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Loi cam on
Vi tat ca sy kinh trong va biét on sau sic nhat, toi xin chan thanh bay to 1ong
biét on clia minh t6i sy huéng dan tin tinh va chu ddo cua thdy hudéng din
GS.TSHK Ha Huy Cuong, cac thay co trong khoa Sau dai hoc, khoa Xay dung va
toan thé cac thy co gido trudng Pai hoc Dan Lap Hai Phong nhimg ngudi di tao

di€u kién cho t61 hoan thanh luan van nay.

Do nhiing han ché veé kién thurc, thoi gian, kinh nghi¢m va tai li¢u tham khao
nén thiéu sét va khuyét diém 1a diéu khong thé tranh khoi. Vi vay, toi rit mong nhan
duoc su gop ¥, chi bao cua cac thdy co gido do chinh 14 sy giup d& quy bau ma toi
mong mudn nhat dé c6 ging hoan thién hon trong qué trinh nghién ctru va cong tac
sau nay.

Xin tran trong cdm on!

Tac gid luan van

Lé Khic Nguyén



MO DAU
Bai toan co hoc két cdu hién nay noi chung duoc xay dung theo bén duong 16i
d6 1a: Phuong phap xay dung phuong trinh vi phan can bang phan t§; Phuong phap
ning luong; Phuong phip nguyén 1y cong 4o va Phuong phap st dung truc tiép
phuong trinh Lagrange. Cac phuong phap giai gdm c6: Phuong phép duogc coi 1a
chinh xac nhu, phuong phap luc; Phuong phap chuyén vi; Phuong phap hén hop;

Phuong phép lién hop va cac phuong phap gan ding nhu, phuong phap phan tir hiru

han; phuong phap sai phan hiru han; phwong phap hon hop sai phan - bién phén.

Phuong phap so sanh la phuong phap duoc xay dung dua trén y tudng dac
biét ciia K.F Gauss ddi véi co hé chat diém va dugc dé xuat boi GS. TSKH Ha Huy

Cuong d6i voi co hé moi truong lién tuc. Piém dic biét ciia phuong phap so sanh 1a

tim duoc két qua ctia bai toan chua biét thong qua két qua cua bai toan da biét.

Poi twong, phwong phap va pham vi nghién ctru cia dé tai

Trong luan van nay, tac gia st dung phuong phap so sanh noi trén dé xay

dung va giai bai toan dam chiu uén c6 xét dén bién dang truot ngang do luc cit Q

gay ra, chiu tdc dung cua tai trong tinh.

Do su can thiét caa viéc nghién ctru noi lyc va chuyén vi ctia két ciu chiu
udn, muc dich va nhiém vu nghién ctru ctia luan van nay la:

Muc dich nghién ctru ciia dé tai

“Nghién cieu ndi liee va chuyén vi cia hé dam bang phwong phdp so sinh”

Nhiém vu nghién ctru ciia dé tai

1. Tim hiéu va gidi thiéu cac phuong phap xdy dung va cac phuong phap giai bai
toan co hoc két cAu hién nay.

2. Trinh bay Phuong phap Nguyén 1y cuc tri Gauss do GS. TSKH. Ha Huy Cuong
dé xudt, voi cac ing dung trong co hoc méi truong lién tuc néi chung va co hoc
vat ran bién dang noi riéng.

3. Gioi thiéu 1y thuyét xét bién dang truot doi véi bai toan két cau chiu ubn (dam va

khung) véi viéc ding hai ham chua biét 1a ham do vong y va ham lyc cét Q.



4. Trinh bay phuong phép so sanh dé xdy dung va giai bai toan dam c6 xét dén bién
dang truot, chiu tac dung cua tai trong tinh.

5. Lap chuong trinh may tinh dién tir cho céc bai todn néu trén.
Y nghia khoa hoc va thue tién ciia dé tai nghién ciru

Viéc x4c dinh noi luc va chuyén vi ctia két cdu dam chiu uén da duoc nhiéu
tac gia trong va ngoai nudc quan tAm nghién ctru, cac két qua nghién ctru hién nay
nhin chung duoc tim thiy thong qua cac phuong phap giai truc tiép. Khac voi cach
1am hién nay, tac gia luan van gi6i thiéu phuong phap so sanh dé xay dung va giai
bai toan két cau dam chiu uén mot cach gian tiép dua trén ¥ tuong dic biét cia K.F
Gauss khi nghién ctru vé co hé chat diém cung voi su ké thira, phat trién sang tao
cua GS. TSKH. Ha Huy Cuong khi nghién ctru h¢ vat ran bién dang thudc co h¢ moi

truong lién tuc.



LOI CAM POAN
To61 xin cam doan day 1a cong trinh nghién cttu ctia ban than, dugc thuc hién

trén co so Nghién ct, tinh toan dudi su huéng dan khoa hoc cia GS.TSHK Ha
Huy Cuong.
Cac sb liéu trong luan van c6 ngudn trich dan, két qua trong luan vin 1a trung
thuec.

Tac gia luan vin

Lé Khic Nguyén
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CHUONG 1.
CAC PHUONG PHAP XAY DUNG VA CAC PHUONG PHAP GIAI
BAI TOAN CO HQC KET CAU

Trong chuwong nay trinh bay cac phuong phap truyén théng dé xay dung cac
bai toan co hoc ndi chung; gidi thidu bai toan co hoc két cau (bai toan tinh) va cac
phuong phép gidi thuong dung hién nay.

1. Phwong phap xay dung bai toan co hgc.

Bdn phuong phéap chung dé xay dung bai toan co hoc két cau duoc trinh bay
du6i day. Dung 1y thuyét dam chiu udn dé minh hoa.

1.1. Phwong phap xiy dung phwong trinh vi phin cin bing phén to.

Phuong trinh vi phan can bang duoc xay dung truc tiép tir viée xét cac diéu
kién can bang lyc ciia phan t6 duoc tach ra khoi két cau.Trong strc bén vat liéu khi
nghién ctru dam chiu ubn ngang sir dung céc gia thiét sau:

- Truc dam khong bi bién dang nén khong co Ung suét.

- Mt cat thang goc voi truc dam sau khi bién dang van phang va thang goc voi
tryc dam (gia thiét Euler—Bernoulli).

- Khéng xét lyc nén gitra cac thé theo chiéu cao ciia dam

Vi gia thiét thtr ba thi chi c6 Gmg suit phap o, va cic ing suit tiép 6,,, O tac dung
1én phan t6 dam (hinh 1.3), img suit phap o, bang khong. Hai gia thiét thir ba va th
nhat dan dén truc dam chi c6 chuyén vi thang dung y(x) va né duoc goi 1a duong do
vong hay dudng dan héi ciia dam. Gia thiét thir nhat xem chiéu dai truc dim khong
thay d6i khi bi vong doi hoi do vong ctia dam 14 nho so véi chiéu cao dam, ymax/ h
1/5. Vi gia thiét th hai thi bién dang truot do tng suat tiép gay ra khong dugc xét
trong tinh d6 vong ctia dim nhu trinh bay duéi ddy. Gia thiét nay chi ding khi ti 16

h/l  1/5. Chuyén vi ngang u ctia diém nam & d§ cao z so vdi truc dam bang



u = —Zd—y N -
dx TTH  © / N.
Bién dang va tng suit xac dinh nhu sau 2
p— 9. o _ g4 Hinh 1.2. Phan 5 dim
" dx* = " dx®

Momen tac dung 1én truc dam:

h/2 2 E h3 2
M= | _Ebz?d 2 gz — —EBN" d 2’

-h/2 dx 12 dx
hay M =EJy (1.7)

3 2
trong d6: EJ = Ebh , ¥ =— d’y
12 dx?

EJ duoc goi la d6 cting udn ciia dam; y 1a d6 cong ciia duong dan hoi va s& dugc goi

1a bién dang udn; b 1a chiéu rong dam. Dé don gian trinh bay, & day chi dung truong
hop dam co tiét dién chir nhat.

Céach tinh ndi lyc momen & trén khong xét dén bién dang truot do cac tGng

sut tiép gy ra. Tong cac ing suit tiép o, trén mat cat s& cho ta luc cit Q tac dung
h/2

lén truc dam: Q= IO'ZXdZ
-h/2

Biéu thirc clia img sudt tiép o, trong tich phan trén sé& trinh bay sau.

Nho céc gia thiét néu trén, thay cho trang thai (mg suat trong dam, ta chi can nghién
ctru phuong trinh can béng cua cac ndi luc M va Q tac dung 1én truc dam.

Xét phan td dx cua truc dam chiju tac dung cua cac luc M,Q va ngoai luc phan bd g,
hinh 1.3. Chiéu duong ciia M, Q va q trén hinh vé& twong tng véi chiéu duong cia

do vong hudng xuong dudi.



Q a(x) M + dM
M o,

2yQ+dQ
. dx
1 1

Hinh 1.3. Xét can bang phan td

Lay tong momen doi vdi diém O,, bo qua cac vo cung bé bac cao ta co:

d—M—Q=O(1.8)
dx

Lay tong hinh chiéu cac lyc 1én tryc thang dung:

2—3 +q=0 (1.9
Phuong trinh (1.8) 1a phuong trinh lién hé gitta momen udn va lyc cat,
phuong trinh (1.9) 12 phuong trinh can bang luc cit Q va ngoai luc phan bb q. D6 1a
hai phuong trinh xuat phat (hai phuong trinh dau tién) ctia phuong phép can bang
phan t6. Lay dao ham phuong trinh (1.8) theo x rdi cong véi phuong trinh (1.9), ta
c6 phuong trinh dn xut sau:
d’M
dx?

+q=0 (1.10)

Thay M x4c dinh theo (1.7) vao (1.10) nhan dugc phuong trinh vi phan xéac
dinh dudng dan hdi cua thanh.

EJ ‘; Y_q (111

X4

Phuong trinh (1.11) duoc giai v6i cac diéu kién bién cta y va cac dao ham
dén béc ba cua y (4 diéu kién), hai diéu kién bién tai mdi dau cubi thanh.
Cac diéu kién bién thuong dung nhu sau:
a) Lién két khop tai x=0:
2

dzl 0
dx

x=0

Chuyén vi bang khong, y\xzo =0, momenuén M =0, suy ra
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b) Lién két ngam tai x=0:

=0

x=0

Chuyén vi bang khong, Y| =0, goc xoay bing khong, %

¢) Khong co gdi tua tai x=0:

2

d°y

d’y

X3

=0

x=0

—0; luc cét Q=0, suy ra

x=0

Momen uén M = 0, suy ra

Céc diéu kién tai x=1 cling liy twong ty nhu trén.
Bay gio tim hiéu su phan b tng suét tiép o, trén chiéu day h cua dam. Trudc

tién viét phuong trinh can bang Ung suat trén truc x nhu sau:

3
_do, N do, _ 0 hay do,, _0do, __E d-y
OX 0z 0z OX dx’
2 3
Tich phan phuong trinh trén theo z: o, =— EZZ 3 2/ + C(x)
X

Ham c(x) xac dinh tir diéu kién tmg suét tiép bang khong tai mat trén va mat dudi

5 h . Eh* d°y
dam, z=+—.Taco: C(x)=
2 (x) 8 dx®
Ung suét tiép phan b trén mit cat dam co dang:
Ed’y
o, =———\4z* -h?
* 8 dx® ( )

D6 12 ham parabol bac hai. Ung suat tiép 10n nhat tai truc dam (z=0) c6 gia tri bang
_ER*d’y
=8 dx’

Xz

Tich phan ham tng suat ti€p theo chi€u cao dam r61 nhan véi chiéu rong b ta co

luc cat Q tac dung Ién phﬁn trai cuia dam.

Ebh® d?
Q= y
12 dx
’ LY+ \ A .2 A N o Eh*>d’y
Ung suat tiép trung binh trén chi€u cao dam bang: o> = 12 dc
X

Ti 1 giira g suét tiép max tai truc dim va ung suit trung binh a=1.5.
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1.2. Phwong phap nang lugng.

Ning luong cia co hé bao gdm dong ning T va thé nang I1. Pong ning duoc
xéac dinh theo khdi lugng va van téc chuyén dong, con thé ning I bao gdm thé ning
bién dang va cong cua cac truong luc, phu thudc vao chuyén vi. Truong luc 1a luc
c6 thé nhu lyc trong truong. Céc luc ngoai tdc dung Ién co h¢ 1a lyc khong thé.

Dbi v6i hé bao toan, nang luong 1a khong ddi:
T+ I1 = const (1.12)
Do d6 téc do thay ddi nang lwong phai bang khong:

%{T+ I)=0 (1.13)

Ta xét bai toan tinh, T=0, do do.
IT = const (1.14)
Thé nang IT c6 thé biéu thi qua tmng suat va noi luc ciing ¢ thé biéu thi qua
chuyén vi va bién dang. Vi vay ta c6 hai nguyén 1y bién phan ning luong sau:

Nguyén 1y thé niing bién dang cuc tiéu

Khi phuong trinh cén bang dugc biéu thi qua tng suat hoic noi luc va do do
thé ning bién dang ciing biéu thi qua tmg sut hodc ndi luc ta co nguyén Iy thé ning
bién dang cuc tiéu, nguyén ly Castiliano (1847-1884). Nguyén ly phat biéu nhu sau:

Trong tit cd cdc trang thdi can bing lwe cé thé thi trang thdi cdn bang thuc
xdy ra khi thé ning bién dang la cwc tiéu.

Trang thai can béng luc c6 thé 1a trang thai ma cac luc tac dung lén phan t6
thoa min cac phuong trinh can bang. Ta viét nguyén 1y duéi dang sau:

I1(F ) — min
Véi rang budc 1a cac phuong trinh can bang viét dudi dang luc.
Dbi v6i dam ta co:

)

]

e

E

1-[:

rd | =

dx — min (1.15)
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— =g (1.16)

Noi lyc can tim momen udn 13 ham phén b theo chiéu dai ddm M(x) va phai thoa
man cac diéu kién lién két & hai dau thanh (duoc xac dinh & hai dau thanh). Day 1a
bai todn cuc tri cd rang budc. Bing cach dung thira s Lagrange dua vé bai

toan khéng rémg budc sau:

dM
A(L)

- +q|dx = min (1.17)

1a thira s6 Lagrange va ciing 1 an cia bai toan. Theo phép tinh bién phan tir

phiém ham (1.17) ta nhan duoc hai phuwong trinh sau (phuong trinh Euler—

Lagrange).
M=—-E dz;t(l 18)
B jd.rz '
d*M
= — 1.19
a2 q (1.19)

c6 thir nguyén 1a chuyén vi cho nén phuong trinh (1.18) biéu thi quan hé giira

M va chuyén vi. Thé (1.18) vao (1.19) ta co:
d*a
E]— = 1.20
dx* 1 ( )
1a d6 vong ctia dam va phuong trinh (1.20) 1a phuong trinh vi phan can bang

cua dam viét theo chuyén vi nhan duoc & trén.

Nguyén ly cong bu cuc dai

Khi ding an 1a cac chuyén vi va bién dang thi c6 nguyén 1y cong bu cuc dai.
Trong tit cd cdc chuyén vi dpng hoc cé thé (kha di) thi chuyén vi thuc la

chuyén vi co cong bu cuc dai.
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Chuyén vi dong hoc c6 thé 1a chuyén vi thoéa mén cac phuong trinh lién hé
giita chuyén vi va bién dang va thoa man cac diéu kién bién. Cong bu bang tich cta
ngoai luc va chuyén vi trir di ning luong bién dang.

[Cong ngoai luc — thé nang bién dang]—max
Véi rang budc 1a cac phuong trinh lién hé gitta chuyén vi va bién dang.

Lay vi du d6i véi dam chiu uon, ta cé:

e !
: 1/
l qvdx —3 l E] # dx — max(1.21)
0 0

Vi rang budc:

-
F

Y (1.22)

£= _d.r

13 bién dang udn ciing 1a d6 cong cua dudong do vong. Tich phan tht nhét trong

(1.21) la cong toan phan cta ngoai luc (khong co hé sd 14), tich phan thi hai 13 thé
ning bién dang biéu thi qua bién dang udn.
Thay tir (1.22) vao (1.21), ta co:

!

[ -
]ﬂ dx — 2 IHE YY) g (1.23)
iy —— — T —
H qgyvdx > Ji a2 x — max(1.
0 o

Thay dau cia (1.23) ta co:

.! , .!
1 ‘ EJ] (— dz‘f)é dx — l gvdx — min(1.24)
2 dx- J
] 0
Khi y 6 gia tri xac dinh tai hai ddu mat dam thi diéu kién can dé biéu thirc (1.24)
cuc tiéu 1a phuong trinh Euler sau:
d*y

E]— = 1.25
=4 (125)

14



Phuong trinh (1.25) 14 phuong trinh vi phan cin bang ctia dim chiu udn. Nguyén 1y
cong bu cuc dai dudi dang biéu thurc (1.24) dugc str dung rong rai trong tinh toan
cong trinh theo phuong phap phan tir hitu han.

1.3. Nguyén ly cong do.

Nguy®n 1y c«ng Jo ®-ic s& déng rEt réng r-i trong c-—
hac. Theo K.F. Gauss (1777-1855) thx mai nguy®n 1ly trong
c- hic hoEc truc tid0p hoEc gi,n til0p ®bu rét ra to
nguy?n 1y chuyOn vb Jo.

Xt c— hO chEt ®i0m & tring th,i cOn b»ng ta ca:
>X=0, DY=0, >Z=0,

(1.26)

YX;DY:>Z: 1p teng hxnh chidu cfia tBt ci c,c luc t,.c
déng 1°n ba trdc cfia hO to! ® §O c.c. Ta vidt bidu thec
sau:

D XM+ YV +) ZAW =0, (1.27)
& ®Oy xem c.,c M;V;MW; 1u c.c thda sé bEt ku.

