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LOI CAM DOAN

T6i xin cam doan day 1a cong trinh nghién ctu cua riéng tdi. Cac sd
liéu, két qua trong luan van 1a trung thyc va chua timg duogc ai cong bé trong
bat ky cong trinh nao khéc.

Tac gia luan vin

Luwong P6 Toan
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LOI CAM ON

Tac gia xin chan thanh cam on cac nha khoa hoc, cac chuyén gia trong
va ngoai truong Pai hoc Dan 1ap Hai phong di tao diéu kién gitip d&, quan tam
gop y cho ban luan van dugc hoan thién hon. Bac biét, tAc gia luan van xin tran
trong bay to 1ong biét on siu sic nhat déi véi GS.TS Tran Hitu Nghi vi da tan
tinh gitp d& va cho nhiéu chi dan khoa hoc c6 gia tri cling nhu thudng xuyén
dong vién, tao moi diéu kién thuan loi, giup d tac gia trong suét qua trinh hoc
tap, nghién ctru hoan thanh luan van.

Tac gia xin tran trong cam on cac can b, giao vién cua Khoa xay dung,
Phong dao tao Pai hoc va Sau dai hoc - truong Pai hoc Dan lap Hai phong, va
cac ddng nghiép da tao diéu kién thuan loi, gitp d& tac gia trong qué trinh

nghién ctiru va hoan thanh luan van.

Tac gia luan vin

Luwong P6 Toan
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MO PAU
Phwong phap phan tir hitu han 14 phuong phap dugc xay dung dua trén
¥ tudng roi rac hoa cong trinh thanh nhitng phan tr nho (s6 phan tir 13 hiru han).
Céc phan ttr nho duogc nbi lai v6i nhau thdng qua cac phuong trinh can bang va
cac phuong trinh lién tuc. Dé giai quyét bai toan co hoc két cau, c6 thé tiép can
phuong phép nay theoba md hinh gom: Md hinh chuyén vi, xem chuyén vj la
dai luong can tim va ham nai suy biéu dién gan dung dang phan b cua chuyén
vi trong phan tir; M6 hinh can bang, ham ndi suy biéu dién gan dang dang phan
bd cua (ng suat hay noi luc trong phan tir va md hinh hdn hop, coi cac dai
lwgng chuyén vi va tng suét 1a hai yéu té doc 1ap riéng biét. Cac ham noi suy
biéu dién gan dang dang phan bd caa ca chuyén vi 13n (ng suat trong phan tu.
Poi twong, phwong phap va pham vi nghién ctru cia dé tai
Trong ludn van ndy, tac gia st dung phuong phan tr hitu hantheo md
hinh chuyén vi dé xay dung va giai bai toan khung phang chiu tac dung cia tai
trong tinhtap trung.
Muc dich nghién ciru ciia dé tai
“Xdc dinh ni lwe va chuyén vi ciia Khung phing cé xét bién dang triot
ngang chiu tdi trong tinh tdp trungbang phwong phdp phan tiv hitu han”

Nhiém vu nghién ctu ciia dé tai
1. Tim hiéu va gi6i thidu cac phuong phéap giai bai toan co hoc két cau hién

nay.
2. Trinh bay 1y thuyét dam Euler - Bernoulli va 1y thuyét dam c6 xét dén bién

dang truot ngang.
3. Trinh bay phuong phap phan tir hitu han va ap dung dé giai bai toan khung

phang, chiu tic dung ciia tai trong tinhtap trung.

4. Lap chuong trinh may tinh dién tir cho cac bai todn néu trén.



CHUONG 1.
CAC NGUYEN LY BIEN PHAN THUONG DUNG
TRONG CO HQC CONG TRINH

1.1. Céc lién két co hoc [14]:

Cac rang budc, cac han ché ddi véi chuyén dong cua hé chat diém dang
xét do sy ton tai ctia cac chat diém khac trong khong gian duoc goi la lién két
co hoc.

Cac lién két co hoc thuong dung dugc biéu thi dudi dang cac ham, bat
phuong trinh hodc phuong trinh vi phan. So @6 phan loai cac lién két duoc trinh
bay nhu hinh 1.1 dusi day:

Lién két
Khong | Gl [——m Hitu han
giit g
‘ g
o~ - = Vi phan
Vi phan > tich phan
duoc
v
Vi phan N
khong tich X
phan duoc Dimng Khong
dimg
Phi Holonom

Hinh 1.1. Phan logi céc lién két
Trén so d6 hinh 1.1, c4c lién két khong giit 1a céc lién két duoc biéu thi
bang c4c bat phuong trinh hoic c4c bt phuong trinh vi phan. Cac lién két giir

duogc biéu thi bang cac phuong trinh hodc cic phuong trinh vi phén.



Caéc tai liéu va giao trinh co hoc giai tich hién nay chi nghién ctru co hé
c6 lién két giir (lién két hai chiéu).
1.2. Phwong phap nang lwgng:

Trong co hoc thuong ding cac nguyén Iy bién phan ning luong. Ning
luong 1a dai lugng vo hudng (scalar), khdng phai 1a dai luong vécto cho nén sur
dung ning lugng dé xay dung phuong trinh can bang thuan tién va don gian
hon nhiéu so véi viéc dung lec va chuyén vi la nhitng dai luong vécto. Di voi
co hé khong tiéu hao (no damping) thi ning luong ctia co hé bao gom dong
nang T va thé nang IT. Pong ning duoc xac dinh theo khdi luong va van toc
chuyén dong, con thé ning n bao gom thé ning bién dang va cong cua cac
truong luc, phu thudc vao chuyén vi. Truong luc 12 luc ¢6 thé nhu luc luong
truong. Cac luc ngoai tac dung 18n co hé 1a luc khong thé.

Theo nguyén ly bao toan nang luong thi:

T + IT = const (1.1)
Tur biéu thac (1.1) suy ra tée do thay d6i nang luong phai bang khdng:

d
—(T+I1)=0
radURRE)

DA6i véi bai toan tinh, T =0, do d6
IT = const

Thé nang I1 cd thé biéu thi qua tng suat va ndi luc ciing c6 thé biéu thi
qua chuyén vi va bién dang.

Dua trén nguyén ly bao toan nang lugng, ta cd6 phuong trinh Lagrange -
phuong trinh Lagrange 13 phuong trinh vi phan ctia chuyén dong duoc biéu thi
qua cac toa d6 tdng quat (cac chuyén vi tng quat).

Goi T 1a dong ning va n 1a thé ning cua hé, cac q; 1a cac chuyén vi téng
quat va Qila céc luc tac dong (luc khdng thé - cac luc ngoai tac dung 18n hé, luc

trong trudng 12 luc thé) thi phuong trinh Lagrange c6 dang:



d(oT or oIl .
— | — |-——+—=0.(i=123....... , 14
dt(@qi) 0 +8q Qi n) (1.4)

, [0/ I S X oan
trong do: ¢, = % la van toc cua chuyén dong

Dbi véi mbi chuyén vi g; s& c6 mot phuong trinh Lagrange. Dong ning
Ttrong toa d6 tong quét 1a ham cua van toc va c6 thé 1a ham cua ca chuyén vi
tongquat.

Thé niang toan phan cua hé bao gom thé ning bién dang, thé ning cua
luc c6 thé va cdng caa ngoai luc.

Phuong trinh Lagrange ap dung cho co hé chat diém (hé roi rac) ciing
nhu co hé moi truong lién tuc.

Pé thay ro diéu nay, sau ddy trinh bay vi du sir dung phuong trinh
Lagrange dé xay dung phuong trinh chuyén dong caa dam Euler-Bemoulli:
Vi du 1.Dua vao phuong phap ning luong dé xay dung phuong trinh vi phan
chuyén dong caa dam Euler-Bemoulli.

Ly thuyét dam Euler-Bemoulli dwa bai toan hai chiéu vé bai toan mot
chiéu voi chuyén dong caa dam 1a do vdng cua truc dam w(x). Noi luc trong
dam 1a mdmen uén M dugc xac dinh theo lién hé sau:

d’w

dx* (1.5)

M +EJ

Trong do:

q 1a ngoai luc phan bd tac dung trén dam.

EJ duoc goi 1a d6 cang ubn cua tiét dién dam.

Phuong trinh (1.5) 1a phuong trinh lién hé gitra ndi luc mémen udn M
d’w

A = A A n 9 N \ A Z - 5 A
vabién dang uon (d6 cong cua duong dan hoi) dx® coa dam

Theo phuong trinh Lagrange, ta xac dinh dong nang va thé nang bién dang cua

dam nhu sau:



Goi W; 1a chuyén vi (t6ng quat) cua diém i cua dam va g; 1 luc tac dung tai
diém i caa dam va m; 1a khéi luong.

Pong ning cua dam:

i trong do: ot (1.6)
Thé ning bién dang caa dam chiu uén:
0 (0w
[1= le EJ[yl -
DAu tong lay tat ca cac diém i cia dam. Phuong trinh Lagrange d6i vai dam c6
dang (viét cho diém i cua dam):

8[6TJ aT oIl
Lol

ot

OW.

ow’ ow =0

Ta tinh hai thanh phan du ctia phuong trinh (1.8) nhu sau:

2
2] - Gmm=m = m @9
o
ow; =0

Pé tinh thé nang bién dang co thé dung phuong phép sai phan hitu han (hinh 1.2)

M M
| & | & | & | X |
R 1 1 1 1

Hinh 1.2. Buoc sai phdn
Bai vi do vdng w; caa dam chi c6 mat trong biéu thic thé nang bién dang cua
ba diém lién tiép i-1, i va i+1 cho nén chi can tinh thé ning bién dang caa dam

(1.7) cho ba diém nay, Ax1a khoang céach giita cac diém.



EEJ aZ_W 2=£E\] Wi-1_2Wi+Wi+l i
2 2 AX?

L, (owY =EEJ Wi-2_2Wi1+Wij2
oxt) .2 AX?

i-1

(1.10)

20 \° _ 2
EEJ 6_\/2V zlEJ Wi 2Wi+%+wi+2
2 ox* ). 2 AX

i+1

Tong cong ba phuong trinh trén cho ta thé ning cua dam dé tinh wi. Ta tinh
oll

oW,

i cua phuong trinh (1.8):

oIl (_ 2Wi g + AW, — 2Wi g AW, —2Wiy + W W — 2W, W, )
G Ax*
(wi_z +4w, — 6w, — 4w, 2w, , + ij A_‘f|
=EJ AX! = EJ Ax*"
otw
Biu thirc (1.11) biéu thj sai phan hitu han cia £ ©X* ' (1.11)

Cong biéu thuc (1.9) va biéu thuc (1.11) nhan dugc phuong trinh Lagrange ddi

Vvéi chuyén vi w

2 4
mawi+EJgT\iV:qi (1.12)

81:2
Diém i & bat ky nén nhan duoc phuong trinh vi phan can bang caa dam

o*w o'w
M= +EJ = i =q; (1.13)

Déi véi bai toan tinh, dong nang T = 0 ta co:

dw _ q
EJ dx* (1.14)

Biéu thirc (1.14) 1a phuong trinh chuyén dong caa dam.
Nhur vay ta thay tir phieong trinh Lagrange dé dang nhdn dwoc phuwong trinh

chuyén déng cia dam.



Ngoai viéc sir dung phuong trinh Lagrange, ta c6 thé stir dung cac nguyén ly

khac dé xay dung cac phuong trinh cin bang cua co hé.

1.3. Cac phwong phap bién phin ning lweng thwong dung:
Céc phuong trinh can bang caa co hé cd thé viét duéi dang ng suat (hoic noi
luc) hodc dudi dang chuyén vi.

Trong truong hop ding ng sudt 1am dn thi ta cd nguyén Iy bién phan sau :

1.3.1. Nguyén Iy thé ning bién dang cuc tiéu - nguyén ly Castiliano (1847-
1884):

Nguyén ly phat biéu nhu sau:

Trong tat cd cac trang thai can bang luc c6 thé thi trgng thdi can bang thuec
Xdy ra khi thé néng bién dang 1a cuc tiéu.

Trang théi can bang luc c6 thé Ia trang thai ma cac luc tac dung Ién phan td
thoa man cic phuong trinh cin bang. P6i véi bai toan hai chiéu (bai toan
phang), taviét nguyén 1y trén dudi dang sau:

1{[ o? o,
IE{(EjL?yJ—yaxay + 1+ ,u)rfy}

min" dv (1.15)
Trong d6 V 1a dién tich hé can tinh.
Vi rang budc :

X

x oy

oo +5TXy

0 (1.15a)

%+%:o (1.15b)

Ty = Tyx
Trong bai toan trén, ham muc tiéu Ia thé ning bién dang dan hoi biéu
dién qua ung suat cua bai toan phang. Hai phuong trinh can bang (1.15a),

(1.15b) khong xét dén luc khi (vi du trong lwong caa phan td).



Pay la bai toan cuc tri c6 rang budc. Cac bai toan cuc tri cé rang buoc
trong todn hoc cé thé dugc bién ddi thanh bai toan khdng cé rang budc bang
phuong phép thira sb Lagrange. Bang cach dung thtra s6 Lagrange
A% Y), (%) | viét phiém ham Lagrange m& rong dé dua vé bai toan trén vé

bai todn khdng rang budc nhu sau:

1|{({o? o’
j—H—X +—yJ —po,o, +(1+ ,U)Z'fy:|
min" E[LE 2 dv
or 61
A (X, y)( +—jdV + | A, (X, y)( yxJdV
j % I y X (1.16a)

A% Y). 4% ¥) |3 thira s6 Lagrange va ciing 1a 4n chwa biét cua bai toan.
Do 7, =z, nén ta c6 thé viét lai (1.16) nhu sau:
. o1l of o’ To+7T
mInJE{[EJr?y]—,uaxay + 1+ ﬂ)( Oy ﬂ dv

oo, 01, % %
. Jﬂi(x, y)(EJFWjdV +Jﬂq(x, y)( Y + x ]dv

Theo phép tinh bién phan, tir phiém ham (1.16a), 14y bién phan theo céc tng sut

phép: ©x, 77 céc ting suét tiép: 74, = 7yx va thira s6 Lagrange : 4% ¥):4(x.Y)
ta nhén dugc hé 6 phuong trinh sau :

2 (0, - o) - A (1.16b)

é((,y_wx)_%zo (1.16c)

12+—E“ (1, +7,) ‘%g' ) _o (1.16d)

Sl ) - % -0 (1.16€)



oo, Ot

g (1.16f)
OX oy
do, 0t

St A 1.16
OX ’ OX 0 ( 9

Trong bai toan nay, do cd rang budc : Gng suat tiép 7y = 7y, NéN tir he
phuong trinh trén ta c6 dugc 5 phuong trinh can bang dé xac dinh duoc céc tng
suat va chuyén vi cua co hé.

