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MO PAU
Ly do lwa chon dé tai:

Nhitng nam gan day, do kinh té phat trién, ngiy cang xuat hién nhiéu
cong trinh cao tAng, cong trinh ¢ khau d6 16n, cong trinh dic biét. Trong nhing
cong trinh d6 nguoi ta thuong dung cac thanh c6 chiéu dai 16n, tAm - vo chiu
nén va do d6 diéu kién 6n dinh trong mién dan hoi c6 tim quan trong dac biét,
doi hoi phai nghién ctru day du ca vé mat 1y thuyét va thuc nghiém.

Bai toan dao dong cua két cdu dd duoc giai quyét theo nhiéu hudng khac
nhau, phan 16n xuat phat tir nguyén 1y nang lugng ma theo d6 két qua phu thudc
rat nhiéu vao cach chon dang cua hé ¢ trang thai 1éch khoi dang can béng ban
dau.

Phuong phap nguyén 1y cuc trj Gauss do GS.TSKH. Ha Huy Cuong dé
xuat 1a phuong phéap cho phép ap dung nguyén 1y cuc tri Gauss - von duoc phat
biéu cho hé chat diém -dé giai cac bai toan co hoc vat ran bién dang noi riéng
va bai toan co hoc mdi truong lién tuc nodi chung. Pic diém cta phuong phap
nay 1a bang mot cai nhin don gian ludn cho phép tim dugckét qua chinh xéac
clia cac bai toan du d6 1a bai toan tinh hay bai toan dong, bai toan tuyén tinh
hay bai toan phi tuyén.

Poi twong, phwong phap va pham vi nghién ciru ciia ludn an

Trong luan van nay, tac gid sir dung phuong phap nguyén 1y cuc tri Gauss
noéi trén va phuong phap chuyén vi cudng birc dé giai bai toan dao dong dan
héi cua thanh, chiu tac dung cia tai trong tinh.

Muc dich nghién ciru ctiia luan an

“Nghién ciru dao ddng dan hoi ciia hé thanh”
Néi dung nghién ciru ciia dé tai:
- Trinh bay cac phuong phap giai bai toan dong luc hoc da biét.
- Trinh bay phuong phéap nguyén ly cuc tri Gauss.
- St dung phuong phap cho bai toan dao dong cua thanh.



CHUONG 1.
PHAN TICHDPONG LUC HQC CONG TRINH

1.1. Khai niém

Thuat ngit "dong” c6 thé duoc hiéu don gian nhu 1a bién di theo thoi
gian [19, tr.1]. Vay tai trong dong 1a bt cw tai trong nao ma d6 1on, hudng hoac
vi tri thay d6i theo thoi gian. Trong qua trinh d6, cac khéi luong trén cong trinh
duoc truyén gia toc nén phat sinh luc quéan tinh dat tai cac khéi lugng. Luc quén
tinh tac dung Ién cong trinh gay ra hién twong dao dong. Dao dong d6 duoc
biéu thi dudi dang chuyén vi ciia két cau. Viéc tinh toan cong trinh c6 xét dén
luc quén tinh xuat hién trong qua trinh dao dong duoc goi 12 giai bai toan dao
dong cong trinh [10, tr.7].Phan &ng cua két cau ddi véi tai trong dong, nghia 1a
C4c ung suat va do vong xuat hién khi do, ciing 1a dong (bién thién theo thoi
gian). N6i chung, phan ung cuaa két cau ddi voi tai trong dong duoc biéu dién
théng qua chuyén vi cua két cau. Cac dai luong phan ung khac cé lién quan
nhu ndi lyc, Gtng suat, bién dang....déu duoc xac dinh sau khi c6 sy phan b
chuyén vi cua hé.
Poi khi, viéc giai quyét bai toan dong luc hoc cong trinh con dugc tién hanh
bang viéc dua vao cac hé sé dong. Khi do, noi luc, chuyén vi va moi tham sé
cta hé déu duoc tinh todn thong qua hé s6 dong vai cac két qua tinh toan tinh.
Tat ca cac dai luong d6 déu la céc gia tri cuc dai tng véi mot thoi diém xac
dinh, khdng phai 1 cac ham theo bién thoi gian.
1.2. Pac trung co ban cuaa bai toan dong lwc hoc:
Tai trong thay ddi theo thoi gian nén trang thai tng suét - bién dang cua hé
cling thay doi theo thoi gian. Do d6, bai toan dong s& khdng cé nghiém chung
duy nhat nhu bai toan tinh. Vi vay, bai toan dong phic tap va khé khin hon

nhiéu so voi bai toan tinh. Sy can thiét phai ké dén luc quan tinh 1a diém khéc



biét co ban nhat cia bai toan dong luc hoc so vai bai toan tinh. Ngoai ra, viéc
xét dén anh huong cua luc can ciing 12 mot dic trung co ban phan biét hai bai
toan trén.

1.2.1. Luc can:

Trong tinh toan, d6i khi khong xét dén anh huong cua luc can nhung luc
can ludn ludn c6 mit va tham gia vao qua trinh chuyén dong cua hé. Luc can
xuat hién do nhiéu nguyén nhan khac nhau va anh huéng caa chung dén qua
trinh dao dong 1 rat phtc tap. Trong tinh toan, dua ra cac gia thiét khac nhau
vé luc can, phi hop véi diéu kién thyc té nhat dinh.

Trong da sb cac bai toan dao dong cong trinh, ta thuong si dung mé hinh vat
liéu bién dang dan nhét (ma sat nhat) do nha co hoc ngudi Buc W.Voigt kién
nghi: xem luc can ty 1 bac nhat véi van toc dao dong. Cong thirc caa luc can:
Pc = Cy’ voi C la hé sb tat dan.

Ngoai ra con dua ra mot s6 gia thiét co ban sau:

- Leec cdn theo gid thiét Xorokin: 1a gia thiét vé luc can trong phi dan hoi. Lyuc
can trong phi dan hoi 12 lyc can tinh dén sy tiéu hao ning luong trong hé, duoc
biéu thi trong viéc lam ton that tré ning luong bién dang trong qua trinh dao
dong. N6 khdng phu thudc vao tde do bién dang ma phu thudc vao gia tri bién
dang.Trong d6, quan hé gitra cac bién dang chung (d6 vong, goc xoay) vai tai

trong ngoai la quan hé phi tuyén.

Cong thuec cua luc can: Pc= i ;Pd
T

trong d6 Pd 1a luc dan hoi; y 1a hé s6 tiéu hao nang luong.

[Luc dan hoi (hay luc phuc hoi) xuat hién khi tach hé khoi vi tri can bang va cé
xu huéng dua hé vé vi tri can bang ban dau, twong tng va phu thudc vao chuyeén
vi dong cua hé: Pd = P(y). O cac hé dan hoi tuyén tinh: Pd = ky véi k 1a hé s6

ctng (luc gay chuyén vi bang 1 don vi)].



- Lurc can ma sat kho cia Coulomb (Fms): ty 1€ vai &p luc vubng goc N va co
phuong nguoc véi chiéu chuyén dong.

Cong thuc cua luc can: Frns = #.N (V&I z 12 hé s6 ma sat).

Luc can s& lam cho chu ky dao dong dai hon. Trong thuc té, c6 nhirng cong
trinh bi cong huong nhung chua bi phéa hoai ngay vi ¢ hé sb can khac khong.
Do con anh hudng caa lec can nén khi cong huong, cac noi luc, chuyén vi dong
ctia hé khdng phai bang co ma ¢4 tri s6 16n hitu han.

1.2.2. Pic trung dong ciaa hé dao déng tuyén tinh:

Dao dong tuyén tinh 1a dao dong ma phuong trinh vi phan mé ta dao
dong 1a phuong trinh vi phan tuyén tinh. Pic trung dong cia hé dao dong tuyén
tinh bao gém: khéi luong cua hé, tinh chat dan hoi cua hé (46 cung, d6 mém),
ngudn kich dong, tan s6 dao dong (tan s6 dao dong riéng, dang dao dong riéng),
hé s6 tat dan...

B4c tu do cua hé dan hoi 1 s6 thdng sb hinh hoc doc 1ap can thiét dé xéac
dinh vi tri ciia hé tai mot thoi diém bat ky khi ¢ chuyén dong bat ky.

Vén dé xac dinh céc tan sé dao dong riéng va cac dang dao dong riéng caa bai
toan dao dong hé hiru han bac tu do twong rng véi bai toan xac dinh cac tri
riéng va vecto riéng cua dai sé tuyén tinh. Thong thuong, dé danh gia mot cong
trinh chiu tai trong dong, chiing ta thuong danh gia so bo théng qua tan sé dao
dong riéng tha nhat va dang dao dong riéng thi nhat (tan sé dao dong co ban
va dang dao dong co ban).

1.3. Dao ddng tuan hoan - Dao déng diéu hoa:

Hau nhu bat cir hé két cau nao ciing ¢ thé chiu mot dang tai trong dong
nao dé trong sudt qué trinh séng cua no (tai trong tinh dugc xem nhu dang dac
biét cua tai trong dong). Céc tai trong duoc phan thanh: tai trong tuan hoan va

tai trong khong tuan hoan.



CAc tai trong khong tuan hoan c6 thé 1a cé4c tai trong xung ngan han hoic
c6 thé 1 céc tai trong tong quat dai han, cac dang don gian hoé c6 thé dung
duoc.

Mot tai trong tuan hoan thé hién sy bién thién theo thai gian gidng nhau
lién tiép d6i véi mot sb luogng 1on chu ky. Tai trong tuan hoan don gian nhét c6
dang hinh sin (hoic cosin) va duoc goi 1a diéu hoa don gian. Nho ¢6 phan tich
Fourier ma bat ci mot tai trong tuan hoan nao ciing c¢6 thé dugc biéu dién nhu
1a mot chudi cac thanh phan diéu hoa don gian. Tai trong tuan hoan gay ra dao
dong tuan hoan trong két cau.

1.3.1. Dao ddng tuan hoan:

La dao dong duoc lap lai sau nhirng khoang thoi gian © nhét dinh. Néu
dao dong duoc biéu dién boi ham sé caa thoi gian y(t) thi bat ky dao dong tuan
hoan nao ciing phai théa man: y(t) = y(t+t). Thoi gian lap lai dao dong t duoc
goi la chu ky cua dao dong va nghich dao cua né f = 1/t dugc goi 1a tan sd.
Dang don gian nhit cia dao dong tuan hoan 1a dao dong diéu hoa.

1.3.2. Dao ddng diéu hoa:

Thudng dugc md ta bang hinh chiéu trén mot duong thang caa mot diém
di chuyén trén mot vong tron véi van téc goc @. Do d6 chuyén vi y duoc viét:
y = Asinwt.

Bai vi dao dong lap lai trong khoang thoi gian 27 nén c6 méi lién hé:
w=2r17 =2
Van téc va gia tdc cling 1a diéu hoa véi cling tan s6 cua dao dong nhung 1éch
véi do dich chuyén lan luot 12 7/2 va 7
y'=oAsin(ot+xz/2)
y’=-w?Asin ot=w?Asin(wt+ )
Viy: y’= - w?y => gia toc ty & v4i do dich chuyén.

1.4. Cac phwong phap dé xay dung phwong trinh chuyén dong:



Phuong trinh chuyén dong cua hé c6 thé xay dung dua trén co so cua
phuong phap tinh hoic cac nguyén ly bién phan nang luong. Cac biéu thirc toan
hoc dé xac dinh cac chuyén vi dong duoc goi 1a phuong trinh chuyén dong cua
hé, nd ¢6 thé duoc biéu thi duéi dang phuong trinh vi phén .

1.4.1. Phwong phap tinh dgng hoc:

[Noi dung nguyén 1y D’ Alembert dbi v6i co hé: trong chuyén dong cua
co hé, cac luc thuc sy tc dung I&n chat diém cua hé gém noi luc va ngoai luc
cuing véi cac lec quan tinh 1ap thanh hé luc can bang]

Dua trén co so nhitng nguyén tac can bang cua tinh hoc ¢6 bo sung thém
lyc quén tinh viét theo nguyén 1y D’ Alembert, diéu kién can bang (tinh dong)
d6i vai céac luc tong quat viét cho hé n bac tu do:

(Qk + ‘]I:)kzl..n =0
trong do:
Qk - lyc téng quét cua cac luc da cho.

theo so luc OX. ay oz,
Q=- > [Xi ~+Y, —+7Z, 'j
k i=1 ﬁqk aqk aqk

J*k - lyc tong quét cta cac luc quan tinh cia cac khoi luong, tuwong wng véi cac

chuyén vi tong quét gk.

. heo so khoi luon . . .
i=1 oG, o0, o0,

Xi, i, zi - c4c chuyén vi cua khdi lwong mi theo phuong céc truc toa do, biéu
dién théng qua cac toa do tong quéat gk.

Xi = Xi (01, 92, +ee-,0n)

Yi =Yi(ds, 2, -...,0n)

zi = zi (O1, 92, .-..,0n)
Ciing c6 thé viét: J*k = -Mkgk, voi MK 1a khéi lugng quy d6i, twong tng

véi chuyén vi tong quét gk.



1.4.2. Phwong phap nang lwgng:
Dua trén dinh luat bao toan nang lugng, truong hop bo qua cac luc ngan
can chuyén dong, ta co: K + U = const.
trong do:
K - dong nang cua hé:

2 2

_omyv; V2
K=y ) +2jm(z)dz%

U - thé nang cua hé, c6 thé duogc biéu thdng qua cdng caa cac ngoai luc hoic

cong cua cac noi luc (truong hop hé phang):
= %ZPiAcos(PiAi)+%Zde.Acos(dP,A)

Hoac:

2ds N %ds 2ds
ShIEEE L +zmQGF}
1.4.3. Phwong phap wng dung nguyén ly cong ao:

[Noi dung cua nguyén 1y: diéu kién can va du dé mot co hé lién két Iy
tuwdng gitr va dimg dugc can bang tai mot vi tri di cho 1a tong cdng 4o cua tat
ca cé&c luc hoat dong tac dung 18n hé déu bang khéng trong di chuyén ao bat ky
tir Vi trf da chol[3, tr.33].

Nguyén ly dugc ap dung nhu sau: U, +oT; =0 (i=1+n)
trong d6:  dU; - cong kha di ctia ngi lyc.

oT; - cong kha di cua ngoai luc (gém lyc kich thich, lvc can, luc
quan tinh).

Trong ba phuong phap da gidi thi¢u ¢ trén, phuong phap tinh dong dua
ra cach giai quyét don gian cho hé mot sb bac tu do. Sy can thiét phai xem xét
cac luc lién két va cac biéu do vat thé tu do trong phuong phap nay dan dén

nhiing khé khin dai s6 ddi véi nhitng hé ¢ bac tu do cao hon.



Phuong phap ning luong khic phuc dugc nhimg kho khian cua phuong
phap tinh dong. Tuy nhién, nguyén 1y nang luong cung cac toa do vat ly chi
dua dugc mot phuong trinh ma diéu d6 chi gidi han st dung cho hé mot bac tu
do.

