwong trinh can bang cua phan tir thi e.

2.1.1.4. Ghép néi cac phan tie X8y dung phirong trinh cén bang cia toan he.

Gia sir hé két cdu dugc roi rac hoa thanh m phan tir. Theo (2.17) ta viét
dugc m phuong trinh can bang cho tat ca m phan tir trong hé toa do riéng cua
ting phﬁn tir. Sau khi chuyén vé hé toa do chung ctia toan két cAu, tién toi gop
cac phuong trinh can bang cta timg phan tir trong ca hé, thu dugc phuong trinh
can béng cho toan hé két cau trong h¢ toa d§ chung:

[K* {8} = {F"} (2.18)
Do thir tu cac thanh phan trong vecto chuyén vi nat {8’ }e cia timg phan tir

khac véi thur tu trong vecto chuyén vi ntt {6’} ctia toan h¢ két cau, nén can luu
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¥ xép dang vi tri cua timg thanh phan trong [K’Je va {F’}e vao [K’] va {F’}.
Viéc sap xép nay thuong duoc ap dung phuong phap sé ma, hay st dung ma
tran dinh vi phan tr [H]e dé thiét 1ap cac ma tran tong thé va vecto tai trong nit
tong thé cua toan hé két ciu.
Ap dung ma trn dinh vj phan tir [H],

Gia sir hé két cAu duoc roi rac hoa thainh m phén ttr. S6 bac tu do cua toan
hé 1a n. Vécto chuyén vi nat tong thé c6 dang:

1 1 1 1 T
{8}:{81 o, .. 8n} (2.19)

Voi phﬁn tir thtr e, sb bac tu do 14 ne, c6 vécto chuyén vi nut trong h¢ toa

do chung la {5'}8. Céc thanh phan cua {5'}e nam trong sO cac thanh phan cua

{8'}. Do d6 co sur biéu dién quan hé gifta 2 vecto ndy nhu sau:

{8'}e= [H]e {8} (2.20)
(nex1) (nexn) (nx1)
trong d6: [H]e - 12 ma tran dinh vi ctia phan tr e, n6 cho thdy hinh anh siap xép
cac thanh phan cta vecto {8}, trong {5'}.
Dua vao (2.13) ta xac dinh duoc thé ning toan phan cho timg phan t.

Thay (2.20) vao (2.13), sau d6 cong gop ctia m phan tir, xac dinh dugc thé ning

toan phan cua h¢:

-3 26 (M (KL )~ (5 ] (71, 220

Biéu thirc (2.21) biéu dién thé nang toan phan cua hé theo vecto chuyén
vi nat tong thé {8'} . 4p dung nguyén li thé nang dirng toan phan sé& ¢ diéu kién

can bang cua toan h¢ tai diém nut:
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ol
06",
oI,
on__ |08, |

(2.22)

ot
X

Ap dung phép 1y dao ham riéng ddi v6i ma tran thu duogc:

SR )-SR, -0 @23

e=1

Nhan thdy ddy chinh 1a phuong trinh can bang cho toan hé. So sanh véi

(2.18), thu dugc:
Ma tran do cimg tong thé: [K]=S[H [K][H], (2.24)
e=1

(F}=Y[H] {F}, 2.25)

Vecto tai trong nit tong thé:
e=1
Vi du 2.1: Xac dinh cac ma tran dinh vi [H]e cia dam véi 4 diém nat, cd céc

thanh phan chuyén vi nt nhu trén hinh 2.2.

Loi giai
Vecto chuyén vi nait tong thé cta két cau trong hé toa do chung:

T
{61 82 63 64 65 66 87 68 89 810 811}

GE
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Vecto chuyén vi nat cta timg phn tir biéu dién theo vecto chuyén vi nat

tong thé:

Hinh 2.2 Hinh vi du 2.1

11

1 00 00O0O0OUO OGO 0 O0ffo
01 00O0O0O0OOTO OO0 DO0]|9,

00100O0O0O0O0OO0OO

0O 001 0O0O0O0O0O0 O]9
0O 00 0O1 0O OO0 O0 0 0}|0,
0 0O0OO0OO1O0O0TO0OTOO||o
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Ma tran do cuing, véc to tai tdc dung tai nlit cia tung phﬁn tu:

ap A a5 A6 €
dy, Ay Ay Ay e,
[K .]l A3 d35 Ay : {F.}l _ €,
Qg5 Ayg €,
(dx) Qg5 Agg Cs
L Agg €6
b, by b bis (fl
2 Dy D b, f,
[K .]2 = by, by Dy ’{F|}2 =+,
(dx) by by f,
L by i f5
Ch Cp Gy Cy Gy g
Cpn Cxi Cy Cy g,
[K']s - Css Ca Gy ;{F'}g =402 ¢
(dx) Cas Cus g,
L Cos _ g,
_d11 d, d, d, | h,
[K'] _ d, dy dy ,{F'} _ h,
4 (dx) dy, d, * |h,
L dy, h,)
4
Ma tran do cimg tong thé [K']zZ:[H]:[K']e[H]e
e=1
[a, a, a, a, a a, 0 0 0
ay, Ay a,, Ay Ay 0 0 0
Ay, Ay Ay Ay 0 0 0
a,+b,+d, ag+b,+d, a,+by, b, bis dg,
ag +by,+d,, ag+b, b,, b, 0
[K ] = g + by b,, b, 0

b44 + Cll b45 + ch c13
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4
Vecto tai trong nit tong thé: [F] = Z[H]Z {F'}e
=1

e 1

e, 2

e, 3
e,+f,+h, | 4
e, +f,+h,| 5
[F]=1 e, +f, ;6
f,+09, |7
f;+9, |8
g;+h; |9
g,+h, |10
Js 11

Viéc str dung ma tran dinh vi [H]e trong (2.24) va (2.25) dé tinh ma tran
d6 cung [K’] va vecto tai trong nit {F’} thuc chét 1a sip xép cac thanh phan
ctia ma trdn d6 ctmg phan tir [K’]e va vecto tai trong nat phan tir {F’}e vao vi
tri ctia nd trong ma tran do ctng tong thé [K’] va vecto tai trong nut tong thé
{F’}. Tuy nhién trong thuc té nguoi ta hay sir dung phuong phap sé6 ma.
Phwong phap danh s6 ma

Khi tién hanh ghép ndi ma tran do cing ctia két cau va véc to tai trong tac
dung tai nut, ta lam theo cac budc sau:

- Tién hanh danh s6 ma cta cac thanh phan véc to chuyén vi nut tai cac nat
ctia két cau va danh s6 ma cho phan tu.

- Lap bang xac dinh ma cuc bd cta cac phan tir theo ma tong thé ciia két
cau.

- Tinh toan xé&c dinh cac ma tran do cling, véc to tai trong tac dung tai cac
nut cua phﬁn tir theo ma cuc bd va tuong ting véi ma téng thé trong h¢ toa do
chung.

- Tién hanh ghép ndi ma tran d6 cung va vécto tai trong tac dung nut ctua
cac phﬁn tor thanh ma trédn do ciing va vécto tai trong tdc dung nit ctia toan bd

hé két cau trong hé toa d6 chung theo cong thic.
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k= (ks), (2.26)
trong do:
+1, j:1a sb hiéu ma téng thé cua toan bd két ciu trong h¢ toa do chung;
+ k'ij : 1a hé s6 cua trong ma tran d6 ctng cta toan bo két cdu twong Gng véi
hang co s6 hiéu ma téng thé iva cot co sd hiéu ma téng thé J trong hé toa do
chung;

+(k

'ij )e : 1a hé s6 clia ma ma tran do cimg clia phan tir twong g véi hang
c6 sb hiéu ma tong thé iva cot co s6 hidu ma tong thé j trong hé toa d6 chung
Vi du 2.2: Thiét 1ap ma trdn d6 cing tong thé [K’] va vecto tai trong nut{F’}
cta toan hé két cAu ctia hé trén hinh 2.3.

B (4,5,6) (7,8) g

T y A ] (9,10,11)
XI

Hinh 2.3 Hinh vi du 2.2

Loi giai
- Panh s6 ma cua cac thanh phan véc to chuyén vi nit tai cac nit cua két cau
va danh s6 ma cho céc phan tir nhu hinh.

- Lap bang xéac dinh ma cyc bd cua cac phan tur theo ma tong thé cua két cau.

Phan tir M3 cuc bd

1 2 3 4 5 6

TT Loai o

SO ma toan thé
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1 |—— |90 1 (2 [3 |4 |5 |6
2 [—4 |0 4 |5 |6 |7 |8

3 |lpb— |90 |7 |8 |9 |10 |11

4 b—d | o 4 |5 |9 |10

- Tinh toan xac dinh cac ma tran do cang [K'] , véc to tai trong tac dung tai céc

nat {F'}_ ciia phan tir theo ma cuc b va tuong tng v6i ma tong thé trong hé toa

do6 chung.
cB1 2 3 4 5 6
1_‘311 d, 83 Ay A a16_1 e |1
2 By By Ay By Ay |2 €,|2
' 4 8y A Ay |4 ’ ' &, |4
5 (dx) Qgs  Agg |D e |5
6] g |6 €] 6

CB1 2 3 4 5
1 _bll blZ b13 b14 b15 ] 4 fl 4
2 b22 b23 b24 b25 5 f2 5
[K],=3 b, b, by |6 {F) =4f, 16
4 (dx) by by |7 £,(7
5| b, |8 1.8
4 5 6 7  8TT
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Cyi Cp Gy Cy Cy|7 9. 7
Cp Cp3 Cou O 9,
Ci Cay Cy5 |9 ;{Fl}gz 9,19
(dx) Cu  Cy |10 g, |10
i Cgs |11 9,11
/78 9 10 11TT
CB1 2 3 4
1_d11 d, dg d14_ 4 rhl\ 4
[K'] :2 dp dy dy |5 ,{F'} _ h,| 5
473 (dx) dyy dy |9 ‘" 1h,[9
4| d, |10 h, |10
4 5 9 10 TT

- Tién hanh ghép n6i ma trdn d6 cing va vécto tai trong tic dung ndt cta cac
phan tir thanh ma tran d6 ctmg [K']va vécto tai trong tic dung niit {F } cuia toan

bo hé két cau trong hé toa d§ chung theo cong thirc.