Mat khac, cong hai phuong trinh (1.16d) va (1.16¢), ta duoc:

T biéu thirc (11.6b), (11.6¢) va (11.6h) thay rang 4 (x,y) va 2 (x,y) c6 thi
nguyén la chuyén vi, hon nita % (x,y))Ia chuyén vi ngang theo phuong x va 1a
chuyén vj thang dimg theo phuong y. Phuong trinh (1.16h) 1a phuong trinh lién
hé gitra ting suat tiép va bién dang truot ¢y, hai phuong trinh (11.6b) va (11.6c)
xéac dinh bién dang ®xva %y qua tng suat cta trudng dan hoi.

Trong trudng hop dung ung suét 1am 4n, ta can loai bo hai ham 4n 4 (x.y)
va “2(x,y) trong hé 6 phwong trinh tir (1.16b) dén (1.16g) néu trén dé chi con
cac phuong trinh theo an 13 (ng suat.

Bén phuong trinh dau cia hé 6 phuong trinh tir (1.16b) dén (1.16g) néu trén
c6 thé dan vé mot phuong trinh cua ¢ng suat nhu sau:

Pao ham phuong trinh (1.16b) theo y va két hop véi phuong trinh (1.16d),
ta nhan duoc :

9

O 0AY) g 0 0hY) 140 0 . (1.16K)
oy " |

oy  oXx ox oy 2 ox "

(O-x —ILlO'y) =E

0 0K(Y) _g 004y _Ltp o (1.16m)
—cr 7 yX Xy '

X oy oy o 2 oy
Pao ham phuong trinh (11.6k) theo y, ta duoc:

0
&(O-y —/JO'X) =E

2

2 1+u 0
= (o, -p0,) =" _(z, +7,)

o’ 2 oxoy (1.16n)




L4y hai vé trai va phai cua (1.16n) va (1.16p) cong véi nhau ta co:
0 0

=~ (o, - + 2 = (1+

2 (Onmmoy) + = (oy—po) =(1 ﬂ)85

Ta dao ham phuong trinh (1.16f) theo x va dao ham phuong trinh (1.16g) theo

(Tyx +Txy) (l'l6q)

y sau d6 cong lai vaoi nhau ta nhan duoc:

Gzrxy + 821'yx _ o°c, 3 52(7y (1.16r)
OXoy — Oyox ox> oy’
0% (r, +1, 0° o°c
Ha (8;ay W = a; .~ (1.165)
Thay thé biéu thirc (1.165) vao biéu thie (1.16q), ta co:
o’ az 0’
o7 ko) + 8y 2 (0, u0,) = (L+u)(- -5 (1.16Y)
.. 0 0° o, 8 o, o0, o’o, 0’c d°c, 0’c
Hodc: 8y0 - U Y 8X2y - 8; =— 8)(0; - 8y2y - u o —u ﬁyzy (1.16U)

Biéu thire (1.16u) duogc rut gon nhu sau:

2 2

aXz(cf +0')+§y (o, +0,)=0

Nhu vay khi loai bo cac thira sb Lagrange A ¥):4(X.¥) ta ¢4 thé din vé hé 3

phuong trinh sau:

2 _
Vi(o,+0,)=0 (1.17a)
%4_% =0

ox oy (1.17c¢)

2 2
Trong cong thuc trén: v? -toan tir Laplace: V2 = d (';) +&';)
X oy

Hé phuong trinh trén (1.17a), (11.7b), (1.17¢) cho ta day du cac phuong trinh

dé xac dinh 3 ham an Ia cac Gng suat phép: o,, o, va cic tmg suat tiép: r, =,
. Phuong trinh (1.17a) chinh 13 phuong trinh lién tuc viét dudi dang tng suat.

Tuong tu, sir dung nguyén ly thé nang bién dang cuc tiéu dé xay dung phuong

10



trinh chuyén dong cua dam thong nhu sau:

11



Vi du 2. Xay dung phuong trinh vi phan chuyén dong cua dam Euler-Bernoulli
theo nguyén Iy thé nang bién dang cuc tiéu.
Déi voi dam, nguyén 1y trén duoc Viét nhu sau:

| 2

. 1M
mlnbE—de (1.18)

Vi rang budc:

d*Mm
v =—q

Noi lyc can tim mémen udn 1a ham phan bé theo chiéu dai dam M(x). Pay 1a
bai todn cuc tri ¢ rang budc. Bang cach dung thira s6 Lagrange A(x), viét
phiém ham Lagrange ma rong dé dua vé bai toan trén vé bai toan khong rang
budc nhu sau:

J~1 M 2

dx + j ﬂ(x){ }dx (1.20)

4(X) 1a thira s6 Lagrange va ciing 1a an chua biét ciia bai toan. Theo phép tinh
bién phan, tir phiém ham (1.20) lan luot lay bién phan theo M(x) va 4(X), ta

nhan dugc hai phuong trinh sau (phuong trinh Euler - Lagrange caa phép tinh

bién phan)
M+ =0 (1.21)
d*™m

Ta thay 4 (x) c6 thir nguyén 1a chuyén vi va d6 1a d6 véng cua dam
Ta c6 thé viét lai phuong trinh (1.21) nhu sau:

d?A
=857 (1.21a)

Phuong trinh (1.21a) biéu thi quan hé giita ndi luc mémen uén M va do véng

cua dam (chuyén vi) caa ly thuyét ddm Euler - Bernoulli nhu d3 trinh & trén.

12



L4y dao ham hai lan phuong tinh (1.21a) theo x sau d6 thé vao (1.22) ta c6

da
dx*

EJ

q (1.21a)

Phuong tinh (1.23) 12 phuong tinh vi phéan viét theo do vng cta dam.
Ta c6 thé viét lai phuong trinh (1.21) nhu sau:

d‘a _

EJ2 4=
\]dx4

v (1.23)

Phuong trinh (1.23) 1a phuong trinh vi phan viét theo d6 vng cia dam va d6
1a phuong trinh chuyén dong caa dam.
1.3.2 Nguyén ly c6ng bu cwe dai

P .
g Céng b Céng bu

Al

a) b)

| Thé niing
bién dang

Hinh 1.3. Quan hé giira o - ¢va P-u
a. Quan h¢ gizra iing sudt (o) va bién dang () cua vdt liéu dan hoi tuyeén tinh
b. Quan hé giira luc tac dung (P) va chuyén vi (u)
Trén hinh 1.3 biéu th; quan hé giira 1ng sudt va bién dang cua vdt liéu dan héi
tuyén tinh.
1O'é'
Theo hinh 1.3a, thé ning bién dang duoc tinh bang 2 duogc biéu thi bang

duong gach dimg, cong bu dugc biéu thi bang duong gach ngang.
Cong bu dugc tinh bang cong ctua ngoai luc (khong cd hé s6 — ) trir di thé nang
bién dang.

[CbNng ngoai lyuc - thé nang bién dang] — max

Nguyén ly cong b cuc dai duoc phét biéu nhu sau:
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Trong tdt ca cac chuyén vi dgng hec khd di thi chuyén vi thuc xdy ra
khi cong bu ciia ngogi luc 12 16n nhdt
Chuyén vi dong hoc kha di 1a chuyén vi thoa min cac phuong trinh lién tuc
(cac lién hé gitra ung suat va bién dang).
Péi véi bai toan hai chiéu, mdi diém cé chuyén vi u theo chiéu ngang X va V
theo chiéu duang y, px va py la luc tic dung twong ung theo chiéu ngang X va

theo chiéu dtmng y thi cong bu dugc viét nhu sau:
{J.(qu +p,u)dv —H}
\

Khi tinh thé nang bién dang n, ta chl y rang céac ang suat phap “* v gay ra cac

bién dang dai = ®vva con gay ra su thay ddi thé tich x*%+) cho nén thé ning

bién dang cua bai toan hai chiéu dugc viét nhu sau:

H:J‘ZG{gXZ +&l 1 ’uZ,u (e, +¢,) +%gfy}dv
(1.25)
E

Trong d6: G 1a mé dun trugt G = 20+ 4) ;

Bay gio ta viét nguyén ly cong bl cuc dai cho bai toan hai chiéu nhu sau:

I(pxu + p,u)dv —IZG[gf +e) + . ,uz (e, +¢&,) +%5X2yﬂdv
max .V v —eH (1.26)
Véi rang budc 1a cac phuong lién hé gitra chuyén vi va bién dang:

. v _u v

ST 0 Ty T oy
Thay ®x%v'%x vao ham muc tiéu vsi chi y max[A]=min [-A], ta cé:

—j(pxu + p,u)dv
min v +
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N CRE E R e

Trong phiém ham trén chira hai ham an 1a ham u(x,y); v(x,y) chua biét.

(1.27)

Str dung phép tinh bién phan ta nhan dugc hai phwong trinh can bang sau:

o’u 0% G (o o%

7T 7 |t 5>+ +p, =0
oV 0% G (oW o

>+t — |+ >+ +p, =0

D6 13 hai phuong trinh cin bang viét theo chuyén vi cua bai toan phang.

Bay gio ta viét nguyén ly cong bl cuc dai cho bai toan dam chiu un nhu sau:
Vi du 3. Str dung nguyén ly céng bl cuc dai xay dung phuong trinh chuyén
dong cho bai toan dam Euler-Bernoulli.

Xét dam chiu udn, nguyén Iy céng bl cuc dai dugc viét nhu sau:

1 1
|:—J.quX+J‘%ZZdX}
min 0

o (1.29)
Vi rang budc:
. d’w
ax’ (1.30)
% 14 bién dang uén ciing 1a d6 cong cua dudng d6 vdng . Tich phan tht nhat

1
trong (1.29) la cong toan phan caa ngoai luc (khong c6 hé s6 2), tich phan thir

hai & thé nang bién dang biéu thi quan bién dang udn.
Thay 7 tir (1.30) vao (1.29) ta co:

1 1 2
{—J‘qwdx+j%(—z \;Vﬂdx
minL © 0 X (1.31)

Phiém ham trén c¢6 ham d6 vong w(x) chua biét. Bang phép tinh bién phan ta

c6 phuong trinh Euler sau:
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dw q=0
EJ dx* (1.32)
Phuong trinh (1.32) 1a phuong trinh chuyén dong cua dam.

Nhu vay, nguyén Iy cong bu cuc dai khéac voi nguyén Iy thé nang bién dang toi
thiéu 1a sir dung chuyén vi 1am an. Phuong phap phan tir hiru han ciing dung an
lam chuyén vi cho nén khi xay dung phuong trinh can bang cho phan tir (ma
tran do cang cua phan tir) thi thuong dung nguyén ly cong bu cuc dai.

1.3.3. Nguyén ly cong do:

Néu nhu hé can bang thi tong hinh chiéu cua tat ca céc luc tc dung Ién hé I1én

ba tryc cua hé toa 6 Bé cac phai bang khong.

2 X=03Y=0%7=0 (1.33a)

2.X ,ZY ,ZZ: la tong hinh chiéu cua tat ca cac luc tac dung Ién ba truc cua
hé toa d6 Do cac.
Bay gio ta viét biéu thuc sau:

DX DN | D ZW (1.33b)

& day xem cac V92 13 cac thira sd bét ky.

Néu nhu ¢ biéu thuc (1.33a) thi ta ¢d biéu thirc (1.33b) va nguoc lai,
néu nhu co biéu thiac (1.33b) thi nhan dugc biéu thuc (1.33a) boi vi cac
U,V &2 |3 nhitng thura s6 bt ky.

Ap dung vao bai toan co ta xem U, V, W Ia cac chuyén vi 4o, 1a cac
chuyén vi do cac nguyén nhan bét ky bén ngoai nao khac gay ra va V.2
la cac bién phan (thay doi bé) cua cac chuyén vi a0. C4c chuyén vi 40 nay phai
tuong thich véi chuyén vi cua hé dang xét c6 nghia 1a phai thoa man cac diéu
kién lién két caa hé.

Vi du chuyén vi thuc 13 lién tuc, c6 dao ham bac 1 hoic bac 2,...thi

chuyén vi 4o ciing phai 12 lién tuc, c6 dao ham bac 1 hozc bac 2,...
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Do la chuyén vi a0, khéng phai do luc tc dung gay ra, nén néu hé da can bang
thi ngoai luc tac dung va noi luc (néu c6) déu khong thay d6i (khong thay doi
d6 16n va chiéu tac dung, chi thay ddi vi tri dat luc).

M, N, 40 dai lugng doc 1ap véi luc tac

Nhu vay, cac chuyén vi a0
dung va tur bidu thuc (1.31a), (1.33b) véi cac tich &9V |3 cong 4o, cho nén
ta ¢4 nguyén ly cong ao duoc phét biéu nhu sau:

Néu nhw tong cong cia cac luc tac dung cia hg thuc hién trén cac
chuyén vi @o bang khong thi hé ¢ trang thdi cin bang.
Chuyén vi a0 1a bat ky cho nén ta c6 thé xem chuyén vi ao 1a chuyén vi thuc.
Vi vay nguyén ly cong ao con dugc goi la nguyén ly cong kha di hoac nguyén
ly chuyén vi kha di.

Trong bai todn hai chiéu, gia thiét mdi diém c6 chuyén vi u theo chiéu
ngang x va V theo chiéu ding y, px va py la luc khdi tac dung theo chiéu X va
chiéu y tuong tng, nguyén ly cdng o dugc viét nhu sau:

— [ p,&u+p,d0)aV +[[0,5z, 40,55, + 7,5, 1AV =0 (1.34)
\ \

ou ov ou ov
—| p,ou+p MV + |[0,06 —+0,0 — + 1, 5(—+—j]dv =0 (1.35)
;,[ Y VI ox Yoy Yloy ox

Phiém ham trén c6 hai dai luong bién phan 1a du va Ov ddc 1ap véi nhau, nén

st dung phép tinh bién phan ta nhan dugc hai phuong trinh cén bang sau:

Trén co s& nguyén ly cong ao nhu trén, ta tim cach xay dung phuong trinh

chuyén dong cua dam Euler-Bemoulli bang vi du sau:
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Vi du 4. Xay dung phuong trinh chuyén dong cua dam Euler-Bemoulli bang
nguyén ly cong ao.
Déi vai bai toan dam Euler-Bemoulli, nguyén Iy céng 4o duoc viét nhu

Sau.