Nguyén ly cong 40 khac phuc duoc nhitng han ché cua ca hai phuong
phap trén va la mot céng cu manh déi vai hé nhiéu bac tu do. Tuy nhién, day
khong phai 1a mét tha tuc hoan toan c¢6 tinh v6 hudng, trong d6 viéc xem xet
vecto luc 1a can thiét trong viéc xac dinh cng 4o [20, tr.215].

1.4.4. Phwong trinh Lagrange (phwong trinh Lagrange loai 2):

Phuong trinh Lagrange 1a mot thu tuc hoan toan c6 tinh vo huéng, Xuat
phat tir cac dai lugng vo huéng ciia dong ning, thé ning va cong duoc biéu

dién thdng qua cé4c toa do suy rong. Uu diém noi bat cua cac phuong
trinh Lagrange la dang va s6 lugng caa chiing khdng phu thudc vao s vat thé
thudc co hé va sy chuyén dong cua cac vat thé d6. Hon nira, néu lién két 1a 1y
tudng thi trong cac phuong trinh Lagrange khong c6 mit cac phan luc lién két
chua biét.

Gia str hé co n bac tu do va cac toa do suy rong cua hé la gs, gz, ..., On.

Phuong trinh chuyén dong Lagrange duoc Viét nhu sau:

d or, or ouU
d_( )+
t'oq’ g oq

=Q,

Trong d6: + T va U lan lugt 1a dong ning va thé ning cia hé.
+ Qi la cé4c luc suy rong tuong ung véi cac luc khong co thé. Phuong trinh
chuyén dong Lagrange dugc ap dung rong réi trong nhiéu linh vuc khoa hoc va

ky thuat, né duoc ap dung véi tat ca hé tuyén tinh va phi tuyén.

1.4.5. Phwong phap @ng dung nguyén ly Hamilton:



[Nguyén ly Hamilton c6 ndi dung nhu sau: mét hé co hoc chiu tac dong
ctia cac luc da biét s& co chuyén dong (trong tat ca cac chuyén dong co thé va
cung diéu kién & hai dau cua khoang thoi gian) sao cho bién thién dong ning,
thé ning va cong co hoc cua céac luc khdng bao toan trong khoang thoi gian
dang xét bang khong].

NGi dung nguyén Iy c thé duo biéu thi: [(ST +8U — eR)dt = 0
i1
trong do:
ST ,AU - bién phan dong niang va thé ning cua hé.
AR - bién phan cong do céac lyc khdng bao toan (luc kich thich, lyc can) tac
dung Ién hé.

Tir cac phuong trinh chuyén dong Lagrange sé xay dung nguyén Iy bién
phan dong hoc Hamilton va nguoc lai. Vi vay c6 thé ding nguyén Iy Hamilton
dé 1am co s& cho dong luc hoc cac hé holonom.

[Theo ngdn ngit ciia G.Hertz: hé co hoc nao chi c6 nhiing lién két duoc
biéu dién dudi dang hiru han (lién két hinh hoc) goi 1a hé holonom; néu hé d6
chiu nhiing lién két biéu dién bang phuong trinh vi phan khong kha tich thi goi
la hé khéng holonom].

1.5. Dao dgng cua hé hiru han bac tw do:
1.5.1. Dao dong tw do:

Khi hé chuyén dong tu do, vi tri ciia cac khdi lwong xac dinh dang cua
hé tai thoi diém bat ky. D6i véi hé n bac tu do, céc khdi lugng ¢ chuyén dong
phirc tap, gom n dao dong vai n tan s6 @ khéac nhau. NGi chung, ti sé gitra cac
chuyén vi cua cac khdi luong riéng biét lién tuc thay doi. Nhung co thé chon
diéu kién ban dau sao cho moi khdi luong chi dao dong véi mot tan s6 @ nao
d6 chon tir phd tan sé. Nhitng dang dao dong nhu thé goi 1a dang dao dong
riéng (hay dang dao dong chinh).



S6 dang chinh bang sé bac tu do cua hé. Trong cac dang dao dong chinh,
quan hé cac chuyén vi cua cac khbi lugng 1a hiang sb dbi vai thoi gian. Néu cho
trudc cac dang dao dong chinh thi ta ciing xac dinh duoc tan sd.

Viéc x4c dinh céc dang dao dong riéng va tan sé dao dong riéng dong
vai tro quan trong trong bai toan dao dong cia hé hitu han bac tu do.
1.5.1.1. CAc tan sé riéng va cac dang dao dgng riéng:

Phuong trinh vi phan dao dong tu do khdng can cua céc khdi luong:

MY”(t) + KY(t) = 0 (1.1)
véi M va K 1a cac ma tran vudng cap n, thuong la ma tran doi xing. Nghiém
cua (1.1) duoc tim dudi dang:

Y(t) = Asin(@t+9) (1.2)
Thay (1.2) vao (1.1) nhan duoc:

[K-0*M ]A=0 (1.3)
Dé hé (1.3) c6 nghiém khdng tam thuong (tac 14 ton tai dao dong) thi:

‘K—a)ZM‘ =0 (1.4)

(1.4) 1a phuong trinh dai s6 bac n di Voi w?*, dugc goi la phuong trinh tan s6
(hay phuong trinh dac trung). Cac nghiém @; (voii=1+n) cua (1.4) la cac
tan sé riéng. Vecto bao gdm tat ca cac tan sb dao dong riéng xép theo thu tu
ting dan (@, < @, < ........ < w, duogc goi la vecto tan sé dao dong riéng (hay

ph tan sé:

Tan s dao dong riéng thap nhat ol goi 1a tan sé co ban.

Phuong trinh (1.4) c6 thé duoc viét dudi dang giai tich nhu sau:
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(m11511 - Ul) My01p ... Moy,
(M8 —Up) My . My _0 Vi u _ 1
— =
C()iz
(mn15n1_un) mn5n2 mn5nn

Thay cac @ vao (1.3), dugc hé phuong trinh dai s6 tuyén tinh thuan nhét dé
xéc dinh c4c thanh phan cia vecto riéng Ai.

K-o?M|A =0 (1.5)
Vi (1.5) la hé phuong trinh dai s6 tuyén tinh thuan nhat cé det cac hé sé bang
0 nén cac thanh phan cua vecto Ai duoc xac dinh sai khac mét hang sé nhan,
chang han c6 thé chon Ali tuy .

Oi = % va dé thay: ¢; =1

1
Ma tran vudng @ biéu thi tat ca cac dang dao dong riéng co thé caa heé, dugc

goi la ma tran cac dang riéng (hay ma tran dang chinh):

¢11 ¢12 .............. ¢1n
12 T 10
O = %l 22 2n (1.6)
| Pn1 Ppoeeeeeeeenens ®nm |

Mdi mot trong cac vecto cot cia (1.6) cho ta mot dang dao dong riéng cua hé:

@i 1
Poj Pj
® = =
| Pni | | Pni |
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1.5.1.2. Gidi bai toan riéng (eigen problem):

Khi hé dao dong tu do khéng can thi bai toan dao dong tu do tré thanh bai toan

riéng tong quat:

K- @*MJA=0

(1.7)

Cac tan sb (vong) riéng cua dao dong (&ng voi cac tan sé fi) 1a cac nghiém

@; (I =1+n) cua phuong trinh dac trung bac n:
[K- @*M]=0
bat A = w? (1.8) tré thanh:
[K- AM]=0
Khi phan tich dang dao dong, ta c6 bai toan riéng tong quat:
K¢ =IM¢p
trong do:
My Ag e, An - cac tri riéng.
N S @, - cac vecto riéng tuong tng.
¢ =[pre 0]
C6 nhiéu phuong phap dé giai bai toan riéng [17]:
+ Nhom 1: cac phuong phép lap vecto.
Ko = 4iMe,
+ Nhom 2: cic phuong phap bién doi.
P Kg=A
#" Ko =1
trong d6: A =diag(4;)
+ Nhom 3: cac ky thuat lap da thirc
p(4;) = 0 trong d6 p(4) = det(K-4 M)

+ Nhom 4: str dung dac tinh sturm cuta cac da thirc dac trung

12
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{ p(1) =det(K — AM)
p(r) (ﬂ,(r)) _ det(K(r) —20Mm (r))
1.5.1.3. Tinh chdt treec giao ciia cac dang chinh - Dang chudn:
Tinh chat truc giao caa cac dang chinh thé hién & chd: cong caa ngoai luc (hay
noi lec) cia mot dang chinh nay trén chuyén vi (hay bién dang) cia mot dang
chinh khac bang 0.
Biéu thurc biéu thi tinh truc giao cua céc dang chinh c6 thé viét qua ma tran do
cting hoac ma tran khéi lugng nhu sau:

¢ Mp; =0 hoic ¢ Mp; =0 (Vi o, = w;) (1.10)

& dang giai tich, biéu thuc tinh truc giao viét theo ma tran khéi lugng nhu sau:
é:lmk YiiYij =0

hoic ¢ thé biéu thi dudi dang cdng caa cac noi luc:
ZIMdS+ZdeS+ZJ%ds=O

EJ EF GF

Pay la tinh chat quan trong trong Vvi&c giai quyét cac bai toan dao dong cudng

burc cling nhu dao dong tu do ctaa hé hiru han bac tu do.

- Dang chudn: 1a dang dao dong riéng thoa man biéu thuc: goiT Mg; =1

Ky higu la ¢; ¢

1 .
Pich = P véi aa’ = ¢ Mo, (1.11)

|
Viéc dua cac dang dao dong riéng vé dang chuan goi la chuan hoé cac dang
dao dong riéng. Khi céc dang dao dong riéng da duoc chuan hod, ta viét duoc
diéu kién truc chuan nhu sau:

®L,M®D, = E hoic O KD, =Q (1.12)

Trong d6: E 1a ma tran don vi, Q =diag (a}lz)
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Diéu kién truc chuan c6 y nghia quan trong trong viéc rdt gon qua trinh tinh
toan caa hé dao dong.

1.5.2. Dao dong cwdng bic cia hé hiru han bac ty do:

Phuong trinh vi phan dao dong cua hé: MY”(t) + CY’(t) +tKY(t)= P(t).
Pay 1a bai toan phuc tap va hay gap trong thuc té. C6 nhiéu phuong phéap khéc
nhau dé giai quyét bai toan nay, trong d6 phwong phap hay dwoc sir dung 1a
phuong phéap cong dang dao dong (phuong phap khai trién theo céc dang riéng).
1.5.2.1. Phwong phdp khai trién theo cac dang riéng:

Xét hé hitu han bac tu do chiu luc cudng btc va khdng ké dén luc can.

- Phwong phdp khai trién tdi trong theo cac dang riéng:

Gia st lyc Pk(t) voi mot gid tri nao d6 (bao gom ca gia tri 0) tac dung lén khoi
lugng mk bat ky, luc Pk(t) dugc khai trién theo cac dang dao dong chinh dudi
dang cac thanh phan Pki(t)

n
I . kz P (£)-02
PK() = X R(t) =X mepiH; () véi H;(t) == (1.13)
k=1 k=1 zmk¢2k|
k=1
Tai trong khai trién theo dang chinh tht i viét du6i dang ma tran:
T
QP
Pi= 2" Mg, = ! ,PMo (1.14)

@i Mo,
Phuong phap nay tim dugc n hé luc PKi(t) thay cho hé luc Pk(t). Tuong
g vai dang chinh c6 tan sb wi, ta ¢6 cac luc PLi(t), P2i(t),  Pni(t) dugc
théhién nhu hinh (1.1).
Rt) B

§/ ;
il r:1 m. m m, :8”

k

F*t) Bt R*®) Bt
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Hinh 1.1
Cac luc nay s& gay ra cac chuyén vi ti 1& véi cac chuyén vi dang chinh thiri. Vi
vay, hé chiu tai trong nhu thé c6 thé xem nhu hé véi mot bac ty do..
Néu cd mot sé luong bat ky cac luc Pi(t) duoc dat khdng phai 1én cac khéi

lwong thi can phai thay thé chling bang cac tai trong Pi*(t) nhu trén hinh 1.2.

N T
. Pmi Pzni i i F:",i N

Hinh 1.2.
Cac luc Pi*(t) tac dung tai cac khdi lugng sao cho: chuyén vi tinh cua cac khoi
luong do ching gay ra gidng nhu cac chuyén vi do céc luc Pi(t) da cho gy ra.

CA4c tai trong thay thé dua trén co so cac phuong trinh:

Fﬁl Fﬁz Fin
Fal FEZ FE
Pn=[P Po-Pi]= "
I:)nl I:)n2 I:)nn

- Phwong phdp toa dp tong quat:
Chuyén vi ciia hé cd thé phan tich thanh téng cia cac chuyén vi thanh phan ang

véi ting dang dao dong chinh:

Y() = YY) = YpZi(tksl k=l
k=1 k=1
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véi: Zi(t):ﬁjﬂ(r)sina),(t—r)dr (1.15)
i“o0

Céc dai luong Zi(t) duoc goi 1a toa do tong quat cua hé, nd chinh 13 cac bién do
ring voi cac dang chinh.
Ma tran céc toa d6 tong quat caa hé:

Z(t) = [Z,(Y), Z2(t),,Zn(D)]T
1.5.2.2. Trinh t tinh todn hé dao dgng cwong bic:
Theo [1, tr.150], hé hitu han bac tu do dao dong cudng birc dugc tinh toan theo
trinh tu sau:
+ Xac dinh tan s dao dong riéng va cac dang dao dong riéng.
+ Khai trién tai trong theo cac dang dao dong riéng theo (1.14), hoic xac dinh
c4c toa do tong quat tng vai cac dang riéng theo (1.15).
+ Xéc dinh chuyén vi caa hé tir két qua nhan duoc ma tran tai trong khai trién
hoic ma tran céc toa d6 tong quat.

Y (t) = M-1PkhKai(t) (1.16)

trong d6: Kai(t) - hé s6 anh huong dong hoc theo thoi gian cua dang

chinh thir i; Kai(t) = i} f(7).sina;(t—7)dr (1.17)
@i 0
Hoac:
Y (t)=D.Z(t) (1.18)

+ Pé xac dinh noi lyc caa hé, can phai biét luc dan hoi Pd(t) twong (g véi qué
trinh dao dong cua hé.
Vi phuong phap khai trién theo cac dang dao dong riéng:

Pd(t) = PkhKi(t) (1.19)

trong do:

Ki(t):a)l} f(z).sinew (t—7)dr (1.20)
0
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Vi phuong phap toa do tong quat: Pd(t) = KY(t)
1.5.2.3. Dao dpng cia hé chiu tdi trong diéu hoa
Pa s truong hop hay gap trong k¥ thuat, nguoi ta thudng dua tai trong
P(t) vé dang gan dtng 13 ham diéu hoa hoic phan tich theo chudi Furie roi lay
mét vai s6 hang dau. Do vay, viéc nghién ciu dao dong véi luc kich thich co
dang Psinrt hay Pcosrt la mét bai toan co ban trong dong luc hoc cong trinh.
Dao dong cudng btc cua hé dudi dang tong quét bao gdm hai phan: dao
dong riéng, dao dong véi luc kich thich. Khi dao dong chuyén sang giai doan
6n dinh thi phan dao dong riéng caa hé khoéng con, hé s& dao dong co chu ky

cung vai chu ky caa luc kich thich.,

I:)1
S A [y o gt A A I:)2 . \ X . o ~
Khi h¢ chiu tac dung cua tai trong diéu hoa: P(t) = sinrt thi chuyeén vi caa hé:
L Pn i

Y =GP
Trong d6: G - ma tran giai thic Green: G = dchDdchT

D= diag (Si) véi Si = — L 5

@ — r

Khi tan s r caa luc kich thich bang mét trong cac tri s6 cia tan s6 dao dong
riéng o, thi déu xay ra hién twong cong huong (r = @,).