Td (1.26) ta ca (1.27) vp ng-ic 1'i td (1.27) ta sI
nhEn ®-ic (1.26) béi vx c,c M;6V;MW; 1lp nh+ng thda sé
bEt ku. BOy gié ta xem M;NV;MW; 1lp c.c biOn phOn cfia
c.c chuyOn vP Jo theo ba chiOu cfia hO to! ®& vu«ng gac.
ChuyOn vP Jo 1p chuyOn vP bP do nguy®n nhGn bEt ku b2n
ngopi npo ® gOy ra. C.c chuyOn vP Jo npy phdi thod m-'n
c.c ®10u kiOn 1li®*n kOt cfia hO.

Khi ca chuyOn vP 9o thx vP trY cfia c,c luc t,c déng
tr®n hO c& thd thay ®ei nh-ng ph--ng chiOu vp ®& lin cfia
nd vEn gi+ nguy®n kh«ng ®zi. Nh- vEy, c,c chuyOn vb
TJoMJ;V;0W 1lp c.c ®'i 1-ing ®éc 1lEp vii luc t,c déng wvp
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td hai bidu thegc (1.26) vp (1.27) ta cd nguy®n ly c«ng
To:

NOu nh- tang c«ng cfa c,c liuc t,c déng ciia hO thuc
hibn tr®n c,c chuyOn vBP o b»ng kh«ng thx hO é tring
th,i cOn b»ng.

§éi vii hO ®un h&i (hO bibOn d'ng) thx ngopi ngo'i
lic cBn cd néi luc. VEn ® ®Et ra & ®0y 1lu c,ch t¥nh
c«ng cfia néi luc nh- thO npo.

Tr-ic hOt ta cCn phdi ®-a th®m y?u cCu ®i vii chuyOn vbP
9o nh- sau:

C.c chuyOn vP 9o phfi thol m'n c,c 1li®n hO gi=a

chuyOn vP vp bidn dng. NOu nh- c.,c chuyOn vbP c& biOn

ou ov N .
d‘ng & =_—,6,=_,... thx DbiOn phGn c,c chuyOn vBP Jo
OX oy
N; N, Wcong phfi cd c,c bidbn d'ng Yo t--ng ong:
0 9,
— o, —;....
oX oy

Th«ng th-é&ng c«ng cfia néi luc (hoEc gng sukt) ®-ic
t¥nh qua th0 n'ng bidn d'ng. Khi c& c,c chuyOn vP 9o
U;0V;MW; thx thO n'ng bibOn d'ng Il sI thay ®xi b»ng ®'i
1-ing biOn phen AlI. Do ®i nguy®n 1y chuylOn vP o ®&i vii
hO bidOn d'ng ®-ic viOt nh- sau:

STT-D X =YV = ZW =0, (1.28)

C.c ®'i 1-ing bilOn phGn trong (1.28) ®du 1lp chuyOn
vP Yo cho n®n ndOu xem néi luc (eng suft) trong qu, trxnh
chuyOn vP 9Jo cong kh«ng ®xi thx dEu biOn phGn trong
(1.28) ca thO vidt 1'i nh- sau:

S[IT-Y. XU ->YV ->'ZW]=0 (1.29)
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Hai biOu thec (1.28) wvp (1.29) d-ii d'ng chi tidt h-n
®-ic trxnh bpy trong [30, Tr.261].

5]{( jz—qy}dx 0 hay I{%(z;gjz—qy}dx:o

(1.30)

d'y
dx*

Ph-—-ng trxnh Euler cfia (1.30) nh- sau:

1.4. Ph--ng trxnh Lagrange:

Ph-—-ng trxnh Lagrangelp ph--ng trxnh vi phOn cifia
chuyOn ®éng ®-ic biOu thP qua c.c to! ®& teng qu.t (c.c
chuyOn vPb t®ng qu.t).

Gd&i T 1lp ®ng n'ng vp II 1p thd n'ng cia hO, c,c g

lp c¢,c chuyOn vP teng qu.t vp Q; 1lp c.c luc teng qu.,t thx
ph-—ng trxnh Lagrange ca d'ng:

—9 5T__5T+8fl Q (1=1,2,3...... , )
dt{ag, ) oq,  ag
(1.31)
.. . 0% L o e .
trong ®a: qi:?ﬁ_ lp vEn tec cha chuyOn ®éng. $el vii mg¢l

chuyOn vP q; sI cd& mét ph--ng trxnh Lagrange. $éng n'ng T
trong to! ®& teng qu.t lp hpm cfia vEn téc vp cad thd 1p
hpm cfia ¢ chuyOn vP teng qu,t.

ThO n"ng toun phCn cfia hO bao gadm th0 n'ng bidn d'ng
vp thO n'ng cia luc ca thO (luc trédng tr-éng lp luc ca
th0). Q; 1lp luc kh«ng thO ca thd ®-3ic hidu 1lp c.c luc
ngopi t,c déng 1°n hO (luc teng qu.,t). .p débng ph--ng
trxnh Lagrange ®) xO©y dung ph--ng trxnh chuyOn ®éng cfia

dCm chbu uen nh- sau:
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Gai y; 1lp chuyOn vP (teng qu.,t) cfia ®i0m i cfia dCm
via q; lp luc t,c déng t'i ®i0m i cfla dCm vp m; lp kheéi
1-ing.

§éng n'ng cfia dCm:

1l . .
T =) —my. dx t ®a: =i

(1.32)

ThO n'ng biOn d'ng cfia dCm chbu uén:
1_.(0
I = EZEJ(&V] (1.33)

DEu teng lEy cho tEt cf c,c ®0m i cfia dCm. Ph--ng trxnh
Lagrange ®ei vii dCm c& d'ng
Q(@Tj or oIl
a\ey ) oy ey

Ta t¥Ynh hai thunh phCn ®Cu cfia ph-—ng trxnh (1.34)

a(aT] o . oY
—|—|==my =m =m.Yy, (1.35)

(1.34)

atloy, ) ot T at?
I _g
oy,

§O t¥nh th0 n'ng bidn d'ng ca th0 ding ph--ng ph.,p sai
ph©n h+u h'n, hxnh 1.5.

Béi vx ®& vang y; cfla dCm chd ca

mEt trong bidu thgc thO n"ng biln| i2 i1 i il 2

1 ~ LA ' a ;X o : I l I I I
d'ng cfila ba ®10m 1i°n tiOp 1-1, 1 | AX | AX | AX | AX |
v i+1, cho n?n ch@ cCn t¥Ynh thd| | 1 1 1 1

n'ng bidOn d'ng cfia dCm (1.33) cho Hxnh 1.4. B-ic sai

ba ®i0m npy, Ax 1lp khoing c,ch phtn

gita c,c ®i0m.
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2.,\?2 _ 2
EEJ az’ IEEJ yi—l 2y|2+y|+lj
2 ox™ ). 2 AX
2.,\? _ 2
%EJ szl :%EJ(V‘-Z 3’;‘1”‘} (1.36)
i-1
2 \2 _ 2
EE\] 8 y ZEE\J yi 2yi+:|.2+yi+2
2 \ox* ), 2 AX

Teng céng ba ph--ng trxnh tr®n cho ta th0 n'ng cfia dCm

®) t¥Ynh y;. Ta t¥nh o cfia ph-—-ng trxnh (1.34).

a_H — EJ(_ 2yi—1 + 4yi B 2yi+1 +Yi,— 2yi—1 +Y,ty - 2yi+1 + VY, )\

- Ax*
i b ey 4 ) (1.37)
:EJ(in_ Yi, +0Y, — yi+1+yi+2):EJi
Ax* AX|.

4

o'y
ox*

BiOu thec (1.37) biOu thP sai phOn h+u h'n cfia EJ

Céng (1.35) vp (1.37) nhEn ®-ic ph--ng trxnh Lagrange

®i vii chuyOn vP vy;:

o7y, o'yl
m-——L+EJ =q (1.38)
o’ x|

§i0m i 1p bEt kG n®n nhEn ®-ic ph--ng trxnh vi ph©n c@n
b»ng cnia dCm:

0’ o'y

= 1.39
ox* a )

m<Y B

d'y
= 1.40
dx* a )

Ph--ng ph.,p s& déng ph-—-ng trxnh Lagrange ®0 nhEn ®-ic

§éi vii bui to,n tUnh T=0 ta ca: EJ

ph-—-ng trxnh vi phOn cfia ®-&ng ®& vang cfla dCm trxnh buy
& ®Oy 1lpu cfia t,c gif.
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& tr®n trxnh buy bén ph--ng ph,p chung ® xOy dung
bui to,n c-, 1lEy bupui to,n dCm chbPu uén lum v¥ dé ®) bildt
c.ch s& déng chéng vp ® thEy bén ®-éng léi ®i 1lp t--ng
®--ng nhau nghla 1lp ®u dEn vO ph--ng trxnh vi phOGn c@n
b»ng cfia hO.

2. Bai toan co hoc két cAu va cac phuwong phap giai.

Bai toan co hoc két cAu nham xac dinh noi luc va chuyén vi cua hé thanh,
tdm, vo dudi tac dung cua cac loai tai trong, nhi¢t do, chuyén vi cudng buc,...va
duoc chia lam hai loai:

- Bai toan tinh dinh: 13 bai toan ¢ ciu tao hinh hoc bat bién hinh va du lién két tua
v6i dat, cac lién két sap xép hop 1y, chiu céac loai tai trong. Dé xac dinh noi luc va
chuyén vi chi can dung cic phuong trinh can bang tinh hoc 1a du;

- Bai toan siéu tinh: 12 bai toan c6 cau tao hinh hoc bét bién hinh va thira lién két
(nd1 hodc ngoai) chiu cac loai tai trong, nhi¢t do, chuyén vi cudng birc,...Dé xéc
dinh noi luc va chuyén vi ngoai cac phuong trinh cén bang ta con phai bd sung cac
phuong trinh bién dang.

Néu tinh dén tan ung suét, c6 thé noi réng moi bai toan co hoc vat ran bién
dang néi chung va bai toan co hoc két ciu néi riéng déu 1a bai toan siéu tinh.

Pi c6 nhiéu phuong phap dé giai bai toan siéu tinh. Hai phuong phép truyén
théng co ban 1a phuong phap luc va phuong phap chuyén vi. Khi sir dung chung
thuong phai giai hé phuong trinh dai sb tuyén tinh. SO lugng cac phuong trinh tiy
thudc vao phuong phap phan tich. Tir phuong phap chuyén vi ta c6 hai cach tinh gan
dung hay duoc sir dung 1a H. Cross va G. Kani. Tir khi xuat hién may tinh dién tu,
ngudi ta bo sung thém cac phuong phap sb khac nhu: Phuong phap phan tir hiru
han; Phuong phap sai phan hitu han...

2.1. Phuwong phap luc.

Trong hé siéu tinh ta thay cac lién két thira bang cac luc chua biét, con gia tri

cac chuyén vi trong hé co ban tuong (mg véi vi tri va phuong ciia cac luc an s6 do

ban than cac luc d6 va do cac nguyén nhan bén ngoai giy ra bang khong. Tur diéu
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kién nay ta 1ap duoc hé cac phuong trinh dai s6 tuyén tinh, giai hé nay ta tim dugc
cac an sb va tir d6 suy ra cac dai luong can tim.
2.2. Phwong phap chuyén vi.

Khac véi phuong phap luc, phuong phap chuyén vi lay chuyén vi tai cac nat
lam an. Nhitng chuyén vi nay phai c6 gia tri sao cho phan luc tai cac lién két dat
thém vao hé do ban than chiing va do cac nguyén nhan bén ngoai gy ra bang khong.
Lap hé phuong trinh dai sd tuyén tinh thoéa man diéu kién nay va giai hé d6 ta tim
duogc cac an, tr d6 xac dinh cac dai lugng con lai. H¢ co ban trong phuong phap
chuyén vi 1a duy nhit va gi6i han giai cac bai toan phu thudc vao sd cac phan tir mau
c6 san.

2.3. Phwong phap hén hop va phwong phap lién hop.

Phuong phap hdn hop, phuong phép lién hop 13 su két hop song song giita phuong
phép luc va phuong phap chuyén vi. Trong phuong phap nay ta c6 thé chon hé co
ban theo phuong phéap luc nhung khong loai bo hét cac lién két thira ma chi loai bo
cac lién két thudc bd phan thich hop véi phuong phap luc; hodc chon hé co ban theo
phuong phap chuyén vi nhung khong dit day du cac lién két phu nham ngin can
toan b0 cac chuyén vi nat ma chi dat cac lién két phu tai cadc nat thudc bd phan thich
hop v6i phuong phap chuyén vi. Truong hop dau hé co ban 1a siéu tinh, con truong
hop sau hé co ban la si€u dong.

Trong ca hai cach noi trén, bai todn ban dau dugc dua vé hai bai toan doc 1ap:
Mot theo phuong phép lyc va mot theo phuong phap chuyén vi.

2.4. Phwong phap phan tir hiru han.

Thuc chat cia phuwong phap phan tir hitu han 1 roi rac hoa ban than két cau
(chia két cau thanh mot s6 phan tir c6 kich thude hiru han). Cac phan tir lién ké lién
hé voi nhau bang cac phuong trinh cin bang va cic phuong trinh lién tuc.

Pé giai quyét bai toan co hoc két cdu, co thé tiép can phuong phap niy bang
duong 16i truc tiép, suy dién vat Iy hodc dudng 16i toan hoc, suy dién bién phan. Tuy
nhién béng cach nao di chang nira thi két qua thu dugc 1a mot ma tran (dd cirng hoac

dd mém). Ma tran do duoc xay dung dua trén co so cuc tri hda phi€ém ham biéu dién
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nang lugng. Trong pham vi mdi phan tir riéng biét, cac ham chuyén vi duoc x4p xi
gan dung theo mot dang nao do, théng thuong 1a cac da thirc.
2.5. Phuong phap sai phan hiru han.
Phuong phap sai phan hitu han ciing 14 thay thé hé lién tuc bang mo6 hinh roi rac,
song ham can tim (ham mang dén cho phiém ham gia tri dimg), nhan nhiing gia tri
gan dung tai mot s6 hiru han diém cua mién tich phan, con gia tri cac diém trung
gian s€ dugc xac dinh nhd moét phuong phap tich phan nao d6. Phuong phép nay
cho 101 giai s6 cia phuong trinh vi phan vé chuyén vi va noi luc tai cac diém nit.
Thong thudng ta phai thay dao ham bang cac sai phan cua ham tai cac nat. Phuong
trinh vi phan cua chuyén vi hodc ndi luc duoc viét duéi dang sai phan tai mdi nut,
biéu thi quan hé cua chuyén vl tai mOt nut va cdc nut 1an can duoi tic dung cua
ngoai luc.
2.6. Phwong phap hdn hop sai phan — bién phan.

Két hop phuong phép sai phan voi phuong phap bién phan ta c6 mot phuong
phap linh dong hon: Hodc 1a sai phan cic dao ham trong phuong trinh bién phan
hoic 12 sai phan theo mot phuwong va bién phan theo mot phuong khac (d6i véi bai

toan hai chiéu).

CH!¥NG 2.
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Ph--ng ph,p nguy®n ly cuc trP Gauss

Trong ch--ng 1 ®:' trxnh buy ben ®-&éng lei xOy dung
bui to,n c¢c- hdc vp c,c ph-—-ng ph,p giYi hiOn nay th-éng
ding trong c,c gi,o trxnh, tpui 1iOu trong vp ngoui n-ic.
Kh,c vii ch--ng 1, ch--ng nuy trxnh bpy nguy®n 1ly Gauss,
sau ® trxnh buy ph-—-ng ph,p mii dua tr®n nguy®n ly cuc
trbP Gauss ®0 xOy dung vp gidi c.,c bpi to.,n c—- hac d-ii
d'ng teng qu.t, chii yOu 1lp cfia c- hO vEt r%n bilOn d'ng.
§O0 ®'t méc ti?u tr®n, trong ch--ng cBn giii thilu c.c
kh,i nifm @ng sukt vp biln d'ng cfia ¢~ hO m«i tr-éng
li®n téc vp cfia c¢— hidc kOt cEu. Cuéi cing, ®) lum v¥Y dé,
trxnh buy viOc ,p déng ph--ng ph,p mii ® nhEn ®-ic c.c
ph-—-ng trxnh vi phGn cGn bw»ng cfia ¢ hO.
2.1.Nguy®n ly cuc trP Gauss.

N'm 1829 nhp to,n hac ng-&éi Sgc K.F. Gauss ®-* ®-a
ra nguy®n ly sau ®0y ®&i vii c—= hO chEt ®ilOm [1,tr.
171]:

“ChuyOn ®éng thuc cfia hO chEt ®iOm cd 1i®n kOt tiy y
chbu t,c ®éng bEt kx é mci théi ®iOm xJy ra mét c,ch phi
hip nhEt cd thO vii chuyOn ®éng cfia h0 ®3 khi houn toun
ti do, nghlUa lu chuyOn ®éng thuc xJy ra vii 1l-ing c-ing
boc téi thiOu nlu nh- sé ®o 1-ing c-ing bec 1Ey b»ng
teng c,c tYch khéi 1-ing chEt ®iOm vii bxnh ph--ng ®é
10ch vb trY chEt ®i0Om so vii vb trY khi chdéng houn toun
tu do.

Gad&i m  1up khéi 1-ing chBt ®ibm, A; 1p vP trY cfia
nd, B 1p vb trY sau théi ®o'n v« cing bbb do t,c ®éng
luc ngopi vp do vEn téc & ®Cu théi ®o'n goOy ra, C, lp vb
trY c& thd ( bP rpng buéc béi 1i®n kOt) thx l-ing c-ing

bgc ®-ic vidt nh- sau:
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Z :Zmi(ﬁ)2 —Min (2.1)

DEu t®ng trong (2.1) 1lEy theo sé chEt ®ilm.