I d2W I
Mo| — X—{gow=0
g ( dxzjd {q

Phuong trinh can bang caa dam sé la:

d*w
(dxz +q =OJ (1.38)
o, dfw
Thay M= dx* vao (1.38) ta c6 phuong trinh chuyén dong cua dim nhu sau:
dw
EJ dx* 9_ 0

Tur nhiing trinh bay trén cho thay nguyén Iy cong ao hay nguyén ly céng kha di
hay nguyén Iy chuyén vi kha di 1a phuong phap rat thuan tién dé xay dung
phuong trinh can b'fmg cua co hé va duogc sur dung rat rong rai trong co hoc.
Nguyén ly cong ao ciing duoc st dung rong rai trong tinh toan cong trinh theo

phuong phap phan ti hitu han.
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CHUONG 2.
LY THUYET DAM CO XET PEN
BIEN DANG TRUQT NGANG

Trong chuong ndy trudc tién trinh bay 1y thuyét dam thong thuong, ly
thuyét dam Euler - Bernoulli, sau d6 gidi thiéu ly thuyét dam cé xét bién dang
truot ngang va phuong phap nghién ctu noi luc va chuyén vi cia hé dam chiu
udn c6 xét bién dang truot ngang.

2.1. Ly thuyét dam Euler — Bernoulli

Dam chiu udn 1a cau kién c6 kich thudce tiét dién nho hon nhiéu lan so
véi chiéu dai caa nd, trén mat cat ngang dam ton tai hai thanh phan noi luc 1a
mémen uén M va luc cat Q. Tai trong tac dung Ién dam nam trong mat phang
c6 chira duong trung binh cua dam va thang goc véi truc dam. Duéi ddy ta xét
hai truong hop dam chiu udn thuan tdy phang va uén ngang phang.

2.1.1. Dam chiu udn thuan tay phiang

Dam chiu uén thuan tdy phang 1a dam ma trén moi mat cit ngang dam
chi c6 mot thanh phan noi lec 13 mémen udn nam trong mat phang quan tinh
chinh trung tam.

Ung sudt trén mat cat ngang
Gia s dam c6 mit cit ngang hinh chir nhat (bxh) chiu uén thuan tay

nhu, hinh 2.1a. Ta tién hanh thi nghiém sau:
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Truéc khi dam chiu luc ta 4 Mo

1 2 0 vudng “
vach |én mat ngoai dam nhiing :\ "

duong thang song song va vudng

dx

g6c Vai truc dam tao nén nhiing 6 '
by ¥

vuéng, hinh 2.1a. Sau khi dam bién
()

dang, hinh 2.1c, ta thy rang nhiing

duong song song Véi truc dam tro

thanh nhiing duong cong, nhirng

duong thang vudng goc véi truc

dam van thang va vuéng goc véi 1 - 7
truc dam. Tir d6 ngudi ta dua ra hai

o X Hinh 2.1. Dam chju uén thuén tay
gia thiét sau day: )

- Mt cat ngang dam ban dau phang va vudng goc véi truc dam, sau bién
dang van phing va vudng goc véi truc dam (gia thiét vé mat cit ngang, gia thiét
Bernoulli).
- Trong qua trinh bién dang céc thd doc ctia dam khong ép lén nhau va
khong day xa nhau (gia thiét vé cac thé doc).
Ngoai ra khi tinh toan dam ta con dwa vao cac gid thiét sau:
- Vit liéu c6 tinh chét lién tuc, dong nhat va dang hudng
- Bién dang cua vat thé 13 bién dang dan hoi va dan hoi tuyét dbi.
- Bién dang cua vat thé do ngoai luc gay ra 1a nhé so véi kich thuéc cua
chang.
- Tuan theo nguyén ly doc lap tac dung

T hinh 2.1c, ta nhan thay rang: khi dam bi uén thi céac thé trén co lai,
c4c thd dudi gidn ra. Do vay khi chuyén tir thé co sang thé gidn sé ¢d thé khong

co, khong gidn. Thd nay goi la thd trung hoa. Tap hop cac thé trung hoa goi la
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l6p trung hoa, giao cua I6p trung hda véi mit cit ngang goi 1a duong trung hoa.

Néu ta xét mot mat cit ngang nao d6 ctia dam thi sau khi bi udn né sé& cho hinh
dang nhu hinh 2.2.

Puong trung hoa cua mat cét

ngang 1a mot duong cong. Vi chuyén vi

cia cic diém trén mat cit ngang cua

dam 1a bé, nén ta coi rang hinh dang

mit cit ngang dam khong thay doi sau
khi bién dang. Hinh 2.2. Mt cit ngang dam
Khi d6 duong trung hda ciia mat cat ngang 1a dudng thang va gia su lay
truc ox trung véi duong trung hoa.
Xét bién dang cua doan dam dz
dugc cit ra khoi dam bang hai mit cit 1-
1 va 2-2. Sau bién dang hai mat cat nay

lam vai nhau mot goc de va tho trung

hoa c6 ban kinh cong la p (hinh 2.3).

Theo tinh chat cua thd trung hoa ta co: . _ , _
Hinh 2.3. Hai mgt cat sau khi

uon
dz = pdo (2.1)
Ta xét bién dang cua thd ab cach thé trung hoa mot khoang 12 y, ta co:
ab, = dz = pde; abs = dz = (p+y)dp  (2.2)
Tu (2.2) ta suy ra:
abfbt _ (p+y)do—pdo (2.3)

ab; pdp '
Xét (g suat tai diém bat ky A(x,y) trén mat cit ngang nao dé cua dam
(hinh 2.4a). Trong d6 truc oy la truc doi xang ctia mat cat ngang, truc ox tring

véi duong trung hda cua mat cit ngang.

&, =

21



Ta tach ra tai A mot phan té hinh hop
bang cac mit cat song song Vi cac mat toa do
(hinh 2.4b). Khi d6 theo gia thiét tha nhat thi M,
g6c cua phan té sau bién dang khong dbi, nén /

ta suy ra trén cac mat ciia phan té khongco tng z—|

suét tiép. Mat khac theo gia thiét thir hai thi % =i
trén cac mat cua phan té song song véi truc Z g 6,
khéng c6 wng suat phap, nghiala o, = o, = 0. A!L
Do vay trén cac mat cua phan té chi co ung P el Ve
suat phap o, va theo dinh luat Hooke ta co: Hinh 2.4. Phan té A
o, =Ee, = E%; (2.4)
Dam chiu udn thuan tdy nén ta co
N, = [, 0,dF =0 (2.5)
M, = fF o,ydF =0 (2.6)

Thay (2.4) vao (2.5) ta duoc
_ Yoap _E _0 —Ec¢c _
NZ = fF E;dF = ;fF de =0 —;Sx =0 (27)
S, = 0 nghia 13 ox 1a truc quan tinh chinh trung tam. Vi y 1a truc dbi

Xang nén suy ra oxy la truc quan tinh chinh trung tdm caia mat cat ngang. Thay
(2.4) vao (2.6) ta duogc:

M, = dF =2 EXgF =E 2.8

x_fp 02y _;fp ? _;]x (2.8)
. 1_ My

Suy ra: =5 (2.9)

EJ, 12 d6 cang cua dam khi udn. Thay (2.9) vao (2.4) ta c6:
Mx
g, = E_]xy (210)

Tur cong thac (2.10) ta cd cac nhan xeét:
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- Luat phan b cua o, trén mit cat ngang dam 1a bac nhat déi véi y.
- Nhitng diém trén matc 4t ngang c6 cung tung d6 y (nghia 1 nhitng diém
nam trén dudng thang song song vai truc trung hda x) sé co tri sé bing nhau va
no ti 18 vai khoang céch tir cac diém do t6i truc trung hoa.
- Nhitng diém nam trén truc trung hoa y=0 c6 tri s6 o, = 0. Nhiing diém
xa truc trung hoa nhat s& c6 tri sb (ng suét 16n nhat va bé nhat.
2.1.2. Dam chiu uén ngang phang

Dam chiu uén ngang phang 1a dam ma cac mat cat ngang cua nd co cac
thanh phan ni luc 1a lyc cit Q, va mdmen uén My nam trong mat phang quan
tinh chinh trung tm cua dam.
Ung sudt trén mat cdt ngang

Xét dam chiu uén ngang

P
plhangj nhu:-tAren hll’l-h 2.5a. Taquan al i l \
sat thi nghiém sau: T | )
Trudc khi dam chiu lyc ta A
vach 18n mat ngoadi dam nhiing 12 } y
\ N \ A idhs L/2 [-/2 ;ll
dudng thang song song va vubng = r

goc véi truc dam tao. Sau khi dam  b) E[) ‘ 7,

bién dang ta thay rang nhiing %, E'—P
duong thang song song vai truc

dam tro thanh nhiing duong cong @
nhung van con song song véi truc PL
dam, nhiing duong thang vudng P
g6c véi truc dam khdng con thang
va vudng goc véi truc dam nira
hinh 2.5c.

~

Hinh 2.5. Dam chju uén ngang phéng
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Diéu d6 chung té mat cit ngang dam sau bién dang bi vénh di. Néu tai
diém A bat ky cua dam ta tdch ra mot phan té bang cac mit song song véi cac
mat toa do thi sau khi bién dang cac goc vudng caa phan té khdng con vudng
nita, nghia 1a phan té c¢d bién dang g6c. Suy ra trén cac mit phan té s& co tng
suat tiép.

Trong ly thuyét dan hoi ngudi ta da chimg minh duoc rang trén cac mat
ctia phan td ¢ cac ng suat sau:

Oy, Oz, T2y Ty, Nhung thuc té ~

X
cho thay rang ng suat phap o), rat s ,r— ————— >
bé so véi cac thanh phan khac nén ta B

bo qua, nghia 1a khi dam chiu uén

ngang phing thi trén mat cit ngang \“‘J ”
dam c6 hai thanh phan ung suat 1a: Bz

g suat phap o,, va ung suat tiép  Hinh 2.6. Phan té dim chju uén

hinh 2.6. ngang phdang
a.  Ungsudt phap o,:
Trong muc trudc nho gia thiét Bernoulli vé mat cat ngang phang ta da
dua toi cong thuc tinh tng suat phap o, trén mat cat ngang dam 1a:

0, =—=Y (2.11)

Trong trudng hop dam bi udn ngang phang thi sau bién dang mit cat
ngang dam bj vénh di, nghia la khong con phang nita. Nhu vay moi 1ap luan dé
dua t&i cong thuc (2.11) dé tinh tng suat phap o, khoéng phi hop nita. Tuy
nhién trong Iy thuyét dan hoi ngudi ta da ching minh dugc rang d6i véi dam
chiu uén ngang phang ta van c6 thé dung cdng thac (2.11) dé tinh @ng sut o,

ma sai s6 khong 16n lam.
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b.  Uhg sudt tiép trén mgt cdt ngang dam chiu uén ngang phang (céng
tharc Durapski):

Gia st c6 dam mit cat ngang 1a hinh chix nhat hep (b<h) chiu uén ngang
phang hinh 2.7.

Ta xét (g suat tiép tai diém bat ky A(X,y) trén mit cit ngang 1-1 nao d6
cua dam. Qua diém A ta ké duong thang song song véi truc ox cat bién caa mat
cét tai B va C, cat truc oy tai D. Trudc hét ta xét (g suit tiép tai B,C va D.

Ung suat tiép tai C la T, gia st co

phuong bat ky trong 1-1.

Phan 7. thanh hai thanh phan: )
Tzx Va Tz, . Nhung theo dinh luat doi Ny x | x
ring cta tng suat tiép thi ta co: 7, = 5/3 1 C(«z‘y
75, = 0 (<, = 0 vi mat bén dam theo 5 3
gia thiét khong co tai trong tac dung)
Hinh 2.7.

hinh 2.7.
Do vay 7. = 75, c6 phuong song song voi oy. Do tinh chét ddi xtng ta
suyratg =15, = Tgy.
Ciing do tinh chat d6i xang va gia thiét hinh chir nhat hep nén 7, =
Ty, = Thy = Tyy .-
Do gia thiét hinh chit nhat hep nén CD=b/2 cang nhé ma &ng suat tiép
tai C va D chi c6 phuong y. Do vay ta suy ra |a ng suat tiép tai A chi c6 phuong

y: T4 = T, Dong thoi:

Nhu vay @ng suit tiép cua cac diém trén duong thang BC qua A chi c6

phuong y va tri s6 bang nhau. Nghia 1a tng suat tiép trén BC phan bd déu véi
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cuong do 1a 7,,. Dé tinh 7,,, ta cit mot doan dam dz bang hai mat cat 1-1 va 2-
2, hinh 2.8.

Sau do cat doan dam dz

3 Ny 2 .2 W 1
bang mot mat phang qua diém A M Byl o
song song Vvéi truc Z. Mit phiang ( —————— mﬁ“/_ / =
nay chia doan dam dz ra 1am hai o ) s, b
5;‘/ AT [

phan. Néu goi BC = bc va dt
(BCEF)=Fc thi tir diéu kién can Hinh 2.8.
bang cua phan dudi cia doan dz
hinh...ta suy ra:
zz = j oV dF — j 0P dF +1,,bcdZ = 0
Fc

Fc
Mat khéac ta lai cé

My
o) =y (@
M +dM,
o) === =xy (b)
Thay (b) vao (a) ta duoc:
1 M +dM, M, _
tyz =ty T ez [ch o Y- Jre Ede] B
1 dm,
- Jx-bc dz fFC de (C)
Taco: 2% =Q,; [. ydF =S¢ d
ach: —*=Qy; [, ydF =S; (d)

S¢: goi 1a mémen tinh ctia phan dién tich Fc dbi voi truc x. Thay (d) vao

(c) ta suy ra:

_ _ Sk
Tyz =Tzy =7 (2.12)

Trong d6 be goi 1a bé rong ciia mat cit ngang qua diém can tinh ang suat
A. Cong thuc (2.12) goi la cong thirc Durapski. Tir cong thirc nay va theo diéu

kién can bang cta phan thanh & trén ta suy ra 1a 7, cing chiéu véi truc z,
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T,y CUng chiéu véi Q,. Nghia 1a dau cua t,,, va Q, nhu nhau. Do vay & day chi
can tinh tri s6 cua 7, theo (2.12) con dau cua nd duge xac dinh tir biéu d6 luc
cat Q,,.

c.  Lugtphan bé ing sudt tiép t,, déi véi mdt cat hinh chi nhat:

Gia sir mat cat ngang dam chiu ubn

ngang phang 1a hinh chit nhat bé g .
rong b, chiéu cao h. Ta di tim luat =

phan bé cua tng suat tiép 7, déi véi i ;——: 3 ? @
mat cit néu lyc cit tai mat cit nay 1a L y’(&

o Hinh 2.9.