C6 thé str dung phuong phap tinh dong dé xac dinh cac luc quén tinh
trong hé. Di véi hé dbi xting, co thé phan tich tai trong thanh ddi xiing va phan
xtng dé van dung cach tinh theo nira hé hodc chuyén vi kép.

1.6. Cac phwong phap tinh gan ding trong déng luc hoc cong trinh:

Céac phuong phap nay duwa trén co s tim tan s6 dao dong riéng theo

phuong trinh dudng dan hdi duoc gia dinh trude, hoic thay hé c6 sé bac tu do

I6n bang hé sb cd bac ty do it hon. Cac phuong phap cho két qua tuong dbi
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chinh x4c d4i vai tan s6 co ban @ . Thuc té, khi tinh toan cac cong trinh, thuong
ngudi ta chi quan tdm dén tan sé co ban @, dé kiém tra diéu kién cong huong.
1.6.1. Phwong phap nang lwgng (phwong phap Rayleigh):

Phuong phap nay gia thiét truéc cac dang dao dong va dua trén co s
dinh luat bao toan ning luong dé xac dinh tan sb va dang dao dong riéng tuong
tng. Khi hé dao dong tu do khdng ké dén luc can, trén co s& quy luat bao toan
nang luong, ¢ thé thiét lap dugc méi quan hé: Umax = Kmax.

Pong ning cua hé tai thoi diém t bat ky:

m(|) |

2
K=y[—2*2 (z) z dz+> %[ijzyzk(z,t)dz+Zmiyzk(z,t)]

Thé ning cua hé (khi chi xét toi anh huong cua mé men ubn):

M2z B Vi |
U= = — ' dz
21 5g 72 2L o7°

Sau khi xac dinh dugc Umax va Kmax, ta nit ra duoc:

2
ZIEJ{ Yk, z):| dz
oz°

- 2 2
2 MY k)92 + My Ktz

Néu biéu thi chuyén vi ctia hé khi dao dong tu do duéi dang ma tran:
Y(t) = L.Z(t) = L.Z,Sin ot

trong d6: L - vectodang gia dinh, Z(t) - bién d6 dang gia dinh

LKL

thi: @? = .
L' ML

1.6.2. Phwong phap Bupnop - Galoockin:
Phuong phap Bupnop - Galoockin dugc xay dung dua trén co s& nguyén ly

Hamilton hozc nguyén ly chuyén vi kha di.
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Vi bai toan dao dong ty do cua dam, phuong trinh vi phan ctua dang dao dong
chinh thu j:

0° azyj(z,t) 2
82—2['53@ T2 |ZiM@Yiey = 0 (1.21)

Gia thiét nghiém cua (1.21) d3 biét va cd thé biéu dién nhu sau:
n
AR _Zlai§0i(2) (1.22)
|_

Trong d6, ai 14 cac hang sé chua biét, cac ham ¢, (z) can phai chon sao cho thoa
man toan bo (hoic mot phan) diéu kién bién (d46ng hoc va tinh hoc) cia bai
toan.

1.6.3. Phwong phap Lagrange - Ritz:

Phuong phép Lagrange - Ritz duoc xay dung trén co s nghién ciu thé ning
toan phan cua hé

[N6i dung nguyén 1y Lagrange dugc phét biéu nhu sau trong tat ca cac trang
thai kha di, trang thai can bang dudi tAc dung cua céc luc ¢ thé s& tuong Gng
Vi trang thai ma theo do6, thé nang toan phan caa hé s& cé gia tri dung: & =0
Thé ning bién dang duoc biéu dién dudi dang céng ngoai luc va cong noi luc

cua hé khi chuyén tir trang thai bién dang vé trang thai khong bién dang

Bl | 8%
2 L oz°

2
1
dz —£Q(z,t) Y2092 = 2B Yain

= |
0

trong d6: q(z t) va pi(t) bao gom céc luc kich thich va luc quén tinh do cac khéi
lwong phan b va tap trung gay ra khi hé dao dong.Véi bai toan dao dong riéng,

gia thiét dang chinh cta dao dong:

yj(z):éai(pi (2)
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Trong d6, cac ham ¢; (z) thoa man diéu kién bién dong hoc (con diéu
kién bién tinh hoc da ty thoa mén trong cac biéu thic thé nang).

Tir didu kién thé niing cia hé c6 gid tri dimg, ta c6: % _0(sik=1.n

Tir d6 nhan dugc n phuong trinh chinh tic chta al, a2,..., an.
1.6.4. Phwong phap thay thé khdi lweng:
Phuong phap nay dua trén co s& don gian hod so do khdi lugng: thay thé cac
khdi lugng phan b va tap trung trén két cau thanh céc khdi luong tap trung véi
s6 luong it hon dat tai mot sé diém dic biét.
C6 thé chia céc khdi lugng phan bé thanh nhiéu khoang, tap trung céc khoi
lwong phan bd trén mdi khoang vé trong tam cua nd hoic phan bé céc khoi
lugng theo nguyén tic don bay: khéi lugng phan bd trén mdi doan duogc thay
thé bang hai khdi luvong dit ¢ hai dau doan do.
1.6.5. Phwong phap khéi lreng twong dwong:

Phuong phap nay duoc xay dyng trén gia thiét: “Hai hé twong duong vé
dong nang thi ciing tuong dwong vé tan s6”. Vi phuong phap nay, ta phai chon

trude duong dan hoi y(z) va chi tinh dugc tan sé thap nhat cua hé thuc
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1.6.6. Cac phwong phap so' trong dong luc hoc cong trinh:
1.6.6.1. Phwong phdp sai phédn:

La phuong phap giai gan dung phuong trinh vi phan ctia dao dong bang
giai hé phuong trinh sai phan. Chia ho thanh n phan tir, tai mdi diém chia, thay
dao ham bang cac sai phan dé lap phuong trinh sai phan tuong tng. Két qua
thu duoc 1a hé phuong trinh dai s6 tuyén tinh véi cac an s 1a gia tri nghiém
ctia phuong trinh vi phan tai diém chia va céc gia tri nghiém tai mot vai diém
chia lan can. Phuong phap nay cho phép dé dang giai bai todn dao dong cua hé
c6 cac théng so thay doi: tiét dien, khdi luong, tai trong...
1.6.6.2. Phwong phdp phan ti hiru han:

Hé duoc roi rac hod thanh cac phan tir hitu han, sau d6 xem céac phan tir
hitu han duoc ndi lai voi nhau tai mot s6 diém quy dinh (thuong 1a dinh cua
mdi phan ti) goi 1a nlt va tao thanh ludi phan tir hitu han. Tinh lién tuc vé bién
dang cua hé dugc thé hién qua chuyén vi, dao ham caa chuyén vi tai cac nat
cua lugi phan ti hiru han.

S6 phan tir hitu han (hay sb luong an sd) 1a cac chuyén vi tai nat cua luéi
phan tir hiru han. Ludi phan tir hitu han cang mau thi cang lam viéc sét hé thuc
va mirc do cua két qua tinh cang cao.

Vecto chuyén vi nit cia lugi phan ta hitu han: {Y} = {y1y2... yn}

Hé phuong trinh vi phan biéu thi dao dong cuia lugi phan tir hitu han c6 ké dén
lyc can dan nhét tai thoi diém t bat ky:

M@+ [CRy @)+ KT )= PO}

1.6.6.3. Phwong phdp tich phdn truc tiép:

Phuong phap tich phén truc tiép khdng nhitng cho phép giai cac bai toan
dao dong tuyén tinh ma con cho phép giai cac bai toan dao dong phi tuyén phirc

tap. Gom c6 cac phuong phéap sau:
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+ Phuong phap gia toc tuyén tinh (Phwong phap Viison ): phuong phap nay
xem rang: su thay ddi cua gia tbc chuyén dong trong mdi budc thoi gian tir t
dén (t+At) 1a tuyén tinh.

+ Phuong phép sai phan trung tdm: thuc chat ciia phuong phap 1a chia budc,
tich phan truc tiép hé phuong trinh vi phan trong ting khoang chia At (giai bai
toan tinh trong timg budc chia thoi gian At nhung c6 ké d&én lyc quan tinh va
luc can, ddng thoi phuong trinh can bang duoc giai nhiéu lan ddi véi cac diém
chia trong khoang thoi gian dao dong).

Gia tri gia toc caa chuyén vi duge xem la khong doi trong pham vi hai budc

chia thoi gian va duoc xac dinh:
14 1
f (t)}:A_tz[{Y (t—At J=2{y (t }+{y (t+At} ]

+ Phuong phap gia téc trung binh khong d6i (phuong phap Neimark):
Phuong phép nay gia thiét rang: & mdi budc thoi gian At, gia toc chuyén dong
bang hang sé va duoc tinh bang gia tri trung binh hai gia tri dau va cudi

cua khoang At:

(e oyl O A;)}” "® ysi (0<r=<at)

1.7. Mot sb6 nhan xét:

+ Bai toan dong luc hoc cong trinh nghién ctu phan tng caa hé két cau
khi chiu tai trong dong (ma tai trong tinh chi 1a truong hop dac biét). C6 nhiéu
phuong phap dé giai bai toan dao dong nhung c6 thé noi, cac phuwong phéap déu
Xuat phat tir nguyén 1y nang lwong. Xuat phét tir diéu kién dirng caa phiém ham
cua thé nang toan phan cia hé: U = 0, néu lay bién phan cua phiém ham theo
chuyén vi thi ta nhan dugc cac phuong trinh can bang, néu lay bién phan cua

phiém ham theo luc thi ta duoc cac phuong trinh bién dang.
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+ Viéc xéac dinh cac tan s6 dao dong riéng va cac dang dao dong riéng cua
bai toan dao dong (twong trng Véi bai toan xac dinh cac tri riéng va vecto riéng
cua dai s6 tuyén tinh) 12 mot nhiém vu quan trong caa bai toan dao dong.

Bai toan riéng: [K - AM ] A =0 (v6i A = @ ?) twong trng Vi Viéc tim tri
riéng A sao cho [K — AM ]=0 hau det[K — AM ]=0. Pay 4 bai toan 16n (da thirc
bac n,véi n 1a bac ty do cua hé), cd nhiéu thuat toan dé giai nhung phuc tap.
Viéc thiét 1ap ma tran d6 cimg K va dua vé dang ma tran duong chéo 1a tuong

d6i kho khan dbi véi hé co nhiéu bac tu do.
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CHUONG 2
PHUONG PHAP PHAN TU HUU HAN

Trong chuong trinh bay mot s khai niém co ban ctua phuong phap phan
tir hitu han, va st dung né dé xay dung va giai bai toan dao dong ty do cua dam,
duoc trinh bay trong chuong 3.

2.1. Phwong phap phan tir hiru han

Phuong phap phan tir hitu han 14 mot phuong phap sb dic biét co hiéu qua
dé tim dang gan dung cia mot ham chua biét trong mién xac dinh V cia no.
Tuy nhién phuong phap phan ti hitu han khdng tim dang xap xi cia ham can
tim trén toan mién V ma chi trong ting mién con V., (phan tir) thuoc mién xac
dinh V. Do d6 phuong phap nay rat thich hop véi hang loat bai toan vat ly va
ky thuat trong d6 ham can tim dugc xéac dinh trén cac mién phic tap gém nhiéu
ving nho ¢6 dic tinh hinh hoc, vat Iy khac nhau, chiu nhitg diéu kién bién
khac nhau. Phuong phap ra doi tir truc quan phan tich két cau, roi dugc phat
biéu mot cach chat ché va tong quat nhu mot phuong phap bién phan hay
phuong phéap du ¢ trong nhung duoc Xap xi trén mdi phan tir.

Trong phuong phép phan tir hitu han chia két cdu cong trinh thanh mot s6
hitu han cac phan tir. Cac phan tir nay duoc ndi vai nhau tai cac diém dinh trudc
thuong tai dinh phan tir (tham tri tai cac diém trén bién phan tir) goi 1a nut. Nhu
vay viéc tinh toan két cdu cong trinh duoc dua vé tinh toan trén cac phan tir cia
két cu sau d6 két ndi cac phan tir nay lai véi nhau ta dugc 10i giai caa mot két
cau cong trinh hoan chinh. Twong ty nhu phuong phap sai phan hitu han ciing
chia cong trinh thanh cac doan nho (phan tir) va cac trang thai chuyén vi (truong
chuyén vi) v.v... dugc xac dinh tai cac diém ndt sai phan. Su khéc biét cua hai
phuong phap 13 Phwong phép sai phan hitu han sau khi tim duoc cac chuyén vi

tai cAc N0t cua sai phan con cac diém nam giira hai nGt duoc xac dinh bang noi

24



suy tuyén tinh, con phuong phap phén ti hitu han sau khi xac dinh dugc chuyén
vi tai c4c nt ctia phan tir thi cac diém bén trong duoc xac dinh bang ham noi
suy (ham dang).

Véi bai toan co hoc vat ran bién dang, tuy theo ¥ nghia vat Ii ciia ham noi
suy c6 thé phan tich bai toan theo 3 loai mé hinh sau:

- M6 hinh chuyén vi: Xem chuyén vi 1a dai lwong can tim va ham noi suy
biéu dién gan dang dang phan bé caa chuyén vi trong phan ti.

- M hinh can bang: Ham noi suy biéu dién gan dang dang phan bé cua
g suat hay ndi lyc trong phan tu.

- Md hinh hdn hop: Coi cac dai lugng chuyén vi va tng suat 1a 2 yéu t6
doc lap riéng biét. Cac ham noi suy biéu dién gan dung dang phan bé cia ca
chuyén vi 1an tng suat trong phan tir.

Hién nay, khi 4p dung phuong phap phan ti hitu han dé giai cac bai toan
co hoc thudng sir dung phuong phap phan ta hitu han theo mé hinh chuyén vi.
Sau day luan vin trinh bai ndi dung phuong phap phan tir hitu han theo mé hinh
chuyén vi.