8 83 8y 8y 85 86 0 0 0 0 0|1
8y Ay ay, Ay g 0 0 0 0 012

g, as, sy Agg 0 0 0 0 013
Qut+by+dy ag+b,+d, a,+by by, by dy dy 0 |4

s +0y +0y,  Ags +Dyy b, D 0 0 0|5

[K ] = g + by b,, b, 0 0 016
by +Cy by+cy, Cis Cia Cis | 7

Dgs +Cpp Cas Ca Cys |8

(dx) Cy3tCy Cy+ey Cgp |9

Cit€4y Cy (10

L Css |11
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e.+f,+h,
[F]=] e+f,
f,+0,
fs+9,
g; + Ny

© 00 N O Ol Ao W N P

[
o

g, +h,
Js

l_\

2.1.1.5: Siz ly diéu kién bién cia bai toan
Phuong phap phan tir hiru han 1a cudi cung dua vé giai phuong trinh toan

hoc:

[K{8'} = {F"}(2.27)

Pé phuong trinh nay khong c6 nghiém tim thudng thi diéu kién dinh thic
ciia ma tran [K’] khac 0 ( det [K’] khac 0), khi d6 phuong trinh khong suy bién.
Véi bai toan két cau, diéu nay chi dat duoc khi diéu Kién bién dugc thoa man
(két cAu phai bat bién hinh). D6 13 diéu kién cho truéc mot s6 chuyén vi nit
nao d6 bang 0 hay bang mot gia tri xac dinh hoac mot sé chuyén vi nat phai
lién hé vai nhau. Sau khi ap dit diéu Kién bién vao, phuong trinh can bang cua
toan hé két cau trong hé toa d6 chung c6 dang:

(K {8} ={F} (2.28)
Trong thuc té khi phan tich két ciu thuong gap 2 diéu kién bién sau:
- Bién 1am mét hozc nhiéu thanh phan chuyén vi bang 0.

- Bién 1am mét hozc nhiéu thanh phan chuyén vi c6 mot gia tri xac dinh
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Khi bién c6 thanh phan chuyén vi nao dé bang 0
Thanh phan chuyén vi tai mét ndt cua phan tir bang 0 do twong wng Véi

cac thanh phan chuyén vi nay la cac lién két véi dat, ta xu If bang cach:

- Khi ¢anh ma chuyén vi cho toan bo hé, nhitng thanh phan chuyén tai nat
nao d6 bang 0 thi ghi ma cua chuyén vi d6 1 0. Viéc danh s6 ma toan thé cua
chuyén vi ndt theo tha ty va vecto chuyén vi nit cua toan hé chi bao gom cac
chuyén vi nat con lai.

- Khi l1ap ma tran [K"], va vecto {F'|_cua tung PT, cac hang va cot twong
g v6i s6 ma chuyén vi nat bang khong thi khdng can tinh. Va khi thiét lap
ma tran do cing tong thé [K’] va vecto tai trong ndt tong thé {F’} thi nhing
hang va cot nao c6 ma bang 0 thi ta loai bo hang, cot.

Vi du 2.3: Thiét 1ap ma tran do cung tong thé [K’] va vecto tai trong nat {F’}

cua toan hé két ciu nhu hinh 2.4 (c6 xét téi diéu kién bién).

5 (1,2,3) (4,5) C

& A ] (0,0,0) 30 \D (0,0,0)

Hinh 2.4 Hinh vidu 2.3

Loi giai:

Lap bang s6 ma khi xét téi diéu kien bién:

Phan tir Ma cuc bd
1 2 3 4 5 6

SO ma toan thé

TT Loai o
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90

-30

Ma tran d cting [K'], va vecto tdi trong nat {F'}_cua tng phan tir trong

hé truc toa @6 chung:

CB1

O 1 N M

< Lo ©

\”\/)
L
—
O —«H N ™
<« 2 8 8
c < ©
n
X © «
<
<
X ©
x
—_
o
e
N
|

TT

3

2

CB1

- N M < o
— oN ™m <
L O OO O O
Il
N
\”\(l/
L
——
- N M < o
_55555
—~ N o™ <
o a0 o o o
S 3 & 3
o o a o
2 & 8
S a o
N
o >
o o LS
e
—
—
o
L |
a4 N M < 0
Il
N
-||_
X
eed

TT

0

4 5

CB1

X X XI5
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Can clr vao bang s6 ma, thu dwgc ma tran d6 cimg va vecto tai trong nat

4

5

0 0 OTT

tong thé (co xét téi diéu kién bién) nhu sau:

(a44 + bn) (a45 + b12) (a46 + b13) b, 15 1
(ass + bzz) (ase + bza) b,, by 2
[K *] = (aee + b33) b, by 3
(dx) (b44 +011) (b45 +clz) 4
I (bgs +¢) |5
1 2 3 4 5

.
{(F*}={(d,+e,) (ds+e,) (ds+e;) (e,+f) (es+f,)}

Khi bién c6 thanh phan chuyén vi che truéc mat gia tri

Khi thanh phan chuyén vi tai mot nit nao d6 cho truéc mot gia tri xac
dinh, thi du Am = a (hay lién két twong ung véi cac thanh phan chuyén vi nit
dm chiu chuyén vi cudng bic co gia tri bang a). Lac nay ta co thé giai quyét
bai toan nay theo 2 céach:
C4ch 1: Khi danh sé ma cua bac tu do (cac thanh phan chuyén vi) tong thé két
cau thi thanh phan chuyén vj tai nGt c6 chuyén vi bang a ta vin danh ma binh
thuong chang han ma 14 m. Sau khi 1ap duoc ma tran d6 cang tong thé [K’] va
vecto tai trong nat tong thé {F} thay thé s6 hang k__ trong ma tran thé [K’]
bang (k,,+A) va thay so hang tai hang m trong ma tran {F’} la f,_ bang
(K +A)a.
Vi du 2.4: Thiét 1ap ma tran d6 ciing tong thé [K’] va vecto tai trong nat {F’}

cua toan hé két ciu nhu hinh 2.5 (c6 xét ti diéu kién bién).
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5 (12,3) (4,5) C

' A_] (000 3
Ty X'”,,,,,,,”(,,) A:a%

Hinh 2.5 Hinh vidu 2.4

Loi gidi
Hé dugc danh sé phan tir va s6 ma chuyén vi tong thé cta két ciu nhu hinh
2.5.

Bang s6 ma khi xét toi diéu kién bién:

Phan tir Ma cuc bd
, 1 2 3 4 5 6
TT Loai a : ;
SO ma toan thé
—— 90 0 0 0 1 2 3
—d 0 1 2 3 4
b— -30 4 5 0 6 0

Ma trén d6 cung [K']. va vecto tai trong nat {F'}_cua tirng phan ti trong

hé truc toa d6 chung:

cCB1 2 3 4 5 6
1fx x x x X 10 (x10
2 X X 0 x |0
[K]lzj ' aX a, a 2 ;{F'}lz c:( (1)
44 45 46 4
5 (dx) A Agg (2 d; |2
6] gs |3 1deJ3
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1 bll b12 bl3 b14 b15 1 el 1
2 by, Dy by by |2 €2
[K'],=3 by, b, b |3 {F'}, =163
4 (&) b, by |4 e, |4
5 bss |5 e |5
1 2 3 0O0TT
cB1 2 3 4 5
1[c, ¢, X ¢, Xx|4 f,| 4
2 Chp, X Cx XI5 f,|5
[K'],=3 X X x|0 {F},=9x¢0
4 (dx) Ch X |6 f,|6
5| X |0 x]0
4 5 0 6 OTT

Can clr vao bang s6 ma, thu dugc ma tran d6 cimg va vecto tai trong nit

tong thé (co xét téi dieu kién bién) nhu sau:

(a44 + bn) (a45 + blz) (a4e + b13) by, bss 0 1
(ass + bzz) (a56 + bzs) b,, bys 0 2
[K *] _ (ase + b33) by, by 0 3
(b44 + Cll) (b45 + C12 ) C14 4
(dx) (bss TCyp ) Cas 5
] (cuu+A)|6
1 2 3 4 5 6

(F={(dve) (d+e,) (dy+e)) (e+F) (e+F,) (cu+A)a)

Giai hé phuong trinh [K*]{S*} -

{F*} thoa mén diéu kién bién vi phuong
trinh tht 6 thu duoc:

K181 + K202 + Kpsds + Kesds + KesOs + (Caat A)ds = (Cast A)a

Chia ca 2 vé cho (Cast+ A), thu duoc: s =a
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Céch 2: Theo cach tht 2 nay thi khi danh ma chuyén vi tong thé cho két cau
thi nhirng thanh phan nao chuyén vi bang khéng hoic ¢ chuyén vi cudng buc
ta danh ma 0, con cac thanh phan chuyén vi con lai ta danh ma theo thi tu tir 1
dén hét. Sau d6 ta 1ap ma tran d6 ctg va vécto tai trong tac dung ndt cho toan
bo hé nhu bai toan khong co chuyén vi cudng bic. Luc nay ta coi chuyén vi
cudng bire nhu 1 mot dang tai tai trong tac dung Ién két ciu, vi vay khi tinh
vécto tai trong tac dung ndt 18n toan bo hé phai ké thém phan tai trong tac dung
nGt do chuyén vi cudng birc gay ra. Vecto tai trong nat Iic nay 1a do chuyén vi

cudng buc cac lién két tua, duoc tdng hop tir cac vecto tai trong nit {P’a}e cua
mbi phan ta ¢6 lién két tua chuyén vi cudng bic: {P;} =[T]. {P,] ; trong d:
{P,}, nhan dugc bang phan lyc lién két nat do chuyeén vi cudng buc goi tua Vi
dau nguoc lai.

2.1.1.6. Gidi hé phwong trinh cén bang
Vi bai toan tuyén tinh, viéc giai hé phuong trinh dai s6 12 khong kho. Két

qua tim duoc 1a chuyén vi cia cac ndt:

* *]-1 *
(o =[K ] {F) (2.29)
2.1.1.7. Xac dinh ngi luc

Tur két qua thu duoc, két hop véi cac diéu kién bién xac dinh duoc vecto
chuyén vi nat cua ting phan tir trong hé toa do dija phuong. Tir d6 xac dinh
duoc ndi luc trong phan tu.