Ta xét diem bat ky A(x,y) trén
mat cat, ta ¢ bc=BC=h.

5,5:(;—) [y+ (——y)] —<h—2—y>

QyS§ Qyz(hz‘y 2) Qy

= SR _ W (r 2
yr STy === 2 (L —y?) (213)

Tir (2.13) ta nhan thay rang: Luat phan bd 7, trén mat cét 1a parabol bac

Suy ra: T

hai ddi véi y. Véi y=0 (nhirg diém nam trén truc trung hoa ox) thi:

Qyh?  3Qy
8.Jx 2F

Tzy (O) = Tmax = (214)

— +2 thit,, =0
y==x > 1T,, =
Tir d6 ta c6 thé V& duoc biéu d6 ,,, cho mat cét nhu, hinh 2.9b.
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d.  Ludtphan bé #ng sudt tiép t,,, doi véi mdt cat hinh cha I
Xét dam chiu udn ngang
q , & b B b c)@
phang c6 mat cat ngang hinhchir I — "w% 777 %

hinh 2.10. Bé don gian ta c6 thé coi A .

mit cit bao gém ba hinh chit nhat | I
AC A

ghép lai: Hinh chir nhat long rong 1 ﬁ%i 7 —~

d, cao (h-2t) va hai hinh chir nhat d y

dé rong b cao t, hinh 2.10b. Hinh 3.10.

Thuc té cho thay Gng suat tiép do Q,, gy ra & phan dé rat bé so véi phan
long. Do vay & day ta chi Xét su phan b6 g suat tiép 7,,, & phan long mat cét
chir I ma thoi.

Ta xét diém bat ky A(xy) thuoc long ta co: be=d. S = S, — ~dy?

1,2
. _ QS% _ QY(Sx_Edy )
Suy ra: Ty = e d (2.15)

Tur (2.15) ta nhan thay rang: Luat phan bd 7,, cua phan long mat cat
chir | 12 parabol bac hai d6i véi y. V&i y=0 (nhitng diém nam trén truc trung
hoa ox) thi:

QS
Tzy (0) = Typax = ];bz

(2.16)
Péi vai diém C tiép gidp giita long va dé cua chit I, nhung thudc phan long thi

, h o .
taco: y, =5t Tur d6 ta co:

sy < el

Tc =Tp =Ty (——t T4
n

- (2.17)
Bicu do 74, cua phan long mt cat chit I duoc V& trén, hinh 2.10c.
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e.  Ludtphan bé ing sudt tiép ,,, déi véi mdt cat hinh tron:
Xét dam chiu udn ngang

phang cd mit cit ngang hinh tron Q @)
L R A . % b)

ban kinh R, va luc cat trén mat ca "an

nay la Q,, hinh 2.11. Ta xét ung

0 X

L

AN ]
\ESLT PN T b

N—1—7

bk

I3

suit tiép trén duong BC song song  w

-

véi truc ox va cach ox mot khoang

dE

bang y. Ta thay rang tai cac diém
ot . %
bién B,C &rng suat tiep 7 tiep tuyen

V6i chu vi hinh tron va do ddi
xang thi ang suét tiép tai D co Hinh 2.11.
phuong y.

Ta thira nhan rang ¢ng suat tiép tai cac diém khéac nhau trén BC c6
phuong qua diém K d6ng thoi thanh phan song song oy cuia chiing 13 bang nhau,
nghia 1a thanh phan 7,,, phan b6 déu trén BC, hinh 2.11a. Ta di tim lut phan
b cta 7,,. Ta co:

bc=2R.cosa

R /2
S5 =j pdF =f pbdF =j Rsing.2Rcos@.d(Rsing)
Fc y

(¢4
/2 /2 2
= 2R3f cos?.sinpd(@) = —2R3f cos?@d(cos) = §R3cos3a’
a a

2
Qy5R3cos®a  Q,R%cos3a  QyR%(1-sin’a
Suy ra: Ty = —2 =2 = R )
Jx-2Rcosa 3Jx 3Jx
Qy(R*-y?)
sz =T (218)

Biéu d6 T,y duoc V& trén hinh 2.11b, trong do:
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QyR? 4Q 4Q
Tzy (0) = Typax = == (2.19)

3J,  3mRZ  3F
Bicu dd 7,, cua mat cit hinh tron dugc V& trén, hinh 2.11b.

2.2. Ly thuyét dam co xét bién dang trwet ngang

Ly thuyét xét bién dang truot trong dam do Timoshenko dua ra va thuong
duoc goi la ly thuyét dam Timoshenko. Khi xay dung ly thuyét nay van s dung
gia thiét tiét dién phang cua ly thuyét dam théng thuong, tuy nhién do cé bién
dang truot, truc dam sé xoay di mot goc va khong con thang goc véi tiét dién
dam nira.
Ly thuyét xét bién dang trugt duoc ding phd bién trong phuong phap phan tir
hitu han hién nay 1a dung ham d6 véng y va ham gdc xoay # do momen udn
gay ra 1 hai ham chua biét. Trong trudng hop ndy bién dang truot tai truc trung

hoa duoc xac dinh nhu sau, vi du nhu [28, trg 5].

Yy = d_y -0 (2.20)
dx
Tur d6 ta 6 cac cong thire xac dinh M va Q
do
M =-5(Z,)

0= [—d—y + 9] (2.21)
a dx
Trong cac cong thic trén EJ 1a d6 cang ubn, GF 1a do cang cat cua tiét
dién, G 1a modun truot caa vat liéu, F 12 dién tich tiét dién, « 1a hé s xét su
phan b khong déu cua tng suat tiép trén chiéu cao tiét dién.
Céc tac gia [28, trg 5] cho rang khi modun trugt G—oo thi tir (2.21) suy ra

_ 4y
dx
nghia 13 trd vé ly thuyét dam khdng xét bién dang truot: G6c xoay cua dudng

0 (2.22)

d6 vong la do mémen gay ra. Theo tac gia, 1ap luan trén khong ding baoi vi khi
thoa min phuong trinh (2.22) thi tir phuong trinh (2.21) suy ra luc cat Q = 0,
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dan vé truong hop udn thuan tdy cia dam. Vi 1y do d6 nén 1y thuyét xét bién
dang truot dung y va 8 1am an khéng hoi tu vé 1y thuyét dam thong thudng va
khi 4p dung vao bai toan tAm, n6 ciing khong hoi tu vé ly thuyét tim thong
thuong (ly thuyét tim Kierchhoff, [28, trg 71], [25, trg 404]. Phuong hudng
chung dé khac phuc thiéu st vira néu la bd sung them céc nat xét luc cit Q
trong c&c phan tir dim hozc phan tir tim [25, 26, 28] hoic dung phan tir ¢
ham dang 1a da thirc bac thap (bac nhat) [ 31,trg 126]. Van dé tim phan ta ¢6
ham dang khong bi hién twong bién dang truot bi khda, shear locking, van dang
duoc tiép tuc nghién cau, [32]. Tinh hinh chung hién nay vé ly thuyét xét bién
dang trugt trong dam va tdm 1 nhu trén.

Khéc voi cac tac gia khac, trong [15, 16] ly thuyét xét bién dang truot
duoc xay dung trén co sé hai ham chua biét 13 ham do véng y va ham luc cat

Q. Trong trudng hop nay bién dang truot xac dinh theo

_RQ
y= GE (2.23)

a 1a hé s6 xét sy phan bd khong déu cua tng suat cat tai truc dam.
G6c xoay do momen udn sinh ra bang hiéu giira goc xoay dudng do
ving véi goc xoay do luc cit gay ra.

_dy _dy eQ (2.24)

Momen ubn s& bang

M=-£190 gy 4y, @ dQ (2.25)
dx dx* GF dx

Bién dang uon »
_d2y+ a dQ
dx*  GF dx

Dua trén ly thuyét nay ta s& xay dung phuong trinh can bang va cac diéu

x = (2.26)

kién bién caa dam nhu sau. Theo phuong phap nguyén 1y cuc tri Gauss ta viét
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phiém ham lugng cudng buc (chuyén dong) nhu sau: (gia sa dam c6 luc phan

b déu q).
= [ Mydx+ [ Qsdx— [ aydx — Min (2.27)

Céc ham d6 véng y, ham bién dang truot y va ham bién dang udn x 1a cac dai

lwong bién phan, nghia 1a diéu kién can va du dé hé & trang thai can bang 1a
l

6Z = jMS)(dx +jQ6ydx —jq6ydx =0
0

aQ l Q l
HayZ = [ Ms [——+Gfipd—] x + [, 08 52| dx - [ q8[yldx =0

(2.28)
Trong phuong trinh tich phan (2.28) hai dai luong can tim 12 y(x) va Q(x) do

d6 co thé tach ra thanh hai phuong trinh sau:

l l
jM [_W dx —jq&[y]dx =0 (2.29)
0 0

Lay tich phan ting phan phu’O’ng trinh (2.29)
l l
f M5 dx = f Md (6 [dy
dx2 * ( dx
0 0
=—Mo [d

dy1|’ dy
— d
xllg * f [d ] x
Tich phan ting phan thanh phan cubi cua biéu thuc trén ta co
l

[ ws

0

l
d2y dy|’ dM ! d2M
- | S olvdx
0

~gxz|%xX = MO [dx e
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Phuong trinh (2.29) sau khi 14y tich phan ting phan c6 dang

dy
_M —_
0 [dx

l
l+dM5[]l f M N sTyldx = o 231
T y 7z T4 )0lyldx = (2.31)

0
0

Bai vi cac dai luong 8[y] va 8 [Z—ﬂ la nho va bat ky nén tir (2.31) ta c6

d2M+ =0 2.31

dxz q_ (' a)

dy .

—I = 2.31

[dx =0 (2.31b)
dMS[]l—o 2.31
dx y 0_ ( C)

Tich phan ting phan phuong trinh (2.30):
l
jMa —fMd 5[“0] d
GF dx dx = ( GF) x

0
l
dM
s [a)
.'X,'
0

Sau khi lay tich phan tung phan

sl o e

0

(o[,

Bai vi bién phan & [g]la nho va bét ky nén tir (2.13) ta c6

am = 2.32
e te= (2.32a)
aQ l_
Mé [ﬁ] =0 (2.32b)

Str dung cong thic (2.6), hai phuong trinh vi phan cin bang cua dam (2.31a)
va (2.32a) c6 dang.
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« &°Q] _ (2.33a)
£ dx4 GFdxs| 1 2oa
gy« e (2.34a)
/ dx3 GF dx? =0 oa
Phuong trinh (2.33a) va (2.34a) c6 thé viét lai dudi dang
d*y ah?d3Q
— — 2.
dx* 6 dx® ! (2.33D)
d3y ah?d?Q
EJ I3 6 diz Q (2.34b)
Pé nhan dugc cac diéu kién bién caa dam thi két hop (2.31b) va (2.32b) ta co
M5 [ L2 g 235
Chu y t6i phuong trinh (2.32a), phu’O’ng trinh (2.31¢) viét lai nhu sau
Q5[yllo =0 (2.36)

Tom lai, Iy thuyét xét bién dang trugt cho ta hai phwong trinh vi phan
(2.33) va (2.34) doi véi hai ham y va Q: phuong trinh (2.33) 1a phuong trinh
vi phan cén bang gitta noi luc va ngoai luc, phuong trinh (2.34) 1a phuong trinh
lien hé gitra mdmen udn va luc cat. Cac phuong trinh (2.35) va (2.36) 1 céc
diéu kién bién & hai dau thanh.

Ta xét diéu kién bién (2.35)

Néu nhu tai x=0 hodc x=1, goc xoay 6 do mdmen ubn gay ra cé bién phan

dy  aQ| - ik
60 =6 [—d— + E] # 0 thiM|y; =0 - lién két khop(2.37a)
Néu nhu goc xoay 6 khong c¢6 bién phan
dy  aQq|' U
60 =6 [—a + G_F] =0 thi M|ybat ky — lién ket ngam (2.37b)

Déi véi diéu kién (2.36), néu nhu chuyén vi y tai x=0 hozc x=I ¢é bién phan.

Syll} # 0 thi Q| = 0,— khong cb géi tua (2.37¢)
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Néu nhu S[yllh = 0 thi Q|4 bdt ky, - lién két goi tua (2.37d)

Khi khong xét bién dang truot, G—oo hodc h—0 thi cdc phuong trinh
(2.33) va (2.34) ciing nhu cac phuong trinh vé diéu kién bién (2.35) va (2.36)
hoic (2.37) déu dan vé ly thuyét dam Euler- Bernoulli. Cho nén c6 thé noi
ly thuyét xét bién dang trugt néu trén (xem ham y va ham Q 13 hai ham chua
biét) 1aly thuyét day da vé dam.

Cubi cuing can luu y rang khi xét tinh lién tuc vé gdc xoay giira hai doan
dam 14 noi dén tinh lién tuc cua goc xoay do mdmen gay ra xac dinh theo cong
thac (2.24), khong phai lién tuc cta goc xoay Z—z.

Hé so o

Hé s6 o 1a hé sb tap trung img suét cét tai truc dam.

Pbi véi tiét dién chir nhat a=1.5, ddi véi tiét dién tron a=4/3. Tuy nhién khi
xét bién dang truot cac tri trén thay doi twong ung bang 1.2 va 1.11 [23, trg
132, 52, trg 492].Trong tinh toan sau nay tac gia dung hé sd a=1.2 d6i voi tiét
dién chir nhat. Phuong phap chung dé xac dinh hé sb ¢ 1a can bang tong theo
chiéu cao dam céng ctia Gng suit cit thyc hién trén bién dang trugt twong Ung
v6i1 cong luc cat thuc hién trén bién dang truot tai truc dam, van dé nay da duogc

nhiéu tac gia nghién ctru [23] [25, trg 400].
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CHUONG 3
PHUONG PHAP PHAN TU HUU HANPOI VOl KHUNG PHANG
CHIU UON CO XET PEN BIEN DANG TRUQT NGANG

3.1. PHUONG PHAP PHAN TU HUU HAN

Phuong phép phan tir hitu han (PTHH) chia cong trinh thanh nhiing phan
nho dugc goi 1a phan tir. Viée tinh toan duoc thuc hién d6i véi mdi phan tir, sau
d6 két ndi ching lai véi nhau c6 dugc todn bd cong trinh.