2.1.1 Noi dung phwong phap phan tir hira han theo md hinh chuyén vi

Trong phuong phap phan tir hitu han - md hinh chuyén vi, thanh phan
chuyén vi dugc xem la dai luong can tim. Chuyén vi dugc lay xap xi trong dang
mot ham don gian goi 1a ham noi suy (hay con goi 1a ham chuyén vi). Trinh tu
phan tich bai toan theo phuong phap phan tir hiru han - mé hinh chuyén vi c6
no1 dung nhu sau:
2.1.1.1. Roi rac hoa mién khdo sat

Mién khao sat (d6i tuong nghién ctru) dugc chia thanh cac mién con hay
con goi 1a cac phan tir c6 hinh dang hinh hoc thich hop. Céc phan tir nay duoc
coi 1a lién két véi nhau tai cac nt nam tai dinh hay bién caa phan ta. S6 nat

cua phan tir khdng lay tuy tién ma phu thuc vao ham chuyén vi dinh chon.
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Cac phan tu thuong c6 dang hinh hoc don gian (hinh 2.1)

AN

Hinh 2.1 Dang hinh hoc don gian caa phan ti
2.1.1.2. Chon ham xdp xi

Mot trong nhitng tu tuong cia phuong phap phan tir hitu han 1a xap xi hoa
dai lugng can tim trong m&i mién con. Piéu ndy cho phép ta kha nang thay thé
viéc tim nghiém vén phuc tap trong toan mién V bang viéc tim nghiém tai cac
nat caa phan tr, cOn nghiém trong cac phan tir dugc tim bang viéc dua vao ham
xap xi don gian.

Gia thiét ham xap xi (ham chuyén vi) sao cho don gian ddi véi viéc tinh
toan nhung phai thoa mén diéu kién hoi tu. Thuong chon dudi dang ham da
thie. Biéu dién ham xap xi theo tap hop gia tri cac thanh phan chuyén vi va co
thé ca dao ham cua no tai cac nit cua phan tir. HAm xap xi nay thuong duoc
chon 1a ham da thie vi cc ly do sau:

- Pa thtrc khi duge xem nhu mot t6 hop tuyén tinh cua cac don thic thi
tap hop cac don thirc thoa man yéu cau doc 14p tuyén tinh nhu yéu cau cua Ritz,
Galerkin.

- Ham x4ap xi dang da thirc thuong dé tinh toan, dé thiét 1ap cong thic khi
xay dung cac phuong trinh ctia phan tir hitu han va tinh toan bang may tinh.
Pic biét 1a dé tinh dao ham, tich phan.

- C6 kha ning ting d6 chinh x4c bang cach tang s bac cua da thirc xap xi
(vé ly thuyét da thac bac vo clng s& cho nghiém chinh xé&c). Tuy nhién, khi

thue hanh tinh toan ta thuong ldy da thic xap xi bac thap ma théi.
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Tap hop cac ham xap xi s& xay dung nén mot trudng chuyén vi xac dinh
mot trang thai chuyén vi duy nhat bén trong phan ti theo céc thanh phan chuyén
vi nit. Tir trudng chuyén vi s& xac dinh mét trang thai bién dang, trang thai ang
suat duy nhat bén trong phan tir theo cac gié tri cua cac thanh phan chuyén vi
nt caa phan tu.

Khi chon bac ctiia ham da thirc Xap i can luu ¥ cic yéu cau sau:

- Céc da thurc Xap xi can thoa méan diéu kién hoi tu. Pay 13 yéu cau quan trong
vi phuong phéap phan tir hitu han 14 mot phuong phép s6, do d6 phai dam bao khi
kich thudc phan tir giam thi két qua s& hoi tu dén nghiém chinh xac.

- Céc da thirc xap xi dugc chon sao cho khdng mit tinh dang huéng hinh
hoc.

- S6 tham s6 ciia cac da thic xap xi phai bang sé bac ty do caa phan ta,
tc 14 bang sb thanh phan chuyén vi nat cua phan tir. Yéu cau nay cho kha ning
noi suy da thirc ciia ham xap xi theo gia tri dai lugng can tim, tac 12 theo gia tri
cac thanh phan chuyén vj tai cac diém nat cua phan ti.
2.1.1.3. Xay dung phwong trinh cén bang trong ting phan t, thiét lap ma
trgn dp cirng [K] va vecto tdi trong nat {F}_ciia phan tie thir e.

Thiét 1ap mdi quan hé giira ing suat va chuyén vi mit phan tir

Can thiét 1ap biéu thuc tinh bién dang va Gmg suat tai mot diém bat ki trong

phan tir thong qua 4n co ban 1a chuyén vi nat phan tir {8}_. Sir dung cic cong

thire trong Li thuyét dan hoi, mbi quan hé gitra bién dang va chuyén vi :

{e}=[V]{u} 2.1)
Ta c6: {u} =[N]{5). (2.2)
trong do: [N] - goi 12 ma tran ham dang, chira cac toa do ciia cac diém nut

cta phan tir va cac bién ctua diém bat ki dang xét.

Thay (2.2) vao (2.1), ta duogc:
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{e} =[V][N]{3}, =[B]{3}, (2.3)
trongdo :  [B]=[V][N]- ma trdn chira dao ham cua ham dang.

Theo 1y thuyét dan hdi quan hé gitta tng sudt va bién dang :

{o} =[D]{e} (2.4)
Thay (2.3) vao (2.4), taduogc :
{c} = [DI[BI{3} (2.5)

Thé ning toan phan 1. cia phan tir
Xét truong hop phan tir chiu tai trong tip trung tai nat {Pn}e (Gng voi
chuyén vi ntit {8}, ) va chiu tai trong phan bd trén bé mit phan tir c6 cuong do

tai diém M bat ki 1a {q} = {q} .

y
Thiét 1ap biéu thtc tinh thé nang toan phan I, cta phan tir theo cong ciia
ngoai luc W, va thé ning bién dang U ctia phan tir d6.
ITe=Ue- W, (2.6)
Cong ngoai luc W, (khong xét luc thé tich) dugc tinh:

W=} R, + 1o} {ajos

Tu (2.2), ta co: {u}:[N]{a}e:>{u}T=([N]{8}e)T={6}:[N]T
Thay vao biéu thuc tinh cong ngoai luc We trén, thu duoc:
W, = {8}, {P.}, +{8}, [[N] {a}jds  (27)
S
Thé nang bién dang U ctia PT duoc tinh:

U, Jie)" {ejav

Thay (2.3) va (2.5) vao biéu thirc tinh thé ning bién dang Ue cta phan ti,
ta co:
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1

u, :5{6}:[ i [B]T[D][B]dvj{ﬁ}e (2.8)

Thay (2.7) va (2.8) vao (2.6) thu duogc thé nang toan phan cta phan ti :

1, =0, -w, = 3151 [1e [olelev | | (5 8., + 61 M s
2.9)
pa:  [K], =[[B] [D][B]dV (2.10)

[K]e- goi 14 ma tran do ctng phan tir. Vi [D] 1a ma tran d6i xtmg nén tich

([B]" [D] [B]) ciing d6i xtmg va do d6 [K]e 1a ma tran dbi ximg.
pat: {F} ={P,} Jrj[N]T {afds={R}. +{R,} ~ (211)

{F}. - 1a vecto tai trong nut cta phan tir; duoc xay dung boi ngoai luc dat

tai nat phan tir {Py}e va ngoai luc dit trong phan tir qui vé niat {Pg}e
trong do: {P,}.=[[N] {a}ds (2.12)
S
Thay (2.11) va (2.12) vao (2.9), ta duoc :
I, =5 (3}, [K1. {3}, - (3} {F), 2.13)

Thiét 1ap phwong trinh cin bang

Theo nguyén 1i dimg thé ning toan phan, diéu kién can bang cua phan tir
tai cac diém nut :
oIl
013},

Tién hanh ldy dao ham riéng lan luot véi timg chuyén vi nit va cho bang

oI, =0=> =0 (2.14)

0, thu dugc m phuong trinh (cho phan tir ¢6 m chuyén vi nat):
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oIl

e

08,
oIl

e

05
e ) 2 1l=0 (2.15)

oIl

e

05

Thay ITctheo (2.13) vao (2.15) vaap dung phép lay dao ham riéng ddi véi

o( (X} [Alx}) o({x)"(8})

ma tran SIX] :2[A]{X};W:{B} , thu duogc:
[K]. {8}, —{F}.,=0 (2.16)
Suyra: [K].{8}, ={F}, (2.17)
trong do:

{F} - vectotdi trong niit ctia phan ti thir e xét trong hé toa do dia phuong;

{8} - vecto chuyén vi nt ciia phan tir thir e xét trong hé toa do dia phuong;

[K].- ma tran do cing cua phan tir thir e Xét trong hé toa d¢ dia phuong.

Phuong trinh (2.17) chinh 14 phwong trinh can bang cua phan ti thi e.
2.1.1.4. Ghép néi cac phan tie xay dung phirong trinh can bang cia toan hé.

Gia sir hé két cau dugc roi rac hod thanh m phan tir. Theo (2.17) ta viét

dugc m phuong trinh cin bang cho tit ca m phan tir trong hé toa do riéng cua
ting phan tir. Sau khi chuyén vé hé toa do chung ctia toan két ciu, tién toi gdp
cac phuong trinh can bang cta timg phan tir trong ca hé, thu duoc phuong trinh
can béng cho toan hé két cau trong hé toa d§ chung:

[K']{67} = {F’} (2.18)
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Do thir tu cac thanh phan trong vecto chuyén vi nat {8’ }e ciia timg phan tir
khac voi thtr tu trong vecto chuyén vi niit {8’} ctia toan hé két cau, nén can luu
¥ xép dang vi tri cta timg thanh phan trong [K’Je va {F’}e vao [K’] va {F’}.
Viéc sdp xép nay thudng duoc ap dung phuong phap sé ma, hay st dung ma
tran dinh vi phén ta [H]e dé thiét 1ap céc ma tran téng thé va vecto tai trong nut
tong thé cua toan hé két ciu.

Ap dung ma tran dinh vi phan tir [H],

Gia sir hé két cAu duoc roi rac hoa thanh m phén ttr. S6 bac tu do cua toan
hé 1a n. Vécto chuyén vi nat tong thé co dang:

(8h={s, &, .. &) (2.19)

Vi phﬁn ttr thtr e, sb bac tu do 14 ne, co vécto chuyén vi nut trong h¢ toa
do chung la {8"} . Céc thanh phan cua {8, nam trong sd cac thanh phan cia

{8'}. Do do6 co sy biéu dién quan hé gitta 2 vecto ndy nhu sau:

{8'1,=  [Hle {8} (2.20)
(nexl) (nexn) (nx1l)
trong d6: [H] - 1 ma tran dinh vi ctia phan tir e, n6 cho thiy hinh anh sap xép
cac thanh phan cua vecto {8}, trong {8'}.
Dua vao (2.13) ta x4c dinh dugc thé ning toan phan cho timg phan ti.
Thay (2.20) vao (2.13), sau d6 cong gop ctia m phan tir, xac dinh dugc thé ning

toan phan cta hé:
m 1 ' ' | | '
=33 56 (ML KLHL 18) - (5 HL {F), [ @21
Biéu thirc (2.21) biéu dién thé nang toan phan cua hé theo vecto chuyén
vi nut tong thé {8'} . 4p dung nguyén li thé nang dirng toan phan sé& co diéu kién

can bang cua toan hé tai diém nut:
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orl
06",
oIl

05"
O _ 19zl _g (2.22)

ot
X

Ap dung phép 1y dao ham riéng ddi v6i ma tran thu duogc:
SR o) SRR -0} @29
Nhan thdy ddy chinh 1a phuong trinh can bang cho toan hé. So sanh véi
(2.18), thu duoc:

Ma trin d6 cimg téng thé: [K]=S[H][[K'L[H], (2.24)
e=1

Vecto tai trong nit tong thé: {F} = i:[H]eT {F'}e (2.25)

e=1
Vi du 2.1: Xac dinh cic ma tran dinh vi [H]e ctia ddm vé6i 4 diém nit, co cac
thanh phan chuyén vi nt nhu trén hinh 2.2.
Loi giai
Vecto chuyén vi nait tong thé cta két cau trong hé toa do chung:

T

{8|}:{81 0, 03 0, O O O, 83 8, Oy 811}

5 (4,5,6) (7.8 C

’ y A ] (9,10,11)
Xl
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Hinh 2.2 Hinh vi du 2.1

11

1000000TGO0O0 0 0]§
01000000O0TO0TO0 0],

0 0100O0O0O0O0OO0OTDO

~

Vecto chuyén vi nat ctia timg phan tir biéu dién theo vecto chuyén vi nat
0O 001 0 O0O0O0TO0O0 O]9

0000100000 0||§
000001000 O0 0|3

[H], {87 ==

tong thé:

0 001 O0O0O0OOGOTQ OO|fs
0 00 01O0O0O0O0OO0 O]9,

0 000O0O1O0O0O0OO0OPO

00000O0TU1O0UO0O0 0|3
0000O00O0O0T1O0 0 0|3,

S S S S B =
[ 1
O 0o 0o o4 O o o o
O 0o do O o o«
OO0 40 o O o -d o
O 4o oo O o oo
- O O 0O o O o o o
O 0O o0 oo O oo o
OO0 o0 oo O «dA oo
O 0o o0 oo «HO oo
O 0o oo O oo o
O 0O oo oo oo oo
o oo oo © oo o

[l [l

—_— —_—

e e

N —

o <t

| |

I T

e e

[l [l
o — o
QOQ S oS 004 QOS 69 o

[l [l

[a2] <t

=2 —

0 e

—— N

Ma trin do ctng, véc to tai tac dung tai nut cta timg phan ti:
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4
Vecto tai trong nit tong thé: [F] = Z[H]Z {F'}e
=1

D
o
+
—
N
+
=
N
© 00 N o o b W N -

f,+0,
fs+0,
g;+h,
g,+h, |10
9s 11

Viéc str dung ma tran dinh vi [H]e trong (2.24) va (2.25) dé tinh ma tran
d6 cung [K’] va vecto tai trong nat {F’} thuc chét 1a sap xép cac thanh phan
ctia ma trdn d6 ctng phan tir [K’]e va vecto tai trong nat phan tir {F’}e vao vi
tri ctia nd trong ma tran do cing tong thé [K’] va vecto tai trong nut tong thé
{F’}. Tuy nhién trong thuc té ngudi ta hay sir dung phuong phap sé ma.
Phwong phap danh s6 ma

Khi tién hanh ghép ndi ma tran do cing ctia két cau va véc to tai trong tac
dung tai nut, ta lam theo cac budc sau:

- Tién hanh danh s6 ma ctia cac thanh phén véc to chuyén v1 nut tai cac nat
ctia két cau va danh s ma cho phan tu.

- Lap bang xac dinh ma cuc bd cta cac phan tir theo ma tong thé ciia két
cau.

- Tinh toan xé&c dinh cidc ma tran d§ cling, véc to tai trong tac dung tai cac
nut ctia phan tir theo mi cuc bd va twong tmg véi mai tong thé trong hé toa do
chung.