Phuong phap phan tir c6 wu diém 12 viéc chia két cau ra thanh céc phan tir
nho thi dé dang mod ta duoc hinh dang phuc tap cua cong trinh, dac biét vi cac
phan tir nhd nén mé ta trang thai chuyén vi cua phan ti chi can cac da thac bac
thap. Thong thudng ddi véi phan tir dam chiu ubn thi ta thuong dung da thac

bac 3 dé md ta chuyén vi ctia phan tir:

45



y=a,+aXx +a,x*+a,x*(2.30)

Trong phuong trinh mé ta chuyén vj ta thiy c6 bén théng s can xac dinh.
Pé thuan tién ta thay bon thong s a,,a,,a,,a, bang cac chuyén vi va goc xoay
tai cAc n(t caa phan tirv,,0,,v,,0,.Vi ham chuyén vi bac 3 nén ta cac lyc tac
dung trén phan tir ta phai quy vé nat caa phan ti.
2.1.2. Cach xay dwng ma tran d cirng ciaia phan tir chiu uén

Xét phan tr dam c6 hai nat, mdi ndt ¢ hai bac ty do 1a chuyén vi va goc
xoay va dam c6 dién tich mit cit ngang 12 A; md men quan tinh cia mat cit
ngang 13 I; m6 dun dan hoi cua vat lidu E (hinh 2.6)

X
—

Yo V6,

& @

Hinh 2.6 Phan tir hai nGt

Pé tinh toan duoc tong quat, chiéu dai phan tir 1y bang hai don vi, géc

toa d6 nam & gitra phan tir. Nhu vay, néu biét dugc cac bac ty do tai cac nut
phan tir 1a v,,0,,v,,0, thi chuyén vi tai diém bat ky trong phan tir tai toa do x
duoc xac dinh nhu sau:

v=N,v,+N,.0,+N,v,+N,.6,(2.31)

Trong d6 :N,, N,, N,,N,: la cdc ham dang va dugc xac dinh nhu sau:

1 1
N :1(2—3x+x3); NZ:Z(l—x—x2+x3);

1

1 1
N :Z(2+3X_X3); N4:Z(—1—x+x2+x3).

3

Theo cbng thuc trén ta thay:

dv

_dv

x=1 21
x=-1 x=1

=0,. (2.32)

x=-1
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Nhu vay, méi phan tir ¢6 4 bac tw do X ={v,,6,,V,,0,} can x4c dinh. Néu

biét duoc X thi ta c6 biét duoc chuyén vi trong phan tir ciing nhu bién dang udn

va mé men theo cdng thuarc sau:

po- OV _JEN N, N EN e gy 233
dx dx dx dx dx
d°N. d°N, d?N. d°N T
M =El.y =-El 1 2 3 L v, 06, v, 01! (2.34a
X {dx2 dx?  dx®?  dx? }{ 0 v, 0 )

Cong thuc trén 1a tinh toan cho phan tir c6 chiéu dai bang 2, néu phan tir

c6 chiéu dai la Ax thi bién dang uén va mé men duoc tinh nhu sau:

2 2 2 2 2 2 2
X:_d Z(i) :_[ij d I\il c I\iz : |\i3 : I\i4 {Vl 0, v, ez}T
dx“ \ Ax AX dx dx dx dx

(2.33b)

M:El.xz—El.(ij dN, dN, dN, dN, v, 6, v, 6,}
dx* dx* dx® dx?

AX
(2.34b)

Xét phan tir c6 cac tai trong tap trung F={P,,P Ml,Mz}T tac dung tai cac

111 09
ndt caa phan tir. Theo phuong phap nguyén 1y cuc tri Gauss, luong rang budc

d6i vai bai toan tinh viét cho phan ta nhu sau:
AX 7 4 .
Z= 7] M [y Jdx — 3. FX; — min (2.35)
-1 i=1
Diéu kién ding cua (3.25) duoc viét lai nhu sau:

1 4
8Z = A_ij M3 [y Jax — > F8X, =0(2.36)
-1 i=1
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hay:
[ 1d?N, d?N

1 1
2 2

Le—
x
X

1

d

z
z

d

1 2

2 2

’\_"—“—\
o

X

X

2

Z
z

d

1 3

Le—n
o |
X

2 2

X

2

o
Z
Z

. d

£ dx
|4 dx? dx?

deNa N,

jd2N4 d°'N, 4

Yodx® dx?

Ydx® dx?

deNS dN, o

Yodx® dx?

+d*N, d*N,
j 4 ——2.dx
5 odx® dx

deNa aN, o

odx® dx?

+d*N, d°N,
J' 4 ——2 dx
5 odx® dx

Yodx® dx?

[K](X} ={F} (2.38)

deNB d'N,

td’N, d’N,
j L ——4dx
5 dx® dx

Wl Pl
e1 B M1
WZ - PZ
e2 MZ
(2.37)

trong d6: [ K]: ma tran d6 cung cta phan t; {F} : véc to tai trong tic dung nut;

{X}: véc to chuyén vi niit caa phan te.

Tinh tich phan cac hé sé trong [K] ta c6 thé tinh bang phuong phap chinh

xéac (bang ham int(fx,a,b) cd san trong matlab) hozc tinh bang phuong phap tich

phan s6 cua Gauss va két qua do cang caa phan ti chiu uén ngang phang nhu

sau.

12EI 6El 12El  6EIl |

AX® A A AX

6El 4E| 6El 2El

AX? AX  AXE AX (2.39)
12EI 6El 12El 6El
CAC A A AXE

6El 2El 6El 4El|

AX? AX  AXE AX

Biét dugc ma tran do cing phan tir thi ta dé dang xay dung duoc ma tran

d6 cung cua toan thanh.Néu thanh chi c6 mot phan tir thi ma tran cua phan ta

cling chinh 14 ma trin d6 cing cua thanh. Trong phan tir néu bac tu do nao

khong c6 thi trong ma tran do cang cta phan tr d6 ta bo di hang va cot tuong

ung vaéi bac tu do do.
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2.1.3. Cach xay dwng ma tran d¢ cieng tong thé ciaa két cau

Dé trinh bay cach xay dung ma tran d6 cang tong thé caa két cau trong
phuong phap phan ti hitu han, luan vin xin dugc trinh bay théng qua vi du giai
bai toan dam chiu udn dudi tc dung cua tai trong tinh cu thé sau (con céc bai

toan khac thi cach xay dung ma tran d6 ctng téng thé ciing lam tuwong ty):

Vi du 2.5: Tinh toan két cau dam P
chiu lyc nhu (hinh 2.7). Biét dam
c6 do cang EI=10°(kN.cm?) /77;;:;:;0;71(@

] a L a 1 a l

khong d6i va P=10 (kN). X4c dinh Hinh 2.7 Hinh vi du 2.5
chuyén vi tai gitta dam.
1 2

3 4 5

ke

|

J I

| | | | |
| <2 hiCu nét trong thanh |
| | | | |
| |
| |
|

|

|

|

|

|

|

|

|

|

| | |
| | |
| | |
| | |
| | |
L o | a | a

a=1(m)

0 1 2 3
— —

| 1 2 3 0
} | | |

. <2 hiQi bEc tu do chuyOn vbnét

| | | |

4 5] 8 9!

—

6 7 10 11

<2 hiCu bEc tU do géc xoay nét
Hinh 2.8 Roi rac hda thanh thanh cac phan ta
Chia thanh ra thanh n, phan ti.Cac nit cua phan tir phai tring véi vi tri
dat lyc tap trung, chiéu dai cac phan tir c6 thé khac nhau. Mdi phan tir c6 4bac
tw do, nhu vay néu n, phan tir roi rac thi tong cong c6 4N, bac tu do. Nhung

vi can dam bao lién tuc giira cac chuyén vi 1a chuyén vi caa nt cudi phan tir
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thir e bang chuyén vi caa nut dau phan tir thir (€ +1) nén sb bac tw do cua thanh
s& nhé hon 4n . Khi giai ta chi can dam bao diéu kién lién tuc cia chuyén vi
con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao cac diéu
kién rang buoc. Vi du dam trong (vi du 2.5) ta chia thanh 4 phan ti (hinh 2.8)

Nhu vay, tong cong s6 an 1a 11 an < 4x4=16 an. Goi ma tran n_ 1a ma

tran chuyén v ¢6 kich thuéc n,,(n,,2) 1a ma tran c6 n, hang va 2 cot chia
cac an sd 1a chuyén vi tai n(t caa cac phan ti (hinh 2.8)

n,@:)=[0 1];n,(2:)=[1 2];n,(3:)=[2 3];n,(4:)=[3 0]

L [0 23]
11 2 30
Goi ma tran n, 1a ma tran chuyén v c6 kich thuéc n,(n,,2) la ma tran co

pt?

N, hang va 2 cot chira cac an s 1a goc xoay tai nit cia cac phan tir (hinh 2.8)

n,L:)=[4 5];n,(2:)=[6 7];n,(3:)=[8 9]; n,(4:)=[10 11]
4 6 8 10|
= {5 79 11}

Sau khi biét an s6 thuc caa cac thanh ta c6 thé xay dung do ciing tong thé
cua thanh (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh do 1ap
trinh ciia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép ndi cac phan
tir lai dé dugc ma tran do ciing cua toan thanh va co thé xem trong code mé dun
chuong trinh cua tac gia)

Néu bai toan c6 n_, an s6 chuyén vi va n_ an s6 goc xoay thi ma tran do
ctng cua thanh 1a K 6 kich thuéc (nxn), K(n,n)véin=(n, +n_ ). Nhu & vi

du 2.5,n =11. Bay gio xét diéu kién lién tuc vé gc xoay giira cac phan tir.