Khi dung phuong phap sai phan hitu han, trang thai cua cong trinh (vi du
chuyén vi caa dam, tAim v.v...) dugc tinh tai mdi diém cua ludi sai phan, trang
thai cong trinh tai cac diém nam gitra cac nit cua ludi sai phan duoc tinh bang
cach ndi suy tuyén tinh. Tir cach nhin nay thay rd wu diém cua phuong phap
PTHH so véi phuong phap sai phan hitu han 12 trang thai cac diém trong mdi
phan tir dugc xac dinh theo cac ham nai suy (con goi 1a ham dang) chon trudc.
Do vay, dé c6 két qua c6 do chinh xac twong duong nhau, phuong phap PTHH
thuong dung it an hon so voi phuong phép sai phan hiru han. Theo E.Wilson
[30], thuat ngt PTHH duoc giao su Ray Clough [22] dua ra vao nam 1960 va
ong xem phuong phap PTHH la kha nang ntra (alternative) ctia phuwong phap
sai phan hitu han.

Cac ham noi suy dugc viét theo toa do tu nhién (xem phan sau) duoc ding
vira dé mo ta trang thai (vi du chuyén vi ciia dam, tim v.v...) va c6 thé vira dé
mo ta dang hinh hoc (vi du dam cong, vo...) cta cong trinh cho phép dé dang
lap trinh va tao diéu kién ty dong hoa qua trinh tinh todn (phan tir hitu han dung
ham noi suy nhu vay dugc goi 1a phan tir dang thdng sé, (Isoparametric finite
element). Cac ham noi suy viét theo toa do6 tu nhién do B.lrons va
O.Zienkiewicz dua ra nam 1968 [20].
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Do kich thugc phan tir nho, trang thai (vi du chuyén vi caa dam, tim...) cua
cac diém trong mdi phan tir khac nhau it cho nén cac ham nai suy duoc ding
1a cac da thirc bac thap, vi du d6i véi o vdng cia dam ham noi suy thuong
dung 1a cac da thic bac ba theo toa do x, d6i véi 6 vong cua tim 1a cac da thirc
bac ba theo toa do x va bac ba theo toa do y v.v.. Vi ding cac da thirc bac thap
cho nén cac luc tac dung trong mdi phan ti ciing nhu luc quén tinh (bai toan
dong luc hoc) déu phai qui vé cac nat. Vi phuong phap PTHH xét can bang tai
nGt nén lyc tc dung trong phan tir cling nhu luc quén tinh déu phai quy vé cac
luc tap trung tac dung tai nat.

Ham ndi suy dugc chon sao cho két qua tinh 1a 6n dinh: két qua 1a duy nhat,
thay do6i bé cua diéu kién bién hodc diéu kién ban dau khong lam thay doi két
qua tinh.,

Ly thuyét dam xét anh huong cua bién dang truot ngang duoc trinh bay &
muc 2.2 xem d6 vong y lyc cat Q caa dam 1a hai ham can xac dinh cho nén can
xéac dinh hai ham nai suy cho hai ham an noi trén.

Dua vao ham noi suy cd thé tinh duge truong @ng suat va truong chuyén vi
ctia mdi phan tir va do do ta thiét 1ap duwoc ma tran d6 ciing phan tir. Dua trén
ma tran do cang phan tir xay dung duoc ma tran do cang tong thé cua cong
trinh.

Phuong trinh co ban dé giai bai toan co hoc két cAu theo phwong phap phan
tur hitu han, cé dang nhu sau:

[K1{4} = {F} (3.1)

Trong d6: [K] 12 ma tran d6 cang tong thé cua toan két cau, 1a ma tran vudng
c6 kich thudc 12 s an cua toan bo két cau, nghia 14 s6 4n ctia phuong phép, {A}
1a véc to chuyén vi nit cua toan két cau (d6i véi bai toan khong xét bién dang
truot ngang), 1a véc to chuyén vi nit va luc cét (ddi voi bai toan c6 xét dén bién

dang truot ngang), {F} 1a véc to luc nut.
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Giai hé phuong trinh (3.1) ta c¢d thé dung cac chuong trinh c6 sin trong
Matlab dé giai. Néu nhu goi r 12 nghiém cua bai toan thi r = [K]\{F}.
Trong dé tai nay tac gia dung chuong trinh Matlab néi trén dé giai cac bai
toan.
3.1.1. Ham ndi suy caa phan tir
3.1.1.1. Ham ngi suy chuyén vi va goc xoay tai hai niit dau phan ti
Trong khi tinh dam ta c6 thé st dung phan ter chiu udn hai nat, nhu hinh 3.1.

——eX

Y Wz

Qo
Hinh 3.1. Phéan tz dam

Tai mdi ndt co céac thong sb 1a chuyén vi Wi, 01, Wy, 0,, do dé chuyén vi

trong mdi phan tir duoc viét theo cong thic sau:

W = [fw; fw,fx:fx,]X (3.2)
Trong do: X =[w,w,6,6,]
po W
Yoodx e P dx

Cac ham fwy, fw,, fx;, fx,, 1a cac ham noi suy can duoc xac dinh. Ta
viét ham noi suy dang da thic bac 3, W = ay + a;x + a;x? + asx? , dudi
dang ma tran ham d6 vong W duoc viét nhu sau:

W=[1x x%x3]X, (3.3a)

Trong do: X, = [apga,a,as]’

Bay gio ta tim mdi lién hé giira X va X,

Thay x=-1 vao (3.3a) ta co

w,=[1 -1 1 —1]X, @)
Thay x=1 vao (3.3a) ta co
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w,=[1 1 1 1]X, (b)
L4y dao ham (3.3) theo x ta c6

=00 1 2r 3x?]X,(3.30)
Thay x=-1 vao (2.40b) ta c0
6,=[0 1 -2 3]X, (c)
Thay x=1 vao (2.40b) ta c6
b=[0 1 2 3]X, (d)
Tira, b, ¢c vad ta nhan duogc
1 -1 1-1
' 1 1 1 1 _
X =[Ww,W,6,6,] = 0 1 —2 3 X,=aX, > X, =a X
0 1 2 3
1 -1 1-1
Trong do: a=|1 111
0 1 -2 3
0 1 2 3

Tur @6 ta tim dugc cac ham noi suy fw,, fw,, fx;, fx,, nhu sau:
fwy = 7 (= D2(x +2)))
fwy =5 (x +1)2(2 - x) >
fry =@ —1D2(x+1)
fr, =@ —1D2(x+1)

Cac ham ndi suy (3.4) thuong duoc ding dé tinh phan tir chiu uén va cho két

(3.4)

qua hoi tu.
l(3c—1)2(3c+2) l(x+1)2(2—x)
4 4 X

W = [fwifw,fx,fx,]X = i(x_1)2(x+1) %(X—l)z(x"'l)

(3.2a)
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Nhu vay, néu biét duoc céc théng sé Wi, 01, Wo, 0, tai hai dau phan tir thi
chuyén vi tai mdi diém bat ky trong phan tir 46 dugc xéac dinh theo da thirc bac
3 sau day

W= fwW, + fw,W, + fx,6, + fx,6, (3.5)
3.1.1.2. Ham ndi suy luc cit tai hai nat dau phan tie

Trong trudng hop xét bién dang truot ngang ta viét thém cac ham ndi suy luc

cit tai hai ¢dau phan ter hai nat nhu hinh 3.2.

Q1 Q2
5o
Hinh 3.2. Phén t# hai n(t

Tai nut dau phan tir ¢ thong sb 14 luc cat Q;, va tai n(t cudi phan ter c6 théng

s6 luc cat 12 Q,, do d6 luc cat trong mdi phan tir duoc viét theo cong thic sau:
V=1[fq.fq.]1X (3.6)
Trong do: X =[0; Q,]
Cac ham fq,, fq,, 1a cac ham ndi suy can dugc xéac dinh
Ta viét ham noi suy dang da thuc bac 1,V = a, + a,x, dudi dang ma tran
ham luc cat V dugc viét nhu sau:
V=[1 x]X,3.7)
Trong do: X, =lay a;]
Bay gio ta tim mdi lién hé giira 6 va 6,

Thay x=-1 vao (3.7) ta co

i=[1-1]X, (a)
Thay x=1 vao (3.7) ta cé
V,=[1 1]X, (b)

Tu a va b ta nhan duoc
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l 1 -1 —
X=[faifer =|; ~j]%a=aXe> X, =a7x

N -1
Trong do: a= [1 1]
Tur @6 ta tim dugc cac ham noi suy fq,, fq,, nhu sau:

far=51—-x)

1 (38)
faz = 21+

1 1
V=lfafelX = [f1-050+0]x

Trong d6: X = [Q,0,]’

Nhu vay, néu biét duoc cac thong sé Qi, Qo, tai hai dau phan tu thi luc cat
tai mdi diém bat ky trong phan tir d6 duoc xac dinh theo da thiic bac nhat sau
day

V=7, q.0:+ fq:0Q (3.9)

Do vay, trong truong hop phan tir o xét dén anh huong caa bién dang truot
ngang, chuyén vi tai mot diém bat ky trong phan tir dugc xac dinh nhu sau:
W= fwiW, + fwo,Wo + fx10, + fx;6, + fq:01 + fq20; (3.10)
3.1.2. Ma tran d cirng cia phan tir
3.1.2.1. Truwong hop khong xét bién dang trwet ngang

Trong trudng hop khong xét anh huang cua bién dang truot ngang, moi phan
ttr ¢6 hai chuyén vi nit Wa, W, va hai géc xoay 05, 0., tong cong cé bon théng
s6 (4 an) can xac dinh.

Goi X 1a véc to ¢t chira bdn an cua phan ta theo thu tu sau

X == [W1W29192] (311)
Thi c6 thé viét lai biéu thuc (3.5) du6i dang ma tran nhu sau

Sau khi d4 biét cac ham chuyén vi thi d& dang tinh duoc bién dang udn y,,

noi lec mémen ubn M,., cia phan tir nhu sau:
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1= [~ 22 p7] (3.13)
M, = EJXx (3.14)

Trong céc cong thic trén g = 2/ Ay 12 hé S0 dua chidu dai hai don vi cia
phan tir vé chiéu dai thuyc Ax cua né.

Biét duoc ham do véng cua phan tar thi dé dang tinh duwoc ma tran do ctng
phan tir. Theo phuong phap nguyén 1y cuc tri Gauss ta viét lugng cudng bic
d6i voi bai toan tinh nhu sau:

7= f_ll M, [x,]dx - min (3.15)

Trong d6 x, la cac biéu thic chira cac an X(i) cho nén diéu kién dung cua

(3.15) dugc Viét lai nhu sau:
1
87 = f M,8[x,]dx =0
-1

hay §Z = %( J2 M, | 2| dx) =0 (3.16)

0X;
hé sb 1/3 = A%/, 1a h¢ s6 dé dua tich phan tir (-1) dén (1) vé tich phan theo

chiéu dai phan tir. C6 bén an ta c¢6 dugc bon phuong trinh va c6 dang (3.1), viét
lai nhu sau:
[Kle{4}e = {F}e (3.17)

Trong d6: [K], 1a ma tran d6 ctiing phan tir e, {4}, 1a véc to chuyén vi n(t tai
hai dau phan tir e, {F}, 1a véc to tai trong tuong tng véi chuyén vi nat {4},.

Cac tich phan trong (3.16) cd thé tinh chinh xéac hoac cé thé tinh theo céac
tich phan gan ding (tich phan sb) cua Gauss. Sau khi tinh (3.16), nhan duoc ma
tran do cang phan tir [K], (4x4).
3.2.2.2. Truong hop c6 xét dén bién dang trwgt ngang

Trong trudng hop c6 xét dén anh huong cua bién dang truot ngang, mdi phan

tr ¢6 hai chuyén vi nat Wy, Wa, va hai goc xoay 0, 0,, tai hai dau phan ti,
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gidng nhu truong hop trén, ngoai ra tai nut dau phan tir con c6 thém an e cat
Q; VA tai nat cudi phan tir c6 thém lyc cit Q,, tong cong cd séu thdng sb (6 an)
can xac dinh.

Goi X 1a véc to ¢t chira Sdu an cua phan tir theo thir tu sau

X = [W,W,6,6,0,Q,] (3.18)
Thi cd thé viét lai biéu thirc (3.10) duéi dang ma tran nhu sau
W =[fwi+ fwy + fx1 + fxo+ fq1 + fq.1X (3.19)

Sau khi di biét cac ham chuyeén vi thi dé dang tinh duoc bién dang udn y,,
noi luc mdmen uén M,,, bién dang truot y, , goc xoay ¢ (do mémen gay ra)

cta phan t nhu sau:

a dv
GF dx

= [-L2 7+ L2 g](3.20)
M, = EJXx (3.21)

Yx = _i[o 0 0 0 fg1 fq2]1(3.22)
o =|-p+=v|329)

Trong céac cong thuc trén g = 2/ Ay 12 Dé s6 dua chiéu dai hai don vi cua
phan tir vé chiéu dai thuyc Ax cua no.

Biét duoc ham do véng cua phan tir thi d& dang tinh duoc ma tran do ctng
phan tir. Theo phuong phap nguyén 1y cuc tri Gauss ta viét lugng cudng bic
d6i voi bai toan tinh c6 xét dén anh hudng cua bién dang truot ngang nhu sau:

7= f_ll M, [x,]dx + f_ll Vé[y,]dx - min (3.24)

Trong d6 ¥, ¥, 1a céc biéu thic chira cc an X(i) cho nén diéu kién ding

cua (3.24) duogc viét lai nhu sau:
1

1
87 = de[)(x]dx + J VS[y,ldx =0

-1

hay =%(f M, [‘”“f]d + ! V["’V’C] x)=0  (3.25)
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hé sb 1//3 =AY/, 1ahé s dé dua tich phan tir (-1) dén (1) Vvé tich phan theo

chiéu dai phan tir. C6 sau an ta c6 dugc sau phuong trinh va c6 dang (3.1), viét
lai nhu sau:
[Kle{4}e = {F}e (3.26)

Trong d6: [K], 1 ma tran d6 ctiing phan ti e, {4}, 13 véc to chuyén vi n(t va
lyc cat tai hai dau phan tir e, {F}, 1a véc to tai trong twong tng véi chuyén vi
nat {4},.

Cac tich phan trong (3.25) cd thé tinh chinh xéac hoac cé thé tinh theo céac
tich phan gan dung (tich phan s6) cua Gauss. Sau khi tinh (3.25), nhan dugc ma
tran do cing phan tir [K], (6x6).