S6 déng nguy*n ly vEn téc 9Jo vp nguy?n 1y D
‘Alembert, xPt hO & tr'ng th,i cOn b»ng vp cho r»ng ca
luc vii ® 1lin t@ 10 vii ® dpi BC, t,c déng theo chilu
td C, ®n B, Gauss ®- chgng minh nguy®n 1y cfla mxnh
[1,tr. 172]

§O ca thO sé déng nguy?n 1y Gauss cCn bi0t ®!'i
l1-ing bidOn phGn cfia nd. Theo [1,tr. 889], Gibbs (n'm
1879) vp Appell (n"m 1899) ®1 td c,c 1lEp luEn kh,c nhau
® u nhEn ®-ic nguy®n ly Gauss vp ch@ ra r»ng ®'i l-ing
biOn phGn cfia nguy®n 1y npy 1lp gia téc. §i0u npy ca
nghUa 1n:
or; = 0 ; or; = 0 ; of # 0
(2.2)
& ®y & 1p kY hiOu bidn phon ( 1lEy vi ph©n khi cé ®Pnh
théi gian ), r;, I} vp F; 1Cn 1-it 1p vect— to! ®¢&,
vect— vEn téc vp vect— gia téc cfia ®10m i. ChuyOn dbch
cfia chlEt ®i0m cfia hO c4d 1i®n kOt d-ii t,c déng cfia luc F;

sau théi ®'n dt t¥Ynh theo c«ng thgc sau @Oy:
1. .,
n+ﬁdt+§ﬁdt(2.3)

Vx 8ry = 0 vp  &8f; = 0 n3n chuyOn dbch cfia chEt ®ilm
hopun toun tu do (c& thO hxnh dung & ®Cu théi ®o'n dt
li®*n kOt ®-ic gidi phdng nh-ng vEn gi+ luc t,c déng) sau
théi ®o'n dt 1lu:

ri+ridt+15dt2 (2.4)
2m
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HiOu cfia (2.4) vp (2.3) cho ta ® 10ch vP trY cfia chEt
®i0m c& 1li®n kOt so vii vP trY cfia nad khi hopn toun tu
do.

ca thO xem dt 1p h»ng thx 1-ing c-ing bgc Z theo (2.1)
®-1ic viOt d-ii d!'ng luc nh- sau (vii ®& ch¥nh x,c b»ng
théa se dt* / 4)

Z:Zmﬂi—@-emm (2.5)
i m

hokc
z = > —(F- mF)’>Min (2.5a)
i m

Khi t¥Ynh 1-ing c-ing bgc theo (2.5) cCn xem gia téc
lp ®'i 1-ing bi0On phGn (biOn phon kidu Gauss theo
c.ch ndi cfia Boltzmann ). Nh- vEy, ph--ng ph.,p txm cuc
tidu cfia c.,c bpi to,n c- hidc ®-ic xOy dung theo nguy?n
ly (2.5) kh«ng thO lp bEt ktmp ph9i 1p (khi kh«ng ca
rung bu«c npo kh, c):
oL
T:O (2.6)
or
§iOu kiOn (2.6) sI cho ta ph--ng trxnh cGn bw»ng. ThEt
vEy, .,p déng (2.6) vpo (2.5) ta nhkEn ®-ic ph-—-ng trxnh

cOn b»ng cia hO ( & ®y luc t,c déng bw»ng luc qu.,n
t¥nh) . Appell wvp Boltzmann (n'm 1897) cBn cho bilt

nguy?n ly Gauss ®bng cho hO 1i®*n kOt holonom vp c9 hO
li®*n kOt kh«ng holonom [1,tr. 890].

Nguy®n 1y Gauss (2.1) hoEkc (2.5) c& d'ng cfia ph--ng
ph.p bxnh ph--ng téi thidu 1lp ph--ng ph.,p céng do Gauss
®-a ra vp ®-ic ding réng r-i trong to.,n hidc hiOn ®'1i,
trong gifi tY¥ch coéng nh- trong 1&i gifi sé. Ca 1I vx vEy
nguy®n ly Gauss thu hét su ché y cfia nhiOu nhup khoa héc,
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thY dé, Hertz (n'm 1894) dua tr®n vy t-éng l-ing c-ing
bgc ®-a ra nguy?n ly ®-&ng thlng nhEt (®-&ng cd ®é& cong
nhd nhEt) hoEc Prigogine (n'm 1954) vp Gyarmati (n'm
1965) ®+ xOy dung ®-ic 1-ing c-ing bgc cfia c,c qu, trxnh
kh«ng hai phéc trong nhiOt ®éng luc hac [2].

C.c tpi 1i0u gi,o khoa vO c— hidc th-éng giii thilu
nguy®n 1ly Gauss d-ii d'ng (2.5) 1lu d'ng ding ®-ic ®0
t¥nh to,n. Nh-ng nguy?n ly (2.5) vii ®'i 1l-ing bi0On phGn
lp gia téc ch@ 1lp mét bidu thP cfia nguy?n ly Gauss (2.1)
béi vx ®!'i 1l-ing biOn phGn trong c— hic cBn cad thd 1n
chuyOn vP vp vEn téc nh- trxnh bpy sau ®0Oy.

2.2. Ph--ng ph,p nguy®n ly cuc trP Gauss.

Trong bpi vidt cfla mxnh Gauss n®u nhEn xPt r»ng
nguy®n 1ly vEn téc o bilOn vEn ®0 tUnh hdc thunh vEn ®0
to,n hédc thuCn tuy, cBn nguy®n 1y D’Alembert ®-a bui
to,n ®éng luc hdc vO bui to,n tUnh hdc vu mdi nguy?n 1y
cfia c— hdc hoZc nhiOu hoZc Yt ®0u cd thO truc tilp rot
ra té hai nguy®n 1ly tr®n. D-i1i ®0y trxnh buy ph--ng ph.,p
duia tr®n nguy®n 1y chuyOn vP Jo ®) nhEn ®-ic bidu thec
(2.1) cfia nguy®n 1y Gauss.

xbt hO chEt ®ilm cad 1li®*n kOt tut y & mét théi ®ilm
bEt kx npo ®i ca nghUa 1lp phdi ®-a luc qu.n t¥nh f; cfia
hO t'i théi ®i0m ® t,c déng 12n hO. §éi vii hO hopn
topun tu do luc qu.,n t¥nh f,; cfla nd b»ng vii ngo'i 1luc
(ch@ sé ‘0’ & chon kY tu ch@ r»ng k¥ tu ® thuéc hd so
s,nh, tr-&ng hip npy lp hO houpn topn tu do cd cing khéi
l1-ing vp cing chPu t,c déng luc ngopi giéng nh- hO c&
li®*n kOt). Nh- vEy, c,c luc t,c déng 12n hO ca li®*n kOt
gam c,c luc fi= myf; vp c,c luc fou = mfo: (thay cho
ngo'i luc). Theo nguy?n 1y chuyOn vP Jo ®i vii 1li®n kOt
gi+ (li®n kOt d-ii d'ng ®4%ng thgc) vp kh«ng gi+ (li®n
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kOt d-ii d'ng bEt ®4ng thgc)
tr'ng th,i cOn b»ng lpu

> (f,—f,)r <0

(2.7)
BiOu thec (2.7) cdong ®-ic
Ostrogradsky ( n'm 1838) ®éc

ca thO nhEn xPt ngay r»ng phCn trong ngokc ®-n cfia
lic t,c déng 1°n hO n®*n ph{i b»ng kh«ng ®) h0

biOu thb
€ tr'ng th,i cOn b»ng.

Trong bidu thegc (2.7)

®ei vii luc t,c dbéng. Cho n®n to

Z =3 (f —f,)r > Min

(2.8)

Trong (2.8)
Zz cuc tidu. Vx chuyOn vb
bidt n?n bidu thec (2.8)
d-ii ®Oy:

Z =

(2.8a)
hokEc

(2.8Db)
DO dpng nhEn thEy (2.8b)
bxnh ph--ng ®& 10ch vbP trY
®Pbnh theo (2.8)

(vii ® ch¥nh x,c bw»ng thda sé dt?/ 2 ).
1-ing c-ing bgc Z x,c ®bnh theo

vl ra rung t- t-éng cfia nguy®n ly Gauss

[1,tr.

®i0u kidOn cCn vp ®1 ® hO &
8871

Fourier (n'm 1798 )

Vi
lEp ®-a ra.

(2.7)

cCn xem c,c chuyOn vbP r; ®éc lEp

(2.7) ca thO vilt:

r; 1p c.c bidn ®c 1lEp cCn txm ®) bJo ®Im cho
ro; cfia hO houn topn tu do ®-
t--ng ®--ng vii c.,c bidu thec

foi) (1 =15 ) = Min

> (fi-

(r,—ry) — Min

lp t¥Ych cfia khéi 1-ing m; vii

chfEt ®0m wvp do ® Z x.c

lp 1-ing c-ing bgc cfia nguy®n 1y Gauss

(2.5),
bidu thbP @Cy 6&f
thO hiln & chg,

So vii

(2.8)
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thg nhEt, nd cho phbPp so s,nh hO cd 1li®*n kOt vii hO houn
topun tu do, thg hai, ®'i 1l-ing kh«ng bilOt (®'i 1-ing
bidn phOGn) trong (2.8) 1lp chuyOn vk giéng nh- trong
(2.1). Ccuc tibu cfia (2.8) cCn wvp phfi ®-ic txm t& ®iOu
kiOn (khi kh«ng c& c,c rpung buéc npo kh,c):
4
or,
(2.9)
§iOu kidOn (2.9) .p dbébng vpo (2.8) cho ta ph--ng trxnh
cOn b»ng cfia c— hO.
VY dé6 1 VY dé nupy 1lEy t& [3,tr. 64]. viOt ph--ng trxnh
chuyOn ®éng cfia khéi l-ing m ch'y tr®*n ®-&ng cong y= bx?
trong mEt ph¥ng (xy), kh«ng c& luc ma s,.t, d-ii t,c
déng cfila tr-éng gia tec g (Hxnh 1.1).

y

%y:hﬂ
l/‘m
S

7

Hxnh 1.1
C.c luc t,c déng 12n khéi 1l-ing m bao gdm: luc qu,n t¥nh
theo chiOu y, luc triang tr-éng theo chiOu ©m cfia y, luc
gqu,n t¥nh theo x. Chidn hO so s.nh 1lp hO cd cing khéi
1-ing m n»m trong tr-éng gia tec g nh-ng houn topn tu

do. L-ing c-ing bgc ®-ic viOt theo (2.8) nh- sau:
Z = (my+mg)y+(mx)x — Min (a)
ThO y=bx* vpo (a) ta c&

Z = (my+mg)bx®+(mX)x = Min (b)
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, s , .. - s Z
Xem chuyOn vBP x 1lp biOn ®&c 1lEp vp td ®10u kiOn €§=o

nhEn ®-1ic:
2bxy + 2bgx + X =0 (c)

Thay § = 2bxx+2bx* vpo (c) nhEn ®-ic ph--ng trxnh chuyOn

®éng cfia khei 1-ing m:
(4b?x? +1)X +4b*xx* + 2bgx =0 (d)
Ph--ng trxnh (d) 1p kOt qud cCn txm.

Nh- nhEn xPt cfia Gauss n®u tr®n, cad thO nai bidu thec

(2.7) ®- biOn vEn ®0 tUnh hic (cOn bw»ng luc) thunh vEn

®) to,n hidc thuCn tuy. ThEt vEy, nOu ta ding gia téc 1p

®'i 1-ing bidn ph©n thx t--ng tu nh- (2.7) c& th0O vildt:
> (fi—fy)dF ;< 0 (2.10)

Vii ®iOu kiOn gia téc f:; 1lp ®'i 1l-ing ®éc lEp ®&i wvii

luc t,c dbéng.

Td (1.10) ca thod vilt:

Z = > (fi—fy)Fi—> Min (2.11)

Trong (2.11) cCn xem gia téc F; 1lp ®'1 1-ing biOn phGn

® bJo ®Im cho Z cuc tidu. Vx gia téc o cfia hO houn

toun tu do ®- bidt n®n Dbidu thec (2.11) t--ng ®--ng

vii c,c bibu thgc d-ii @®Oy:

Z = > (fi—fy) ( Fim o) — Min (2.11a)
hoEc z =) nu(gf—ﬁ{]( Fim Foi)
— Min

z = > mfi-1y)* > Min (2.11Db)
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Ta thEy (2.11b) tring vii (2.5). C,c gia téc ¥ phyi thaa

mn c,c 1i®n kOt ndu c& vp ®iOu kiOn cuc tidu cia (2.11)

1p bidu thec (2.6).

VY dé 2 . Lpm 1'i vY¥ dé 1 (Hxnh 1) theo nguy®n 1Y (2.5)
hoEc biOu thegc (2.11)

Khéi 1-ing m vda chuyOn ®&ng theo x, vda chuyOn ®éng
theo y, nh-ng do ca 1i?n kOt y= bx° n®n chg cid mét bEc
td do, thY dé 1lp x. C,c luc t.,c débng 12n m bao gdm: Luc
qu.n t¥nh theo chiOu y, luc tradng tr-&ng theo chiOu ©Om
cfia y, luc qu.,n t¥Ynh theo x. L-ing c-ing bgc Z vilt
theo (2.5) 1lu:

Z= rM%%+W2+mf—»Mm (a)

LEy ®'o hpm rung buéc y=bx’ theo thé&i gian hai 1Cn ta
ca:

§ = 2bxX + 2bx* (b)

Thay y trong (a) b»ng (b), nhkn ®-ic:

Z= (g+2bxx+2bx*)* +%* —> Min (c)

Xem gia técX 1lp biOn ®éc 1lEp vp t& ®iOu kidn 6Z/d%=0 ta
cd ph-—-ng trxnh chuyOn ®éng cfia khéi 1-ing m nh- sau:
(4b*x* + )X + 4b*xx* + 2bgx = 0 (d)

Ph--ng trxnh (d) 1p kOt qud cCn txm.

T--ng tu, cong cd thO ding vEn téc r 1p ®'i 1l-ing biln

phOn, khi ® 1-ing c-ing bgc Z ®-ic viOt:

z = (fi-fu)f— Min (2.12)
Vii ®iOu kiOn vEn téc f 1lp biOn ®éc 1Ep vp thod m'n c,c
li®n kOt nOu ca. Trong tr-éng hip npy ®iOu kiOn cuc tidu
cfia nguy®n 1ly(2.12) sI 1lp (khi kh«ng cd& rpng buéc npo
kh,c):
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oz
— =0 2.13
or, ( )
Lpym 1'i bpi to,n cfia v¥ dé 1 vii ®'i 1l-ing bidn phon 1p

vEn téc (bidu thgc 2.12) cong cho ta kOt qui ®bng @4n.

Téam 1'i, c,c nguy®n ly (2.5) hoEc (2.11) wvii ®'i 1-ing
bidn phGn 1p gia téc ®éc 1lEp ®i vii luc t,c déng,
nguy®n ly (2.8) vii ®'i 1-ing biOn ph©n 1lu chuyOn vb ®éc
lEp ®&i vii 1luc t,c déng vp nguy®n ly (2.12) vii ®'i
1-ing biOn phGn 1p vEn téc ®c lEp ®¢i vii luc t,c déng
®- bidn ph--ng trxnh cOn b»ng luc (vEn ® c— hic ) thpnh
c.c bpi to,n to,n hidc thuCn tuy vp cd thO ®-ic ph.,t bibu
nh- sau : ChuyOn ®éng thiuc cfia c- hO xJy ra khi 1-ing

c-1ng bgc Z.

- X,c ®bnh theo (2.5) thx ®-ic txm theo gia tec ,
®iOu kiln (2.6 )
- X.c ®bnh theo (2.8) thx ®-ic txm theo chuyOn vb,
®iOu kiln (2.9)
- X,c ®bPnh theo (2.12) thx ®-ic txm theo vEn téc,
®iOu kiln (2.13)
lu cuc tilu.
§--ng nhi®n, c¢,c ®'i 1-ing biOn phGn gia teéc,
chuyOn vP vp vEn téc phdi thda m'n c,c ®iOu kidOn 1li®n
kOt cfia hO.

8O0 ca thO .p déng cho c9 c.c bpi to.,n tUnh cfia m«i
tr-éng li®*n téc ta sl ding nguy?n 1y (2.8) vii ®'i 1-ing
bidn phGn 1p chuyOn vP vp ®iOu kidOn cuc tidu 1p (2.9).
Nguy®n 1Y (2.5) kh«ng cho phPp gifi c.c bupi to.n tUnh.
Do ®4, c,ch trxnh buy nguy®n ly Gauss d-ii d'ng npy ®:

h'n chO viOc s déng nguy®n ly trong c— héac.