Diéu kién lién tuc vé goc xoay gitta cac phan tir duoc viét nhu sau:
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dy, _
(d—x =0(2.40)

_ dyi+1
nut2 dX

nutl

dy dy
hay: o || 2 |- =2 =0 2.41a
y 1|:£ dX nutZ) ( dX nutl]:| ( )
S, (dl ]—[dl } -0 (2.41b)
L dX nut2 dX nutl /|
T 2 I 1 R (2.41c)
L dX nut2 dX nutl /|

Trong d6 A, cling 1a an s6 cua bai toan (co k an s6), do do6 téng sb an sé
cta bai toan lac 1a (n+k) do d6 ma tran d6 ctiing cua phan tir lic nay cling phai
thém k dong va k cot nhu vay kich thuéc caa ma tran d6 cing 1aK(n+k,n +k).
Goi k, 1a goc xoay tai nit 2 caa phan tir trudc, k, 1a goc xoay tai nit 1 caa phan

ttr sau thi ta co cac hé sé trong ma tran do ctng K:

k(n+i,k1)=A—2X; |<(n+i,k2)=—A—2X (i=1-K) (2.42a)

. 2 i 2
k(k,n+i)=—; k(k,,n+1)=——(i=1+k 2.42b
(k,n+i) A (k, ) Ax( ) ( )
Néu c6 hai phan ti thi c6 mét diéu kién vé géc xoay, 6 n, phan tir thi co

(2n,, —1) diéu kién lién tuc vé goc xoay giita cac phan tir. Nhu vay cudi ciing

ta s& thiét lap dugc phuong trinh:

[K]iX}=1F)
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R | X, |
: +So—hang=n :
F, Xo 1y 2 ok .
trong d6: {F} = ; {X}=| " [la4n s cua bai toan
0 A,
: vs0—hang =k :

Trong vi du 2.5 khi chia thanh ra thanh 4 phan tir. Két qua ma tran do cang cua
thanh:

[24 -12 0 -12 -12 1.2 1.2 0 0 0 0 0
-12 24 -12 O 0 -12 -12 1.2 1.2 0 0 0 0 0
0 -12 24 0 0 0 0 -12 -12 12 12 0 0 0
-12 0 0 16 08 0 0 0 0 0 0 0 0 0
-12 0 0 08 16 0 0 0 0 0 0 210° 0 0
12 -12 0 0 0 1.6 0.8 0 0 0 0 -210° 0 0
[K]=10° 12 -12 0 0 0 0.8 1.6 0 0 0 0 0 2.10° 0
0 12 -12 0 0 0 0 1.6 0.8 0 0 0 -2.10° 0

0 12 -12 O 0 0 0 0.8 1.6 0 0 0 0 210°

0 0 12 0 0 0 0 0 0 16 08 0 0 -2.10°
0 0 12 0 0 0 0 0 0 08 16 0 0 0
0 0 0 0 210° -210° 0 0 0 0 0 0 0 0
0 0 0 0 0 0 2.10° -2.10° 0 0 0 0 0 0
| 0 0 0 0 0 0 0 0 2.10° -210° O 0 0 0

Két qua chuyén vi, goc xoay tai cac nt:
[wz;w3;w4; } - [0.09166667(cm);0.13333333(cm);0.09166667(cm);}
O P, P4 P, P 0.05(rad);0.0375(rad); 0; —0.0375(rad); —0.05(rad)
Ta thay két qua trén so véi két qua giai chinh xac theo phuong phap giai
tich rat dung vi du nhu chuyén vi tai nat 3 tinh theo phuong phép giai tich:

3
w, =" _0,13333333(cm)
48E]|

3
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CHUONG 3
TINH TOAN DAO PONG CUA THANH
LOI GIAI BAN GIAI TiCH VA LOI GIAI SO

Bai toan dong luc hoc 1a bai toan xét khoi luong cua thanh va do d6 phai
xét thém luc quan tinh bang cach st dung nguyén Iy D’Alambert. Do ¢6 luc
quan tinh, thanh c6 thé chuyén dong xung quanh vi tri can bang tinh ciia nd.
Chuyén dong xungquanh vi tri cAn bang tinh dugc goi 1a dao dong. Trong
truong hgp khong ¢6 luc can (vi dy, luc ma sat trong thanh hodc lyc can moi
truong) thi dao dong dugc duy tri. Khi c6 luc can thi thanh dao dong véi bién
do giam dan, dugc goi la dao dong tat dan. Néu nhu bién do dao dong tang theo
thoi gian thi thanh c6 thé bi pha hong khi bién d6 dat do 16n nao d6. Trong luan
van ndy, tac gia s€ nghién ctru bai toan dao dong ngang khi c6 luc doc P dat ¢
dau thanh. Truong hop luc P=0 ta c6 bai toan dao dong tu do. Vi vay trong
chuong nay 1an luot trinh bay cac van dé sau: dao dong tu do cua thanh, dao
dong ctia thanh khi c¢6 luc P 13 hang ddi v6i thoi gian t, dao dong cta thanh khi
P 14 ham tuan hoan cua thoi gian t (P =P +P, cos(&t) ).

3.1. Dao dong tw do cua thanh

Xét thanh thang,c6 tiét dién khong d6i, o khdi lwong m phan bd déu trén
thanh. Khi c6 chuyén vi ngang, thi ngoai ndi luc M va Q, con phai xét dén luc
quan tinh f_. Luc quan tinh f_bang tich cua khdi luong véi gia toc clia chuyén
dong va co phuong tac dung 14 phuong ciia chuyén dong (phuong ctia do vong)
ctia thanh. Nhu vy, luc quan tinh cé tic dung gidng nhu luc ngang, trong
truong hop nay 1a luc ngang phan bd, dit tai truc thanh. Néu khéi luong m phan
b6 trén chibu cao cua tiét dién thanh thi do tiét dién thanh bi xoay, con co luc
quan tinh xoay cua tiét dién thanh. Dé don gian nghién ctru, ta khong xét luc

quan tinh xoay nay.
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V61 nguyén ly D’ Alambert, xem luc quan tinh f_nhu 1a ngoai luc can
tac dung I1én thanh,va vi luc quén tinh 1a ham cua thoi gian nén ham d6 vong
va cac ham noi lyc trong thanh déu 1a ham cua toa d6 va thoi gian: W =W (x,t)
1a ham do vong, M = M (x,t) 13 ham momen udn.

Luc quan tinh cta thanh dugc tinh nhu sau

¢ :m8W

3.1
=mSE (3D

Xem lyc quan tinh f_nhu 1 ngoai luyc can phan bo tac dung 1én thanh,

viét ngay dugc phuong trinh vi phan cén bang
_O°M
ox*

+f =0 (3.2a)

Goc xoay do momen uén 6, bién dang udn tva ndi luc momen xac dinh
theo cé4c biéu thirc sau
_ oW _ow
ox ox?
Pua céac biéu thirc (3.1) va (3.3) vao (3.2) nhan duoc

EJ[aAVYJ+maZV2V _0 (3.4a)
OX ot

0

M =-EJy (3.3)

Nghiém cua hé (3.4) co thé viét dudi dang
W (x,t) = y(x)cos(at) = y cos(at) (3.5)
Khi do h¢ (3.4) c6 dang

[EJ ((;:(Z/) — Mo’ yj cos(at) =0 (3.6)

Vi thanh phan trong ngodc khong phu thudc t nén hé (3.6) dugc gian héa nhu
Sau

d

4
EJ( dx4y) “maty =0(3.7)
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Hai ham y = y(x) la ham cua toa d0 x. Phuong trinh (3.7) khong phu
thudc vao bién t, 1 phuong trinh vi phan tuyén tinh c6 hé sé khong ddi, day
chinh1a phuong trinh dao dong ctia thanh theo 1y thuyét dim Euler-Bernoulli,
giai phuong trinh nay tim dugc do vong y.

Phuong phép chungdé giai (3.7) 1a giai phuong trinh dic trung cta ching
va xay dung nghi¢m y trén co s¢ cac nghi¢m (tri ri€ng) cia cac phuong trinh dac
trung. Tuy nhién, ta s& dung phuong phép chuyén vi cudng butic dé giai.

Khi xay dung bai toan theo phwong phap nguyén 1y cuc tri Gauss, c6 thé
ding cac dai luong bién phan (chuyén vi 4o va bién dang a0) khong phu thudc
thoi gian
oy __ 9%y

o,-Y 5 --9Y 3.8
= BT (3.8)

Ki tu x ¢ chan cac dai lugng dé chi rﬁng dai lvong chi phu thudc x.
Bai toan dao dong tu do cua thanh dugc dan vé bai toan tim cuc tiéu cla
lwong cudng bic chuyén dong tai mét thoi diém t bdt ki:
| |
Z=[M[y Jdx+] f_[yJdx — min(3.9)
0 0
Pai luong trong ngodc vudng ctia phiém ham (3.9) 1a dai luong bién phén.
Tu diéu kién cyc ticu
| |
&Z = [M[yJdx+] f sW]dx=0 (3.10)
0 0
va dung phép tinh bién phan s& nhan dugc lai hai phuong trinh (3.6) va vi bai
toan tuyén tinh theo t nén lai c6 hé (3.7).
Nhu vay, bai toan dao dong tu do cua thanh béng cach dung bién dbi
(3.5) dan vé giai (3.7) 12 hé khong chira bién t. Nghiém y # 0 (nghiém khong
tam thuong) cta (3.7) tuy thudc vao cac thong sé6 m, EJ, @ va chiéu dai thanh.
Thong thudng, cac thong sé m, EJ va chiéu dai thanh da biét nén tan so 1a ham

cua cac dai luong nay.
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St dung céc dai lwong khong chira bién thoi gian t, bai toan (3.9) c¢6 dang
Z= } M. [z, Jox+ +Ij f [yJdx — min(3.11)
0 0

& day M, =Blp, f,=-mo’y (3.12)

Pé giai bai toan (3.11) ta ding phuong phap chuyén vi cudng buc bang
cach cho mot diém nao do caa thanh, vi du diém x4, chuyén vi cudng buc yO0.
gl=vy(x,)-y0=0 (3.13)

Bai toan cuc tiéu (3.11) véi rang budc (3.13) 1a bai toan tinh tinh thanh
chiu chuyén vi cudng buc tai diém x4, ¢6 4n 1 tn s6 @ cho nén c6 thé duge
goi 14 bai toan dao dong tu do ciia thanh. Viét phiém ham Lagrange mo rong F
cta (3.11) va (3.13), ta c6 diéu kién cuec tri

|

oF :jMxé{—%}dxﬁ f.o[yldx+5[A.g1]=0 (3.14)

0 0
A trong (3.14) 1a thira s6 Lagrange va 1a 4n moi cta bai toan. Tir (3.14) nhan

duogc hai phuong trinh can bang (hai phuong trinh Euler) :

d'y oo = X=X
EJ(dXJ—ma) y—{ O (3.15)

cung v6i phuong trinh (3.13). Hé phuong trinh (3.15) ¢6 vé phaila A
Xét vé co hoc, A ¢6 thtr nguyén 13 luc va d6 1a lyc giir dé chuyén vi tai
diém x=x; ctia thanh bang chuyén vi cudng bic y0 (phuong trinh (3.13)). Luc
giit do ta dwa vao nén phai bang khong. V& toan hoc thi phuwong trinh dao dong
1a phuong trinh khong c6 vé phai (hé (3.7)) cho nén A ciing phai bang khong.
Vi vay ta co
A=0 (3.16)
Nghiém ctia phuong trinh (3.16) ciing 13 nghiém cta vé trai (3.15) hoic
cua hé (3.7). Nhu vay, phuong trinh (3.16) la phuong trinh da thuc xac dinh

tri riéng, khi ham y(x) thoa man cac diéu kién bién thi né 13 phuong trinh da
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thire x4c dinh tin s6 riéng cua dao dong tu do cta thanh. Trong trudng hop nay
A laham cia o, 1=A(0).