3.2.3. Ma tran d¢ cirng tong thé

Biét duoc ma tran do cing phan [K]e tir thi dé dang xay dung dugc ma tran
d6 ciing toan hé [K]. Gia sir thanh chi c6 mot phan tir thi ma tran [K], chinh 1a
ma tran d6 cang tong thé caa thanh. Gia sir chuyén vi tai nat (1) biang khdng
thi ta b6 dong 1, cot 1 cua ma tran [K],.

Chu y ngoai cac an chuyén vi, goc xoay, luc cat caa hé con phai xét thém
cac an la cac thira s6 Lagrange A cua cac diéu kién lién két tai dau hoac cudi
cac phan tir. Ngoai ra con can dua thém cac diéu kién lién tuc vé goc xoay tai
diém tiép giap giira hai phan tir.

Viéc thanh 1ap ma tran d6 ciing tong thé [K] cua toan két cu tir cac ma tran
d6 ctiing phan tir [K]e ¢ thé trinh bay nhu sau:

Hé phuong trinh co ban dé giai bai toan két cau theo phuong phap chuyén vi
c6 dang (3.1), viét lai dudi day.

[KI{A} = {F}
Trong d6: véc to an chuyén vi nt {A} gdm céc thanh phan xép theo thir ty

chuyén vi nat cua toan bo két cau, véc to luc nit {F} va ma tran do cang toan
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hé [K] ciing 1a cac thanh phan xép theo thi tu twong ng vai chuyén vi nit. [K]
va {F} ¢ day duoc lap tir cAc ma tran do6 cung [K], va luc nat {F}, cta ting
phan tir trong két cdu & hé toa do chung.

Déi voi mdi phan tir e c6 mot hé phuong trinh can bang dang (3.17) hoic
(3.26) ¢ hé toa @6 chung la:

[Kle{A}e = {F}e
Trong d6: {A}, 1a véc to chuyén vi nit c6 cac thanh phan dugc xép theo thur
tu di duoc quy dinh sin cho ting phan tir. CAu tric cua ma tran d6 cing phan
tir [K], va véc to luc nit {F}, cling tuong Gng véi chuyén vi nat {A},.

Do thtr tu cac thanh phan trong véc to chuyén vi nat {A}, cua ting phan
tr n6i chung khac véi thar tu trong vée to chuyén vi nlt {A} cua toan két cau,
nén can luu y xép dung vi tri cua tiing phan tir trong [K],va {F}, vao [K] va
{F}. Viéc sap xép nay thuong duoc ap dung phuong phap sé ma c6 noi dung
nhu sau:

M3i chuyén vi n(t va luc nat twong tng duoc dung hai 6 ma dé dat tén:
- S6 m& cuc bg: 12 s6 ma tir 1 dén m (m 1a tong sé chuyén vi nlt cia mdi phan
tir). D6 1a thir tu sap xép trong véc to chuyén vi nlt {A}, va véc to luc nat {F},
ciia mot phan tir. Néu cac phan tir ¢ cac chuyén vi nat (m) nhu nhau thi sé6 ma
cuc bo caa chuyén vi nat gidng nhau.

- S6 ma toan thé: 1a sé ma tir 1 dén n (n 1a tdng s6 chuyén vi nat cua toan két
cau). Do 1a thtr ty sap xép trong véc to chuyén vi nit {A} va luc nit {F} cua
toan két cau.

MJi thanh phan cua [K], va {F}, twong (g véi mot s mé cuc bo cua chuyén
vi n(t cy thé. Cin ctr vao sé ma toan thé caa chuyén vi nat cu thé ndy ma sap
xép tri caa thanh phan [K],va {F}, vao dung vi tri trong ma tran [K] va véc to
luc {F} cua toan két ciu. Cac thanh phan trong ma tran do cing cua tirng phan

tr duwoc Xép vao ciing mot vi tri cia ma tran toan hé thi duoc cong lai véi nhau.
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Phan vi du minh hoa duoc trinh bay théng qua cac vi du & phan sau.
3.2.4. Xét diéu kién ngoai lwc
Do dung ham d¢ v8ng caa phan tir 1a da thirc bac ba cho nén cac luc tac dung
Ién phan tir déu phai quy vé nat ké ca luc quan tinh trong bai toan dong.
3.2.5. Xac dinh ngi luc
Giai hé phuong trinh [K]{A} = {F} ta s& nhan dugc véc to chuyén vi cia toan
két cau, tir d6 xac dinh duoc noi luc can tim cua toan co hé.
3.3. Giai bai toan khung c6 xét dén bién dang trwet ngang bing phwong
phép phan tir hiru han
3.3.1. Bai todn khung
Khung 13 két cu lam viéc chiu udn. Céc dai lugng bién phan theo phuong
phép nguyén 1y cuc tri Gauss 1a bién dang va chuyén vi cho nén dé tinh khung
trude tién can gid dinh dang duong d vong ctia cac doan cua khung, (thi duy,
theo da thirc) hodc roi rac duong do vong theo phuong phap phan tir hiru han
hodc theo phuong phap sai phan hitu han. Nhu vay, khi giai truc tiép phiém
ham luong cudng bic Z thi cic an cua bai toan la:
~ céc hé sb ciia ham xap xi ( vi du, cta da thirc xap xi ) hodc
- chuyén vi tai cdc diém cua sai phan hiru han hoac
~ chuyén vi va goc xoay tai hai nit ciia phan tir hiru han
s& 1a cac dai luong bién phan (cac bién doc 1ap) cua bai toan.
Goi Y, (x) la duong do vong cta doan thir i nao d6 ctia khung véi truc x
tring voi truc dam, EJ, 1a d6 cing udn cia nd, z, 1a bién dang udn. DBdi voi

doan thtr i cua khung, ta co6:

£y _ Ebh | _ dy @ in’
12 ' dx* GF dx
d’y «a dQ
M=EJ.y =BEJ| —+ ' 3.27
i |Zl |( dX2 GF dx) ( )
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¢ day E 1a modun dan hoi vat liéu dam, b va h 1a chiéu rong va chiéu cao tiét
dién doan dam.Tai diém ndi doan i va doan (i+1) chuyén vi va goc xoay hai
doan phai béng nhau (diéu kién lién tuc), tai gé)i tua chuyén Vi bf?mg khong, néu
1a ngam thi goc xoay ciing bang khong (hinh 3.3). Dbi voi khung, can xét thém
cac chuyén vi tai nut khung. Trén hinh (3.3) gidi thiéu so @ phan tir, nat khung
phéng mot nhip, mot t?mg, va toa d cua cac thanh. Do chi xét momen ubn va
luc cat trong thanh nén chi can xét mot chuyén vl ngang tai dau cot tﬁng mot

va hai chuyén vi xoay tai hai nat cia khung.

4
.~ o
LIJTIVITTIIITITL Tirs
@ */ ©
Yr A
b
N
d e S Ty T
- 2l s 9lo ¥
~ Jl Yire
L la L
1 ‘1
a. So d6 phan tir b. Toa do cac thanh

Hinh 3.3. So @0 phan tir, niit va toa d6 cac doan thanh ciia khung

Khi gidi bai toan cu thé can xét diéu kién dong hoc cuia khung. Do xem
luc cat Q 1a dai luong chua biét nén ngoai viée gia thiét duong do vong ycua
cac doan khung, can gia thiét dang phan b lyc cat Q. Dudi day diing phuong
phap phan tir hitu han dé xay dung va giai bai toan khung chiu udn co xét dén
bién dang truot ngang.
3.4. Cac vi du tinh toan khung
Vidu 3.4.1. Khung siéu tinh bdc 2, hinh 3.13.
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Xac dinh no1 luc va chuyén lP

=
vi cua khung chiu lyc nhu hinh 2, P
do cung uon EJ=const.
Ro1 rac hoa két cau dam ra -~
thanh np phan tir. Cac nit cua phan
tor phai trung véi vi tri dat luc tap
N
2 r . v
trung, hay vi tri thay doi tiét dién, 30;31
<A N\ J4 A 9 r R J4 I/ l/2 |’ l/2 |/
chiéu dai cac phan tir c6 thé khac 7 7 7
Hinh 3.13. Khung siéu tinh bdc 2
nhau.
o @
| L 1
: ’I SO DO DAM NGANG
| 1 2 3 4 5 ]
| ] 6 +—l—l—I—
rLt v Nwxt nql SO DO NUT DAM
= T T ST ST 3 0 2101 2202 2323
ol & @ FAEFEHE M
_ <= g m; 5:"; Z 9'-_: ZAVE SO DO AN CHUYEN VI
E gm %S." § 3] § E % @ :24 25| |26 27: :28 25?“30 3]1 Nwx2
- g = 5 :E g’zg :Z: i_: g%v% SO DO AN GOC XOAY
RN ENENE R @ EIEJEES M
N 0 = =0 = 2 [ ©
T T ©T T S' o SO DO AN LUC CAT
B\ Y IS I IR /Ml 1 Ly o L U i
}1 ® ® @ ® CHIEU DAI PHAN TU

Hinh 3.14. So' do roi rac két cdu
Moi phan tir c6 6 an wy, w,, 64, 6, q4, q;(lan lugt 1a, hai an chuyen vi, hai

an goc xoay va hai an lyuc cat tai hai dau mdi phan ta) vay néu nye phan ti roi
rac thi tong cong c6 6xnpt an.

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1 chuyén vi cua nit
cubi phan tir thir e bang chuyén vi cia niit dau phan tir thir (e +1) nén sb an cia
thanh s& nhoé hon 6xnge. Khi giai ta chi can dam bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach dua vao cac
diéu kién rang buoc. Vi du dam trong (vi du 3.4.1, hinh 3.13) ta chia thanh 4
phan tir (hinh 3.14).
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Khi chia cot thanh 4 phan tir thi s6 nat cot s& 1a 5, thi ty tir dudi [8n trén
la[1, 2, 3, 4, 5] (hinh 3.14b1), s an chuyén vi nwl1=4, thi ty tir trai sang phai
la[1, 2, 3, 4] (hinh 3.14c1), & day an chuyén vi tai chan cot bang khdng, an goc
xoay nwx1=8, thir tu tur trai sang phai la [5, 6, 7, 8, 9, 10, 11, 12] (hinh
3.14d1),an luc cat nql=8, thu ty tir trai sang phai 1a [13, 14, 15, 16, 17, 18, 19,
20] (hinh 3.14e1).

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, thr tu tir tréi sang
phai 12 [1, 2, 3, 4, 5] (hinh 3.14b2), s6 an chuyén vi nw2=3, tht tu tir trai sang
phai la [21, 22, 23] (hinh 3.14c2), & day an chuyén vi tai hai dau dam bang
khdng, an goc xoay nwx2=8, thu tu tir trai sang phai 1a [24, 25, 26, 27, 28, 29,
30, 31] (hinh 3.14d2), an lyc cat ng2=8, thu tu tir trai sang phai 1a [32, 33, 34,
35, 36, 37, 38, 39] (hinh 3.14e2).

Nhu vay, tong cong sb an 1a 39 an < 2x6x6=72 an. Goi ma tran nw1 1a ma
tran chuyén vi cé kich thudc nwl(ny, 2) 1a ma tran cé ny hang va 2 cot chua
cac an s6 1a chuyén vi tai hai dau nat cua cac phan tir (hinh 3.14c¢1).

Céc phan tir cot:

nwi(1,:)=[0 1}

nwi(2,)=[1 2];

nwi(3,:)=[2 3}

wi(4,:)=[3 4] .-

w NN PO

N w NP

Goi ma tran nwx1 12 ma tran chuyén vi goc xoay c6 kich thugc nwx1(np,

2) la ma tran ¢6 n hang va 2 cot chira cac an so 1a goc xoay tai nit cua cac

phan ti (hinh 3.14).
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nwx1(1,:) =[5 6]
nwx1(2,:))=[7 8];

nwx1(3,))=[9 10} 5 6]
wxi(4,)=[11 12] g7 8
9 10
11 12]

Goi ma tran ngl 1a ma tran luc cét co kich thudc ngl(ngy, 2) 1a ma tran co

n, hang va 2 cot chira cac an so la luc cat tai hai dau ndt cua cac phan tw (hinh

3.14).

nwx1(1,:) =[13 14];

nwx1(2,:)=[15 16];

nwx1(3,:)=[17 18] 13 14 ]

nwx1(4,)=[19 20] . ,_[15 16
17 18
19 20

C4c phan tir dam:

nw2(1,:)=[0 21}

nw2(2,))=[21 22];

nw2(3,)=[22 23} 0 21

nw2(4,)=[23 o] . .,_|?1 22
22 23
123 0 |

Goi ma tran nwx2 1a ma tran chuyén vi goc xoay c6 kich thugc nwx2(np,
2) la ma tran ¢6 n_ hang va 2 cot chira cac an so 1a goc xoay tai nt cua cac
phan ti (hinh 3.14).

nwx2(1,:) =[24 25]
nwx2(2,:) =[26 27];

nwx2(3,:) = [28 29} (24 25]
nwx2(4,)=[30 31] _ . _|26 27
28 29
130 31
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Goi ma tran ng2 1a ma tran luc cét co kich thuéc ng2(npt, 2) 1a ma tran co
n, hang va 2 cot chira cac an s la luc cit tai hai dau ndt cua cac phan te (hinh
3.14).

ng2(1,:)=[32 33];
ng2(2,))=[34 35];

ng2(3,:)=[36 37] 132 33]
ng2(4,:) =[38 39] hq2 = 34 35
36 37
138 39

Sau khi biét an s6 thyc caa dam va cot ta co thé xay dung do cang tong
thé cua khung (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh do
lap trinh ctia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép ndi cac
phan tur lai dé dugc ma tran do ciing cua toan dam va co thé xem trong code
mo dun chuong trinh cua tac gia)

Néu bai toan c6 nwl, nw2, an sb chuyén vi thang ciia dam va cot va nwx,
nwx2 4n sb goc xoay cua dam va cot, ngl, ng2 an sb luc cit cua cot va dam thi
ma tran d¢ cung tong the cua dam va cot 1a K c6 kich thuse (nxn), K(n,n)véi
n=(nwl+nwxl+ngl+nw2+nwx2+ng2). Nhu ¢ vi du 3.4.1, n=39. By gio xét
diéu kién lién tuc vé gdc xoay gitra cac phan tu.