- Tién hanh ghép ndi ma tran d6 cung va vécto tai trong tac dung nut ctua
cac phan tir thanh ma trin d6 cing va vécto tai trong tic dung nat clia toan b

hé két cu trong hé toa do chung theo cong thirc.
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ki =>"(k;), (2:26)
trong do:
+1,j:1a sb hiéu ma téng thé cua toan bd két ciu trong h¢ toa do chung;
+ k'ij : 1a hé s6 cua trong ma tran d6 ctng cta toan bo két cdu twong Gng véi
hang c6 s6 hiéu ma tong thé iva cot c6 sb hiéu ma tong thé j trong hé toa do
chung;

+(k

;j )e : 1a h¢ s6 cia ma ma tran d§ cung cda phan tr twong ung vé1 hang
c6 sb hiéu ma tong thé iva cot c6 sé hiéu ma tong thé j trong hé toa do chung
Vi du 2.2: Thiét 1ap ma trdn d6 cing tong thé [K’] va vecto tai trong nat{F’}

cua toan hé két cau cua h¢ trén hinh 2.3.

B (4,5,6) (7,8) g

T y A ] (9,10,11)
XI

Hinh 2.3 Hinh vi du 2.2
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Loi giai
- Panh s6 ma cua cac thanh phan véc to chuyén vi ntt tai cac nut cua két cau
va danh s6 ma cho cac phan tir nhu hinh.

- Lap bang xac dinh ma cuc bd cua cac phan tir theo ma tong thé cua két cau.

Phan tur Mai cuc bd

1 2 3 4 5 6
TT | Loal o , .

SO ma toan thé
1 ¢ 90 1 2 3 4 5 6
2 —d 0 4 5 6 7 8
3 — -90 7 8 9 10 11
4 b—d oo 4 5 9 10

- Tinh toan xac dinh c4c ma tran d¢ cing [K ']e, véc to tal trong tac dung tai cac

nit {F} cua phan tir theo méa cuc bd va twong tng véi ma tong thé trong hé toa

do chung.

CB1 2 3 4 5 6
1_a11 alZ al3 al4 a‘15 a16_ 1 el\ 1
2 a'22 a‘23 a24 a‘25 a‘26 2 e2 2

[K|]1:3 a33 a34 a35 a36 3 ,{Fl} — e3 3
4 Q, Q5 a4 |4 ' ole, |4
5 (dx) Age Qg O € |5
6] g |6 €] 6
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CB1 2 3 4 5
1_b11 b, by by b15_4 f, |4
2 by, by Dy Dy |5 fy[5
[K']2:3 b,;, by, by |6 ;{F'}2: f, +6
4 (dX) by by |7 fu |7
50 b |8 f,|8
4 5 6 7 8 TT
CB1 2 3 4 5
1_011 Chr G Cy 015_ 7 9, 7
2 C;y Cp Cp €y |8 9,8
[K']3:3 Cs3 Cy Css |9 ;{F'}3:<gz 9
4 (dx) Cu  Cy |10 g, |10
S| Css |11 g,]11
7 8 9 10 11T7TT
CB1 2 3 4
1[d, dy dy, dy, |4 h,| 4
[K']4:2 d, d, d,|5 ;{F'}4 h,|5
3 (dx) dy dyy |9 h,| 9
4 d, 10 h, |10
4 5 9 10 TT

- Tién hanh ghép ndi ma tran do cung va vécto tai trong tac dung nut cta cac
phan tir thanh ma tran d6 cing [K']va vécto tai trong tac dung nut {F ' clia toan

bo hé két cau trong h¢ toa d§ chung theo cong thurec.
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[K]=

a,, A, a, a Ay 0 0 0 0 0|1
Ay, Ay ay, Ay g 0 0 0 0 0|2
g, Ay, Ay A 0 0 0 0 0|3
a44 + bll + dll a45 + blZ + d12 a46 + b13 bl4 b15 d13 d14 0 4
ag+by,+d,, a,+b, b,, b, 0 0 0|5
ag+b, b, ba 0 0 0|6
b44 + Cll b45 + ClZ C13 C14 015 7
b55 + C22 023 C24 CZS 8
(dX) Ci3+€y Cy+ey Cy |9
c44 + e44 C45 10
Cg |11
e 1
e, 2
€, 3
e,+f,+h |4
e +f,+h, |5
e, +f, |6
f,+9, |7
f,+9, |8
g;+h; |9
g,+h, 10
g, |11

2.1.1.5: Sir ly diéu kién bién cia bai toan

Phuong phap phan tir hitu han 1a cudi cing dua vé giai phuong trinh toan

hoc:

(K% = {F( 2.27)

Dé phuong trinh nay khong c6 nghiém tim thudng thi diéu kién dinh thic
ctia ma tran [K’] khac 0 ( det [K’] khac 0), khi d6 phuong trinh khong suy bién.

Véi bai toan két cau, diéu nay chi dat dugc khi diéu kién bién duoc thoa man

(két cau phai bat bién hinh). B¢ 1a diéu kién cho truéc mét sé chuyén vi nat

nao d6 bang 0 hay bang mét gia tri xac dinh hoac mot s6 chuyén vi nat phai
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lién hé véi nhau. Sau khi 4p dit diéu kién bién vao, phuong trinh can bang cua
toan hé két cau trong hé toa d6 chung c6 dang:
<o} 1F] 229

Trong thuc té khi phan tich két ciu thuong gap 2 diéu kién bién sau:

- Bién 1am mét hozc nhiéu thanh phan chuyén vi bang 0.

- Bién 1am mot hozc nhiéu thanh phan chuyén vi c6 mot gia tri xac dinh
Khi bién c6 thanh phan chuyén vi nao d6 bang 0

Thanh phan chuyén vi tai mot ndt caa phan tir bang 0 do twong wng Vi
cac thanh phan chuyén vi nay la cac lién két véi dat, ta xu |i bang cach:

- Khi ¢anh ma chuyén vi cho toan bd hé, nhitng thanh phan chuyén tai nat
nao d6 bang 0 thi ghi ma caa chuyén vi d6 1a 0. Viéc danh sé6 ma toan thé cua
chuyén vi ndt theo tha ty va vecto chuyén vi nt cua toan hé chi bao gom cac
chuyén vi nat con lai.

- Khi 1ap ma tran [K'], va vecto {F'} cua ting PT, cac hang va cot tuong

ng vé6i s&6 ma chuyén vi nat bang khong thi khdng can tinh. Va khi thiét lap
ma tran do cang tong thé [K’] va vecto tai trong ndt tong thé {F’} thi nhiing
hang va cot nao c6 ma bang 0 thi ta loai bo hang, cot.
Vi du 2.3: Thiét 1ap ma tran do cung tong thé [K’] va vecto tai trong nat {F’}
cua toan hé két ciu nhu hinh 2.4 (c6 xét téi diéu kién bién).

B (1,2,3) 4,5)C

T;A (0,0,0) 30 \D (0,0,0)

Hinh 2.4 Hinh vidu 2.3
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Léi giai:

Lap bang sé ma khi xét toi diéu kién bién:

Phan tur Mai cuc bd

1 2 3 4 5 6
TT | Loai o , .

SO ma toan thé
1 — 90 0 0 0 1 2 3
2 —d 0 1 2 3 4 5
3 —f -30 4 5 0 0 0

Ma tran do cang [K'], va vecto tai trong ndt {F} cua timg phan tu trong

hé truc toa d6 chung:
CB1 2 3 4 5 6

1[ x 10 x 10
2 0 X |0
3 0 X0
[K]1:4 a, a, a, |l ;{F}lz d,|1
44 45 46 4
5| (dx) 8s; g |2 dg |2
6 g5 |3 dg )3
O 0O 0 1 2 3 TT
CB1 2 3 4 5
1 _bll b12 b13 b14 b15 | 1 el 1
2 b22 b23 b24 b25 2 e2 2
[K'],=3 b, b, by |3 {F), =1¢e,3
4 (dx) b, by |4 e, |4
5/ b |5 e |5
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cCB1 2 3 45
1[c, ¢, X X|4 f |4
2 C, X X X|5 f,|5
[K']3=3 X X0 ;{F‘}3: X +0
4 (dx) x x10 x |0
5 X |0 X0
4 5 0 0 OTT

Can clr vao bang s6 ma, thu dugc ma tran d6 cimg va vecto tai trong nit

tong thé (co xét téi dieu kién bién) nhu sau:

(344 + b11) (a45 + blz) (346 + blS) by, by 1
(a55 + bzz) (ass + b23) b,, by 2
[K *] = (a66 + b33) b,, 35 3
(dx) (b44 + Cll) (b45 + ClZ) 4
I (bss +Cy, )_ 5
1 2 3 4 5

(F¥={(d, +e,) (ds+e,) (ds+e)) (e, +F) (es+f,))

Khi bién c6 thanh phan chuyén vi cho trwéc mot gia tri

Khi thanh phan chuyén vi tai mot nat nao dé cho truéc mot gia tri xac
dinh, thi du Am = a (hay lién két twong ung véi cac thanh phan chuyén vi nit
dm chiu chuyén vi cudng buc c6 gia tri bang a). Lic nay ta c6 thé giai quyét
bai toan nay theo 2 céch:
Céch 1: Khi ddnh sé6 ma ctia bac ty do (cac thanh phan chuyén vi) tong thé két
cau thi thanh phan chuyén vi tai nit ¢ chuyén vi bang a ta van danh ma binh
thuong chang han ma 1a m. Sau khi 1ap duoc ma tran d6 ciing tong thé [K’] va
vecto tai trong nat tong thé {F*} thay thé s6 hang k__ trong ma tran thé [K’]
bang (k,,+A) va thay so hang tai hang m trong ma tran {F’} 1a f, bang

(K +A)a
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Vi du 2.4: Thiét 1ap ma tran d6 ciing tong thé [K’] va vecto tai trong nat {F’}
ctia todn hé két ciu nhu hinh 2.5 (c6 xét toi diéu Kién bién).
5 (1.2,3) 45)C

A 0,0,0 3
¥ AL©00 Y

Hinh 2.5 Hinh vi du 2.4

Loi gidi
Hé duoc danh s6 phan tir va s ma chuyeén vi tong thé cua két cau nhu hinh
2.5.

Bang s6 ma khi xét toi diéu kién bién:

Phan tir Ma cuc bd

1 2 3 4 5 6
TT | Loai o , ,

SO ma toan thé
1 — 90 0 0 0 1 2 3
2 o 0 1 2 3 4 5
3 b—f -30 4 5 0 6 0

Ma tran d6 ctng [K'], va vecto tai trong nit {F'}_cua tung phan ti trong

hé truc toa d6 chung:
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1| x 0 X |0

2 0 X |0

3 0 X |0
[K'],= AF =

4 a, 8, d,|l d, |1

5 (dx) Qee Aoy |2 dg |2

6 g5 |3 dg )3

O 0 O 1 2 3 TT

CB 1 2 3 4 5

1 bll b12 b13 bl4 b15_1 el 1

2 b22 b23 b24 b25 2 e2 2
[K']2=3 by, by Dby (3 ;{F'}2=< e, 3

4 (dx) b, b, |4 e, |4

5/ b |5 e |5

1 2 3 0O0TT

CB1 2 3 4 5

1[c, ¢, X ¢, X|4 f]4

2 Chp, X Cx XI5 f, |5
[K']3:3 X x10 ,{F}3: X +0

4 (dx) Cu X|6 f,|6

5 x |0 x]0

4 5 0 6 O0OTT
Can clr vao bang s6 ma, thu dwgc ma tran d6 cimg va vecto tai trong nat

tong thé (co xét téi dieu kién bién) nhu sau:
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(a44 + bn) (a45 + blZ) (a46 + blS) by, by 0
(ass + bzz) (ase + b23) b,, b 0
[K*] _ (ase + b33) b, by 0
(b44 + Cn) (b45 + C12) Ci4
(dx) (bss TCp ) Cas
L (Cu+A)
1 2 3 4 5 6

{F*}z{(d4+el) (d5+62) (d6+e3) (e4+f1) (e5+f2) (044+A)a}T

Giai hé phuong trinh [K*} {6*} = {F*} thoa man diéu Kién bién vi phuong

trinh thir 6 thu duoc:
K181 + K202 + K303 + Kesda + Kgs0s + (Caat A)ds = (Caat A)a

Chia ca 2 vé cho (Cast+ A), thu duoc: 8 =a
Céch 2: Theo cach thtr 2 nay thi khi danh ma chuyén vi tong thé cho két cau
thi nhitng thanh phan nao chuyén vi bang khéng hoic ¢ chuyén vi cudng buc
ta danh ma 0, con cac thanh phan chuyén vi con lai ta danh ma theo thi tu tir 1
dén hét. Sau d6 ta 1ap ma tran do ctig va vécto tai trong tac dung ndt cho toan
bo hé nhu bai toan khong c6 chuyén vi cudng bic. Lic nay ta coi chuyén vi
cudng birc nhu 13 mot dang tai tai trong tac dung 1én két cau, vi vay khi tinh
vécto tai trong tac dung nat 1&n toan bo hé phai ké thém phan tai trong tac dung
nGt do chuyén vi cudng birc gay ra. Vecto tai trong nat 1Gc nay 1a do chuyén vi

cudng buc cac lién két tua, duoc tdng hop tir cac vecto tai trong nit {P’A} cua
mdi phan tu c6 lién két tua chuyén vi cudng bac: {P;} =[T]. {P,},; trong do:
{P,}. nhan dugc bang phan lyc lién két nit do chuyen vi cudng birc goi tya véi

dau nguoc lai.
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2.1.1.6. Gidi hé phwong trinh cén bang
Vi bai toan tuyén tinh, viéc giai hé phuong trinh dai s6 1a khong kho. Két

qua tim dugc 1a chuyén vi cua cac nut:

* 1
{8 }:[K } {F } (2.29)
2.1.1.7. Xac dinh ngi luc

Tur két qua thu duoc, két hop véi cac diéu kién bién xac dinh duoc vecto
chuyén vi nat cua ting phan tir trong hé toa do dija phuong. Tir d6 xac dinh
duoc noi luc trong phan tu.

Phuong phap phan tir c6 wu diém la viéc chia két cau ra thanh cac phan tir
nho thi dé dang mod ta duoc hinh dang phurc tap cua cong trinh, dic biét vi cac
phan tir nhd nén mé ta trang thai chuyén vi cua phan ti chi can cac da thac bac
thap. Thong thuong d6i vai phan tir dam chiu udn thi ta thuong dung da thirc
bac 3 dé mo ta chuyén vi cua phan tir:

y=a,+aX +a,x*+a,x*(2.30)

Trong phuong trinh mé ta chuyén vi ta thay c6 bén théng sé can xac dinh.
Pé thuan tién ta thay bon thong sé a,,a,,a,,a, bang cac chuyén vi va goc xoay
tai cac n(t cua phan tirv,,0,,v,,6,.Vi ham chuyén vi bac 3 nén ta cac lyc tac
dung trén phan tir ta phai quy vé nat caa phan tu.