Bai toan dao dong tu do ctia thanh duoc dua vé bai toan (3.11) voi rang
budc (3.13) va s& duoc giai truc tiép trén phiém ham Lagrange mé rong dé tim
dugc ham A(w), giai phuong trinh (3.16) s& nhan dugc cac tan sé riéng. Chu
y, A 1athira s6 Lagrange ctia rang budc (3.13).

Ta dang xét truong hop khéi luong phan bd déu trén thanh. Bai toan ¢ vo
s6 bac tu do nén c6 vo so tan so riéng. Chiing tao thanh ddi tan sé riéng dao dong
ctia thanh c6 bién dudi 1a tan s6 co ban va bién trén 1a vo ciing 16n, @ — oo . Cac
thanh c6 lién két khac nhau s& dao dong véi tan sb riéng khac nhau. Tan s6
riéng dao dong tu do ctia thanh c6 cac diéu kién lién két khac nhau duoc tinh theo
phuong phap chuyén vi cudng birc duoc trinh bay dudi day.

3.2. Tinh toan dao dong tu do cta thanh - loi gidi ban gidi tich

Vidu 3.2.1. Thanh ngam-tu do zy 11 .

Xét thanh thang c6 lién két mot dau ngam, o
dau kia tu do, tiét dién khong doi, chiéu dai
1, d ctmg uén EJ (hinh 3.1). - 17
Ta tim ham dg vong cua thanh dudi ;
dang da thtrc : i T S y
@ ®

y(x,t) = y(x)cos(at) , Hénh 3.1. Thanh ngam - Ti do

y(x)=ax+a,x* +a,x> +a,x" +a,x* +a;x° +a,x" +a,x* +a,x° (a)
Céc h¢ s0 a; (1i=1:9),1a cac hé s6 can tim. Dya vao bi€u thic (3.1) hoac (3.11)

tinh lyc quan tinh

WX, oMo’ e
fm_m—at2 =-me’y(x)=—EJ = y(x) =-EJ kly(x) (b)

mao* |EJ
k12: EJ a):kl W (C)
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Sau nay thay cho tan s6  ta s& dung k; dé tinh Iyc quan tinh (biéu thic
(b)). Biét duoc tri s6 ki thi tinh dugc tin s6 o theo biéu thuc (c).

Bién dang truot, goc xoay do momen udn, bién dang udn va ndi luc
momen udn cta thanh xac dinh theo cac biéu thirc (3.11).

Theo biéu thire (3.12) ta xdy dung bai toan dao dong tu do ctia thanh nhu sau

Z-| M{— d;{((zx)}dxﬁ £ [y(0Jdx — min (d)

Pai lugng cos(at) 1a thira s6 chung cua (d) nén di gian ude. Bai toan tim cyc
tri (d) phai thoa man cac diéu kién sau

~  Goc xoay (do momen uén) tai ngam (x=0) bang khong

gl = subs(6, x,0) = subs(d)(;(xx) %,0)=0 e)

~ Momen uén (hoic bién dang udn) tai dau ty do (x=1) bang khong

g2=subs(—d;3)’((zx),x,|):o )

~ Ta cho dau ty do (x=1) c6 chuyénvi cudng birc bang y0

g3=subs(y(x),x,)—yo=0 (h)

(ham subs(bieuthugx, x,) co nghia 1a thay bién x trong biéu thirc bang tri x1).
Bai toan (d) véi cac rang budc (e),(f),(g) va (h) duoc dua vé bai toan cuc tri
khong rang budc bang cach viét phiém ham Lagrange md rong
F=Z+Z1->min (i)

Z1=1.01+4,.92+ 4,.93+ 1.94

Cac hé s6 A,,4,,4,,A4 dugc goi la cac thira s Lagrange va 1a 4 4n mdi cua bai
toan.Tong an bai toan bao gdm a; (i=1:9),va 3 thira s6 Lagrange s& 1a 13 an duoc
dit trong vecto an S(i),i=1:13. Bai toan (i) 1a bai toan tdi wu thong sb va diéu

kién cuc tri (3.14) bay gid dugc viét nhu sau
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|
o]
o O

_d’y(x)
dx?

}dx+ifma%[y(x)]dx+a%[21]:0(i:1:13) ()

Ham y(x) va Q(x) trong (j) xac dinh theo (a) con M theo (3.11).Thuc hién céc
phép tinh cua (j) s€ nhan dugc 13 phuong trinh dai sb bac nhat dé tim duge 13
thong sd cta bai toan. Thong sé 4 lién quan dén chuyén vi cudng birc y0 c6
dang sau:
A =12626x103/1%ejyo(.25628 x107°12%;10-.21081 x10°!-.18661 x107°1?%k;'?+.38162
X10%1%6k,18-.41532x 108"k, 418+.17564x10%k121*+.36456x1 094128k, 14-. 12506
x10%5132k 16+
.13382x10841%2k;5-.10616x108°115k;2)=0(K)
Biéu thirc (k) chi ldy dén 5 s6 sau dau cham va 1a da thtc bac 18 ddi véi k .
Giai phuong trinh (k) theo ki: A(k,)=0
Nhéan dugc 18 tri ky. & day dua ra 5 tri k.
k, = 3.5160/I%; 22.0344/1%, 61.6968/1%; 121.1579/1%; 201.3142/I?

Biét dugc ki, dya vao biéu thirc (c) dé tinh tan sd riéng dao dong tu do

cua thanh.

Tuong tng voi1 18 nghiém k; ta EJ EJ
- o, =K, | = =35160 | —
xac dinh duoc 18 tan so dao dong riéng m ml
EJ EJ
cta hé theo cong thirc w= k“/E , 0 day @, = klzyfﬁ = 22’0344\/W

m
chi dua ra 3 tan s6 dao dong riéng co ban o, =k, B _ 616968 /%
dau tién Gmg véi 3 nghiém k; dau tién 1a: m m

So v6i 101 giai khong xét bién dang truot, 3 tri dwong dau tién trong s6 9
tri duong ctia ky c6 thé duoc xem 1a chinh x4c, tri thir 4 va 5 ¢6 sai s6 nho thua
1%, tri thtr su c6 sai s6 nho thua 3%... Mudn c6 nhiéu tri riéng chinh x4c hon
thi sir dung cac da thtrc bac cao hon khi x4p xi cac ham y va Q hodc chia thanh

thanh nhiéu doan tuong tu nhu tinh theo ph::fm tir hiru han.
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Khi giai h¢ phuong trinh (j) ta cling
nhan duoc cic théng sb a; (i=1:9)
va bj (j=0:9) va ching déu 1a ham
cua ki;. Pua cac tri k; tim duoc ¢
trén vao cac théng sd ndy va su
dung cac biéu thirc (a) ta c6 cac
dang dao dong chinh y(x) cua
thanh va cac dang ham luc cat Q

tuong Ung (hinh 3.2).

3.2.2. Thanh hai dau khop
Xéc dinh tan sb va dang dao
dong riéng ctia thanh hai dau khép.
Thanh c6 khéi lugng phan b déu,
tiét dién khong doi va c6 do ctng
udn EJ (Hinh 3.3). Néu nhu tai diém
(x=l;) cho 1é&ch mot doan yo nao do
thi thanh s€ bi cong di theo duong
dan hoi yi(X) va Yo(x) nhu (hinh
3.3b) do tac dung cua lyuc mémen

uén Pyl va Py2

Hinh 3.2. Ba dang dao dong

riéng dau tién

®
- - Y
®L
Av&—ay Avﬁ Yy
@ ®

Hénh 3.3. Thanh hai dau khép

Goi M1y, My 12 mdmen udn 1an luot trong doan 1 va 2 luc nay trang thai

can bang cia thanh 1a trang thai cAn bang nén uén ( hinh 3.2b). Viét biéu thirc

duong d6 vong va dudng luc cit cho cac doan thanh dudi dang da thirc nhu

Sau:



9 .
y, = ;aix' =ax+a,x +a,x +a,x +ax’ +ax’ +ax +ax’ +ax’;
i=

(a)

9 .
y, = %bix' =b, +b X +0,x* +bx° +0,x* +0,x° +bx° +h,x" +bx° +byx*;
i=

trong do a; (i=1:9), b; (j=0:9), 1a cac hé s6 can xac dinh.