31



cd thO mé& réng nguy?n ly Gauss b»ng c,ch so s,nh hO
cCn t¥nh vii hO c& 1li®n kOt tut y chbu t,c déng cfia luc
giéng nh- hO cCn t¥Ynh mp 1éi giji cfia nad ® - bidt. Khi ®a&
thay cho luc ngopi ta ding luc 1li®n kOt vp luc qu.n t¥nh
cfia hO so s,nh vii dEu ng-ic 1'i ® t,c ®ng 1°n hO cCn
t¥nh. §iOu npy lp hibn nhi®n bé&i vx ngo'i luc lu«n c@n
b»ng vii néi luc. XPt vY dé minh hia sau:
VY dé 3: HO cCn t¥nh 1p khéi 1l-ing m ca 1i®*n kOt 1R xo
® cgng k vp 1li®*n kOt nhit vii hO sé nhit ¢ chbu t,c
déng luc p(t) (Hxnh 2.2). XbPt dao ®éng th¥ng ®gng u(t)
cfla m so vii vP trY cOn bw»ng tUnh cfia nd. Bpi to.,n ca
mét bEc dao ®ng tu do. Ta chidn hO so s ,nh cd khéi 1l-ing
mg via 1i®n kOt 1B xo ® cong ky cing chbPu luc p(t) (Hxnh
2.2.b).

a) m b) m
k c k

7z 7

Hxnh 2.2 a) HO cCn t¥nh; b) HO so s, nh.
Dao ®éng ug(t) cfia hO so s.nh (so vii vbP trY c@n b»ng

tUnh cfia nd) x,c ®bnh t®d ph-—-ng txnh cOn b»ng sau:
MUy + Koy = P(t) (a)

Luc t,c déng 1°n khéi 1l-ing m gdm cd: luc qu.,n t¥Ynh mi,
ltc c9n 1B xo ku, luc c9n nhit cu vp luc p(t) ®-ic thay
b»ng néi luc cfia hO so s,nh. L-ing c-ing bgc theo (2.8)
viOt ®-ic:

Z = (mi+cu+ku—mgyl, —Kk,u,)u = Min (b)
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PhCn trong dEu ngofc ®-n cfia (b) bidu thP luc t,c déng
v theo nguy®n 1y chuyOn vb (2.8) cCn xem chuyOn vP u
lp biOn ®éc 1lEp ®&i vii luc t,c déng thx td ®iOu kiln

0Z/0u = 0 nhEn ®-ic ph--ng trxnh cOn b»ng cfia hO cCn
t¥nh:
mu + cu + ku = myi, +K,u, (c)

hay ché y tii (a) ta céa:
mi + cu + ku = p(t) (d)

Nhxn vpo (c) vp (d) thEy r»ng thay cho viOc giji ph--ng
trxnh vi phOGn cGn b»ng (d) cfia hO cCn t¥nh ta ca tho
gifi ph--ng trxnh (c) @ng vii téng théi ®i0m. VO phii
cfia (c) cd4 thd 1p nghiOm ri®ng hoEc nghiOm c— bin
(tr-éng hip p(t) lp xung ®n vb) cfia (d) hoEc, mét c,ch
teng qu.,t, 1lp thO hilOn cfia p(t) tr®*n hO bEt kx npo kh.c
(181 gifi cfia hO bEt kx khi chbPu t,c ®éng cfia p(t) ).
NhEn xPt npy rEt h+u Ych bé&i vx nd cho ta mét ph--ng
ph.p n+a ® giji c,c ph--ng trxnh vi ph®©n phgc tl'p, O®FEc
bidt 1p ®i vii c.,c bpi to,n cd ®iOu kidOn bi®n & v« hln
hoFc 1lp khi gifi b»ng se.

L-ing c-1ng begc Z theo (b) cda thO vidt d-ii d'ng sau:

Z=71+722+7Z3 — Min (e)
1 9 .
Zl = F(ku—kouo) ’ ZZZZCUU, ZB =
am(t—tu  (f)

& ®y Z1 vilOt d-ii d'ng bxnh ph--ng téi thidu. Vvx 2zl
®-ic vilOt d-ii d'ng bxnh ph--ng téi thidu n®n c,c ®'i
l1-ing Z2 vp Z3 phdi nhGn vii hO sé 2. C,c bidu thec
l1-ing c-ing bgc (b) vp (e), (f) 1lp t-—-ng ®--ng.
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Nh+ng nhEn xbt rét ra té vY¥ dé minh hda n®*u tr®n ,p dbéng
®5ng cho bEt kx hO npo kh . c.

Trxnh buy tr?n cho thEy cd thO ding hO ca 1li®n kOt bEt
kx ® lpm hO so s.,nh cho n®n ca thO mé réng bidu thec
(2.8) nh- sau

Y. (fi=fy) 1 > Min (2.14)

vVii £ ; 1p néi luc bao gdm luc qu,n t¥nh vp luc li®n
kOt nOu ca cfia hO cCn t¥nh, £y 1lp néi luc vp luc li®n
kOt ®- bidt cfia hO so s.,nh bEt kG chbu t.,c déng luc
ngopi giéng nh- hO cCn t¥nh.

Ché v r»ng khi s& déng bidu thgc (2.14) cCn xem chuyOn
vbP r; lp ®'i 1-ing ®éc lEp ®&i vii luc vp ph{i théaa
m-n c,c ®10u kidOn 1i®n kOt nOu c&. Bé&i vx cuc tidu cifia
1-ing c-ing bgc Z phdi ®-ic txm theo (2.9) (khi kh«ng
cd c¢,c rpung buéc npo kh,c) nghUa 1lp phfi gifi ph--ng
trxnh cOn b»ng cfia ¢c- hO n?n bpi to,n lu«n c& nghiOm vp

nghiOm 1p duy nhEt.

Ph--ng ph,p cAa nguy®n 1ly (2.14) cho phPp ding hO so
s.nh bEt kx. §'i 1-ing biOn phOn cAa (2.14) 1u chuyOn
vb,®i0u kiln cuc tiOu cAa nad 1luy biOu thec (2.9). Ph--ng
ph.p npy do GS. TSKH Hp Huy C--ng ®0 xult vp ®-ic gai 1p
ph-—-ng ph,p nguy®n 1ly cuc trbP Gauss.

BiOu thec (2.7) trong c,c gi,o trxnh c—- hic th-&ng mang
dEu b»ng, nghUa 1lp ch@ xbPt tr-&ng hip 1li®n kOt gi+ wvn
khi ® t® (2.7) sI nhEn ®-ic nguy®n 1y c«ng Jo. Ca thO
ndi bidu thec (2.7) vii dEu nhd thua hoEc b»ng 1lp su
kh,c biOt c- bin gi+a nguy®n ly c— hidc cfia Gauss vii c-

hiac dua tr®n nguy®n 1y c«ng 9o hiOn ding.
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2.3.C~ hO m«i tr-éng li®n téc: gng sukt vp bidn d!ng.
Trong mdédc npy trxnh buy ph--ng ph,p nguy®n lyGauss

®1i vii c- hO m«i tr-éng 1i®n tdéc. Muén vEy cCn bilt

kh.i niOm gng sukt vp biOn d'ng cfia m«i tr-éng 1li®n téc.

§O trxnh bpy gi&n d-ii ®oy ding c,c ®'i 1l-ing tenx- vii

c.ch hiOu nh- sau [4 ,tr.196]:

aa =a’+a, +a,

a, =8, +a,, +a,,

via hO sé Kronecker:

5 - 1 Khi i= 1

5 - 0 Khi i 3

vii 1 =1,2,3 ; 3 =1,2,3 ; k=1,2,3 ®ei vii kh«ng

gian 3 chiOu.

cad thOd nai ®&i t-ing nghi®n cou cfia c= h0 m«i tr-éng

li®n téc trong to! ®& vu«ng gdc lp phG©n té khéi ch+ nhEt

(ba chiOu, k¥Ych th-ic v« cing bb) hoEc phGn té ch+ nhEt

(hai chiOu, k¥Ych th-ic v« cing bP) ®-ic t,ch ra t& m«i

tr-éng (hxnh 2.3 ).

&

< i

Ol
Xstts
o 21
3
Aotz

dx2

/\ G
19
A{
O3
O
11

Hxnh 2.3. Tr'ng th,i gng sufEt phGn té
Khi ®i 1Y thuy0t ong sukt cho thEy ngopi c.,c luc th«ng
th-éng (luc gOy c,c chuyOn vP tbnh tiOn trong c— hO chEt
®i0m) tr®n bO mEt phGn té cBn cd c.c gng sult t c déng.
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Cd 9 ong suft o; t,c déng 1°n bO mEt phGn té. Theg nguy®n
cud ong sukEt b»ng luc chia cho ®n vk didOn t¥ch.

Té ®iOu kiOn cOn b»ng luc vp momen sI nhEn ®-3ic ph--ng
trxnh cOn b»ng tUnh cfia phOn té:

oyt b; = 0
(2.15)

Trong (2.15) o©:3; 1lup ong suEt , o;; biOu thP ®'o hum

]

cfia gng sult theo to! ®& kh«ng gian, do;/0xy = o b; 1n

ij.jr
luc khéi (luc khei xem nh- 1p luc c9n). NOu kh«ng ca luc
momen khéi thx t& ph--ng trxnh cOn b»ng sI céa:

0jj = Oj

(2.16)

Sé gng sukEt ®c lEp t,c déng 1°n bO mEt phGn té chg
chn 6 . LY thuy0t ong sukt cho thEy khi bidt trlng th, i
gng sukt phGn té thx sI x,c ®nh ©®-ic tr'ng th,i luc
t'i ®i0m ®3 cfia m«i tr-&ng vp ng-ic 1'i.

Khi chPu t,c déng ngoli luc, phG©n té chuyOn ®éng vup bildn
hxnh. Ly thuy0t bidn d'ng cho thEy ngopi c,c chuybn vbP u;
ph©n teé chn chbu c,c bilOn d'ng & ; . NOu xem biOn dlng
lp bP (bxnh ph--ng hoEc t¥ch hai bidn d'ng 1lp nhd so
vii ch¥nh nad ) thx c.c bidn d'ng ®-ic x,c ®bnh theo c. c

ph--ng trxnh sau:

& = ( Ui, + U5 )

N |-

(2.17)

C.c &3 1lp c,c ®1 1-ing kh«ng thg nguy®n. T--ng tu
nh- tenx— 0;5, tenx— &5 ®1 xgng vp cd 6 biOn d'ng ®éc
lEp t--ng @ong vii 6 @ng sukt.

Tdé (2.17) thEy r»ng tr'ng th,i chuyOn vbP x,c ®Pnh
duy nhEt tr'ng th,i biOn d'ng, nh-ng ng-ic 1'i kh«ng
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®ng béi vx c& nhing chuyOn vP kh«ng gOy bidn d'ng
(chuyOn vP cfia vEt r¥%n tuyOt ®e&i). Ngopi c,c ph--ng
trxnh n®*u tr®n, ® bfo ®Im t¥Ynh 1li®*n toéc cifia m«i tr-éng
chn c& c.c c,c ph--ng trxnh vO ®i0u kiOn kh«ng bP gi.n
®o'n.

Tiy theo t¥nh chEt c— hic cfia vEt 1i0u m«i tr-éng mp
cd c,c 1li®n hO kh,c nhau gi+a eng sukEt vp biOn d'ng. Do
cd 6 ong sult vp 6 bidn d'ng n®n mét c,ch teng qu.t cCn
bidt 36 th«ng sé t¥Ynh chEt vEt 1i0u. Tuy nhi®n t& ®ilOu
kiOn bidu thP n'ng l-ing bilOn d'ng phii giéng nhau con
sé 36 rét xuéng cBn 21. Séi vii vEt 1iOu ®4ng h-ing chd
cBhn 2 th«ng sé t¥nh chEt vEt 1i0u ®é&c 1lEp ®-ic chin
trong sé c,c th«ng sé sau: hai h»ng sé Lamb u vp A ,
m«®un Young E, m«®un tr-it G vp hO sé Poisson v, gi-a
chéng cd c.c 1i®n hO sau ®Oy:

A= —t&tv W= G = E_ (2.18)
@+v)1-2v) 2(L+v)

§éi vii vEt 1iOu ®a&ng nhEt, ®&4ng h-ing, tu®n theo
®bnh lukEt Héc (Hooke) thx 1i®n hO gi+a ong sukt vp biln
d'ng sI 1lpu:

%
1-2v

Oij = 2G (€15 + €xx0i 4 )

(2.19)

T c«ng thegc (2.19) thEy r»ng ong suBkt o;; kh«ng
nh+ng phé thuéc vpo biOn d'ng &5 theo ph--ng cfia nd mp
cBn phdé thuéc vpo c,c bidn d'ng theo c¢.,c ph-—-ng kh,c
th«ng qua hO sé Poisson v. HO sé 2G ® ti0On trxnh bpy
sau npy sl ®-ic gai 1lp ®é ceng cAa biln d'ng.

Nh+ng trxnh bpy tr®n cho thEy ®&i vii c- h0 m«i
tr-éng 1li®n téc cCn xem c,c biOn d'ng & lp ®éc 1lEp

®ei vii nhau vp ®-ic x,c ®Pnh theo ph--ng trxnh (2.17),
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cCn xPt c,c ph--ng trxnh vO ®iOu kiOn kh«ng bP gi.,n ®o'n
cfla m«i tr-éng vp li®*n hO gi+a ong suft vp bidn ding.
§éi vii m«i tr-é&ng ®un hdi, ®ang nhEt, ®4ng h-ing li®n
hO ong sukt - bidn d'ng 1lEy theo (2.19) wvp ®iOu kiln
kh«ng bP gi,n ®o'n cfla m«i tr-&éng tu ®&ng thof m-'n khi
bidu thP ong sukt qua chuyOn vb.

Tam 1'i, kh,c vii c—= hO chEt ®i0m, trong m«i tr-&ng
li®n téc ngoupi 1luc khéi vp luc qu.n t¥nh 1lp c.c luc t.c
déng gO©y chuyOn vb, cBn phdi xPt th®m c,c gng subEt o;;
gOy ra c.,c bilOn d'ng &5 .

T®d nhEn xbPt vda n2u, cd thO sI c& Ych ®i vii nhEn
thgc khi ®-a ra c,c nhEn ®Pnh t@ng qu,t vO méi t--ng
quan gi+a c— hic chEt ®iO0m vp c— hO m«i tr-é&ng li®n téc
nh- sau:

- Kh,i nidm c— bdn cfia c— chEt ®10m 1lp chEt ®i0m, c,c luc
t . c déng 12n chiEt ®i0m gOy ra c,c chuyOn vb, ®Ec tr-ng
cfia chEt ®i0m 1p khéi 1-ing;
- Kh,i niOm c— byn cfia c—= hO m«i tr-éng li®n téc 1lp mEt
c¥%t phOn té, c,c gng sukt gOy ra c.,c bidOn d'ng, c,c ®Fc
tr-ng cfila mEt c*t phOn té 1lp c,c ® cgng biOn d'ng t--ng
gng vii c,c eng sufkt. C,c ® cgng npy x,c ®bnh tiy theo
t¥nh chEt vEt 1i0u m«i tr-&ng. Trong c— hO m«i tr-éng
li®n téc cBn ca luc khéi vp luc qu.n t¥nh goOy chuyOn vb
giéng nh- trong c— hO chEt ®iOm. Do ®i, ca th0 tam t4t
meil t--ng quan vda n%u d-ii d'ng:
ChEt ®1i0m N MEt c%t ph©n te

Luc

& Luc

C,c ong sukEt
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ChuyOn vDb

N ChuyOn vb
Bi0On d'ng

Khei 1-ing
= Khei 1-ing

C,c ® ceong biOn d'ng

KY hiOu < ch@ su t--ng ®--ng gita c.c kh,i niOm.
Vii c,ch hiOu npy cong dO dung xOy dung phiOm hum l-ing
c-ing bgc t-—-ng tu nh- (2.14) ®&1i vii c- hO m«i tr-é&ng
li®n tbéc bEt ki ®-ic trxnh bpy sau @Oy.

Tr-ic ti®n, ta ding hO so s,nh 1lp hO chiEt ®i0m ca
cing khei 1-ing, cing chbu t,c dbéng luc ngopi vup houn
topn tu do. Sei vii m«i tr-éng l1li®n tdéc cCn xbPt th®m gng
suEt vp bidn d'ng n®n 1l-ing c-ing bgc Z cfia hO vilt
t--ng tu (2.14) nh- sau:

Z..=.21+7Z2 — Min
21=[oyedv 2 = [(piu; +bu; - pligu)dF  (2.20)
v v

Trong (2.20) V 1p thd t¥ch vEt thO, p 1p khéi 1l-ing
®n vb. Luc qu,n t¥Ynh 1p luc cin n®*n trong (2.20) mang
dEu céng. L-ing c-ing bgc Z1 xPt gng sukt cfla m«i tr-é&ng
li®n tbéc cCn t¥nh, hO chEt ®i0m so s,nh kh«ng cd ong
sukt. L-ing c-ing bgc Z2 xPt luc khéi vp 1lic qu.,n t¥nh
cfila m«i tr-é&ng 1i®n tbéc, luc qu.,n t¥nh cfia hO chkEt ®ilm
so s.,nh. C,c luc npy ®u g@©y chuybn vbP u.

Theo ph--ng ph.,p nguy®n 1ly cuc trbP Gauss, trong
(2.20) cCn xem c,c biOn d'ngg;lp ®éc 1lEp ®ei vii c,c ong

~

sult o5 vp c,c chuyOn vbP u; lp ®c lEp ®1i vii luc t,c
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déng (& ®y 1lp luc khéi vp luc qu.n t¥Ynh) vp ®éc lEp ®éi

vii nhau. §iOu kiOn cuc tilu cfia (2.20) 1ln:
ozl a2z _, (2.21.a)
Og;  Ou,

NOu biOn d'ng ¢ biOu thP qua chuyOn vP (c«ng thec

(2.17)) thx ®10u kiOn cuc tidu cha (2.20) ®-ic vidt nh-

sau:

Oe.
0Z1%% (022 o (2.21.Db)
og; ou;  ou,

Té ®10u kidOn (2.21.a) nhEn ®-ic:

ot b; + pu; - PUogs = 0
(2.22)

Ph--ng trxnh (2.22) 1lp ph-—-ng trxnh vi phGn cOn b»ng cila
c— hO m«i tr-é&ng li®n téc d-ii d'ng @ng sukt.