Piéu kién lién tuc vé goc xoay giira cac phan tir dwec viét nhu sau:
(% _ @j _ [inu _ aQHlj — 0
dx GF )| .,

dx  GF )| . (a)
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Poi véi cot trai, ta co:

dy
Sal| 2
AK dx
iy
sil| D
/12_( dx
y
sl [ B
/13_( dx
Poi véi dam ngang, ta co:
oA,
Y dx
0.
/15_ dx
5, dy,s _
dx

_ O‘Qn
GF

_ Ay

GF

_ ans
GF

dy, Qs

GF

J

nut2

nut2

nut2

nut2 (
nut2 (
) nut2 (

ay,  aQy

%_&j _

dx GF ) .,

dy, anJ 1_o

dx GF utt |

dy._aQuf) | _g

dx GF nutt | (b)
dy, aQu) |,

dx GF |

dy, Q) |,

dx GF ot |

dy. Qs |_,

dx GF utt | ©)

Goi k, la goc xoay tai ndt 2 ciia phan tir trwéc, k, 1a goc xoay tai nut 1 cta

phan tir sau thi ta c6 cac hé sé trong ma tran do cing K:

k(n+i,kl):A—2X; k(n+i,k2)=—A—2X (i=1-K)

k(kl,n+i):A—2X; k(kz,n+i)=—A—2X (i=1-K)

(d)

(€)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢6 n , phan tu thi

c6 (2n,, —1) diéu kién lién tyc vé goc xoay giira cac phan tir.

Piéu kién bién dwoc Viét nhu sau:

- Tai dau ngam bén phai dam ngang c6 goc xoay bang khéng:

o[ a]

GF
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Piéu kién goc xoay tai nat giao giira cot va dam dwoc viét nhw sau:

GAc xoay tai n(t cudi cua phan tir dau cot bang goc xoay tai nat dau cua

}o
ud/(g)

Piéu kién chuyén vi ngang tai dau cot bang khong:
87 (Yial )= 0 ()

Trong d6 A(k=1+9) ciing 1 an s6 cua bai toan (co k an s6 1), do d6 tong

phan tir dau tién caa dam

%ﬂm_&}

dx GF dx GF

_|:d 2yZl _ aQ21j|
nut2

s6 an so cua bai toan lac d6 1a (n+k), do d6 ma tran do cing cua phan tir ldc
nay ciing phai thém k dong va k ¢t nhu vay kich thudc cua ma tran do cang la
K(n+k,n+k). Chang han trong vi du ndy, ta c6 n=39, k=9 va tong s6 an cua
bai toan 1a n+k=39+9=48 an. Trong trudng hop nay ta xac dinh duoc kich thudc
ctia ma tran do ciing tong thé 1a: K[48x48].

Nhwr vy cudi cing ta sé thiét 1ap dwgc phwong trinh:

[KJaj={F} @)

51
51
0,
{aj=1"
_ _ Z
F A
so—hang=n ;
F _
trong do: {F} = O” ; %) 1a 4n s8 ciia bai toan
: ¢SO0 —hang =k
i 0

Trong vi du 3.4.1 khi chia thanh ra thanh 4 phén tu, ta co:
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- Ma tran @9 cieng phan tir [Ke], nhu sau: h=1/1000

[ 768.0000 - 768.0000 96.0000 96.0000 0 0 ]
-768.0000  768.0000 - 96.0000 - 96.0000 0 0
[K]e _ 96.0000 - 96.0000 16.0000 8.0000 -0.0000 0.0000
96.0000 - 96.0000 8.0000 16.0000 0.0000 - 0.0000
0 0 - 0.0000 0.0000  0.0000 0.0000
i 0 0 0.0000 -0.0000  0.0000 0.0000 |

- Ma tran @ cieng toan dam [K]:
Ghép ndi cac ma tran do cang phan tir [Ke] vao hé toa d6 chung, ta duoc

ma tran d6 ciing tong thé caa toan két ciu [K(48x48)], & day khong trinh bay
vi kich thuéc ma tran qua lon.

- Véc to lwc nUt{F}: Trong vi du nay la véc to 1 cot 48 dong, nhu sau:
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Giai phuong trinh (e) ta nhan duoc:

(a)= [T F)

Theo ngén ngit 1ap trinh Matlab ta c6 thé viét:

y=[KNF)

Két qua chuyén vi, goc xoay tai cac nut:

Qi1
Q12
Qi3
Q4
Qs
Q2
Q2
Qa3
Qa4
Qs

Momen uén ciaa dam:

-0.0021
-0.0033
-0.0029
0.0000 ‘xql*

0.0051

0.0074

0.0034

-0.0536
-0.0536
-0.0536
-0.0536
-0.0536
0.3929
0.3929
-0.6071
-0.6071
-0.0134

0.0000
-0.0133
-0.0268
-0.0401
-0.0535
-0.0535
0,0446
0.0142
-0.0084
-0.0160

x Pl
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P11
P12
P13
P1a
P15
P21
P22
P23
(2!
P25

-0.0089
-0.0073
-0.0022
0.0061
0.0179
0.0179
0.0190
-0.0045
-0.0212
0.0000

x ql®



Duéi ddy lan 1a duong d6 vong va biéu dd moomen uén cua cot va dam

3 -3

x 10 x 10
3.5 r : 0
| | 1

X 2

3 / ;0003348 ~Q 1
// X3 \
Y: 0.00293 -
2.5 — 2
X1
Y:0.002093 X3
u -3 v:-0.003441 [/
2 \ | |
/ p /
15 \ X1 /
Y:-0.005115
/ N " /
\ 6 \ /
X2
- | Y:-0.007441
n I

0 | |
8 | |
¢ o5 1 15 2 25 3 35 4 o o5 1 15 2 25 3 35 4

/

1

0.5

Hinh 3.15a. Buong dj vong cua cét  Hinh 3.15b. Puong dé vong ciia dam
trai
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Hinh 3.15c. Biéu d6 momen céttrdi Hinh 3.15d. Biéu do mémen cia dam

Nhan xét két qua trén:
Khi h=1/1000 (khéng ké dén anh huéng cua bién dang truot) chia cot va
dam thanh 4 phan tir ta nhan dugc két qua nhu trén, so sanh vai két qua theo

loi giai giai tich ta nhan duogc sai s6 theo bang sau:
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BANG SO SANH MOMEN UON TAI CAC TIET DIEN COT VA DAM

Céac tiét dién | Loi giai sé theo ,
cua phwong phap | L&i giai giai tich Sai so %
cot 1 va dam 2 PTHH

Giira cot -0,0267 -0,0267 0,000
Pau cot -0,0535 -0,0535 0,000
Dau trai dam -0,0535 -0,0535 0,000
Gitra dam 0,1420 0,1420 0,000
Pau phai dam -0,1607 -0,1607 0,000

Khi chia dam va cot thanh 4 phan ti ta d3 nhan dugc két qua tring khép
két qua chinh xac.

Khi h=1/3 (ké dén anh huong cua bién dang truot) chia cot va dam thanh
4 phan tir ta nhan dugc két qua nhu sau, so sanh voi két qua theo 16i giai giai
tich ta nhan duoc sai sb theo bang sau:
Duéi day 1an 1a dudng do vng va biéu dd6 mdmen uén cua cot va dam khih=1/3

-3
X 10
4 F

3.5 'm ——1 3 .
. Y:0.003111
, / Y:0.003555 ~\ g
/
/
2.5 284

Y: 0.002222
m
2 // \
15 /
/

o/ \
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Hinh 3.16a. Puong do vong cua cot
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0.02 X1
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0.01 /
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Hinh 3.16b. Biéu d6 mémen ciia cot



-0.002 /
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X 3 /
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X 1 L
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Hinh 3.16¢. Puong dé vong ciia dam
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0.15 |
X: 4
Y:0.1527
0.1 /
/
Y: 0.05688 /
0.0 | y
f X 3
3 Y: 0.003725
0 ||
X 1
Y: -0.04417
-0.05 '\ /
-0.1 N\ /
X: 2
\ Y: -0.1452
-0.15 u :
0 0.5 1 1.5 2 2.5 3 3.5 4

Hinh 3.16d. Biéu d6 mémen ciia dam
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BANG SO SANH MOMEN UON TAI CAC TIET DIEN COT VA DAM

h=1/1000 h=I/3 Chénh léch % giira
Khong xét bién | Co6 xét bién | khong va co xét bién
dang truot dang truot dang trwgt ngang

Céc tiét dién caa
cot 1 va dam 2

Giira cot -0,0267 -0,0284 -6,367
Pau cot -0,0535 -0,0568 -6,168
Pau trai dam -0,0535 -0,0568 -6,168
Gitra dam 0,1420 0,1452 2,253
Pau phai dam -0,1607 -0,1527 4,978

Vidu 3.2: Khung siéu tinh bdc 3, hinh 3.17.

Xac dinh ndi luyc va chuyén ! lP
cua khung chiu lyc nhu hinh 2, d§ ciing -
udn EJ=const.

R&i rac hoa két cdu dam ra thanh ~

Npt phan ttr. Cac nat ctia phan tr phai

trung véi vi tri dat luc tap trung, hay vi

tri thay doi tiét dién, chiéu dai cac phan ey vz o
tir c6 thé khac nhau. Hinh 3.17. Khung siéu tinh bdc 3
Fommm & ——————
| L L

SO DO DAM NGANG

1 2 3 4 5p
, & —ii—i—i— "2 )
n.tl Mt Mux1 rhl SO DO NUT DAM n.lS %] Mwx3
LO - <71 ~T oT

=N — = [roym o, T —
~ N < éV @ 0 23“ﬁ1 23|ﬁ2 23&3 q N2 ~ < by
™ b <] N o Q
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5 8l 2ol 8l 8 Y 2 ) = £ B N e
-
5 [SEFN] Iol 9~ 2 § x 5 o g g2l 9
o 0 = 5 = 970 =z T\ 3 SO DO AN GOC XOAY <l O o= £ ¥ 95X 9
g "T ZaT foT 2T i aFE g °T IoT uT ¢
[a]
8 3 e g8 &z 2 3334 3373 37 38 3 o 8 3| 8
a ol o | = @ | | | 2 a o ©
o 3L 3L g Lo 0 a= 3L 3L g
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Hinh 3.18. So' d6 roi rac két cdu
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Mdi phan tir c6 6 an wy, w,, 61, 65, q1 g2, VAy Néu Npe phan ti rdi rac thi tong
cong ¢ 6xnptan.

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1 chuyén vi cua nit
cui phan tir thir e bang chuyén vi clia nat dau phan ti thir (e +1) nén sé an cua
thanh s& nho hon 4xnge. Khi giai ta chi can dam bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach dua vao cac
diéu kién rang buoc. Vi du dam trong (vi du 3.2, hinh 3.17) ta chia thanh 4
phan tir (hinh 3.18).

Khi chia cot bén trai va cot bén phai cua khung thanh 4 phan ti thi:

- S6 nut mdi cot sé 1a 5, tha ty tir dudi 1én trén 1a [1, 2, 3, 4, 5] (hinh
3.18b1, b3).

- Sb an chuyén vi caa cot bén trai khung nwl=4, tht tu tir dudi 1én trén 1a
[1, 2, 3, 4] (hinh 3.18¢c1). S6 an chuyén vi cia dam ngang la nw2=3, thr tu tir
trai sang phai 1a [21, 22, 23] (hinh 3.18c2). S6 an chuyén vi cua cot bén phai
khung nw3=4, thir tu tir dudi 1én trén la [40, 41, 42, 43] (hinh 3.18c3).

- An chuyén vi tai chan cot tri va phai bing khéng.

- An g6c xoay cua cot trai 1a nwx1=8, thir tu tir dudi 1én trén 14 [5, 6, 7, 8,
9,10, 11, 12] (hinh 3.18d1). An géc xoay cua dam ngang la nwx2=8, thir tu tir
trai sang phai 1 [24, 25, 26, 27, 28, 29, 30, 31] (hinh 3.18d2). An goc xoay cua
cot phai la nwx3=8, thir tu tir dudi Ién trén la [44, 45, 46, 47, 48, 49, 50, 51]
(hinh 3.1843).

- An lyc cat nq1=8, thir ty tir dudi 1én trén 1a [13, 14, 15, 16, 17, 18, 19,
20] (hinh 3.18e1). An lyc cit ng2=8, thir ty tir trai sang phai la [32, 33, 34, 35,
36, 37, 38, 39] (hinh 3.18e2). An lyc cat ng3=8, thir tu tir dudi 18n trén 1 [52,
53, 54, 55, 56, 57, 58, 59] (hinh 3.18e1).
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Nhu vay, téng cong sb an chinh cua bai todn 1a 59 4n < 3x4x6=72 an. Goi
ma tran nw 1a ma tran chuyén vi cé kich thuéc nw(ny, 2) 1a ma tran c6 ny hang
va 2 cot chira céc an sd 1a chuyén vi tai nit cua céc phan ti (hinh 3.18).