Duya véo biéu thirc (3.1) tinh Iyc quan tinh trong timg doan thanh 13

0%y, (x,t mao’

ml:m%:—mmzyl(x)z—EJ =1 Y0 =-EJkiy, (%) )
0%y, (x,t mao’

mfm%?mwzyz(xﬁ—m =1 Y200 =~EJKiy, (x)
, Mo’ [EJ

Trong do: ki = Ecj o=k~ - (©)

Sau ndy thay cho tdn sé  ta s& dung ki dé tinh lyc quan tinh (biéu thirc
(b)). Biét duoc tri s6 ky thi tinh duogc tan sd @ theo biéu thic (c).
Bién dang uén it , goc xoay do momen uén & va ndi luc momen xac

dinh theo céc biéu thirc sau

91 :% :——azyl Mxlz_E‘]Zl
o, (d)

9 — ayl ’ 82y2 ’

27 oy Xox =~ ox M,,=-EJy,

Theo biéu thirc (3.8) ta xdy dyng bai toan dao dong tu do cta thanh nhu sau

0

Z = 1M ]z )dx+ M, ]z, dx + F[EIK bradx + F[EIK2 ], dx — min (e)

Bai toan tim cuc tri cia (e) phai thod man 6 di€u kién rang budc sau

~ Momen uén tai dau dudi doan 1(dau khdp, tai x=0) bang khong

_(_d*y,
0, [ . j M

— Chuyén vi tai cudi doan 1( tai x=1;) bang chuyén vi tai dau doan 2
x=0 (g)

—  Goc xoay tai cudi doan 1( tai x=1;) bang goc xoay tai dau doan 2

9,=%

x=h - y2
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6 =S ) 22 . @
- Chuyén vi tai cudi doan 2( tai x=1y) brfmg khong

9, =Y;|e, =0 (1)
~ Momen udn tai dau trén doan 2(dau khép, tai x=1,) bang khéng

o.-[-5%) 0
~ Tai diém cudi doan 1(x=1,) ta cho chuyén vi cudng birc bang yo

96 = Yiu, — Yo (k)

Ta dua bai toan tim cuc tri cua (e) voi 6 diéu kién rang budc (f), (g), (h),
(i), () va (k) vé bai toan cuc tri khong c6 rang budc bang cach dua thira s6

Lagrange vao phiém ham mé rong nhu sau:

F=Z+Z1—min (h
6

Z1= 30,4
k=1

Cachésd 4,4, A, 4, A, A dugc goi 12 cac thira sé Lagrange va 1 6 an méi
clia bai toan.Tong an bai toan bao gom a; (i=1:9), b; (7=0:9), va 6 thira o
Lagrange sé& 1a 25 an dugc dat trong vecto an S(i), i=1:25. Bai toan (1) 1a bai

toan t6i wu thong sb va diéu kién cuec tri (3.9) bay gio duoc viét

b 0 h d 0 _a -
hi—g[MxJ—aai (ZX1)dX+£[fm1]_aai (yl)dx+—aai (2)=0; (i=1:9)

_|2 0 12 0 0 0 fi_q-
ui—g[szl—abi (zx2>dx+g[fm2]—abi (yz)dx+—abi (21)=0; (i=0:9) (m)
8 . L
%(gkﬂk)zo, k—16

Tir diéu kién cuc tri (M) cta phiém ham mé rong F ta s& nhan duoc 44
phuong trinh dai s6 tuyén tinh dé xac dinh 25 thong s ciia bai toan. C6 thé giai

bai toan trén bang cach st dung phan mém Symbolic cua Matlab. Khi giai
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phuong trinh xong théy rﬁng cac thong sb ay, ay, as, ..., as, bo, by, by,..., by, VA
M, Aa,... he. déu 1a ham ctia ky . Luu ¥ rdng Ae c6 thir nguyén 1a luc va nd 1a luc
gilr dé ¢o chuyén vi cudng buc yp tai vi tri cudi doan 1, dau doan 2. Luc gifr

phai bang khong cho nén giai phuong trinh A, (k1) =0 sé& cho ta cic k.

2
\ Mo o o r A A A ‘n A s r 1A
Tu k, =, /E ta s€ tim dugc céc tan s6 dao dong riéng w; can tim. Co thé

noi As (kK1) =0 cling 1a da thirc déc trung cta bai toan.
A, (k1)=.10101x10%(.50560 x10%k1341%8-.43802 x101%3k321%4+,70097 x10%4k;30|¢°-
56956 x10%2%k;281%+,15514 x10%34Kk;261°2-.16022 x10%*3k;1241%8+.61290 x101°1k,22]44-
.82135 x10%%;201*%+,33561 x10%07k;8[%6-.33163 x1017#k11013%+.64742 x10180]28k,14-
.30787 x10%8k; 12124+ 50809 x10'9k;1912°-,30665 x10*%k,8I*6+.65148 x10%°%k,51?-
41296 x10%%%k1#18+.52715 x102°7k414-.47491 x10%%°) =0 (n)

Giai phuong trinh  Ag(ky)=0
theo kj ta nhan dugc 25 nghiém k;
va tir d6 xac dinh duge 25 tan s
dao dong riéng cua hé, & day chi
dua ra 3 tan s6 dao dong riéng co
ban la:

Khi gidi h¢ phuong trinh (m)

ta cling nhan dugc cac thong sb aj
(i=1:9) va b; (j=0:9) va chiing déu

la ham cua k;. Pua cac tri kg tim

dugc ¢ trén vao céac thong sO nay

va sur dung céac bicu thuc (a) ta co

0.2

cac dang dao dong chinh y(x) ctua T """"""""" VA """" il

thanh (hinh 3.4). —

002
0.01
.01
5 o] A, WU S SR S
0.03
0.04
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Honh 3.4. Dang dao dong ty do cua

thanh hai dau khép
3.2.3. Thanh dau ngam - dau khop
Xac dinh tan sb va dang dao %4 %4
dong riéng cua thanh. Thanh c6 khdi T Hl T
lwong phan b déu, tiét dién khong doi ® )
va c6 do cing uon EJ. ol%
Neéu nhu tai diém (x=l;) cho 1éch H
mot doan yo nao do thi thanh s€ bi cong Av-@; Y Av-@; Y

di theo duong dan hoi y1(X) Vayo(X) nhu Hgnh 3.4. Thanh ngam - khdp
(hinh 3.4b) do tac dung cua luc mémen
udn P(y1) va P(y2).Goi My, My la
momen udn lan lugt trong
doan 1 va2lc nay trang thai can bang cta thanh 13 trang thai can bang nén udn
(hinh 3.4b). Viét biéu thirc dudng d6 vong cho cac doan thanh dudi dang da

thirc nhu sau:

9 .
y, =>ax =ax+a,x’ +a,x° +a,x* +a, x> +a,x° +a,x’ +a,x* +a,x’; (a)
i1 a

J i 2 3 4 5 6 7 8 9.
y2=i20bix =D, +b,x+b,x" +b,x” +b, X" + b, x> + b, X" +b, X" + by X" +byx";(0< x<1,)

trong d6 a; (i=1:9), bj (j=0:9), I cac hé s6 can xac dinh. Dya vao biéu thirc (3.1)

tinh lyc quan tinh trong ting doan thanh la

82 X, t rnCl)2
m =M yal(Z ):_ma)zyl(x):_E‘J yl(x):_E‘]klzyl(X)
t EJ (b)
82 X,t ma)2
o =m LD gy 0= 832y (0 = By, (0
2 EJ
Trong do: k=T =k, = c
g 1 EJ 1 m ( )

Sau ndy thay cho tin s6 o ta s& dung k; dé tinh luc quéan tinh (biéu thirc

(b)). Biét duogc tri s6 ki thi tinh dugc tan s w theo biéu thirc (c).
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Bién dang truot 6, bién dang udn i , gbc xoay do momen uén 6 va noi

lvc momen xac dinh theo cac bi€u thirc sau

oy, 62y
9 - = — 1
! 8X le aXZ Mxl = _EJZl } (d)
9 _8y1’ __82y2’ MXZZ_EJZZ

2 = OX Kox = 8X2

Theo biéu thirc (3.8) ta xdy dung bai toan dao dong tu do cua thanh nhu sau

I Iy I 5 I2 2 )
Z = E‘;[M xl](le )dX+ £[M x2 ](ZZx)dx-i_ Q[E‘]kl ]yldx + E';[E‘]kl ]y2dx — min (e)
Bai toan tim cuyc tri cta (e) phai thoa man 6 diéu kién rang budc sau

~ Goc xoay tai dau ngam (tai x=0) bang khong

d
g1 = (d_>2]| x=0 (f)
~ Chuyén vi tai cudi doan 1( tai x=1;) bang chuyén vi tai dau doan 2
9;=Y: x=lp Yaliso (g)
~  Goéc xoay tai cudi doan 1( tai x=I;) bang goc xoay tai dau doan 2
_(W ) (Y, h
g3 _( dx lj x=l [ dx |x:0 ( )

~ Chuyén vi tai cudi doan 2( tai x=I,) bang khong

9s = Yaolxa, = 0 (1)
~ Momen uén tai dau trén doan 2(dau khép, tai x=I,) bang khong
_(_9%, i
g5 _( dxz )x—IZ (J)
~ Tai diém cudi doan 1(x=l;) ta cho chuyén vi cudng birc bang yo
Js =Y, x=l, Yo (k)

Ta dua bai toan tim cuyc tri cia (e) v6i 6 diéu kién rang budc (f), (g), (h),
(i), (j) va (k) vé bai toan cuc tri khong co rang budc bang cach dua thira s6

Lagrange vao phiém ham mé rdng nhu sau:
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F=Z+Z1—min (N
Z1= kil 9.
Céc hé s6 4,4, 4, A, A, 4, dugc goi 1a cac thira s6 Lagrange va 1a 6 an
moi cua bai toan. Tong an bai toan bao gom a; (i=1:9), b (j=0:9), va 6 thira sd
Lagrange s& 1a 25 an duoc dit trong vecto an S(i), i=1:25. Bai toan (1) 12 bai

toan t6i wu thong sb va diéu kién cuec tri (3.9) bay gid duoc viét nhu sau

_t 0 e 1.9 9 71 _0 .
hi—g[llel]aai (le)dx+£[fml]aai (y,)dx + n (Z1)=0;  (i=1:9)
= M lea%(zx2>dx+'f[fmz]a%(yz)ma%(zn ~0; (i=1:9) (m)
0 ) 4.
E(gkﬂ,k)=0, k=1:6.

Tir diéu kién cuc tri (M) cta phiém ham mé rong F ta s& nhan duoc 25
phuong trinh dai s6 tuyén tinh dé xac dinh 25 thong sb ctia bai toan. Co thé giai
bai toan trén bang cach st dung phin mém Symbolic cia Matlab. Khi giai
phuong trinh xong thiy rang cac thong sb a1, ay, as, ..., g, Do, b1, ba,..., by, VA
M, Aa,... he. déu 1a ham ctia ki . Luu ¥ rang As c6 th nguyén 1a luc va né 1a luc
giit dé co chuyén vi cudng blic yo tai cudi doan ly. Luc giit phai bang khong

cho nén giai phuong trinh A, (k1) =0 s& cho ta céc k.