NOu t!'i ®iOm ®ang xPt kh«ng c& luc ngopi t,c déng
thx pli,bP triOt ti®*u, ph--ng trxnh (2.22) 1lu ph--ng
trxnh cOn b»ng ®éng luc hic th-&ng gEp cfia c¢c- hO m«i
tr-éng 1li®n tdc. Tr-éng hip bui to,n tUnh, pi, cong b»ng
kh«ng, ph--ng trxnh (2.22) khi ® tring vii (2.15).

DO dung nhEn ®-ic ph--ng trxnh vi phGn c@n b»ng d-ii
d'ng chuyOn vP b»ng c,ch ®-a 1li®n hO gng sukEt - biln
d'ng wvpo ph--ng trxnh (2.22) hoEkc vuo phiOm hpm
(2.20) .Trong méc (2.5) d-ii ®oy sI tré 1'i vEn ®0 npy.

CCn n?u nhEn xPt r»ng bidu thec (2.20) cho phbp so
s.,nh c= hO m«i tr-éng 1li®n téc vii c—= hO chEt ®iOm houn
topn tu do khi hai hO c¢ing chbPu luc ngoupui nh- nhau.
Trong (2.20) kh«ng chga c,c th«ng sé t¥Ynh chEt vEt 1i0u
cfia m«i tr-&ng n®n nd ®ng vii m«i tr-&ng bEt k.

XPt c,c tr-éng hip kh,c cfia phiOm hpm 1-ing c-ing
bgc (2.20) :
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- Tr-éng hip kh«ng ding hO so s,nh thx phdi ®-a luc
ngopi pi vpo (2.20). Luc pi th-éng t.,c déng 1°n bO mEt
Q cfia vEt n®n ta viOt:

z = [ (o2 + pliu; —bu;)dv— [ p u,dQ — Min
\% Q

(2.23)

- C& th0 ding hO so s.,nh cong 1lp c- hO m«i tr-éng 1li®n
téc ca 1li®n kOt bEt kit vii ®i0Ou kiOn hai hO cing chbu
luc ngopi gieng nhau:

7 =
[l = ay)ei + (ot = potig Ju; = (b, = by Ju; v — Min (2. 24)

v
Giéng nh- ®- trxnh buy & vY dé 3, thuc chEt cfia ph--ng
ph.p nguy?n ly cuc trP Gauss lp ding néi luc ciia hO so
s.,nh t ,c déng 1®n hO cCn txm.

- §éi vii bpi to,n tUnh, luc qu.n t¥nh tridt ticu, khi
kh«ng xbt luc khéi, bidu thec (2.24) ci d'ng:

Z
=[ (0 — 05y )ydv —> Min (2.25)

\Y
- §éi vii bpi to,n tUnh, kh«ng xPt luc khéi, kh«ng ding
hO so s.,nh, t&d (2.23) ta ca:

[oye,0v—[ p,u,dQ — Min (2.26)
\% Q

C,c chuyOn vP u; vp biOn d'ng &5 (x,c ®bnh theo (2.17))
trong c,c phiOm hpm (2.20, 2.23, 2.24, 2.25) vp (2.26)
lp nh+ng ®'i 1l-ing ®éc lEp ®&i vii luc t,c déng vp @ng
sukt vp phfi thoY m'n c,c ®Ou kiOn 1li®n kOt ndu cai.
ChuyOn ®éng thuc cfia c- hO m«i tr-&ng li®n tdéc xJy ra

khi cuc tidu c,c phiOm hum 1l-ing c-ing bgc vda n®u theo
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®i0u kidOn (2.21) nOu kh«ng cd c,c ®0Ou kiOn 1li®n kOt npo
kh c.

§éi vii m«i tr-&éng ®un hdi, quan hO gng sukt - biln
d'ng x,c ®bnh theo (2.19), ta ca thd vidt 1l-ing c-ing
bgc d-ii d'ng bxnh ph--ng téi thidu nh- nhEn xPt ®- n2u

& vy dé 3:
1 .
Z = jz(aij = 00y) AV + 2[ (. = Fory Jusdv — Min
\% \%
(2.27a)
hoEc Z = [2G(s;—&qy)dv  +2[m,({ — g )u,dv — Min
\ \Y

T--ng tu, khi kh«ng ding hO so s,nh thx phfi xbPt 1luc
ngopi, ca thO vidt 1'i (2.26) nh- d-ii ®Oy:

— 1 2 .
Z = JEE(JU)dv+2memdv—2£py4K)—>AMn
(2.27b)
hoEc Z  =[2G(g;)*dv+2[ (i, )u,dv—2[ p,u,dQ — Min
\% \% Q
Trong (2.27) f.=mi v fom = Mo U, 1p luc qu.n t¥nh

cfia hO cCn t¥nh vp hO so s,nh, 1li®*n hO gi+a @ng sukt wvp
bidn d'ng x,c ®bnh theo bidu thec (2.19). Trong (2.27),
cCn xem c,c biOn d'ng ¢ 1lp c,c ®'i 1l-ing biOn phGn ®éc
1Ep ®1i vii c,c eng suEt oy, c,c chuyOn vP u, 1lp ®éc lEp
®i vii luc t,c déng pvp luc gqu.,n t¥nh.

TYch phon thg nhEt trong (2.27) 1i®*n quan ®0n g@ng
sukt ®un hdi c& tridng sé 1lp 2G, Tré 1°n trxnh buy c.c
phiOm hpm 1-ing c-ing bgc, ®i vii c= hO chEt ®idm 1n
c,c bidu thgc (2.14), ®ei vii m«i tr-é&ng 1li®n téc 1p
bidu thgc (2.20) wvp c.c tr-éng hip kh,c cfia nad 1lp c.c
bidu thec (2.23), (2.24), (2.25), (2.26) wvp (2.27).

Trong c,c phiOm hpm npy cCn xem c,c biOn d'ng €i5X,C
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®bnh theo (2.17) vp c.c chuyOn vP u; lp c,c ®'i l-ing
kh«ng biOt ®éc 1Ep ®e&i vii @ng sukt wvp luc t,c déng,
thda m'n c,c ®0Ou kiOn 1i®*n kOt ndu cd vp c,c ®iOu kiOn
kh«ng bP gi,n ®'n (ri®ng ®ei vii m«i tr-éng l1li®n tbc).
Cuc tidu c,c phidm hpm npy theo ®iOu kibOn (2.21) cho ta
chuyOn vPb thuc cfia c= hO cCn t¥nh.

Ph--ng ph.p nguy®n 1Y cuc trP Gauss lp ph-—-ng ph.p
mii trong c— hac m«i tr-éng l1li®n tbc.

2.4.C- hic kOt cEu.

M«n sgc bOn vEt 1i0u vp c— hic kOt cEu nghi®n cgu
tr'ng th,i eong sukEt biOn d'ng cfia dCm, thanh, tEm,
khung, dpn v.v..lp nh+ng kOt cEu c& mét hoEc hai kY¥ch
th-ic nh& thua nhiOu 1Cn so vii c.,c k¥ch th-ic cBn
11, Trong tr-&ng hip npy ® ®-n giin nh-ng kOt qui
t¥nh vEn bJo ®Im ®& ch¥nh x,c ®f ding trong thuc t0
(kiOm tra b»ng thY nghilm), c& thO ding mEt c4ut kOt cEu
thay cho mEt c%t phOn té vp c,c gng sukEt t,c déng 1°n
mEt c}4t ®-3ic qui vO thunh c,c néi luc t,c déng 1°n mEt
trung bxnh (®-&ng trung bxnh ®i vii dCm) nh- luc dac N,
momen uén M, luc c%t Q v.v.. Muén vEy cCn ®-a vpo c.cC
gif thiOt sau ®Oy:

- Khi chbu luc dic trdc, gng sukt ph.p ®-3ic xem lp ph@n
bé ®0u tr®n tidt diln.
- Khi chPu luc ngang (t,c dbéng th¥ng gadc vii mEt trung
bxnh) ca c,c gif thiOt sau ®0y:
MEt trung bxnh cfila tEm vp trdc trung bxnh cfia dCm

kh«ng cd néi luc vp do ® kh«ng bP biOn d'ng.

GiY thiOt tidt diOn phlng: tidOt diOn sau khi bilOn d'ng

vEn phling.
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Kh«ng xPt gng sukt nPn gi+a c,c lip theo chilu cao
tidt diOn, nghUa 1p xem c.,c lip song song vii mEt trung
bxnh (tEm) lum viOc & tr'ng th.,i e¢ng sukt phlung.

X3

X2

i | A

Hxnh 2.4. Néi luc cfia phOn té tEm

S6 déng c.,c gid thidt tr®n, c,c momen uén vu Xo¥n Vi
lic c%4t t,c déng 1°n mEt c4t kOt cEu x,c ®bnh theo c.c
bidu thgc d-ii ®@y (hxnh 2.4):

hi2 hi2 hi2
M,, = I0'11X3dX3 ’ M,, = I022X3dX3 ’ M, =My, = I012X3dX3
—hi2 —hi2 “hi2

h/2 h/2

Qu= [oud,  Qu= [oydx (2.28)

-h/2 -h/2
& ®y h 1p chiOu cao tidt diln.

§0 ca thd0 .p déng ph--ng ph.,p nguy®n 1ly cuc trb
Gauss cCn biOt c,c ‘bilOn d'ng’ ciia ti0t diOn do momen
uén gy ra. Vii c,c gif thidt n®u tr®n ch@ cCn bilt
chuyOn vP thlng ®gng w cfia trdc hoEc mEt trung bxnh cfia
kOt cEu (cBn g&i 1lp ®-&ng ®é& vang, ®-&ng ®un hadi) thx
trong tr-&ng hip uén thuCn tuy ca thO t¥Ynh ®-ic c.c
chuyOn vP theo c,c ph--ng cbn 1'i wvp ding c,c ph--ng
trxnh (2.17) ® x,c ®nh c,c bidn d'ng. KOt qui cho thEy
c.c biOn d'ngtrong mEt ph¥ng tEm (hoZc thi dCm) phGn bé
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tuyOn t¥Ynh theo chiOu cao vp t@ 10 vii ®é cong y;; cfia
mAEt vang (i=1,2; j=1,2):

€i = X317 ;
X11 = —W, 11 ’ X22 = W, 22 ’ X12 = ~—W, 12
(2.29)

DEu trd trong c«ng thegc x,c ®bnh ®& cong (2.29) 1lp do
xem chuyOn vP w cd chiOu d--ng h-ing xuéng d-ii vp dEu
néi luc nh- tr®n hxnh 2.4. Nh- vEy, ®& cong yi; cfia c.c
lip song song vii mEt trung bxnh 1lp gieng nhau vp ® 1lp
‘biOn d'ng’ do momen M ;5 gOy ra. BiOt ®-ic bilOn d'ng e&;;
x,c ®Pnh theo (2.29) sI t¥Ynh ®-1ic momen M;; theo (2.28).
Li®*n hO gi+a momen uén vp ‘bidOn d'ng uén’ cfia tiOt dilOn

nh- sau:
M, =Dy +Vv222) « My, = D(x,, +vi2a1) / My, = DA-v) 11, (2.30)
& ®Oy D 1p ® cgng uen.

Eh?®

®ei vii dCm D = EJ = T ®eil vii
- Eh®
tEm D =
120-1?)
v D (1 - v) ®-ic gai 1lp ®& cegng xo%*n (®é cegng cha

bidn d'ng xo%n) .

(2 ®y cCn ché y r»ng do cd 1li?n kOt geéi tua n?n mEt
trung bxnh c& thO bP bidn d'ng trong mEt phlang cfia né,
gif thiOt mEt trung bxnh lp mEt trung hop n®*u tr?n kh«ng
®-ic thoY m'n. Trong tr-éng hip npy ®& vang phdi 1p bb
so vii chiOu cao dCm hoZc chiOu dpy tEm ®) ca thd ba qua
gng sukt t,c déng trong mEt trung bxnh).
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Trong tr-éng hip ca luc c%*t Q;; thx chdéng ®-1c x,c ®Pnh
td ®i0Ou kiOn cOn b»ng phGn teé, ta céa:

oM, oM,

Q11 o, ox, Q22
My My,
0oX, 0%,

hay Qi1 = D [(x1)a+t(xiz2 ),2], Qu=D[ (x> ),1 + (x22),2]
(2.31)

Té c«ng thec (2.28) ca thO thEy ® cegng chbu c34t cud
tidt diOn 1p Gh vp bibOn d'ng tr-it y,vp 3, t-—-ng gng

vii luc c¥t sI b»ng gidc xoay cfia ®-&ng ®un hai:

(2.32)

o o
Y11 1 ox,

’ =W, =—

Va2 2 ox,
Trong 1ly thuy0t kOt cEu chbPu uén n®u tr®n, ®& vang cia
kOt cEu ch@ do mo-men uén gOy ra, kh«ng xbt bidn d'ng
tr-it do luc c3t gOy ra.

Sei vii c,c luc N; 5 t,c dbng 1°n mEt trung bxnh cha
ti0t diOn thx c,c biOn d'ng &;; (i=1,2;9=1,2) vEn x.c
®Pnh theo (2.17). $§é& cgng cfia ti0t diOn chbPu nbn kbo sI
1lp Eh.

Trong c.,c c«ng thgc véda n®*u 1lEy i=1,j=1 ®&i vii bpi

to.n mét chiOu (thanh, dCm), chiOu réng dCm b»ng ®-n vb.

Do s6 déng momen uén cfia tiOt diOn n®n phJi ®-a th®m
c,c li®n kOt vO xoay ® m« ti c,c ®iOu kiOn bi®n cfia na:
li®n kOt khip cho phPp tidOt diOn xoay tu do, momen b»ng
kh«ng; 1i?n kOt ngum kh«ng cho tiOt diOn xoay, momen
kh, ¢ kh«ng.

Sau khi ®- bidt ‘c,c bibOn d'ng’ t--ng @ng vii c.c

néi luc cfia tidt diOn (momen uén, luc c%t, luc dac troéc
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vV.v..) vp ® cgng cfia chéng thx dO0 dpng xOy dung c,c bui
to,n c— hac kOt cEu theo ph--ng ph,p nguy®n 1Y cu trb
Gauss.

Ta ca thd vidt mét c.ch teng qu.t l-ing c-ing bgc 7Z
cfia bupui to,n c- hidc kOt cEu d-ii d'ng t--ng tu nh-
(2.25) (bpi to,n tUnh):

z= Iy [(My =M+ @Qi—Qu)rit (N —Ng)e; } dv— Min
(2.33a)
hoEc d-ii d'ng bxnh ph--ng téi thilu:

1
Docung

dv  —Min (2.33b)

z= [y (Néi 1uc hO cCn t¥nh- Néi 1luc hO so s . nh)?

vi trong tr-&ng hip kh«ng ding hO so s,nh ta ca:

7= [, 1 ( Néi 1luc h® cCn t¥nh)2dv -
Docung

2[ pwdQ—Min  (2.33c)
Q

& ®y V 1lp chiOu dpi dCm hoEc dibOn t¥ch tEm, Q 1lp chilu
dui hoZc dibn t¥ch ph'm vi ®Et luc. Trong (2.33) cCn xem
c,c ® cong yijlp c,c ®'i l-ing ®éc lEp ®ei vii néi luc
momen uén M ;; , c,c biOn d?'ng tr-it p;, Vp 7,lp c.,c @i
l1-ing ®éc 1lEp ®&i vii luc cst Q17 vp Qu, c.,c biOn d'ng
trong mEt trung bxnh ¢ lp c,c ®'i 1-ing ®éc 1lEp ®ei vii
Ni5 vu ®u 1lp c,c ®'i 1l-ing bidn phOGn cfia bpi to,n. §idu
®3 ch@ ra r»ng cuc tidu cfia 1l-ing c-ing bgc Z , bilu

thec (2.33) , ch@ ca thO txm td ®iOu kidn:

oz a)(ij + oz 87/" + oz agij + oz

=0 (2.34)
Oy W Oy, W dg, W AW
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Béi vx c,c biOn d'ng uén, biOn d'ng c3t v.v...lp hpm
cfla ® vang vp ® vang lp hpm cfia tda ® n®n ®iOu kiOn
(2.34) ®-ic t¥Ynh b»ng phbp t¥nh biln ph@n vp sI cho ta
ph-—-ng trxnh c@n b»ng tUnh cha kOt cEu (xem méc 2.5 d-ii
®0y) .

Ph--ng ph,p nguy®n 1y clic trP Gauss vii biOu thgc 1l-ing
c-ing bgc 7 vidt theo (2.33) wvp ®iOu kiOn cuc tilu
(2.34) 1lp ph--ng ph.,p mii, teng qu,t trong c—- hic kOt

~

ckEu.

2.5. Ph--ng ph,p nguy®n 1ly cuc trP Gauss vp c,c ph--ng
trxnh cOn b»ng ciia c- hO.

Theo ph--ng ph,p nguy®n ly cuc trP Gauss, nOu nh- bilt
®-ic c,c 1luc vp néi luc cfia c= hO vp c,c chuyOn vb vp
bidn d!'ng do chéng gOy ra thx ca thd vidt ®-ic 1l-ing
c-ing bgc Z cfia hO. Ding phPp t¥nh biln phGn wvii ®*i
1-ing biOn phGn 1lu c,c chuyOn vbP ®éc lEp ®i vii luc t.c
déng vp bidn d'ng ®éc 1lEp vii eong suft sI nhEn ®-ic
ph-—-ng trxnh vi phO©n cOGn b»ng cfia hO (ph--ng trxnh ¥-le
(Euler) cfia phiOm hpm Z ). Sau ®9y trxnh buy c.c vY dé
s® déng ph--ng ph.p vda n*u ® txm ph--ng trxnh cOn
b»ng.