2.1.2. Cach xay dwng ma tran d cirng ciaia phan tir chju uén

Xét phan tr dam c6 hai nat, mdi nat c6 hai bac ty do 1a chuyén vi va géc

xoay va dam c6 dién tich mat cat ngang 1a A; md men quan tinh cta mit cét

ngang 13 I; md dun dan hoi cua vat lidu E (hinh 2.6)

Hinh 2.6 Phan tir hai nGt
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Dé tinh toan duoc tong quat, chiéu dai phan tir 1y bang hai don vi, géc
toa d6 nam & gitra phan tir. Nhu vay, néu biét dugc cac bac ty do tai cac nit
phan tir 1a v,,0,,v,,0, thi chuyén vi tai diém bat ky trong phan tir tai toa do x
duoc xac dinh nhu sau:

v=N,v,+N,.0, +N,v,+N,.6,(2.31)

Trong d6 : N,, N,, N,,N,: la cdc ham dang va dugc xac dinh nhu sau:

Nl:%(Z_BX”S); szi(l—x—xﬁxs);

1 3)\. 1 2 3
N3:Z(2+3X_X ); NA:Z(—l—x+x +x%).
Theo cdng thirc trén ta thay:

_, . v
=1 dx

dv

x=1 21

=0,;V

=Y,
x=-1

=0

x=1

. (2:32)

Nhu vay, méi phan tir ¢6 4 bac tw do X={v,,0,,v,,0,} can xac dinh. Néu

11 VY1
biét duoc X thi ta cd biét duoc chuyeén vi trong phan tir ciing nhu bién dang udn
va md men theo cong thurc sau:

_dzv__[dle d’N, d’N, d’N,

}{vl 0, v, 0,}';(2.33)

LI dx*  dx* dx®* dx’®
M =El.y =—El dN, dN, dN, dN, v, 6, v, 0,}'(2.34a)
dx* dx* dx® dx?

Cong thuc trén 1a tinh toan cho phan tir c6 chiéu dai bang 2, néu phan tir

c6 chiéu dai 1a Ax thi bién dang uén va mé men duoc tinh nhu sau:

__dz"(ijz__(ijz d’N, d’N, d’N, d°N, v, 0 v, 0
=70 U Ax AX )| dx*  dx* dx* dx® |Vt Ot 2 ?

(2.33b)

2)Td2Nl d°N, d°N, d’N,

M=ElLy=-ElL| —
X ( dx*  dx®* dx* dx?

0 0.1 (2.34b
AX :|{V1 1 Vz 2}( )
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Xét phan tir c6 cc tai trong tap trung F={P,P,,M,,M } tac dung tai cac

n(t caa phan tir. Theo phuong phap nguyén 1y cuc tri Gauss, luong rang buoc

d6i voi bai toan tinh viét cho phan ta nhu sau:
1 4
z= A—ij M[xJdx - 3 FX, - min (2.35)
-1 i=1
Diéu kién dirng cua (3.25) duogc viét lai nhu sau:

- %j M3 [ Jdx - i FoX, =0(2.36)

hay:
delledX IszledX J.dNAledXT
4 odx? dx? 4 dx® dx? % dx dx 5 dx? dx?
1 42 2 2 W1 P1
| NN, ;dN;dN;dX NN,
(ij NE dx* dx 5 odx? dx S odx? dx S odx? dx 0, | | M,
AXx) | d?N, d°N Ld?N, d’N Ld2N, d?N Ld?N, d’N w,| | P,
1 3 dx 2 3 dx J' 3 3 dx J' 4 3 dx
5 dx? dx? 4 odx® dx? 5 odx? dx® 5 odx® dx? 0, M,
NN, NN, NN, AN, N,
|7 dx® dx o dx? dx 5 dx? dx Sodx® dx® |
(2.37)

[K]{X) = {F} @239
trong d6:[K]: ma tran do cting cua phan tir; {F} : véc to tai trong tac dung nit;
{X} : véc to chuyén vi nit cia phan tu.

Tinh tich phan cac hé s6 trong [K] ta cé thé tinh bing phuong phép chinh
xéac (bang ham int(fx,a,b) cd san trong matlab) hoic tinh bang phwong phap tich
phan s6 cua Gauss va két qua do cang caa phan tir chiu uén ngang phang nhu

Sau:
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[ 12El 6El _12EI 6EI |
AX® AX? AX®  AX®
6El 4E| _6EI 2El
2 2
[K] AX AX AX AX (2.39)
_12EI 6El 12EI _6EI

A A A AX®
6El 2El 6El 4E|

AX? AX AX? AX ]

Biét dugc ma tran do cing phan tir thi ta dé dang xay dung duoc ma tran

d6 cung cua toan thanh.Néu thanh chi c6 mot phan tir thi ma tran cua phan ta
cling chinh 14 ma tran d6 ciing cua thanh. Trong phan tir néu bac tu do nao
khong c6 thi trong ma tran do cang caa phan tir d6 ta bo di hang va cot tuong
ung vaéi bac tu do do.
2.1.3. Cach xay dwng ma tran d¢ cieng tong thé cia két cau
Pé trinh bay cach xay dung ma tran d6 cang tong thé caa két cau trong

phuong phéap phan tir hitu han, luan van xin duoc trinh bay théng qua vi du giai
bai toan dam chiu udn dudi tc dung cua tai trong tinh cu thé sau (con céc bai
toan khac thi cach xay dung ma tran d6 cting tong thé ciing lam tuong ty):

Vi du 2.5: Tinh toan két cau dam P

chiu lyc nhu (hinh 2.7). Biét dam

c6 do cung EI=10°(kN.cm?) ”’g;i;:%’w<m>l T

khong d6i va P=10 (kN). Xac dinh Hinh 2.7 Hinh vi du 2.5

chuyén vi tai giira dam.
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1 2 K 4 5
PN | I
posimy oy o | o
| | | | |
| <2 hiCu nét trong thanh |
| | | | |
0 1 2 3 |
| 1 9, 3 0
} | | | |
. <2 hiQi bEc tu do chuyOnvbnét |
| | | | |
4 5 8 9 1

— \
| 6 7 10 11

2 hiCu bEc tU do géc xoay nét
Hinh 2.8 Roi rac hda thanh thanh cac phan ta

Chia thanh ra thanh n_ phén te.Cac nit cua phan tir phai tring véi vi tri
dat lyc tap trung, chiéu dai cac phan tir c6 thé khac nhau. Mdi phan tir c6 4bac
tw do, nhu vAy néu n, phan ti roi rac thi tong cong ¢6 4n , bac tw do. Nhung
vi can dam bao lién tuc gitra cac chuyén vi la chuyén vi cua nat cudi phan tir
thir e bang chuyeén vi cua nit dau phan tir thir (e +1) nén s6 bac tu do cua thanh
s& nho hon 4n . Khi giai ta chi can dam béo diéu kién lién tuc cua chuyeén vi
con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao cac diéu
kién rang budc. Vi du dam trong (vi du 2.5) ta chia thanh 4 phan ti (hinh 2.8)

Nhu vay, tong cong sb an la 11 an < 4x4=16 an. Goi ma tran n_ la ma

tran chuyén vi c6 kich thudc n,,(n,,,2) 1a ma tran c6 n, hang va 2 cot chira
cac an so la chuyén vi tai n(t caa cac phan ti (hinh 2.8)

n,@:)=[0 1];n,2)=[1 2];n,B:)=[2 3];n,(4:)=[3 0]
{o 1 2 3]
n =
112 30
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Goi ma tran n, 1a ma tran chuyén vi c6 kich thusc n,(n,,2) Ia ma tran c6

n,, hang va 2 cot chira cac an sb 1a goc xoay tai niit cua cc phan tir (hinh 2.8)

n,L:)=[4 5];n,(2:)=[6 7];n,3:)=[8 9]; n,(4,)=[10 11]

o[+ 6 8 10]
"5 7 9 11

Sau khi biét an sb thuc caa cac thanh ta c6 thé xay dung do ciing tong thé
cua thanh (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tily vao trinh do 1ap
trinh caa mdi ngudi nén tac gia khéng trinh bay chi tiét cach ghép néi cac phan
tir lai dé dugc ma tran 6 ciing cua toan thanh va c6 thé xem trong code mé dun
chuong trinh cua tac gia)

Néu bai toan c6 n_, an s6 chuyén vi va n_ an s6 goc xoay thi ma tran do
ctng cua thanh 1a K 6 kich thuéc (nxn), K(n,n)véin=(n,, +n_ ). Nhu & vi

du 2.5,n =11. Bay gid xét diéu kién lién tuc vé gdc xoay gitta cac phan tur.

Diéu kién lién tuc vé goc xoay gitta cac phan tir duwoc viét nhu sau:

# )-(2d )-oean

dX | dX |

hay: oA, H% nmj — [% nmﬂ =0 (2.41a)
oA, :(d—i[z y —[% N _ =0 (2.41b)
oA, _[d—i/:' y —(% » : =0 (2.41c)

Trong d6 A. ciling 1a an s6 cua bai todn (c6 k an s6), do d6 tong so6 an s6

ctia bai toan lac 1a (n+k) do d6 ma tran d6 ctiing cua phan tir lic nay cling phai
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thém k dong va k cot nhu vay kich thudc cua ma tran do cang laK(n+k,n +k).
Goi k, la goc xoay tai n(t 2 ciia phan tir trudce, k,1a goc xoay tai nit 1 caa phan

tir sau thi ta c6 cac hé s6 trong ma tran do cang K:

k(n+i,k1):§; k(n+i,k2):—§ (i=1-K) (2.42a)
k(kl,n+i)=A—2X; k(kz,n+i)=—AiX (i=1-K) (2.420)

Néu c6 hai phan tw thi c6 mét dieu kién ve goc xoay, ¢6 n . phan tir thi c6
(2npt —1) diéu kién lién tuc vé gdc xoay giita cac phan tir. Nhu vay cudi cling

ta s& thiét 1ap dugc phuong trinh:

[K]{X}=1F}

R X, |
: rso—hang=n :
F, Xy lvs 2 % .
trong d6: {F} = ; {X}=| " [laan s cua bai toan
0 X,
so—hang =k
_O _ _}\‘k_

Trong vi du 2.5 khi chia thanh ra thanh 4 phan tir. Két qua ma tran do cang cua
thanh:

(24 -12 0 -12 -12 1.2 1.2 0 0 0 0 0 0 0
-12 24 -12 0 0 -12 12 12 1.2 0 0 0 0 0
0 -12 24 0 0 0 0 -12 -12 12 12 0 0 0
-12 0 0 16 08 0 0 0 0 0 0 0 0 0
-12 0 0 08 16 0 0 0 0 0 0 210° 0 0
12 -12 0 0 0 1.6 0.8 0 0 0 0 -210° 0 0
[K]-10° 12 -12 0 0 0 0.8 1.6 0 0 0 0 0 2.10° 0
0 12 -12 0 0 0 0 1.6 0.8 0 0 0 -2.10° 0
0 12 -12 0 0 0 0 0.8 1.6 0 0 0 0 2.10°
0 0 12 o0 0 0 0 0 0 16 08 0 0 -2.10°
0 0 12 o0 0 0 0 0 0 08 16 0 0 0
0 0 0 0 210° -210° O 0 0 0 0 0 0 0
0 0 0 0 0 0 210° -210° 0 0 0 0 0 0
| 0 0 0 0 0 0 0 0 210° -210° 0 0 0 0 |

52



Két qua chuyén vi, goc xoay tai cac nit:
{wz;w3;w4; } - [0.09166667(cm);0.13333333(cm);0.09166667(cm);}
O P, P4 P, P 0.05(rad);0.0375(rad); 0;-0.0375(rad); —0.05(rad)
Ta thay két qua trén so véi két qua giai chinh xac theo phuong phap giai
tich rat dung vi du nhu chuyén vi tai nat 3 tinh theo phuong phép giai tich:

3
w. = _013333333(cm)
48E|

3
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CHUONG 3
TINH TOAN DAO PONG CUA THANH
LOI GIAI BAN GIAI TiCH VA LOI GIAI SO

Bai toan dong luc hoc 1a bai toan xét khoi luong cua thanh va do d6 phai
xét thém luc quan tinh bang cach st dung nguyén Iy D’Alambert. Do ¢6 luc
quan tinh, thanh c6 thé chuyén dong xung quanh vi tri can bang tinh ciia nd.
Chuyén dong xungquanh vi tri cAn bang tinh dugc goi 1a dao dong. Trong
truong hgp khong ¢6 luc can (vi dy, luc ma sat trong thanh hodc lyc can moi
truong) thi dao dong dugc duy tri. Khi c6 luc can thi thanh dao dong véi bién
do giam dan, dugc goi la dao dong tat dan. Néu nhu bién do dao dong tang theo
tho1 gian thi thanh co thé bi pha hong khi bién do dat do 16n nao do. Trong luan
van ndy, tac gia s€ nghién ctru bai toan dao dong ngang khi c6 luc doc P dat ¢
dau thanh. Truong hop luc P=0 ta c6 bai toan dao dong tu do. Vi vay trong
chuong nay 1an luot trinh bay cac van dé sau: dao dong tu do cua thanh, dao
dong ctia thanh khi c¢6 luc P 13 hang ddi v6i thoi gian t, dao dong cta thanh khi
P 13 ham tuan hoan cua thoi gian t (P =P +P, cos(&)).

3.1. Dao dong tw do ctia thanh

Xét thanh thang,c6 tiét dién khong d6i, 6 khdi lwong m phan bd déu trén
thanh. Khi c6 chuyén vi ngang, thi ngoai ndi luc M va Q, con phai xét dén luc
quan tinh f_. Luc quén tinh f_bang tich ciia khdi lugng véi gia téc clia chuyén
dong va co phuong tac dung 1a phuong ciia chuyén dong (phwong ciia do vong)
ctia thanh. Nhu vdy, luc quan tinh c¢é tic dung gidng nhu luc ngang, trong
truong hop nay 1a lyc ngang phan bd, dit tai truc thanh. Néu khéi luong m phan
bd trén chibu cao cua tiét dién thanh thi do tiét dién thanh bi xoay, con ¢o luc
quan tinh xoay cua tiét dién thanh. Pé don gian nghién ctru, ta khong xét luc

quan tinh xoay nay.
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Véi nguyén 1y D’Alambert, xem luc quan tinh f_nhu 1a ngoai luc can
tac dung 1én thanh,va vi luc quén tinh 1a ham cua thoi gian nén ham d6 vong
va cac ham noi lyc trong thanh déu 1a ham cua toa d6 va thoi gian: W =W (x,t)
1a ham do vong, M = M (x,t) 14 ham momen udn.

Luc quan tinh cta thanh dugc tinh nhu sau

o°W
fo=m—- (3.1
n=m—z @1

Xem lyc quan tinh f_nhu 13 ngoai luc can phan bd tac dung 1én thanh,

viét ngay dugc phuong trinh vi phan cén bang
0’M
ox’

+f =0 (3.2a)

Goc xoay do momen udn 0, bién dang udn {rva ndi luc momen xéac dinh
theo cac biéu thirc sau

=‘2—VXV, =W m—_Ey (33)

Y
Pua cac biéu thirc (3.1) va (3.3) vao (3.2) nhan dugc

53[54"2’} n?W _o  (3.4a)
OX ot

0

Nghiém ctia hé (3.4) c6 thé viét dudi dang
W (x,1) = y(x) cos(at) = y cos(eat) (3.5)
Khi d6 hé (3.4) c6 dang

(EJ (313/) —mae’ y) cos(wt) =0 (3.6)

Vi thanh ph?m trong ngodc khong phu thudc t nén hé (3.6) duogc gidn héa nhu sau
EJ (d—i’) —ma’y =0(3.7)
dx

Hai ham y = y(x) 1a ham cua toa d6 x. Phuong trinh (3.7) khong phu

thudc vao bién t, 1a phuong trinh vi phan tuyén tinh c6 hé sé khong dbi, day
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chinh1a phuong trinh dao dong ctia thanh theo 1y thuyét dim Euler-Bernoulli,
giai phuong trinh nay tim dugc do vong y.