2
\ Mo ~ o ;A K A ‘A A s r A
Tu k, = 1/ = ta s€ tim dugc céc tan s6 dao dong riéng w; can tim. Co thé

noi As (K1) =0 cling 1a da thirc dac trung cta bai toan.

Giai ph trinh  A1(k{)=0
il phoong tinh M0 B g [E)
theo k; ta nhan dugc 25 nghiém k; m m
va tir d6 xac dinh duoc 25 tan sd o =k /E — 49964 /E
2 12 m ! m|4

dao dong riéng cua h¢, & day chi
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dua ra 3 tan s0 dao dong riéng co

ban la:

Khi gidi h¢ phuong trinh (m) ta cling
nhan duoc cac thong s6 a; (i=1:9) va by
(j=0:9) va chung déu 12 ham cua k; .
Pua cac tri k; tim duoc & trén vao cac
thong s nay va st dung cac biéu thic
(a) ta c6 cac dang dao dong chinh y(x)
cua thanh (hinh 3.5).

3.2.4. Thanh hai diu ngam

X4c dinh tan s va dang dao dong
riéng ctia thanh hai dau ngam. Thanh c6
khéi luong phan bd déu, tiét dién khong
d6i va co do ctng ubn EJ.
Chia thanh thanh hai doan, cho thanh
mot chuyén Vi yo tai diém bat ky trén
thanh thi khi dy d6 vong tuong mg voi
tung doan 1a y1(X), y2(x) nhu (hinh 3.6).

Gi4 st duong do

@, =K, /% =104,266, [%

Damg 3

0.s

:
i
0B

0.4

02

] = Jis] oo — o~
o =] = =] = —
[=] o o o T o

Honh 3.5.Dang dao dong ty do cua

thanh dau ngam — dau khép

N— o

@

—Y N\

®

Hénh 3.6. Thanh ngam — ngam

vong cua tung doan thanhco dang da thirc bac 9.

X4y dung bai toan twong ty nhu trudng hop thanh dau ngam - dau khép,

v6i 6 diéu kién rang budc (gdc xoay tai ngam dudi bang khéng, chuyén vi tai
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cudi doan 1 bdng chuyén vi tai dau doan 2, goc xoay tai cuoi doan mot bcing
g6c xoay tai dau doan 2, chuyén vi tai cudi doan 2 bang khéng, géc xoay tai
cudi doan 2 bang khéng, chuyén vi cuéng bikc tai cudi doan 1 bang yo) va giai
ra ta nhan dugc da thirc dac trung cua bai toan la Ag(ki)=0.

Giai phuong trinh Ag(k1)=0 s€ cho ta cac k.

2
| Mo ~ ix LA & A ‘A A
Tir k, =, = ta s€ tim duogc cac tan s6 dao dong riéng w; can tim.

Giai ph trinh Ag(ky)=0 theo
ai phuong trinh  Ag(Ky) o =k, B _ 2237 E_‘]4
ki ta nhan duoc 25 nghiém ki va tir do m ml
, s A LA A A EJ EJ
xac dinh dugc 25 tan s6 dao dong riéng o, =k, —= 6167 i
cua h¢, ¢ day chi dua ra 3 tan so dao
dong riéng co ban la: o, =K, % =120,94 %

Dang dao dong riéng cua duong dan

Bang 2

hdi (véc to riéng) twong ¢ng voi 3
tan s6 dao dong riéng co ban (3 tri
riéng chinh xac) dau tién nhu hinh

3.7.

0.04
0.02

o™ = w o
= =} =1 =1
=} =} =1 =1

Hinh 3.7.Dang dao dong tw do cua
thanh hai dau ngam
3.3.Tinh toin dao ddng tw do ciia thanh - 10i giai s6 theo phwong phap
phan tir hitu han
Vidu 3.3.1: Dim dau ngam dau tw do (hinh 3.8)
Xéc dinh tan s6 dao dong riéng cua dam chiéu dai nhip |, do cung udn

EJ, khoi lugng phan bd déu trén toan dim, hinh 3.8a.
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Roi rac hoa két cau dam ra thanh n_, phan tir.Cac nat cia phan tir phai

tring véi vi tri dat khoi luong tap trung, hay vi tri thay d6i tiét dién, chiéu dai

cac phan tir co thé khac nhau.

|
L z L
/ /
SO DO DAM
1 2 3 4 5 /
I

SO DO AN CHUYEN VI

9

> 88 77 88 9 N

SO DO AN GOC XOAY

Ll/npt Li/npt Ll/fmpt Ll/th
‘ ‘ ‘ ‘ ‘

Hinh 3.8. Dam dau ngam - dau ty do
M3i phan tir ¢ 4 an vy, v,, 6, 6, vay néu N, phan tir roi rac thi tong cong

c6 4xNn, an. Nhung vi can dam bao lién tuc giira cac chuyén vi la chuyen vi cua
Nt cudi phan tir thir e bang chuyén vi ciia nat dau phanti thi (e +1) nén sb an
cua thanh s€ nho hon 4xn Déi véi bai toan khong xét bién dang truot ngang
khi giai ta can ¢am bao diéu kién lién tuc cua ca chuyén vi thang nw va diéu
kién lién tuc vé goc xoay. Vi du dam trong (vi du 3.3.1a) ta chia thanh 4 phan
tir (hinh 3.1b).

Khi chia dam thanh 4 phan tir thi s6 nit dam s& la 5, tha tu tir tréi sang
phai la [1, 2, 3, 4, 5] (hinh 3.1b), s6 an chuyén vi nw=4, thi tu tir trai sang phai
la [1, 2, 3, 4] (hinh 3.1c), & ddy an chuyén vi tai dau trai ngam cua dam bang

khong, an goc xoay nwx=>5, tht ty tir trai sang phai 1a [5, 6, 7, 8, 9] (hinh 3.1d).
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Nhu vay, tong cong s6 an 12 9 4n < 4x4=16 an. Goi ma tran nw 1a ma tran
chuyén vi c6 kich thuéc n,,(n,,2) lamatranco n, hang va 2 cét chira céc 4n
s6 1a chuyén vi tai nat cua céc phan tir (hinh 3.1).

nw()=[0 1}n,2)=[ 2];n,B)=[2 3}n,(4)=[3 4]

nw=[0 1 1 2 2 3 3 4]

Goi ma tran nwxla ma tran chuyén vi goc c6 kich thuéc nwWx(Npt,2) 1a ma
tran ¢c6 N, hang va 2 cot chira cac an so la goc xoay tai nit cia cac phan ti
(hinh 3.5).

nwx(L,) =[5 6n,(2)=[6 7];n,(3)=[7 8n,(4)=[8 9]

nx=5 6 6 7 7 8 8 9]

Sau khi biét an so thyuc ciia dam ta cd thé xay dyung do cung tong thé cua
dam (c6 rat nhiéu cach ghép noi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
cuia mdi ngudi nén tac gia khodng trinh bay chi tiét cach ghép ndi cac phan ta
lai dé dugc ma tran d6 cing cua toan dam va co thé xem trong code md dun
chuong trinh cua tac gia).

Néu bai todn c6 nw an sé chuyén vi va nwxan sé goc xoay thi ma tran do
cting ctia dam 13 K ¢6 kich thudc (nxn), K(n,n)véi n=(nw+nwx). Nhu & vi dy

3.3.1, n=9. Nhu vay cudi cing ta s& thiét lap duoc phuong trinh:

[KKa}={F}

{F}=1.%tso—hang=n {A}=1."

la s6 an cua bai toan
Trong vi du 3.3.1 khi chia thanh ra thanh 4 phan tir, ta co:
- Ma tran @9 cieng phan tir [Ke], nhu sau:
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768 768 96 96
12 Z 1
768 768 96 96
_E 2 2
Kel=71 96 06 8
I I i
96 % o 16
I I

- Ma tran d9 cieng toan dam [K]:
Ghép ndi cac ma tran do cang phan tir [Ke] vao hé toa d6 chung, ta duoc

ma tran d6 ciing tong thé cua toan két cau nhu sau:

2 1
183 ksl| 768 0 o B o ® 5 9 0 0 o
P4 I3 12 12

2
T8 (1586 ksl 768 o o B o % 0 0 0
13 3 4 3 2 2
768 153 k2 768 % % 768
0 LR B ey o 2 2 g D22
13 [|3 4] 13 2 2 I3
768 768 % % 768
’ ’ [T S R
?_f 0 0 0 ? 8T 0 0 0 1 0 0
EJx
0 % 0 0 8 2 8 45 0 0 0
|2 | | [
% 0 9% 0 o & ¥ 8 0 0 0
|2 |2 I I I
0 % 0 % o & ¥ 8 o -8
12 12 [ [ [ 12
0 0 % % 0 0 0 8 1 0o %
2 |2 | | 2
0 0 0 0, 1 0 0 0 0 00
768 768 % %
0 0 e = 0 0 0 7 - 0 0
[K]= | o 0 0 1 0 0 0 0 0 0 o

- Véc to luc nUt{F}:
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O O O O O O O o o o o

<
o

Giai phuong trinh (e) ta nhan duoc:
at=[KIHF}
Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:
{aj=[K\{Fj
Khi chia dam thanh 8 phan tir, két qua nhan duoc lamda 12 ham cua k5
nhu sau:
lamda=-256/I"3*ej*(2521*k5"14*|"28-
905908224*k5"12*1"24+106889924837376*k5"10*1"20-
4812625891572056064*k5"8*1"16+75240450024177250861056*k5"6*1"12-
307333197125146849528774656*k5"4*1"8+17273615680981667499871725
1584*k5"2*1"4-2707374865917126661204384677888)*y0
Biéu thtic trén 1a da thirc bac 14 d6i voi ks. Giai phuong trinh trén theo Ks:
A(k,)=0
Nhéan dugc 14 tri ks. & day dua ra 3 tri ks dau tién nhu sau:
k, =4.0168/1, 25.4285/1%; 71.7831/I%;
Tuong ung véi 14 nghiém ks ta xac dinh dugc 14 tan s6 dao dong riéng cua hé
theo cong thirc

o =K, %
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¢ day chi dua ra 3 tan s6 dao dong ri€ng co ban dau tién ing vo1 3 nghiém ks

dau tién la:

EJ EJ
o, =K, o =4,0168 oy
EJ EJ
w, = k51 F = 25,4285 W
EJ EJ
W, = k53 F = 71,783 W
BANG SO SANH KET QUA
Tan so Loi giai 56 Loi giai Sai so giira
dao (PTHH, chia | ban giai tich Loi giai 1o giai s6 va
dong damthanh 8 | (da thirc bac chinh xac loi giai
riéng phan tir) 9) chinh xac %
o 4,0168 3,5160 3,5160 14,24
W 25,4285 22,0344 22,0000 15,58
®3 71,7831 61,6968 61,7000 16,34

Ta nhan thay két qua theo 10i giai ban giai tich khi sir dung ham xap xi 1a da
thic bac 9 trang khop véi két qua chinh xéac, con két qua theo loi giai sé
(PTHH) c6 sai s6 kha 16n, hon 10% so véi két qua chinh x4c. Muén ting thém
d6 chinh xéc cua loi giai sb ta chia dam thanh nhiéu phan tir hon, chang han
khi chia dam thanh 32 phan ti ta nhan duoc két qua nhu sau:

BANG SO SANH KET QUA

Tan so6 . Lo giai Loi gia Sai s6 giira
Lol giail so o ) ) e
dao ban giai tich chinh xac | loi giai so va
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dong (PTHH, chia | (da thuc bac loi giai
riéng | dam thanh 32 9) chinh xéac %
phan tir)
m1 3,6293 3,5160 3,5160 3,22
Oy 22,7578 22,0344 22,0000 3,44
™3 63,7553 61,6968 61,7000 3,33

Nhu vay, sai so giita loi giai s6 so véi 10i giai chinh xéac chi 1a 3,22% d6i Véi

tan s6 dao dong co ban dau tién. Do vay néu ta tiép tuc ting s phan tir 1én thi

loi giai s6 sé& tiém can voi loi giai chinh xac.
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Vidu 3.3.1: Dim hai ddu khép (hinh 3.9)

Xac dinh tan s6 dao dong

riéng cta dam chiéu dai nhip |, @ R pe
1 l

d6 ctimg udn EJ, khéi luong phan

, \ \ SO DO DAM
bo déu t‘r.en toan, dan;, hinh ?i 9a. ® ) . |2. .|3. .‘l". 5 i
Roi rac hoa két cau dam ra ! AL !
. SO DO NUT DAM
thanh n phan te.Cac nit cua ® 0 1.1 22 33 0 Ny
| I|I I|I I|I 1
phan tir phai trang véi vi tri dat SO DO AN CHUYEN VI

, 4 55 66 7 7 8
khoi luwgng tap trung, hay vi tri @ I Mx

SO DO AN GOC XOAY

thay doi tiét dien, chiéu dai cac

\}/m:\,l/m:\,l/mz\,l/m:\,
(O B

CHIEU DAI PHAN TU

Hinh 3.9. Dam hai dau khép

phan tir c6 thé khac nhau.

Mbi phan tir ¢6 4 an vy, vy, 6;, 6, VAy neu N, phan tir roi rac thi tong cong
c6 4xn , an. Nhung vi can dam bao lién tuc giira cac chuyén vi la chuyen vi cua
nat cudi phan te thi e bang chuyén vi ciia nat dau phanti tha (e +1) nén sé an
cta thanh s& nho hon 4xn . Déi vai bai toan khong xét bién dang truot ngang
khi giai ta can dam bao diéu kién lién tuc cua ca chuyén vi thang nw va diéu
kién lién tuc vé goc xoay. Vi du dam trong (vi du 3.3.1a) ta chia thanh 4 phan
tir (hinh 3.1b).

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, th tu tir trai sang
phai la [1, 2, 3, 4, 5] (hinh 3.9b), s6 an chuyén vi nw=3, thi tu tir trai sang phai
1a [1, 2, 3] (hinh 3.9¢), & day an chuyén vi tai dau trai ngam va dau khop phai
cuia dam bang khéng, an goc xoay nwx=>5, thir tu tir trai sang phai 14 [4, 5, 6, 7,
8] (hinh 3.9d).
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Nhu vay, tong cong s6 an 12 9 4n < 4x4=16 an. Goi ma tran nw 1a ma tran
chuyén vi c6 kich thuéc n,,(n,,2) lamatranco n, hang va 2 cét chira céc 4n
s6 1a chuyén vi tai nat cua céc phan tir (hinh 3.9¢).

nw1:)=[0 1n, 2= 2];n,(3)=[2 3}n,(4:)=[3 0]

nw=[0 1 1 2 2 3 3 0]

Goi ma tran nwx la ma tran chuyén vi goc co kich thugc nwx(ny,2) 1a ma
tran c6 N, hang va 2 cot chira cac an so la goc xoay tai nit cia cac phan tir
(hinh 3.9d).

nwx(L:)=[4 5fn,(2:)=[5 6];n,(3:)=[6 7}n,(4:)=[7 8]

nwx=[4 556 6 7 7 8§

Sau khi biét an s6 thuc ctia dam ta cd thé xay dung do cung tong thé cua
dam (c6 rat nhiéu cach ghép noi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
ciia mdi ngudi nén tac gia khdng trinh bay chi tiét cach ghép ndi cac phan ta
lai dé duoc ma tran d6 cung cua toan dam va c6 thé xem trong code mo dun
chuong trinh cta tac gia).

Néu bai todn c6 nw an sé chuyén vi va nwxan sé goc xoay thi ma tran do
cting ctia dam 13 K ¢6 kich thudc (nxn), K(n,n)véi n=(nw+nwx). Nhu & vi dy

3.3.2, n=8. Nhu vay cudi cling ta s& thiét lap dugc phuong trinh:

[KRA}=1{F}

{F}=1.%tso—hang=n {A}=1."

la s6 an cua bai toan
Trong vi du 3.3.2 khi chia thanh ra thanh 4 phan tir, ta co:
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- Ma tran d9 cieng phan tir [Ke], nhu sau:

- 768 768 96 96 1
0z L
768 768 96 96

_EHTTe o T

[Ke] ~1| 96 96
l l —

96 96
l !

- Ma tran @9 cieng toan dam [K]:
Ghép néi cac ma tran do cang phan tir [Ke] vao hé toa do chung, ta dugc

ma tran do cting tong thé caa toan két ciu nhu sau:

[K]=
1536 k2l 768 % % %
== .25 = 0 = 0 = 0 0o -= 0 1
[|3 4} 1? 2 12 12
768 1536 kI 768 9% 9%
B N1 N L 0 = 0 = 0 0 0
|3 [IS 4] |3 |2 |2
768 1536 k2l % % %
0 ML = .25 0 0o -= 0 = 0 -= 0
1® [P 4J 12 12 12
% 0 0 1 8 0 0 0 16 0 0
12 I | I
9% 8 32 8 8
0 = 0 = = 2 0 0 = 0 0
EJx 12 | | | |
% 0 % o B2 B, 5 o
12 |2 I | I
0 % 0 o o & ‘B, B g
12 I | I |
0 0 % 0 0 0 8 1 o ¥
12 | |
% 0 0 16 8 0 0 0 0 0 0
12 | I
0 0 % 0 0 0 &8 0 0 0
|2 | |
|1 0 0 0 0 0 0 0 0 0 0
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- Véc to luc nUt{F}:

O O O O O O o o o o

<
o

Giai phuong trinh (e) ta nhan dugc:

{af=[KTHF}

Theo ngdn ngit 1ap trinh Matlab ta co thé viét:

{ad=[KN\F}
Khi chia ddm thanh 4 phan ta, két qua nhan duoc lamda 1a ham cua k5

nhu sau:

lamda =

1/4*ej*y0*(-7247757312+80216064*Kk5"2*|"4-

59904*k5™M* 18+ 7*k5"6*1"12)/1"3

Biéu thtrc trén 1a da thirc bac 4 d6i véi ks. Giai phuong trinh trén theo Ks:
A(k,)=0

Nhéan dugc 4 tri ks. & day dua ra 3 tri ks dau tién nhu sau:

k, =9,8665/1% 39,1918/I%; 83,2127/1?;

Tuong img vdi 4 nghiém ks ta xac dinh duoc 4 tan s dao dong riéng cua h¢

theo cong thirc

o =K, %
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¢ day chi dua ra 3 tan s6 dao dong ri€ng co ban dau tién trng véi 3 nghiém ks

dau tién la:

BANG SO SANH KET QUA

Tan so Loi giai 56 Loi giai Sai so giira
dao (PTHH, chia | ban giai tich Loi giai loi giai s6 va
dong dimthanh 8 | (dathicbac | chinh xac l0i giai
riéng phan tir) 9) chinh xac %
o3 9,8665 9,8695 9,8721 -0,056
®2 39,1918 39,4782 39,4761 -0,720
03 83,2127 88,8300 88,8306 -6,320

Ta nhan thay két qua theo 1&i giai ban giai tich khi sir dung ham xap xi
1a da thwre bac 9 gan tring khép voi két qua chinh xac va két qua theo loi giai
s6 (PTHH) c6 sai sb rat nho, chwa dén 1% so véi két qua chinh xac mic du ta
méi chia dam thanh 4 phan tir. Nhu vay, dbi voi bai toan dam hai dau khap két
qua hoi tu vé két qua chinh xac nhanh hon rat nhiéu so véi bai toan dam dau

ngam dau tu do, trong vi du 3.3.1.
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Két luan va kién nghi

Két luan

Qua két qua nghién ctru tir cac chuong, chwong 1 dén chuong 3 d6i voi
bai toan dao dong ctia thanh. Tac gia rut ra cac két luan sau:
~ st dung thanh cong phuong phap phan ti hitu han d6i véi bai toan dao dong
tu do cua thanh.
- Pi x4c dinh dugc két qua cua cac bai toan dao dong tu do caa cac thanh c6
lien két khac nhau theo hai cach tiép can 1a 1o giai ban giai tich va 1oi giai sb
theo phuong phap phan tir hitu han. Két qua tring khop voi két qua nhan dugc
khi giai bang cac phuong phap khac.
Kién nghi

Qua két qua nghién ctru thiy rang, voi viéc st dung phuong phép phan
ttr hitu han c6 thé xay dung bai toan dao dong cua thanh mot cach dé dang. Vi
vay c6 thé sir dung phuong phap nay dé nghién ctru va hoc tap trong linh vuc

két cau cong trinh.
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