2.5.1. Ph--ng trxnh cén b»ng tUnh ®&i vii m«i tr-éng
®un hai, ®ang nhEt, ®4ng h-ing.

Ba ph-—-ng trxnh vi ph©n cOn b»ng cfia c- hO d-ii d'ng
gng sukt 1lp ph--ng trxnh (2.22). ThO c,c @ng subt oy
x,c ®bnh theo (2.19) vpo (2.22) sl c& c,c ph--ng trxnh
vi ph@n c@n b»ng cfia c¢c- hO ®un hdi ®ing nhEt ®4ng h-ing
d-ii d'ng chuyOn vP. & ®0®y trxnh buy c.,ch t¥nh truc tilp
®  nhEn ®-ic c.,c ph--ng trxnh ®i (tr-éng hip bpi to.n
tUnh) .
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Li®n hO bidn d'ng - chuybOn vbP (2.17) vp eong sukt -
biOn d'ng (2.19) ®-ic viOt 1'i trong hO tia ®& (x,y,2z)
d-ii d'ng th-éng ding vii u ,v vp w 1lp c.c chuyOn vb

t--ng @ong theo c,c chiOu (x,y,z) nh- sau:

ou ov ow
Ex = A~ ’ 8y = ~ ’ €z = A ’
OX oy 0z
ou ov ou oW ov oW
Xy -— t = xz — —— 1t — z — * A
Vv oy ox ' 4 oz ox ' Ty oz oy
o. = 26(X+ Y 4y, = 26(%+ Y gy G, = 2G
OX 1-2v oy 1-2v
(i V)
oz 1-2v
Tuy™ G Vxyr  Txz= G ¥y ’ Tyz = G Vyz (2.34)
g ®y 6 = g + g + g, - bidn d'ng thd t¥ch cfia
phGn te.

Ta viOt 1l-ing c-ing bgc Z theo (2.25) cho mci @ng sukt
via luc khei b:

ou 1% ou

z1 = [ 2G(— + 0) = av, 22 = [ 26(Z+
v OX 1-2v ~ 0ox v oy
gy Y gy,
1-2v oy
z3 = [ 26 My Y M gy, 24 = [ G yuy
v 0z 1-2v oz v
(X Yyav
oy OX
25=ijxz(a—“+ a—W)olv, z6 = |
v 0z OX v
G ¥ya (X Mgy
0z oy
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77 = [ bou av, z8= [ byv av, 79

) )

j b,w dV (2.35)

'

L-ing c-ing bgc Z b»ng teng c¢,c 1l-ing c-ing bgc thunh
phCn:

Z = 7214+722+723+24+725+7Z26+27+728+7Z9

— Min

Té ®10u kidn cuc tidu (1.21) cfia phiOm hpum 2z vidt 1'i

d-ii d'ng:

o¢; o€;: o¢..
zi_’_%:o, £i+%zol zi+%:o (2.36)
dg; ou  ou og; v oV 0g; OW  OW

sI nhEn ®-ic ba ph--ng trxnh vi ph©n cOn b»ng tUnh. B&i
vx u, v va w lu c,c hpm cfla tdaa ®& (x,v,z), kh«ng ph{i
1p bidn ®éc 1lEp , n®n phPp t¥nh (2.36) 1lp phPp t¥nh biln
phGn. Ph-—-ng trxnh cOn b»ng thg nhEt vii u lp hum ch-a

bi0t nhEn ®-ic vii ché y r»ng

- §'1 1-ing biOn phGn cfia Z1 (gng vii o, ) 1lp & hay

QE, nh- vEy:
OX
2

L Y LU A} S 1C AL S AR
oe, OX OX 1-2v OX 1-2v ox

- §'i 1-ing biOn phGn cfia z4 (gng vii 7., ) 1lp yy céa
thunh phCn QE, nén:

oy

Z4 ? ’

oz4 G jzyxy== G (693 L oV

07 oy oy OX0y

- §'1 1-ing biOn phGn cia Z5 (sng vii 7., ) 1lp yy, Ca
thunh phCn %;, nn:
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a 2 2
@ = -G o V xz = - G ( al; + ow
07,, 0z 0z 00X

- §'1 1-ing bibn phGn cfia Z7 lp u, n2n:

ar _
ou

X

Teng céng:

0Z1 0L4 075 0OZ7
+ + 0T

= 0
ou ou ou ou
sau khi rét gan sI 1lp:
2 2 2
G(IUL QU 0y, G (0 ) ip,=0
ox- oy° oz 1-2v  0Ox
(2.37)

Ph-—-ng trxnh cOn b»ng thg hai nhEn ®-ic vii v 1lp hpm
ch-a bidt. Trong (2.35) c,c ®'1i 1-ing bibOn phGn cha v ca
& Z2, 74, 76 vp Z8. Ph-—-ng trxnh cOn b»ng thg ba nhEn
®-ic vii w lp hpm ch-a bidt. Trong (2.35) c.,c ®'i 1-ing
bidn phGn cfia w ca & Z3, 25, Z6 vp Z9. B»ng c.,ch t¥Ynh
bidn phGn t--ng tu sl cd& th®m hai ph--ng trxnh cOGn b»ng

sau:
2 2 2
aZ+GZ+a¥ + G (24H+by = 0
ox° oy- oz 1-2v oy

(2.38)
2 2 2

G(oW oW, oWy, G (0 gy - 0
OX oy 0z 1-2v oz

(2.39)
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Ba ph--ng trxnh (2.37), (2.38) vp (2.39) lp c.c
ph-—-ng trxnh vi ph©n cGn bw»ng cfia c- hO ®un hai, ®a&ng
nhEt vp ®4ng h-ing vp ®-ic gdi 1lp ph-—-ng trxnh Navier
[4] D-ii d'ng tenx- c¢,c ph-—-ng trxnh npy ®-ic viOt gan
nh- sau:

Guy,kx + 2 Ug,xy + by = 0
(2.40)
2.5.2. Ph--ng trxnh vi ph®n cfia mEt vang cfia tEm chPu
uen.

Xbt tEm ca chiOu dpy kh«ng dei vidt 1'i c,c bidu
thgc (2.30) ®i vii c,c néi 1luc momen ueén v xo¥4n VU
(2.31) ®i vii luc c¥%t t,c déng 1°n phOn té tEm trong hO

tda ®& (x,y) ta céa:

2 2 2 2
M= -p (9% 4+ 9y oy, = op(ZW 4,0y, -
OX oy oy OX
2
D(1-v) 2V
oxoy
o*w  o'w o’w  o*w
= -D(ET+ 2y, = D(—+——
g (6x3 axayz) % (8y3 axzay)

(2.41)

Bid0t ®-ic c.,c luc t,c déng 1%n phGn té thx ®&) dung
vidt ®-1ic 1l-ing c-ing bgc 7, thY d&, d-ii d'ng bxnh
ph-—-ng tei thidu theo (2.33.b) (khi kh«ng cd ngo'i 1luc):

2 2
z1 = [p (Z¥ 4+ v 7 an oz =
5 OX oy o
2 2
D(i;y + vi;?) 2 dQ,
X
o'w
) ©dQ (2.42)
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& ®y Q 1lp didn t¥ch tEm. L-ing c-ing bgc Z b»ng teng
c,c 1-ing c-ing bwc do m¢i thunh phCn néi luc momen uen

v xo%n gOy ra:

Z3 — Min (2.43)

Ché v r»ng trong (2.43) ta ch@d xbt néi luc momen,
ch-a xbt tii luc c%*t , phGn te kh«ng cd luc ngoupi t,c
déng. HO sé 2 trong 73 ®) xPt momen xo¥%n t c déng bw»ng
nhau 1°n hai chiOu x,y. C,c ‘biOn d'ng’ t--ng e@ng vii
c.,c néi luc momen xX,c ®bPnh theo (2.29)

_o*w _o'w 2w

Ko = Tt Ky oy’ Axy = _8X8y

vl (2.44)

C,c ‘biOn d'ng’ npy cCn ®-ic xem 1lp ®éc lEp ®1i vii c.c
néi luc momen uén vp xo¥#n vp 1lp c,c ®'1i 1-ing biOn phGn

cfia bpi to,n. Do ® td ®i0Ou kiOn cuc tidu (2.36) ta ca:

2 2 2 4 4
0Z1 oy, _ oD 8_2 (6\;v N V@\:v) _ oD (a\iv+v azwz),
0y OW OX OX oy OX ox“oy

a 2 2 2 4 4
022w pp (2w 0wy o op( QW T,
O, OW oy oy OX oy oX“oy

a 2 2
023 Oy - 4 p(1-v) 2 (4w, - 4D (1- v)
0Yyy OW OXoy OXoy

4
TW_(2.45)
OX“oy

Teng céng c,c thunh phCn cfia (1.45) nhkEn ®-ic ph--ng

trxnh vi phOn ®& vang cfia tEm chbu uén:

4 4 4
6? + 2D iwz ay
OX ox“oy oy

0 (2.40)

D
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Ph-—-ng trxnh (2.46) th-éng ®-ic gai 1lp ph--ng trxnh

Sophie Germain (n'm 1811).

Khi xO©y dung l-ing c-ing bgc Z (biOu thgc 2.43) kh«ng
xbt tii luc cxut béi vx 1y thuydt kOt cEu chbu uén trxnh
bpy tr®n kh«ng xPt biOn d'ng cfia luc c¥*t.Tuy nhi®n,
trong ph'm vi cfia ly thuyOt nupy, nOu ding luc c¥%t x,c
®Pnh theo (2.31) vp bibn d'ng tr-it theo (2.32) thx

1-ing c-ing bgc Z ®-ic viOt nh- sau:

oW oW .
Z=1Q,(—)dQ+|Q, (—)dQ — Min (2.47)
JouGom [ G
- ow ow . - . X
Xem c,c gac xoay x v 5; lp c,c ®'1 1-ing biOn phGn

®éc 1lEp ®&i vii luc cut Q, vi  Q, vp b»ng phPp t¥nh biln
ph©n 1'i nhEn ®-1ic ph--ng trxnh vi phGn (2.46).

§éi vii dCm, l-ing c-ing bgc viOt theo (2.33.a) sI 1lpu:

o’w

Z = -1 EJ dl

! 7 (2
—I qw dl, (2.48)
Iq

s . o*w .

Trong (2.48) | 1lp chiOu dpi dCm, yx,= _82 1p biOn d'ng

X

uén (® cong) cfia dC¢m, |, 1p chiOu dpi ®o'n dCm ca luc g

t,c déng. Ph--ng trxnh vi ph©n ®-&ng ®& vang cfia dCm:

4
0Z Uyn  OZ _ gg AW q _ 0
Oy, dw  ow dx
(2.49)
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CHUONG 3.
PHUONG PHAP SO SANH TRONG CO HQC KET CAU

Trong chuong nay trinh bay ly thuyét dam c6 xét bién dang trugt va phuong
phap méi — Phuong phap dung hé so sanh dé nghién cau ndi luc va chuyén vi cia hé
dam, khung chiu udn c6 xét bién dang truot ngang do luc cat Q gay ra.

Heé so sanh trong phuong phap nguyén 1y cuc tri Gauss 1a hé c6 lién két bat ki,
chiu tac dung luc ngoai gidng nhu hé can tinh. Dung hé so sanh & day c6 nghia la
giai phong céc lién két ciia hé so sanh dé bién né thanh hé tu do hoan toan va dua
ndi luc va cac luc lién két cua hé so sanh tac dung Ién hé can tinh. Luc lién két 1a luc

do ngoai luc tac dung 1én lién két, co6 ddu nguoc lai voi phan luc lién két.
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C6 hai duong 161 giai bai toan tim cyc tiéu phiém ham luong cudng bic cua
phuong phap nguyén 1y cuc tri Gauss: Giai cac phuong trinh vi phan can bang
(phuong trinh O-le) nhan dugc tir phiém ham hodc giai truc tiép trén phiém ham.
Bac dao ham cua phuong trinh vi phan cao gap hai 1an bac dao ham cta cac thanh
phan tuong tmg trong phiém ham cho nén cach giai tryc tiép trén phiém ham c6 uu
diém hon & chd sd an sé it hon va dic biét 1a nd cho phép ap dung mot cach truc tiép
cac phuong phap, cac thuat toan cia toan hoc t6i uu (hay rong hon, ctia van tri hoc)
dé giai cc bai toan co hoc. Diéu nay lam cho phuong phap giai cac bai toan co két
ciu cang tré nén phong phu hon.

Cubi cung dé 1am sang té noi dung phuong phap, tac gia trinh bay cac vi du
tinh todn cu thé nhu tinh toan cac dam maot nhip véi cac diéu kién bién hai dau khéac
nhau, dam lién tuc hai nhip, dam lién tuc ba nhip, khung mét tang mét nhip va
khung mét tang nhiéu nhip chiu cac loai tai trong khac nhau.

C6 thé nhan biét nhiing dic diém trén cua phuong phap nguyén i cuc tri
Gauss qua tinh toan cac dang két cau cu thé trinh bay dudi day.

3.1. Ly thuyét dam co xét bién dang truot.

Ly thuyét xét bién dang truot trong dam do Timoshenko dua ra va thuong
duoc goi 1 1y thuyét ddm Timoshenko. Khi xay dung 1y thuyét ndy van su dung gia
thiét tiOt diOn phing cua ly thuyét dam thong thuong, tuy nhién do c6 bién
dang truot, truc dam s& xoay di mot goc v kh«ng cBn thiing gdc vii
ti0t diOn dCm n=a.

Ly thuyét xét bién dang truot duge diung pho bién trong phuong phap phan tur
hitu han hiOn nay 1a dung ham d6 vong y va ham goc xoay 6 do momen udn
gay ra 1a hai ham chua biét. Trong trudng hop nay bién dang truot tai truc trung hoa
duogc xac dinh nhu sau, vi du nhu [36, trg 5].

dv

y=——4@ 3.1
} dx G.1)

Tt d6 ta ¢ cac cong thirc xac dinh M va Q:
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GF[ dy
LY, 9] (3.2)
a dx
Trong cac cong thirc trén EJ 1a 6 cimg udn, GF 1a do ctng cat cua tiét dién,
G 1a modun trugt cua vat liéu, F 1a dién tich tiét dién, o 13 hé s6 xét sy phan bd
khong déu cua Gmg suat tiép trn chiéu cao tiét dién.
Céc tac gia [36,trg 5] cho rang khi modun truot G—oo thi tir (3.2) suy ra:

g% (3.3)
dx '

Nghia 13 tro vé 1y thuyét dam khong xét bién dang truot: Goc xoay cia dudong
do vong la do momen gay ra. Theo tac gia, lap luan trén khong ding boi vi khi thoa
méin phuong trinh (3.3) thi tir phuong trinh (3.2) suy ra luc cat Q =0, dan vé truong
hop udn thuan tay ctia dim. Vi 1y do d6 nén 1y thuyét xét bién dang truot dung y va

lam an khong hoi tu vé 1y thuyét dam théng thuong va khi 4p dung vao bai toan

tam, né ciing khong hoi tu vé 1y thuyét tim thong thuong (Iy thuyét tam Kierchhoff,
[36, trg 71],[33, trg 404]. Phuong huéng chung dé khic phuc thiéu sot vira néu 1a bd
sung thm cac nat xét lyc cat Q trong cac phan tir ddm hoidc phan tir tim [33,34,
36] hodc dung phan tir c6 ham dang 1a da thirc bac thap (bac nhat) [ 39,trg 126].
VEn ®0 txm phCn t® cd hpm d'ng kh«ng bP hiOn t-ing biln
d'ng tr-it bP khda,shear locking, vEn ®ang ®-ic tilp téc
nghi®n cegu, [40].Txnh hinh chung hién nay vé Iy thuyét xét bién dang truot
trong dam va tdm 1a nhu trén.

Khac véi cac tac gia khéc, trong [27,28] 1y thuyét xét bién dang truot dugc
xay dung trén co s¢ hai ham chua biét 13 ham do vong y va ham luc cat Q. Trong

truong hop nay bién dang trugt xac dinh theo:

_Q
7= &4
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o 1a h¢ s6 xét sy phan bo khong déu cua tng suat cat tai truc dam.
Goc xoay do momen uon sinh ra bang hi¢u gitta goc xoay duong do vong
véi goc xoay do luc cat gay ra.

p=W _, W Qg5

“dx T dx GF
Momen udn sé& bang:
M=—£390 gy 8Y, @ 9Q) 54
dx dx* GF dx

Bién dang uén y:

_dty @ 4Q 40
dx* GF dx

Z:

Dua trén 1y thuyét nay ta s& xdy dung phuong trinh can bang va cac diéu kién
bién ctia dAm nhu sau. Theo phuong phép nguyén 1y cuc tri Gauss ta viét phiém ham

lwong cudng bic (chuyén dong) nhu sau: (gia st dam co luc phan bd déu q).
Z= I M;{dx+J'Q;dx—J'qydx — Min(3.8)

Cac ham d6 vong Yy, ham bién dang trugt » va ham bién dang udn y 1a cac dai

lugng bién phén, nghia 13 diéu kién can va du dé hé & trang thai can bang 1a:
[ [ l
57 = ] M&ydx + ] 06ydx — [ gdydx =0
0 0 0
Hay Z = _j: M [_ %y id_‘z_'] dx + _]: Qs [g] dx — j; gé[vldx (3.9)

da? GF dx

Trong phuong trinh tich phan (2.9) hai dai lugng can tim 13 y(x) va Q(x) do d6 co

thé tach ra thanh hai phuong trinh sau:

[ﬂ S d’y
I dx?