Phuong phép chungdé giai (3.7) 1a giai phuong trinh dic trung ctia ching va
xay dung nghi€m y trén co s cac nghiém (tri ri€ng) cua cac phuong trinh dac trung.
Tuy nhién, ta s& diing phuong phap chuyén vi cudng buc dé giai.

Khi xdy dung bai toan theo phuong phap nguyén 1y cuc tri Gauss, c6 thé
dung cac dai luong bién phan (chuyén vi 4o va bién dang a0) khong phu thudc
thot gian

o &
<9x=a—ix, zx=—a—xi’, (3.8)

Ki tu x ¢ chan cac dai lugng dé chi rang dai lugng chi phy thudc x.
Bai toan dao dong ty do ctia thanh duge dan vé bai toan tim cuc tiéu cia

luong cudng btc chuyén dong tai mot thoi diém t bat ki:
Z= } M [;(X]dx+} f [y]dx — min(3.9)
0 0

Pai luong trong ngodc vudng ctia phiém ham (3.9) 1a dai luong bién phén.
Tu diéu kién cuc tiéu

5 = 'j M5[;(]dx+lj f s[Wldx=0 (3.10)

0
va dung phép tinh bién phan s& nhan dugc lai hai phuong trinh (3.6) va vi bai
toan tuyén tinh theo t nén lai c6 hé (3.7).

Nhu vay, bai toan dao dong tu do cua thanh béng cach dung bién dbi
(3.5) dan vé giai (3.7) 1a hé khong chira bién t. Nghiém vy =0 (nghiém khong
tam thuong) cta (3.7) tiy thudc vao cac thong sé m, EJ, @ va chiéu dai thanh.
Thong thuong, cac thong s m, EJ va chiéu dai thanh d3 biét nén tan s6 1a ham
cua cac dai lugng nay.

Str dung cac dai luong khong chtra bién thoi gian t, bai toan (3.9) ¢6 dang
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Z= } I\/IX[;(X]dX++Ij f [yldx — min(3.11)

& day M, =Elp, f,=-ma’y (3.12)
Dé giai bai toan (3.11) ta ding phuong phéap chuyén vi cudng birc bang
cach cho mot diém nao dé cua thanh, vi du diém x, chuyén vi cudng buc yo0.
gl=y(x)-y0o=0 (3.13)
Bai toan cuc tiéu (3.11) véi rang budc (3.13) 1a bai toan tinh tinh thanh
chiu chuyén vi cudng birc tai diém x1, c6 an 1a tin s6 @ cho nén co thé duoc
goi 12 bai toan dao dong tu do ctia thanh. Viét phiém ham Lagrange mé rong F

cta (3.11) va (3.13), ta ¢ diéu kién cuec tri

0

F=[M Xé{— %}dxﬁj f.olyldx+o[A.g1]=0 (3.14)

A trong (3.14) 1a thira s6 Lagrange va 1a an méi ctia bai toan. Tur (3.14) nhan

duogc hai phuong trinh c4n bang (hai phuong trinh Euler) :

d'y o JmAX=X
EJ(dX4j—ma) y_{ Ox%x. (3.15)

cung voi phuong trinh (3.13). Hé phuong trinh (3.15) ¢6 vé phaila 1

Xét vé co hoe, A ¢o tha nguyén la lyc va do 1a luc gitr dé chuyén V1 tai
diém x=x; ctia thanh bang chuyén vi cudng bic y0 (phuong trinh (3.13)). Luc
giit do ta dua vao nén phai bang khong. Vé toan hoc thi phuong trinh dao dong
1a phuong trinh khong c6 vé phai (hé (3.7)) cho nén A ciing phai bang khong.
Vi vay ta co
A=0 (3.16)

Nghiém cua phuong trinh (3.16) cling 13 nghiém ctia vé trai (3.15) hodc
cua hé¢ (3.7). Nhu vay, phuong trinh (3.16) l1a phuong trinh da thirc x4c dinh tri

riéng, khi ham y(x) thoa min cac diéu kién bién thi né 1a phuong trinh da thirc
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xéac dinh tan sb riéng cia dao dong ty do cua thanh. Trong truong hop nay A
la ham cua o, 1 =A(w).

Bai to4n dao dong tu do cua thanh dugc dua vé bai toan (3.11) véi rang
budc (3.13) va s& duoc giai truc tiép trén phiém ham Lagrange mé rong dé tim
dugc ham A(w), giai phuong trinh (3.16) s& nhan duoc cac tan s riéng. Cha
y, A 1athira s6 Lagrange cua rang budc (3.13).

Ta dang xét truong hop khéi luong phan bd déu trén thanh. Bai toan ¢ vo
s6 bac tu do nén c6 vo so tan so riéng. Chiing tao thanh ddi tan sé riéng dao dong
ctia thanh ¢ bién dudi 13 tin s co ban va bién trén 13 v6 cung 16n, @ — o . C4c
thanh c6 lién két khac nhau s& dao dong véi tan sb riéng khac nhau. Tan s6
riéng dao dong tu do ctia thanh c6 cac diéu kién lién két khac nhau duoc tinh theo
phuong phap chuyén vi cudng birc duoc trinh bay dudi day.

3.2. Tinh toan dao dong tw do cia thanh - loi gidi ban giai tich
3.2.1. Thanh diu ngam - diu khép

Xac dinh tan s6 va dang dao

t "‘l t

A 1A ?” r Koo - e
dong riéng cua thanh. Thanh c6 khoi
lwong phan b déu, tiét dién khong doi ® ]
va ¢ do cung udn EJ. b h ol*

Néu nhu tai diém (x=1,) cho léch .

A \ ’ N ~q . N oy — Y N i Y

mot doan yp nao do thi thanh s€ bi cong ® ®

di theo dudng dan hoi y1(X) Vayo(x)nhu  Hanh 3.1. Thanh ngam - khdp
(hinh 3.1b) do tac dung cua lyc mémen
uén P(y1) va P(y2).Goi My, My la
momen uén lan lugt trong
doan 1 va2lc nay trang thai can bang cta thanh 13 trang thai cin bing nén udn
(hinh 3.1b). Viét biéu thirc dudng d6 vong cho cac doan thanh dudi dang da

thirc nhu sau:
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9 .

y, = iglaix' =aX+a,X° +a,x° +a,x* +a,x° +a,x* +a,x" +a,x* +a,x’; (a)
9 .

Y, = i;Obix' =b, +bx+b,x* +b,x* +b,x* +b,x* +b,x° +b,x" +b,x* +b,x?; (0 < x <1,)

trong do a; (i=1:9), bj (j=0:9), I cac hé s6 can xac dinh. Dya vao biéu thirc (3.1)

tinh lyc quan tinh trong tirng doan thanh la

o2y, (x,t mao’
= m B ey 0 - B3 My (0 =~k Y, (0
ot EJ (b)
0%y, (X 1) 2 mao’ 2
mzzmT:_mw y,(x) =-EJ = y,(x) =—EJKy,(x)
. Mo’ EJ
Trong do: k= £ ©F k“/W (©)

Sau nay thay cho tan s6 o ta s& dung k; dé tinh luc quan tinh (biéu thirc
(b)). Biét dugc tri s6 ki thi tinh dugc tdn s6 o theo biéu thuc (c).
Bién dang truot 6, bién dang udn i , goc xoay do momen udn 6 va noi

luc momen x4c dinh theo cac biu thirc sau

oy, 82y
9 = = — 1
! 8X le aXZ Mxl = _E‘]Zl } (d)
92=8yl' __ﬁzyz ’ MXZZ_E‘JIZ

8X Xox = axz

Theo biéu thirc (3.8) ta xdy dyung bai toan dao dong tu do cta thanh nhu sau
Iy Iy il 12 .
Z= ({[M xl](le )dX + (f)[M X2 ](ZZX )dX + ({[E‘]klz ]yldx + g[EJklz ]yzdx — Min (e)

Bai toan tim cuyc tri cua (e) phai thoda man 6 di€u kién rang budc sau

~  Goc xoay tai dau ngam (tai x=0) bang khong

g = (%)I o (D)

— Chuyén vi tai cudi doan 1( tai x=1;) bang chuyén vi tai dau doan 2
g,= yl‘x:h - yz‘xzo (g)

—  Goc xoay tai cudi doan 1( tai x=1;) bang goc xoay tai dau doan 2
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_(dy, j
9 = ( dx 1
- Chuyén vi tai cudi doan 2( tai x=1y) brfmg khong
x=lp =0 (1)

~ Mobmen udn tai dau trén doan 2(dau khép, tai x=1,) bang khong

[ d?y, :
gs-[ oy j )

~ Tai diém cudi doan 1(x=ly) ta cho chuyén vi cudng birc bang yo
e~ Yo (k)

Ta dua bai toan tim cuc tri cua (e) voi 6 diéu kién rang budc (f), (g), (h),

o L)

9,=Y,

Js =Y,

(i), (§) va (k) vé bai toan cuc tri khong c6 rang budc bang cach dua thira sb
Lagrange vao phiém ham mo rong nhu sau:

F=Z+Z1->min (I
Z1=Y.g,,
Cac hé sb A Ay Agy Ay As, As dUOC got la cac thura sb Lagrange va 1a 6 in
moi cua bai toan. Tong an bai toan bao gom a; (i=1:9), b (j=0:9), va 6 thira sd
Lagrange sé& 1a 25 an dugc dit trong vecto an S(i), i=1:25. Bai toan (1) 1a bai

toan t6i vu thong sb va diéu kién cuec tri (3.9) bay gid duoc viét nhu sau
Iy 0 hy 0 0 .

h =[|IM,|— dx+ [ f. ,|—(y,)dx+—(Z1) =0; i=1:9

=Ml Geadxs [[l2 - (rddxs 2 -2 (i=1:9)

12 b 12 0 0 o a
ui=g[Mu]@—Q(zxadHg[fmzla—q(yz)dx+a—q<21)=o, (i=1:9) ¢+ (m)

i

A)=0; k=1:6.
o (9A)

Tir diéu kién cuc tri (M) cua phiém ham md rong F ta s& nhan dugc 25
phuong trinh dai s6 tuyén tinh dé xac dinh 25 théng s6 cta bai toan. C6 thé giai

bai toan trén bang cach st dung phan mém Symbolic cua Matlab. Khi giai
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phuong trinh xong théy rﬁng cac thong sb ay, ay, as, ..., as, bo, by, by,..., by, va
M, Aa,... he. déu 1a ham ctia ky . Luu ¥ rang As c6 thir nguyén 1a luc va nd 1a luc
giit dé co chuyén vi cudng blic yo tai cudi doan 1;. Lyuc giit phai bang khong
cho nén giai phuong trinh 4, (k1) =0 s€ cho ta céac k.

mao?

T k, = ta s€ tim dugc céc tan s6 dao dong riéng w; can tim. Co thé

noi As (k1) =0 cling 1a da thirc déc trung cta bai toan.

Giai phuong trinh  A1(k1)=0 o=k, |EJ _ 15418 { Ei]4
theo kj ta nhan dugc 25 nghiém k; m m
va tir d6 xéc dinh dugc 25 tan sb o, —k, |E — 49964 %
m m
dao dong riéng cua hé, & day chi
\ . EJ EJ
dua ra 3 tan so dao dong riéng co @y =Ky~ - =104266,]
ban la:
Khi giai hé phuong trinh (m) ta £

cling nhan duogc cac thong 6 aj
(i=1:9) va b; (j=0:9) va chung déu la
ham cua k; . Pua cac tri k; tim duoc
& trén vao cac thong sd nay va st

dung cac biéu thtc (a) ta co cac

dang dao dong chinh y(x) cua thanh 3 g § § § °§ T

(hinh 3.2). Hénh 3.2.Dang dao dong ty do cua
thanh dau ngam — dau khop

3.2.2. Thanh hai diu ngam
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Xac dinh tin sb va dang dao dong %4 7y

A ) . X . , AV WS- AV WS-
riéng cua thanh hai dau ngam. Thanh c6
khéi lwong phan bd déu, tiét dién khong d6i ®
. %
va c6 do cung uon EJ. = B ol
Chia thanh thanh hai doan, cho thanh mot u
chuyén vi yp tai diém bat ky trén thanh thi AV”’g” —=Y o ””’@')”’

khi 4y d6 vong twong tmg véi timg doan 1a

Y1(X), Y2(x) nhu (hinh 3.3). Gia st duong do

Hénh 3.3. Thanh ngam — ngam

vong cua tung doan thanhco dang da thirc bac 9.

Xay dung bai toan twong ty nhu trudng hop thanh dau ngam - dau khép,
v6i 6 diéu kién rang budc (gdc xoay tai ngam dwéi bang khéng, chuyén vi tai
cuoi doan 1 bcing chuyén Vi tai dau doan 2, goc xoay tai cuoi doan mot bcfng
géc xoay tai dau doan 2, chuyén vi tai cudi doan 2 bang khéng, géc xoay tai
cudi doan 2 bang khéng, chuyén vi cudng birc tai cudi doan 1 bang yo) va giai
ra ta nhan dugc da thire déc trung ctia bai toan 1a Ag(k1)=0.

Giai phuong trinh Ag(k1)=0 s€ cho ta cac k.

2

Tu k, = MY ta s& tim duoc cac tan s6 dao dong riéng w; can tim.
Giai phuong trinh  Ag(k;)=0 theo o=k B _ 2237 E;]4
k; ta nhan dugc 25 nghiém ki va tir d6 m m
xéc dinh duoc 25 tn s dao dong riéng o, =k, % _ 61672 EIJ
cia hé, & day chi dua ra 3 tan sé dao
EJ EJ
dong riéng co ban Ia: @y =Ky~ - =120941 5
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Dang dao dong riéng ctia dudng dan hdi

Bang 2

(véc to riéng) twong tng véi 3 tan sd dao
dong riéng co ban (3 tri riéng chinh x4c)

dAu tién nhu hinh 3 4.

= o o = s} o —
=} = =} =} =1 =1 =
=} =1 =} =} =} =1 T

Hinh 3.4.Dang dao dong tw do cua

thanh hai dau ngam
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3.3.Tinh toin dao ddng tw do ciia thanh - 16i giai s6 theo phwong phap
phén tir hiru han

Vidu 3.3.1: Dam dau ngam dau khép (hinh 3.5)

Xéac dinh tan sb dao dong
riéng cia dam dau ngam - dau
khép, chiéu dai nhip |, do ctng
ubn EJ, khéi luong phan bé déu
trén toan dam, hinh 3.5a.