Céc phan tir cot bén trai:

nwi(l,:)=[0 1]

nwi(2,)=[1 2];

nwi(3:)=[2 3]

wi4,)=[3 4] np—fo 11 2 2 3 3 4]

Goi ma tran nwx1 1a ma tran chuyén vi géc xoay c6 kich thuéc nwx1(np,
2) la ma tran ¢6 n_ hang va 2 cot chira cac an so 1a goc xoay tai nt cua cac
phan tir (hinh 3.18d1).

nwx1(1,:)=[5 6]

nwx1(2,:)=[7 8];

nwx1(3,:)=[9 10}

wiA(4,) =11 12] pyyi-[5 6 7 8 9 10 11 12]

Goi ma tran ngl 1a ma tran lyc cat co kich thudc ngl(ny, 2) 1a ma tran co
n, hang va 2 ct chira cac an so 1a lyc cit tai nat cia cc phan t (hinh 3.18e1).

nol(l:) =[13 14]

nol(2,:) =15 16];

ngl(3,:)=[17 18] 13 14]
nql(4,:))=[19 20] nql= 15 16
17 18
119 20|

Céc phan tir dam:
nw2(1,:)=[0 21}
nw2(2,))=[21 22];

nw2(3,)=[22 23} 0 21|
nw2(4,:) =[23 0] w2 |2t 22
22 23
23 0 |
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Goi ma tran nwx2 1a ma tran chuyén vi goc xoay c6 kich thudc nwx2(np,

2) la ma tran ¢6 n_ hang va 2 cot chira cac an so 1a goc xoay tai nit cua cac

phan tir (hinh 3.18).
nwx2(L,:) = [24 25}
nwx2(2,:) =[26 27]
nwx2(3,:) =[28 29]
nwx2(4,:) =[30 31]

nWx2 =

[24

26
28
30

25|

27
29
31

Goi ma tran ng2 la ma tran luc cat co kich thuéc ng2(ng, 2) 1a ma tran co

n, hang va 2 cot chira cac an so 1a lyc cit tai nat cia cac phan te (hinh 3.18e2).

ng2(1,:)=[32 33]
ng2(2,:)=[34 35];
ng2(3,:)=[36 37}
ng2(4,:) =[38 39]

ng2 =

Céc phan tir cot bén phai:

nw3(L,:)=[0 40}
nw3(2,:) =[40 41];
nw3(3,:) =[41 42}
nw3(4,)) =[42 43]

32
34
36
38

nw3 =

33
35
37
39

[0 40 ]
40 41
41 42

|42 43|

Goi ma tran nwx3 12 ma tran chuyén vi goc xoay c6 kich thugc nwx3(np,

2) la ma tran ¢6 n hang va 2 cot chira cac an so 1a goc xoay tai nit cua cac

phan tir (hinh 3.18d3).
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nwx3(L,:) = [44 45];
nwx3(2,:) =[46 47];

nwx3(3,)) =[48 49] (44 45]
nwx3(4,:) =[50 51] N L
48 49
50 51|

Goi ma tran ng3 la ma tran lyuc cét co kich thudc ng2(ng, 2) 1a ma tran co
n, hang va 2 ct chira cac an so 12 lyc cit tai ndt cta cac phan t (hinh 3.18e3).

ng3(L:)=[52 53]
ng3(2,:)=[54 55|;

ng3(3,)=[56 57] 152 53]
ng3(4,:) =[58 59] ng3= 54 55
56 57
158 59

Sau khi biét an s6 thyc caa dam va cot ta co thé xay dung do cang tong
thé cua khung (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh do
lap trinh cuia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi cac
phan tir lai dé dugc ma tran d6 cting cia toan dam va co thé xem trong code
mo dun chuong trinh ctia tac gia)

Néu bai toan c6 nwl, nw2, nw3 an sé chuyén vi thang caa dam va cot va
nwx1, nwx2, nwx3 an s goc xoay cua dam va cot thi ma tran dé cirng caa dam

1a K co kich thuéc (nxn), K(n,n)

véi n=(nwl+nwxl+ngl+nw2+nwx2+ng2+nw3+nwx3+ng3). Nhu ¢ vi du
3.2, n=59. Bay gid xét diéu kién lién tuc vé gdc xoay gitra cac phan tur.

Piéu kién lién tuc vé goc xoay giira cac phan tir dwec viét nhw sau:

(%_@j _(%_%j
dx GF )| .,

dx GF
Poi véi cot trai, ta co:

=0
nutl (a)

66



%(%_&j _(%_a%j _0
dx GF ) ., dx GF ) .,

oA, _(% - _O‘le - (% _ O‘Qmj
nut2 dX GF nutl _|
s
nutl _|

dx GF

5]3 (%_QQB) _ %_QQM
dx GF ) ., \dx GF

(b)
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Pdi véi dam ngang, ta co:

52,
0

62
Poi vai cot phai,
64,

0%

O

ay,  oQy
dx GF
(dy, oQ,
i dx GF
(dy,  aQy
i dx GF
ta co:
(dy,  oQy
i dx GF
(dy, oQ,
i dx GF
(dy,, Q|
. dx  GF |

nut2

nut2

nut2

nut2 (

nut2 ( dX

nut2 (

L

dx

s _

dx

4o _

dx

adys,

dx

a5 _

dx

Ry

GF

Qs
GF

aQZS
GF

Ay

GF

aQSS
GF

dy,, Qs

GF

J

nutl

nutl _|

nutl _|

nutl _|

nutl _|

nutl

(©)

(d)

Goi k, la gdc xoay tai nut 2 cua phan tir truéc, k,1a goc xoay tai nit 1 cia

phan tir sau thi ta c6 cac hé sé trong ma tran do cing K:

k(n+i,kl):A—2X; k(n+i,kz):_A_2X (i=1:K) @

k(kl,n+i):§; k(kz,n+i):—A—2X (i=1+k) 0

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢6 n_ phan tir thi

c6 (2n,, —1) diéu kién lién tyc vé goc xoay giira cac phan tir.

Piéu kién bién dwoc Viét nhu sau:

- Tai dau ngam chan cot trai va phai cd goc xoay bang khong:

%@%_&}

dx

GF

J:o
nutl (f)
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dy, aQ
o M3 31
A“( dx GF

jzo
e (9)

Piéu kién hai goc xoay tai hai n(t giao giira hai cét va dim dwoc viét
nhu sau:

G6c xoay tai nut cudi cua phan tir dau cot trai bang goc xoay tai nat dau
cua phan tir dau tién cua dam

%ﬂ%‘&}

dx GF dx GF

_ (dL _ aQn]
nut2

j:o
nutL (h)

GOc xoay tai n(t cudi caa phan tir dau cot phai bang goc xoay tai nit cudi caa
phan ti cudi cling cua dam
J } O
nut2 (|)

Y _ Qu
&“@ dx GF }

Piéu kién chuyén vi ngang tai dau cot trai va phai bang nhau:
RZA\A )=0 (k)

Trong d6 A(k=1+14) ciing 13 an s6 cua bai todn (cd k an sb 1), do d6 tong

_ {OL _ aQM}
- dx GF

2 y3

s6 an s6 cua bai toan lac d6 1a (n+k), do d6 ma tran do cing cua phan tir ldc
nay ciing phai thém k dong va k ¢4t nhu vay kich thudc cua ma tran do cung la
K(n+k,n+k). Chang han trong vi du nay, ta c6 n=59, k=14 va tong s6 an ciia
bai toan 1a n+k=59+14=73 an. Trong trudng hop nay ta xac dinh dugc kich
thudc caa ma tran do cung tong thé 1a: K[73x73].

Nhuw vay cudi ciing ta sé thiét 1ap dwoc phwong trinh:

[KJa )= F} @
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trong d6: {F} =

0

so—hang=n

so—hang =k

14 4n sb cua bai toan

Trong vi du 3.2 khi chia thanh ra thanh 4 phan ti, ta co:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

(K]

- Ma tran @9 cieng toan dam [K]:

[ 768.0000
- 768.0000
96.0000
96.0000

0
0

- 768.0000
768.0000
- 96.0000
- 96.0000

0
0

96.0000

- 96.0000

16.0000
8.0000
-0.0000
0.0000

96.0000
- 96.0000
8.0000
16.0000
0.0000

- 0.0000

0 0]

0 0
-0.0000  0.0000
0.0000 -0.0000
0.0000  0.0000
0.0000  0.0000

Ghép néi cac ma tran do cang phan tir [Ke] vao hé toa do chung, ta dugc

ma tran d6 ciing tong thé caa toan két cau [K(73x73)], & day khong trinh bay

vi kich thudc ma tran qué lon.

- Véc to luc nUt{F}: Trong vi du nay la véc to 1 cot 73 dong, nhu sau:
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Giai phuong trinh (e) ta nhan duoc:

(a)= [T F)

Theo ngén ngit 1ap trinh Matlab ta c6 thé viét:

y=[KNF)

Két qua chuyén vi, goc xoay tai cac nut:

Wy, -0.0010
Wi, -0.0026
Wy, -0.0029
Wi 0.0000
W,, 0.0065
Wi={Wy, b= 00104 ixPI®
W, 0.0065
W, 0.0010
W, 0.0026
W, 0.0029
Was 0.0000

-0.0417
-0.0104
0.0208
0.0521
0.0833
0.0833
-0.0417
-0.167
-0.0417
0.0833
-0.0833
-0.0521
-0.0208
0.0104
0.0417

x Pl

12

P11
P12
(2%
P14
P15
(2
P22
P23
P24
Pas
P35
P34
P33
P32
P31

0.0000
- 0.0065
-0.0052

0.0039

0.0208

0.0208

0.0260

0.0000

-0.0000
-0.0260
-0.0208
-0.0208
-0.0039
0.0052
0.0065
0.0000

X PI2
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Luc cit caa khung:

Qul| [-01250
Q| |[-0.1250
Qu| [-0.1250
Qu| [-0.1250
Q| [-0.1250
Qu 0.5000
Qy 0.5000
{Q}=1:Qu3 1 =1-0.5000 ¢ x PI
Q, | [-05000
Qu| [-05000
Qa5 | | 0.1250
Qs | | 01250
Q3| | 01250
Qs 0.1250
Qs 0.1250

Duéi dy lan 1a duong d6 vong va biéu 6 moomen uén cua cot va dam

3
x 10
: = °
! / X3
[ ] 1 Y:0.00293
25 282 -0.002
Y:0.002604 \ \ /
2
// -0.004 \ //
1.5 V4 \ X1 X3
238 -0.006 \| V:-0.00651 Y:-0.00651 |
Y:0.0009766 n '
1 | \ \ /
-0.008
05 N //
X0 X2
Y:0 - Y:-0.01042
= 001 N
| |
-0.5 -0.012 L
0 0.5 1 1.5 2 25 3 3.5 4 0 0.5 1 1.5 2 25 3 3.5 4

Hinh 3.15a. Puong dj véng cia cét trai Hinh 3.15b. Puong dé vong cia dam
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|
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0.08 A 0.1 v: 0.08333 Y:0.08333
Y:0.08333 | ]
x 3
0.06 Y:0.05208 \ /
0.05 \ /
0.04 ~
x2 0 AN a—
Y:0.02083 \ X1 X3
0.02 [ | Y:-0.04167 Y:-0.04167
7 -0.05 L] ]
X1
0 Y:-0.01042 \ /
n 0.1
-0.02 ,/ /
X0 x 2
Y:-0.04167 -0.15 \ | Y:-0.1667
-0.0/m | T
| |
0 06\ -0.2 ' :
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Hinh 3.15¢. Biéu do mémen cét trai

Hinh 3.15d. Biéy d6 mémen ciia

A
dam
-3
x 10
0 0.06 T
|
|
0.0.m :
-0.5 X 0
Y: 0.04167 X1
288 0.02 ~ :
Y:-0.0009766 \.Y- 0.01042
-1 |
0 \\
X 2
\ Y:-0.02083
15 \ -0.02 -\
i . x 3
2 \ 0.04 N\ Y:-005208
I\ I
s -0.06 ~
X 4
25 \| Y:-0.002604 y v 008
F } X3 -0.08 {
| ? | Y:-0.00293 }
-3 : : L] ' 01 |
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.5 1 1.5 2 2.5 3 3.5 4

Hinh 3.15¢c. Puong doé vong cét phai  Hinh 3.15d. Biéu do mémen cot phai

Nhan xét két qua trén:

Khi chia cot va dam thanh 4 phan va khi h=1/1000 ta nhan duoc két qua nhu

trén, so sanh vai két qua chinh xéc theo 10i giai giai tich ta nhan duoc sai s6

theo bang sau:
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BANG SO SANH MOMEN UON TAI CAC TIET DIEN COT VA DAM

Cac tiét dién | Loi giai s6 theo o
Loi giai chinh 2
cua ‘ phuong phap A Sai so %
cot 1,3vadam 2 PTHH

Chan cot 0,417 0,417 0,000
Giira cot 0,0208 0,0208 0,000
Pau cot -0,0833 -0,0833 0,000
Pau trai dam -0,0833 -0,0833 0,000
Giira dam 0,0167 0,0167 0,000

Trong vi du nay ta chi can roi rac hoa két ciu dam va cot thanh 4 phan
tir ta da nhan duoc két qua trung khap véi 10i giai chinh xéc.

Khi chia cot va dam thanh 4 phan va khi h=I/3 ta nhan duoc két qua nhu

Sau.
-3
x 10
3.5
3 |
| X: 3
/ X: 2 Y: 0.003045
95 / Y: 0.002911 \
) \
’ /
X 1
1.5 Y: 0.001321
||
1 //
0.5 /
0
0 0.5 1 1.5 2 2.5 3 3.5 4

Hinh 3.20a. Puong dé vong cuia cot trdi
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X1
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/.
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Hinh 3.20b. Biéu do momen cua cot trai
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Hinh 3.20c. Puong dé vong ciia dam ngang
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Hinh 3.20f. Biéu dé mémen cua cét phai

BANG SO SANH MOMEN UON TAI CAC TIET DIEN COT VA DAM

i Ke s Chénh léch %
Cac tiet dién h=1/1000 h=I1/3 . . .
i . Lz . Lk gitra khong va
cua (Khoéng xét bien (Co xet bien L
R < cO xét bien dang
cot 1 vadam 2 dang truot) dang truot)
trugt ngang
Chan cot 0,0417 0,0318 -23,741
Gitra cot 0,0208 0,0232 11,538
Pau cot -0,0833 -0,0784 5,882
Pau trai dam -0,0833 -0,0784 5,882
Giira dam 0,0167 0,0171 2,395
Dau phai dam -0,0833 -0,0784 5,882

Khi xét dén bién dang truot ngang, tdt cd cdc tiét dién cia khung déu thay déi

noi luC tang hodc giam, chdn cot momen giam lon nhat 23,741%.
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KET LUAN VA KIEN NGHI
KET LUAN
Qua két qua nghién ctru tir cac chuong, chwong 1 dén chuong 3 ddi véi

bai toan khung phing c6 xét dén bién dang truot ngangchiu tac dung cua tai
trong tinh tap trung. Tac gia rut ra cac két luan sau:
1. Trinh bay duoc cac phwong phap giai bai toan co hoc két cAu. Trinh bay
phuong phéap phan tir hitu han d6i véi bai toan co hoc két cau.
2. D4 trinh bay dugc bai toan dim chiu udn theo 1y thuyét dim Euler -
Bernoulli va Ly thuyét dam c6 xét dén bién dang truot ngang.
3. Bang phuong phap phan tir hitu han, tac gia d& xéac dinh duoc ndi luc va
chuyén vi cua cac khungsiéu tinh chiu tai trong tap trung co cac diéu kién bién
khac nhau. Két qua vé noi luc va chuyén vi déu tring khép voi két qua nhan
duogc khi giai bang cac phuong phap hién c¢6 néu ting s luong phan tir 1én 16n
hon 4 phan tir.Khi xét dén bién dang trugt ngang noi luc trong khung thay doi
tuong dbi 16m, 23,741% tai chan ngam cgt khung si€u tinh mot té‘mg mot nhip.
4. Khi r0i rac hoa két cdu véi sb phan tir cang nhiéu thi két qua cang tiém can
t6i két qua chinh xac nhan duoc tir phuong phap giai tich. P6i véi bai toan
khungchiu tai trong tap trung thi dé dat duoc ndi luc chinh Xac can chia dam
thanh 4 phan tu.
KIEN NGHI

Str dung phuong phap phan tir hiru han dé giai cac bai toan khac nhu: Dam,

khung, dan, tim, vo....

Danh muc tai liéu tham khao
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