0 0

~

dx — [ g8[v]dx = 0 (3.10)
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.!'

j‘ﬁ’m[amx]dt + Qﬁ[GF]dx =0 (3.11)
]

0
Lay tich phan tirng phan phuong trinh (3.10):

I I

]ﬂ s |- L2 g — ] Md (5 de _
| ! d};"— X = | | d}; X
0

0

I
I" d;‘lrf@ dj.-"] _
dx ldx *

Tich phan timg phan thanh phan cudi cua biéu thire trén ta co:

I .
. d2y dy1lf  dM
]M@ dx ——w[ ] +——5[y]

dx? dx

0

Phuong trinh (3.10) sau khi 1dy tich phan timg phan c6 dang:

. L
LM []J [ TM L g )6lylax=0 3.12
dx oLy o J \dx? yier= (312)

2]

dx

Bai vi cac dai lugng va 1a nho va bat ky nén tir (2.12) ta co:

d?M
dx*

+g=0 (3.12a)

[
_0 (3.12b)

=0 (3.12¢)
i)

Tich phén ting phan phu'O'ng trinh (3.11):

lf@[m Jax - w([GF]) (o [z, -

Sau khi l4y tich phan timg phan:

s[ar|
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. I
mf(@[”g)é+]"( a . ) [ ]d _0 3.13
GF o ] r = ( b )
i)
Boi vi bién phan 1a nho va bat ky nén tir (2.13) ta c6:
dw+@ =0 2.13
i (2.13a)
mfﬁ[ag _ 0 2.13b
M8 |oFl| = (2.13b)

St dung cong thire (3.6), hai phuong trinh vi phan can bang cua dam (3.12a) va
(3.13a) co dang:

d*y @ d*Q|
j[d.x:“ " GF d.ﬁ] — 4 (2.140)

Ay a d?Q]
E] [a‘.ﬁ " GF a‘_xﬂ] =0 (2.15a)

Phuong trinh (3.14a) va (3.15a) c6 thé viét lai duéi dang:
d*v  ah®d?(Q

— = 2.14b
det 6 ded ] (2.145)
d*y  ah?®d?Q

E — — = 2.15h

fd.ﬁ 6 dx? Q ( )

Pé nhan dugc cac diéu kién bién cia dam thi két hop (3.12b) va (3.13b) ta co:

aQ
+
dx GF

wa‘[ ~0 (3.16)

Chu ¥ t6i phuong trinh (3.13a), phuong trinh (3.12¢) viét lai nhu sau:
Qs[yllo =10 (3.17)

Tom lai, 1y thuyét xét bién dang trugt cho ta hai phuong trinh vi phan (3.14)
va (3.15) ddi voi hai ham y va Q: phuong trinh (3.14) 1a phuong trinh vi phan can

bang gitta ndi luc va ngoai luc, phuong trinh (3.15) 1a phuong trinh lién hé giira
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momen udn va luc cit. Cac phuong trinh (3.16) va (3.17) 1a cac diéu kién bién & hai
dau thanh.

Ta xét diéu kién bién (3.16)

Néu nhu tai x=0 hodc x=1, goc xoay 6 do mémen uén giy ra co bién phan:

dy «al :

d.‘x -|-ﬁ = 0 thi Mlg = 0 — lién ket khop (3.18a)

549:5[—

0

Néu nhu goc xoay 0 khong c¢6 bién phan:

dy a0l
59:5[——*+—Q

_0 thiM
dx | GF i

0

Lbdat ki — lien ket ngam  (3.18h)

Déi véi diéu kién (3.17), néu nhu chuyén vi y tai x=0 hoic x=I c¢6 bién phan.

SIv1lL = 0 thiQlh = 0,— khong c6 goi tira (3.18¢)
Néu nhu S[yll = 0 thi Q|Lbdt ki, — lién két goi tiea (3.

Khi khong xét bién dang trugt, G—oo hodc h—0 thi cac phuong trinh (3.14)
va (3.15) cling nhu cic phuong trinh vé diéu kién bién (3.16) va (3.17) hoic
(3.18) déu din vé 1y thuyét dam Euler- Bernoulli. Cho nén c6 thé néi Iy thuyét
xét bién dang truot néu trén (xem hpym y vp hpm Q 1lp hai hum ch-a
bi0Ot) 1aly thuyét ddy da vé dam.

Cudi cung can luu y rang khi xét tinh lién tuc vé goc xoay giita hai doan dam
13 n6i dén tinh lién tuc ctia goc xoay do moémen gy ra xac dinh theo cong thirc (3.5),

khong phai lién tuc cua goc xoay

Hé soa

Hé sb o 1a hé s tap trung ung sut cit tai truc dam.

Pbi voi tiét dién chir nhat o=1.5, dbi voi tiét dién tron o=4/3. Tuy nhién khi xét
bién dang trugt cac tri trén thay doi twong tmg bang 1.2 va 1.11 [31, trg 132, 60, trg
492].Trong tinh toan sau nay tac gia dung hé sé o=1.2 dbi véi tiét dién chit nhat.

Phuong phéap chung dé xac dinh hé sb 6 1a can bang tong theo chiéu cao dam cong
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cua ung suét cét thuc hién trén bién dang trugt tuong tng vé1 cong luc cit thuc hién
trén bién dang truot tai truc dam, van dé nay da duogc nhiéu tac gia nghién cuu [31]
[33, trg 400].
3.2. Phwong phap so sanh tinh toan damco xét dén bién dang truoet ngang.
3.2.1. Phwong phap s& dung hé so sanh.

Chuyén vi thue ctia dAm hodc khung dugc tim tir cuc tiéu luong cudng bilic Z

duoc viét nhu (3.19):
Z= X(I(M — M) x +(Q —Qm)%]dx — Min(3.19)

Trong cong thirc trén dau tong lay theo cac doan i cua dam, du tich phan lay
theo chiéu dai | ctia doan tht i, M., y., Q. la momen udn, do vong va luc cit cla
doan thtr i ctia hé can tinh; M_,y., Q, 1a momen udn, d6 vong va luc cat cia doan
thir i ctia hé so sanh cung chiu luc ngoai giéng nhu hé can tinh.

Néu nhu cdc ham y thoa min céc diéu kién bién thi tir diéu kién cuc tiéu cua

Z theo (3.20):

n=JM M2 i =0; e (=0+n)
i o . . (3.20)
f =£[Mi —Mm]a—ﬁi(zi)dxq{q —leﬁ—ﬁi(yi)dx=0:ﬂi(i =0+n)J

s€ nhan dugc hé phuong trinh dai s6 dé xac dinh cac an a,, f,. Nhu trén da trinh

bay, a,, B c6 thé la cc hé s6 clia da thirc x4p xi, chuyén vi va géc xoay ciia phan
tr hiru han khi dung phuong phap phan tir hitu han, hodc chuyén vi tai cac nut cia
phuong phap sai phan hiru han. Cac chuyén vi va bién dang theo phuong phap
nguyén ly cuc tri Gauss phai dugc xem la ddc 1ap ddi véi luc va ung suit (chuyén Vi
va bién dang 40). Cac phuong trinh nhan duoc tir diéu kién (3.20) 1a cac phuong
trinh dai s, khong phai 1a cac phuong trinh vi phan, biéu thi diéu kién can bﬁng luc
cta két cdu. Boi vi giai hé phuong trinh cin bang nén bai toan ludn c6 nghiém va

nghiém 14 duy nhat.
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Néu nhu cac ham y, chua thoa man day du cac diéu kién bién thi ta phai dua
cac diéu kién bién chua thoa min d6 vao diéu kién rang budc cua bai toan (3.19).
Gia str y,cO kdiéu kién bién chua thoa mén ta c6 kdiéu kién rang budc. Cudi cling
bai toan dan vé tim cyec trj cta (3.19) véikdiéu kién rang budc do.

DPua bai toan tim cuc tri (3.19) vai K diéu kién rang budc vé bai toan tim cuc
trj khong ¢ rang budc bang cach xdy dung phiém ham mé rong F nhu sau:

F=2+3 g4 — Min(3.21)

Trong d6: A, la céc thira sé Lagrange va ciing 1a cac an cua bai toan.

Tir diéu kién cuc tri cua bai toan (3.21), ta c6 hé cac phuong trinh dai s6 (3.22).
h :j M —M ]—(;()dx+a—nglk 0; a(i=0+n)

:jM M, 7(;()o|x+—_zgkﬂ,k jQ QOI]ﬁ(y)dx 0;! (3.22)
B (i=0+n)

Giai hé (3.22), ta s& nhan dwoc cac an can tim 1a o, S va 4.
3.2.2. Céc vi du tinh toan.
Vi du 3.1: Dam diu ngam dau khdp

Xac dinh no1 luc va chuyén vi cia dam 7
siéu tinh trinh bay & hinh 3.la. Chiéu _UJJ_LLU_U_U_U_U_%”
dai dam |, do cung uén EJ khong d6i, L /

o A 1A n R ‘
tai phan bo déu (. Chon truc toa do x a. DAm cn tinh
nhu trén hinh v€ (Hinh 3.1b). 7

Puong d6 vong y,va Qctia dam duoc
tim theo ham da thtc :

y, =ax+ax +ax’ +ax" + asxs} @
Q, =b, +bx+b,x* +b,x* +b,x*

/

b. Dam so sanh

Hinh 3.1. DAm d4u ngam dau khép
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Cac hé s6 a (i=1+5), b (b=0+4) la cac 4n can xac dinh. Him y can théa man
thém cac diéu kién rang budc sau:

bicu kién géc xoay tai ngam va chuyén vi tai dau phai dam bang khong:

dy, «
:—1—— = 0
J: dx GF Q (b)
gZ = ylel =

Bién dang udn y,va bién dang trugt »,ctia dim bang, theo (3.8) :

_d2y1+ a dQ1 :%_an

= f 1 - C
& d¢ GF dx'’' dx GF ©
M6 men udn ctia dim bang, theo (3.8):
M, = Ely, —EJ| -9 %, @ 4@ (d)
dx*  GF dx

Chon dam tinh dinh cung chiu luc phan bé déu q lam hé so sanh (hinh 3.18c).

Momen udn va luc cat cua dam so sdnh xac dinh theo cong thirc:

M :q—lx—ﬂx2
2 2

0

| ©
Q=7 -

Hai phan luc goi tya trai R, va phai R,,CUa dam so sanh khong c6 tac dung lén

dam can tinh, cho nén tir biéu thire (3.19) luong cudng birc Z ctia dam duoc viét nhu

Sau:

11 IX X2 11 I .
Z=[(B37, -+ )2+ [(Q -7 + )y, > Min)

Khi tim cyc ti€u ciia Z con phai thoa man diéu kién rang bude (b) cho nén, theo

phuong phép thira s6 Lagrange, viét phiém ham mé rong F :

F=2+Y 49, —>Min (g
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O day 4 (k =1, 2) 1a céc thira s6 Lagrange ciing 1a C4c 4n cta bai toan, Z xac dinh

theo (g). Tir diéu kién cuc tiéu cta biéu thirc (g) ta nhan dugc hé phuong trinh sau:

=M, - M S )i 310,420 a (=149
f,=[IM, Mm]—(zl)dx+—_zgkzk+j[q QL= ()
b (i=0+4)

Giai hé phuong trinh (h) gdm 12 phuong trinh a (i=1+5); 4, A, va a(i=1+5)ta

tim duoc 12 an sb. T d6 tim dugc:

al” ._ 5l .. a ..

- Ham duong d6 vong ctia dam can tinh  y(X) =
16EJ°  48EJ "  24E]

- Ham momen udn ciia dam can tinh M (X) = —% + %ql X — g X’
\ Lo 1A A s 5ql
- Ham lyc cat cia dam can tinh Q(x) = 5 gx

Momen uén tai gdi twa khdp, x =1, bang khéng. Chu y, khac véi cic phuong phap
hién c6, khi xay dung bai toan tinh dam & trén khong can dung diéu kién bién nay va
n6 duogc tu dong théa man.

Ham da thirc xap xi d6 vong dam trong
thi du trén (biéu thirc (a)) c¢6 thé md rong
dénbac 5, bac 6 v.v..., tuy nhién trong vi
du nay cac h¢ sb cla ching s€ tu dong

triét tiéu.

- Biéu d6 moomen udn va luc cét trong L o
. N o . Hinh 3.2. Biéu do M va Q cua dam
truong hop khong xét bién dang trugt cé

dAu ngam — dau khé
dang nhu, hinh 3.2. & P
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Vi du 3.2:Dam hai dau ngam.

Xéc dinh noi lyc va chuyén vi cia /_y
dm siéu tinh trinh bay & hinh 3.3a, ddm VLT LY LT
so sanh hinh 3.3b. Chiéu dai dam |, d6 L /
cing udn EJ khéng d6i, tai phan bd ‘1

. a. Dam can tinh
déu q. 7

Puong do vong y,va Qictia dam %illllll 1Y lllllllfi
duoc tim theo ham da thirc: ; /

2 3 4 5
y, =ax+ax +ax’+ax" +ax }(a)

2 3 4
Q, =b, +bx+b,x* +b,x* +b,x

b. Dam so sanh
Hinh 3.3. Dam hai diu ngam
Cac hé s6 a (i=1+5), b (b=0=4) 1 cic an can xac dinh. Him y cin thoa
man thém céc diéu kién rang budc sau:

Dicu kién goc xoay tai ngam & hai dau va chuyén vi tai dau phai dam bang

khong:
_dy, a B
9= ax GFQ1: B
g9,=Y _,=0 (b)
_dy, a B
9 = i GFQl B

Bién dang udn YAL! bién dang truot y,cua dam bang, theo (3.8) :

4y, e dQ  _dy, aQ

= f 1 - C
& d¢ GF dx'' dx GF ©
M6 men udn cua dam bang, theo (3.8):
M. —EJy —£J| -9 %, @ dQ (d)
dx* GF dx

Chon dam tinh dinh cung chiu Iyc phan bo déu q lam hé so sanh (hinh 3.18b).
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Momen udn va lyc cat cua dam so sdnh xac dinh theo cong thuec :

Moz%lx—%x2
ql (€)
—— QX

Q=71

Hai phan luc gbi tya trai R, va phai R,,cua dim so sanh khong c6 tac dung lén
dam can tinh, cho nén tir biéu thire (3.19) lugng cudng birc Z cua dam duoc viét nhu

Sau.

B 1 qIX qxz 1 ql )
Z _J.(E‘]Zl _74—7)}(1 +_!.(Q1 _E-'_qx)?/l — Mln(f)

0
Khi tim cuc tiéu ctia Z con phai théa man diéu kién rang budc (b) cho nén, theo

phuong phap thira sé Lagrange, viét phiém ham mo rong F
F=Z+) 49, —>Min (g)

O day A (k=1,2,3) 14 cac thira s6 Lagrange ciing 1a cac an cla bai todn, Z X&c

dinh theo (g). Tir diéu kién cyc tiéu cua biéu thirc (g) ta nhan duoc hé phuong trinh

Sau:
h=|Il['V| -M ]—(zl)dX+a—ng A =0, a(i=1+5)
=|I['V| Mm] (zl)dX+fngik j[Q Qm] (yl)dx 0; (h)
b(i=0+4)

Giai hé phuong trinh (h) gom 13 phuong trinh a(i=1+5); A,A4,4, va
a (i =1+5)ta tim duoc 13 an s6. Tir d6 tim dugc:
- Ham dudng d6 vong cta dam can tinh:
y(x) = L ql X+ il X" — ql X+ dx
10000000 EJ ~ 24EJ  12EJ 24EJ]
ql’
" 384E]

- Tai x=0.5*1 co: y(x)
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- Hdm momen u6n va ham luc cat cua %

dam can tinh:

N
N

I ql
M(x):—q—+q—x—ﬂx2;
e 2 R=% R=%
- Ham luc cat cua dam can

tinh: Q(x) = %I — QX

%ﬁ

. \ . . 74
- Biéu d6 momen udn va luc cat trong >
truong hop khong xét bién dang trugt co
dang nhu, hinh 3.4, Hinh 3.4. Biéu d6 M va Q cia

dam hai dau ngam

Vi du 3.3:Dim dau ngam — dau tw do

Xac dinh no1 luc va chuyén V1 cua g
A ~ . \ \ 9 1 llll_l_l_l_l_ﬂ_l_u_l_u_l_l_l
dam tinh dinh trinh bay & hinh 3.5a.
Chidu dai ddm I, do ctng uén EJ ¥ 4 £

a. Dam can tinh
q

sanh 1a dam don gian, hinh 3.5b.
Puong d6 vong y,va Qicua dam g; / i

duogc tim theo ham da thirc :
y,=ax+ax +ax’ +ax" + a5x5} @ b. Dam so sanh

Hinh 3.5. Dam dau ngam - dau tu do
Q, =b, +bx+b,x* +b,x* +b, x* g .

Cac hé s6 a (i=1+5), b (b=0+4) la cac an can x4c dinh. Haim y can théa min

khong doi, tai phan bd déu . Dam so

thém cac diéu kién rang budc sau:
bicu ki¢n goc xoay tai ngam & dau trai;moémen udn va luc cat tai dau phai dam bang

khéng:
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dy, «
=21 __— :0
J dx GF R .
QZZEJ _d y1+ (24 dQl (b)
- dx* GF dx |,
gazEJ—dy1+adQl
dx*  GF dx* | _,

Bién dang uén y,va bién dang trugt »,clia dam bang, theo (3.8) :

d* a d d

— {14_ Ql;ylzl_ﬂ(c)
dx* GF dx dx GF

M6 men udn cua dam bang, theo (3.8):

d’y, «a dQ
M =EJy =EJ| - L L d
' xi [ dx’ +GF dx} (@

A=

Chon dam tinh dinh cung chiu lyc phan b déu q lam hé so sanh (hinh 3.21b).

Momen udn va luc cat cua dam so sdnh xac dinh theo cong thirc:

Moz%lx—%x2
ql (€)
= —— (X

Q=71

Phan lyc gdi tya trai R, ctia ddm so sanh khong co tac dung 1én dam can tinh ma chi
o phan luc phai R,, tac dung tai dau phai cua dim can tinh cung chiéu véi tai trong

g, cho nén tir biéu thirc (3.19) luong cudng birc Z ctua dam duge viét nhu sau:

t IX gx’ ¢ | |
Z=|[(Ey, —q—+q7);a +]@Q —%+qu —% Y,

— Min
2 x=11 (f)

Khi tim cuc tiéu cia Z con phai théa min diéu kién rang budc (b) cho nén, theo
phuong phép thira s6 Lagrange, viét phiém ham mé rong F

F=Z+)> 49, —>Min (g)

O day A (k=1 2,3) l1a cac thira s6 Lagrange ciing 1a cic an cua bai toan, F Xac

dinh theo (g). Tir diéu kién cyc tiéu cua biéu thirc (g) ta nhan duoc hé phuong trinh

Sau.
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gl o

h I[M Mm] (Zl)dx—i__-zgk k_Ea_yl

—0; a(i=1+5)

x=I1

tﬁwrM¢£mmHeZmAImca 5o =0 ()
b(i=0+4)

Giai hé phuong trinh (h) gom 13 phuong trinh a(i=1+5); A,A,4, va
a (i =1+5)ta tim dwoc 13 an so. Tir d6 tim dugc:
- Ham duong do vong ctia dAm can tinh:

y(X) = L _d X+ ql X' — q G
5000000 EJ  4EJ 6EJ 24EJ

: , gl”

- Tai x=I ¢6: y(X),, =
8EJ
- Ham momen udn cia dam can o 4
, I LTI e =
tlnhM(x)z—q +q|x—9x2; =
2 4 2 1 \ A

- Ham luc cat cia dam can R =gl

tinhQ(x) = gl —gx ”
- Biéu d6 momen udn va lyc cat trong ﬂﬂﬁmmmm_

truong hop khong xét bién dang trugt co
dang nhu, hinh 3.22.

Hinh 3.6. Biéu d6 M va Q cia
dim dau ngam — dau tu do
Vi du 3.4: Tinh ddm lién tuc hai nhip
Xac dinh ndi luc va chuyén vi cia dam lién tuc hai nhip, d6 cing udn
EJ=Const, chju tai M va P nhu hinh 3.7a. Tiét dién dam chir nhat, c6 chiéu cao h,

hé s tng suét trugt o =1.2. Dam so sanh 1a cac dam don gian, hinh 3.7b.
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Hinh 3.7. Dam lién tuc hai nhip
Chia dam thanh bén doan véi cac doan c6 chiéu dai twong tmg 13 1,=1,=ls=1,=1/2
Gia thiét duong do vong yi, Yo, Y3, Y4 va dudng luc cit Qy, Q2,Q3,Q4, cua dam c6
dang da thirc nhu sau:
y,=ax+ax +ax +ax"; Q, =b, +bx+b,x* +b,x’
y,=C,+CcX+C X +cx’+c,x; Q,=d,+dx+d,x*+d,Xx’

(a)

y,=ex+ex +ex’+ex’ Q, =i, +IX+i,x* +i,x°

Y, =V, +VX+V, X"+ VX +V, X Q, =W, + WX+ W,X* + WX’
Trong do: a;(i=1+4), b;(i=0+3), ¢i(i=0+4), di(i=0+3), ej(i=1+4), ii(i=0+3), v;(i=0+4),
w;(i=0+3), 14 c4c an cua bai toan. Theo cac biéu thuc tir (3.4) dén (3.7) tinh duoc:
Bién dang truot y1, Y2,Y3,Ya,; 9OC X0ay 01, 0,,05,0,,; bién dang udn y1, %2, As, Y4, VA

momen uon My, My,,My3,M,4, trong ting vo1 cac doan 1, 2, 3 va 4, cu thé la:

oQ dy dy oaQ
=" g =—"—y =—4 - —"L- =1=4
T GF “ox " Tax GF Vo (=1+4)
;a=—d Yo, ¢ dQ‘; MXiZ—EJZi:EJ(—d Yo & inj
dx* GF dx dx* GF dx

Trong d6: o 1a hé sd xét sy phan bd khong déu cua Gmg suat cit tai truc dam;
GF 1a d6 cimg cat ctia dam:

o _E g _6EJ
2w
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Chon hai dam tinh dinh chiu moomen tap trung M va lyc tap trung P 1am hé¢ so sanh

tuong tng cho hai nhip ctia dim lién tuc can tinh (hinh 3.23b).

Momen udn va luc cat cua hai dam so sanh xac dinh theo cong thirc:

_ —Mx . -M@,-x). . -M | -M
L) T (1 +1) ’Q‘n_m’ 2 (1 +1)

_ Plx . CPL(,-X). . Pl _—Pl
S N (T ’Q“_(|3+|4)’ (1, +1)

(b)

Phan luc gbi twa trai R, va gbi tua phai R,,cua hai dam so sanh khong gy mé men

lén dam lién tuc can tinh, cho nén tir biéu thirc (3.19) lugng cudng birc Z cia dim

duoc viét nhu sau:

11 MX 11 M
Z=||EJy + + + dx +
I( A +|)j)(1 I(Q (|1+|2)j71
+ EJy, + M, =x) dx+j(Q2+ M )7, dX +
0 (I +1 ) 0 (I1+|2) .
I I — Min(c)
¢ P1,x ¢ P
+ || EJy. —— dx + — 4 dx +
I8 +|)]zs I(Q (|3+|4)J73
'3 PL(l, —X) Pl
+ J +
N ] ![Q 0.+ I)j
Ham do6 vong y; phai thoa man céc diéu kién rang budc sau:
ngEJ(_d y, o dQ] _0: 92:(%_@j =(%‘@j
dx* GF dx J| | dx GF ), \dx GFJ_
. dy, aQ dy an
— — : 0: S e & B, + 3 —| s T3
e T (dx GFL (dx GF ol (g
dy, aQ ] (dy aQ j
= L _Ix —| e e - : 0
o [dx GF )., dx GF 97 = Yolaa T Valo 90 = alo, =
99=EJ(—d Vo @ dQ‘*) -
dx* GF dx ) _,

Pua bai toan tim cuc tr1 (b) voi cac rang budc (c) v€ bai toan cuc tri khong rang

budc bang cach xdy dung phiém ham mé rong Lagrange F nhu sau:
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F=2+Y 49, - Min (d)

Véi 1 (k=1+9) 1a cac thira s6 Lagrange ciing 13 cic an cua bai toan. Nhu

tong cong 41 4n (4 hésd @, 4hésdb b 4hésé c,4hésd d,4hésde 4hé

vay co

s0 1,4

hé sd V., 4 hé sO W, va 9 thura sO 4i,). Phuong phép nguyén 1y cuc tri Gauss xem cic

bién dang udn 1a doc 1ap vo1 mémen tdc dung cho nén di€u kién cuc tri ciia phiém

ham mé rong F la:
~[m, Mm] xl)dx+—z(gkk =0; a(i=1234)
;(1 dx+—2(gk/1k) j Q, Qm (71)dx:0;bi(i=0,1,2,3)

k=]M,,- oz]—(zz)dx+—z(gkﬂk) 0; ¢(i=0,1234)

=f[sz—Moz]£(zz)dx+—z(gkk +Jlo.-0.l g (=0 =023

=)
Il

[M Mm]—(za)dx+—z(gkzk) 0; e(i=1234)

fv,-m ]—(zg)dX+—_Z(g )+J[Q Qs ()X =0i(=01.2.3

=~
Il

[M x4 MO4]_(Z4)dX+_Z(gkik) = 01 Vi(i = 01 11 21 314)

4i

h
||
& O O 5

4i

—
II
[SY S——
|_|

M04]—(zd)dx+—_z(gkﬂk)+ J0.- Q1S ()b =0im=01.2.9

(d1)

(d2)

Nhan duoc 41 phuong trinh bac nhat dé xac dinh 41 an sb. Giai cac phuong trinh

trén ta nhan dugc két qua tinh duong d6 vong i, moomen uén Myva luc

nhu sau:

ql’ .
xX) = —0.0677 L x
Y, (X) =3 =

v,(x) =—0.0098 9 +0.07689 x— 021009 x 10,1927 9 &
EJ EJ EJ 3"

Cét Qi
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y,(X) = 0.0104i X+ 0.0781l — 0_1094q_I X°
EJ EJ EJ

v, =001119" 4 0.0065 9" x - 0.08509" x 1+ 0.0573 9
EJ EJ EJ EJ

M, =-1.1562qlx; Q, =-1.1562q|

M, =0.4219ql" —1.1562qlx; Q, =-1.1562q|
M, =-0.1562ql° +0.6562qlx; Q,, =0.6562q|
M,, =0.1719ql* —0.3438qlx; Q, =—0.3438q|

ST psszer s
b e =t

0. 42790

0. 7562g/¢ (J|+D O.F438q/

g 3 R
Hinh 3.8. Biéu d6 M va Q
Vi du 3.5: Tinh dim lién tuc ba nhip

Xac dinh nd1 lyc va chuyén vi cia dam lién tuc ba nhip, d0 clrng udn

EJ=Const, chiu tai phan b déu q va tai trong tap trung P nhu hinh 3.9a. Tiét dién
dam chir nhat, c6 chiéu cao h, hé sb tng suit truot o =1.2. Dam so sanh Ia cac dam
don gian, hinh 3.9b.

4 P=q/ P=g/
@ PIIFII) | |
® @

@_E_@
b L 4
|
|

£

° L

P
1
|

)
g b-

<z~

Hinh 3.9. Dam lién tuc ba nhip

Chia dam thanh ndm doan v&i cac doan co6 chiéu dai tuong Ung la:

14



I]_:I, |2=|3=|4=|5 =|/2.
Gia thiét duong d6 vong yi, Vo, Vs, Va, Vs, va duong luc cat Qi, Q,,Q5,Qs, Qs, cia

dam c6 dang da thirc nhu sau:

y,=ax+a,x +ax +ax’ Q, =Db, +bx+b,x* +b,x* +b,x’

y, =CX+C, X" +C,X +C,X"; Q,=d,+dx+d,x*+d,x*+d,x’

y, =€, +ex+ex +ex’+ex'; Q =n +nx+nx’ +nx’+nx" (a)
Y, = X+ L,X°+ X7+ ), x5 Q, =W, + WX+ W,X* +W,X* +w,x"

Y, =1, +1IX+1,X* +i,X° +1,X; Q, =V, +V.X+V,X* +V,X° +V X'

Trong do: aj(i=1+4), b;(i=0+4), ci(i=1+4), di(i=0+4), ;(i=1+4), n;(i=0+4), ji(i=1+4),
wi(i=0+4), ii(i=0+4), vi(i=0+4), 1a cac 4n cua bai toan. Theo cac biéu thuc tir (3.4)
dén (3.7) tinh dwge: Bién dang truot yi, v2,ya,¥a,¥s,; 9OC X0ay 01, 0,,03,04,0s,; bién
dang udn Y1r A2r A3» NarX5, VA momen udn My, My2,My3,My4,Mys, trong g vo1 cac
doan 1,2, 3, 4 va 5, cu thé 1a:

Q. 0—%— :d_y_ﬂ véi (i=1+5)

T GE’ "odx 4 dx GF’

g =9 @ dQ. MXi:—EJZi:EJ(—d Yo, @ inj
dx* GF dx dx?* GF dx

i

Trong d6: o 1a hé s xét sy phan bd khong déu cua Gmg suat cit tai truc dam;
GF 1a d6 ctmg cat ctia dam:

or _E g _6EJ
2 N

Chon ba dam tinh dinh chiju luc phan bd déu q va lyc tap trung P lam hé so sanh

tuong tng cho ba nhip ctia dam lién tuc can tinh (hinh 3.25b).

Momen udn va lyc cat cua ba dam so sanh lan lugt xac dinh theo cong thurc:
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gxl gx*. Plx ql _ Pl
M = M :—2’ = — — X’ = 3 ;
) 2 . (1, +1,) Qs 2 ¥ Q. (,+1,)

PlL(l. —x Pl x — Pl Pl
=i = PR = SR Q=P ()
(,+1,) (1, +1) (,+1,) (1, +1)

Pl (. — x Pl
C_PLO=X0. o PL
(1, +1) (1, +1)

Phan luc gdi tua trai R, va gdi tua phai R,,cua hai dam so sanh khong gdy mé men
1én dam lién tuc can tinh, cho nén tir biéu thic (3.19) luong cudng bic Z cua dim

duoc viét nhu sau:

+|.§ EJIS—%]stX+T(Q+ Pl, jysdx+ — Min(c)

,+, o)
14 P . 14 B PI5
+]| B L,)jl“ + I(Q i Is)jmdx +
2 _ PL{,=x) 2 PI,
+ ) EJy. —(|4 D) j;(sdx + ![Qs - 0+ Is)j;/de

Ham do vong yiphai thoda man cac di€u kién rang budc sau:

o.~(L-2R) ; gyl g-(L-R] (L9

Cldx GFJ, Tt T ldx GF |, \dx GF )

_(dy, Q) _(dy, eQ ) ., _ oyl oo

g4_(dx GF X_.z_(dx GF x:o’gs_y“:'z_y“:o’ge‘ysx:.g o
C

o, =($-20) (%R o (%) [ ),

" \dx GF)_ \dx GF)_, ™ \dx GF)_ \ldx GF)’

d’y. «a dQ
= = 1 0, = ; =BJ| -—= 2 =
=Yl = Yslos 90 = Ysl oo Ou ( dx2+GF dxjm

Dua bai toan tim cuc tri (b) voi cac rang budc (c) vé bai toan cuc tri khong rang

budc bang cach xiy dung phiém ham mé rong Lagrange F nhu sau:
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F=2+3 49, - Min (d)
Vé6i A (k=1+11) la cac thira s6 Lagrange ciing 1a cic an cia bai toan. Nhu vay c6
téng cong 58 an aj(i=1+4), bi(i=0+4), ci(i=1+4), di(i=0+4), ei(i=1+4), ni(i=0+4), |-
i(i=1+4), wi(i=0+4), i(i=0+4), vi(i=0+4),va 11 thira s6 A,,). Phuong phap nguyén 1y
cuc tri Gauss xem céc bién dang udn 1a doc lap véi momen tac dung cho nén diéu
kién cyc trj ciia phiém ham mé rong F 1a:

h = 'jM -M,] —(;(l)dx+—Z(gkk a(i=1234)

=, 00 536,40+ [10- QU L) 0m =012, 34)

T M., Moz]—(zz)dﬂa—Z(gkk =0; c(i=1234)

=I - —(zz)dx+—2(gkzk)+jq -Q.J (mdx 0;d,(1=012,34) “
=T Pl dx+—2(gk/1k) 0; e(i=0]1234)
=I[M -M ]—(zg)dx+—_2(gkﬁk)+j Q.-Qu] (1)k=0in i=01.2,34)
I[M —Mm]—(;a dx+a—12<gk j\(i=1234)
f, I[M -M ]—(zA)dX+—_Z(gkzk)+j[Q Q04] (yA)dx 0:i (1=01 2,34)
k5i=|:[MX5 M ]5 (Zs)dx+—_2(gkk 0 i(i=0,1,2,34) (d2)
= MM G2 3 0.0)+ IR 0,1 (-
w (i =012 34)

Nhéan dugc 58 phuong trinh bac nhat dé xac dinh 58 an s6. Giai cac phuong trinh

trén ta nhan dugc két qua tinh duong do vong i, Miva luc cat Q; nhu sau:
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Hinh 3.10. Biéu d6 M va Q
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KET LUAN

Qua két qua nghién ctru tir cac chuong, chuong 1 dén chuong 3 tac gia di ap
dung phuong phap so sanh dé nghién ctru ndi luc va chuyén vi ciia hé dam co xét
dén bién dang truot ngang do luc cit Q gay ra. Tac gia rit ra cac két luan sau:
1. Tac gid da ap dung thanh cong phuong phap nguyén ly cuc tri Gauss do GS.
TSKH Ha Huy Cuong dé xuét dé nghién ctru ndi luc va chuyén vi cia hé dim phang
chiu udn, chiu tac dung cua tai trong tinh.
2. Tac gia da ap dung dugc phuong phéap so sanh dé nghién ctru ndi luc va chuyén
vi ctia hé dam c6 xét dén bién dang truot ngang do luc cat Q gy ra. Cach dit bai
toan don gian va nhan dugc két qua chinh xac. Khi khong ké dén bién dang truot
ngang nhan dugc két qua trang khép voi két qua giai bang cac phuwong phéap khéc.
3. Bai toan xac dinh néi luc va chuyén vi cia hé dam co xét dén bién dang truot
ngang to ra rat don gian vi c6 thé so sanh ca hé phuc tap voi mot hé don gian. Hiéu
qua ctia cach 1am ndy cang cao khi hé can xét cang phtc tap.
4. Phuong phap giai bai toan két cau bang cach sir dung hé so sanh mé ra kha nang
nhan duogc dir li¢u thyc nghiém ciia mdt két cau tir viec nghién ctru thyc nghiém két
ciu khac. Pay 1a mot phuong phap méi va ¢ hiéu qua.

KIEN NGHI VE NHUNG NGHIEN CUU TIEP THEO

1. Pay 1a mot phuwong phap méi va diing nén co thé ding né nhu mot cong cu phuc
vu cong tac giang day va hoc tap.
2. Phuong phéap cho phép nhan dugc gilr licu thyc nghiém tir viéc thuc nghi¢m két
céu khac nén co thé ung dung trong viéc xay dung mé hinh mé phong.
3. Dung ly thuyét di xay dung & trén dé nghién ctru noi lyc va chuyén vi cila cac
két cau chiu udn khac nhu tAm, vo vv...co xét dén bién dang trugt ngang do luc cat

Q gay ra.
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