Roi rac hda két cau dam ra
thanh n_ phan t&.Cac nit cua
phan tir phai trang véi vi tri dat
khéi lugng tap trung, hay vi tri
thay doi tiét dien, chiéu dai cac

©)
l L
SO DO DAM

1 2 3
|1 |1
|} |}

SO DO NUT DAM

1.1 2.2 3 3
|} |} |}

> nt
9 Ny

SO DO AN CHUYEN VI

4 55 6.6 7 7 8
@ P—P— =g E— Mwx

SO DO AN GOC XOAY

|}/m:|,l/mz|,l/mz|,l/m|,
1 1 1 1

CHIEU DAI PHAN TU

phan tir c6 thé khac nhau. Hinh 3.5. Dam dau ngam - dau khép

M&i phan tir ¢6 4 an vy, v,, 6, 6, vay néu n  phan tir roi rac thi tong cong
c6 4xn  an. Nhung vi can dam bédo lién tuc giira cac chuyén vi la chuyén vi cua
nut cudi phan ti thir e bang chuyén vi ctia nat dau phanti thir (e +1) nén s an
cua thanh s& nhé hon 4xn_.Doi véi bai toan khdng xét bién dang truot ngang
khi giai ta can dam bao diéu kién lién tuc cua ca chuyén vi thang nw va diéu
kién lién tuc vé goc xoay. Vi du dam trong (vi du 3.3.1) ta chia thanh 4 phan
tir (hinh 3.5b).

Khi chia dam thanh 4 phan tir thi s6 nit dam s& la 5, tha tu tir tréi sang
phai la [1, 2, 3, 4, 5] (hinh 3.1b), s6 an chuyén vi nw=3, thir tu tir trai sang phai
la [1, 2, 3] (hinh 3.5¢), & day an chuyén vi tai dau trai ngam va dau trai khop
cuia dam bang khéng, an goc xoay nwx=5, thir tu tir trai sang phai 14 [4, 5, 6, 7,
8] (hinh 3.1d).
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Nhu vay, tong cong s6 an 1a 8 4n < 4x4=16 an. Goi ma tran nw 1a ma tran

chuyén vi ¢ kich thuéc n,,(n,,,2) lamatran c6 n, hang va 2 cot chira céc an

s6 1a chuyén vi tai nat cua céc phan tir (hinh 3.5).
nw1:)=[0 1fn, )= 2];n,(3)=[2 3}n,(4:)=[3 0]
nw=[0 1 1 2 2 3 3 0]

Goi ma tran nwxla ma tran chuyén vi goc co kich thusc nwx(ng,2) l1a ma
tran ¢6 n , hang va 2 cot chira cac an so la géc xoay tai nit cua cac phan tir
(hinh 3.5d).

nwx(L:)=[4 5[n,(2:)=[ 6];n,(3:)=[6 7}n,(4:)=[7 8]

nwx=[4 55 6 6 7 7 §

Sau khi biét an s6 thuc ctia dam ta cé thé xay dung do cung téng thé cua
dam (c6 rat nhiéu cach ghép noi phan tir khac nhau, tiiy vao trinh do 1ap trinh
ciia mdi ngudi nén tac gia khodng trinh bay chi tiét cach ghép néi cac phan ta
lai dé dugc ma tran d6 cing cua toan dam va co thé xem trong code md dun
chuong trinh cua tac gia).

Néu bai todn c6 nw an sé chuyén vi va nwxan sé goc xoay thi ma tran do
cing cua dam 1a K c6 kich thuéc (nxn), K(n,n)véi n=(nw+nwx). Nhu ¢ vi du
3.3.1, n=8. Nhu vay cudi cing ta s& thiét lap duoc phuong trinh:

[Klaj={F}

{F}=1.%tso—hang=n {A}=1."

la s6 an cua bai toan
Trong vi du 3.3.1 khi chia thanh ra thanh 4 phan tir, ta co:
- Ma tran d9 cirng phan tir [Ke], nhw sau:
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768 768 96 96 -
12 Z 1
768 768 96 96
_E 2 2
Kel=71 96 06 8
I I i
96 % . 1
I I

- Ma tran d9 cieng toan dam [K]:
Ghép ndi cac ma tran do cang phan tir [Ke] vao hé toa d6 chung, ta duoc
ma tran do cting tong thé caa toan két ciu nhu sau:

2
15% kl) 188 0 % o ¥ 0 0 0 1
1?4 1® 12 2
768 1536 k2l 768 9% 96
- =.5 = 0 =0 = 0 0 0 0
|3 (|3 4] |3 |2 |2
768 1536 Kl 9% 9% 9%
0 - = .5 0 0 -=> 0 = 0 -=— 0
|3 [|3 4] |2 |2 |2
% 0 0 1o 8 o o X 1 0 0
2 | | |2
EJX 0 % 0 8 2 8 0 0 0 0 0
12 [ [ [
B, E B @8, g
12 12 | I |
: ® . o o L2 8, B
2 | | [ [
0 0 % 0 0 0 8 b o B
|2 | [ [
0 0 0 1 0 0 0 0 0 0 0
0 0 % 0 0 o .2 B 0 0 0
|2 | |
K]= | 1 0 0 0, 0 0 0 0 0 0 0

- Véc to luc nUt{F}:
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O O O O O O o o o o

<
o

Giai phuong trinh (e) ta nhan dugc:

A=K}
Theo ngdn ngit 1ap trinh Matlab ta co thé viét:

{ad=[KN\F}
Khi chia ddm thanh 8 phan tu, két qua nhan duoc lamda 1a ham cua k5

nhu sau:

lamda=1/8*ej*y0*(-

7744192512*k5M12*1"24+1107845072289792*k5"10*1720-

66315592473960775680*k5"8*1"16+1606627434701449995485184*k576*|

N12+26399548863459482140747833016320*k5"2*1M4-

5544703725398275402146579820314624-

13306099292282020805851742208*k5"4*"8+18817*k5"14*1"28)/I1"3

Biéu thtic trén 1a da thirc bac 14 d6i voi ks. Giai phuong trinh trén theo Ks:
Ak,)=0

Nhan dugc 14 tri ks. & day dua ra 3 tri ks dau tién nhu sau:

k, =15,4174/1%, 49,9356/1%; 103,9189/I?;

Tuong ung véi 14 nghiém ks ta xac dinh duoc 14 tan s6 dao dong riéng cua hé

theo cong thirc
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a):ks‘/%

¢ day chi dua ra 3 tan s6 dao dong ri€éng co ban dau tién ing vo1 3 nghiém ks

dau tién 12

o = km/% =15,41741/% 0, = ksu/% _ 49,9356 /%
W, = ksswf% = 103,91891[%
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BANG SO SANH KET QUA

. o o Sai sb giira
Tan so Lol giai so Lol giai e
] L o loi gidi so va
dao (PTHH, chia | ban giai tich Loi giai i i
. o1 giai
dong dam thanh 8 (da thirc bac chinh xac ] : )
. han ti) 9) chinh xac
rién an tie
g Y %
1 15,4174 15,4180 15,4213 0,025
W 49,9356 49,9640 49,9707 0,070
o3 103,9189 104,2660 104,2441 0,311

Ta nhan thay két qua theo 1oi giai ban giai tich khi sir dung ham xap xi 1a da
thie bac 9 gan triung khép vai két qua chinh xac, con két qua theo oi giai s6
(PTHH) c6 sai s6 rat nho, nhd hon 0,025% so vai két qua chinh xac.

Vidu 3.3.1: Dim hai ddu khép (hinh 3.9)

Xac dinh tan s6 dao dong

riéng cia dim hai dau ngam, a ;
chiéu dai nhip |, d6 ctng uén EJ, b L
Z. A z X n . 'l SO DO DAM
khoi lugng phan bo déu trén toan L 5 3 A 5
dAm. hinh 3.6a. ® I l—l—
. i ., . SO DO NUT DAM
Roi rac hoa két cau dam ra o 112233 0y
1 [RA [RA

thanh n_ phan ti.Cac nit cua

SO DO AN CHUYEN VI

phan tir phai tring véi vi tri dat @ 388 N
khdi luong tap trung, hay vi tri SO DO AN GOC XOAY

thay doi tiét dien, chiéu dai cac 'I\}/nm'l\'l/m"l Ll/nm,l Ll/nm,l\,
phan tir c6 thé khac nhau. CHIEU DAI PHAN TU

Hinh 3.6. Dam hai dau khop
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M3&i phan tir c6 4 an vy, v,, 6, 6, VAy néu n . phan ti rai rac thi tong cong
c6 4xn_ an. Nhung vi can dam bao lién tuc giira cac chuyen vi la chuyén vi ciia
nut cudi phan tr thir e bang chuyén vi clia nat dau phantir thir (e +1) nén s an
cua thanh s& nho hon 4xn . Doi véi bai toan khong xét bién dang truot ngang
khi giai ta can dam bao diéu kién lién tuc caa ca chuyén vi thang nw va diéu
kién lién tuc vé goc xoay. Vi du dam trong (vi du 3.3.1a) ta chia thanh 4 phan
tir (hinh 3.1b).

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, thi tu tir tréi sang
phai la [1, 2, 3, 4, 5] (hinh 3.9b), s6 an chuyén vi nw=3, thi ty tir tréi sang phai
1a [1, 2, 3] (hinh 3.9¢), & ddy an chuyén vi tai dau trai ngam va dau khop phai
ctia dam bang khong, an goc xoay nwx=5, thir ty tir trai sang phai 1a [4, 5, 6, 7,
8] (hinh 3.9d).

Nhu vay, tong cong sb an 1a 9 an < 4x4=16 an. Goi ma tran nw 1a ma tran

chuyén vi ¢ kich thuéc n,,(n,,,2) lamatran c6 n, hang va 2 cot chira céc an

sb 1a chuyén vi tai nat caa cac phan tir (hinh 3.9¢).
mw(t)=[0 1}n,@2)=L 2;n,@E)=[2 3fn,@4)=[ 0]
nw=[0 1 1 2 2 3 3 0]

Goi ma tran nwx la ma tran chuyén vi goc co kich thugc nwx(ny,2) 1a ma
tran ¢6 n , hang va 2 cot chira cac an so la géc xoay tai nit cua cac phan tir
(hinh 3.9d).

nwx(L,))=[4 5}n,(2:)=[5 6];n,3:)=[6 7}n,(4)=[7 8]

nwx=[4 55 6 6 7 7 §

Sau khi biét an s6 thuc cta dam ta cd thé xay dung do cung tong thé cua
dam (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
cuia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép ndi cac phan ta
lai dé duoc ma tran d6 cung cua toan dam va c6 thé xem trong code mo dun
chuong trinh cta tac gia).

70



Néu bai toan c6 nw an s chuyén vi va nwxan sb goc xoay thi ma tran do
cing cua dam 1a K c6 kich thuéc (nxn), K(n,n)véi n=(nw+nwx). Nhu & vi du
3.3.2, n=8. Nhu vay cudi cing ta s& thiét lap duoc phuong trinh:

[KJa}={F}
F 0,

1)
{F}= :2 so—hang=n {A}= .

F 5” N X R \ = ’
la s6 an cua bai toan
Trong vi du 3.3.2 khi chia thanh ra thanh 4 phan ti, ta co:

- Ma tran @9 cieng phan tir [Ke], nhu sau:
768 768 96 96

N P B
768 768 96 96

A e 12 I 1
Kel=71 96 06 8
I I =
96 96
2 2 g 16

L7 z
- Ma tran @9 cieng toan dam [K]:

Ghép néi cac ma tran do cang phan tir [Ke] vao hé toa do chung, ta dugc
ma tran do ctng tong thé caa toan két ciu nhu sau:
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2
1536 ksl| 768 0 % 0 % 0 0 0 0 1
P 4 13 |2 |2
768 1536 k2l 768 9 96
= = .5 = 0 = 0 = 0 0 0
|3 [|3 4j |3 |2 IZ
2
0 168 1536 ksl 0 0 % 0 % 0 0 0
13 B 4 2 |2
% 0 0 16 8 0 0 0 1 0 0
12 | |
EJx
0 % 0 8 28 0 0 0 0
2 | | [
% - N R
|2 |2 [ I [
0 % 0 0 0 8 2 8 0 0 0
|2 | [ |
0 0 % 0 0 0 8 B 0 1 0
12 | |
0 0 0
0 0 0 1
K]l= | 1t 0 0 0

- Véc to luc nut{F}:

O O O O O O o o o o

<
o

Giai phuong trinh (e) ta nhan dugc:

n)=[KIHF)
Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

{aj=[K]\F}
Khi chia dam thanh 4 phan tir, két qua nhan duoc lamda 12 ham cua k5
nhu sau:
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lamda=1/4%ej*y0* (7*K5 6*1112-9446 4% K5 4*|A8+278396928*K5A 2% 4
115964116992)/1"3

Biéu thirc trén 1a da thirc bac 6 ddi voi ks. Giai phuong trinh trén theo ks:
Ak) =0

Nhén duoc 6 tri ks. ¢ ddy dua ra 3 tri ks du tién nhu sau:

k, =22,3023/1%; 59,2524/1%; 97,3992/I;

Tuong tng voi 6 nghiém ks ta xac dinh dugc 6 tan s6 dao dong riéng cua hé

w:ks‘/%

¢ day chi dua ra 3 tan s6 dao dong ri€éng co ban dau tién trng vo1 3 nghiém ks

theo cong thirc

dau tién la:

[EJ [EJ
W, = k51 F = 22,3023 W

/EJ / EJ
w, = k51 F = 59,2524 W

[EJ [EJ
a)3 = k53 H = 97,3992 m|4

BANG SO SANH KET QUA

Tan so Loi giai 56 Lo giai Lo giai Sai s giira
dao (PTHH, chia | ban giai tich chinh xac | loi giai so va
dong damthanh 8 | (da thic béc loi giai
riéng phan tir) 9) chinh xac %
1 22,3023 22,3730 22,3729 -0,315
o 59,2524 61,6720 61,7638 -4,066
3 97,3992 120,941 120,9120 -19,446

73




Ta nhan thay két qua theo 1o giai ban giai tich khi str dung ham xap xi 1a da thac
bac 9 triing khép véi két qua chinh xac, két qua theo 101 giai s6 (PTHH) ¢6 sai s6
rat nho, chua dén0,5% so véi két qua chinh xacddi voi tan sb dao dong dau tién
mac du ta méi chia dam thanh 4 phan tir. Nhu vay, ddi voi bai toan dam hai dau

ngam két qua hoi tu vé két qua chinh xac nhanh, trong vi du 3.3.2.
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Két ludn

Qua két qua nghién ctru tir cac chuong, chwong 1 dén chuong 3 ddi véi
bai toan dao dong ctia thanh. Tac gia rut ra cac két luan sau:
- st dung thanh coéng phuong phap nguyén 1y cuc tri Gauss d6i véi bai
toan dao dong tu do cua thanh.
- Di xac dinh dugc két qua cua cac bai toan dao dong tu do caa cac thanh cé
lien két khac nhau theo hai huong tiép can loi giai ban giai tich va loi giai sd.
Két qua tring khép véi két qua nhan duogc khi giai bang cac phuwong phap khac.
- Dung phuong phap phan tir hitu han dé xay dung va giai bai toan dao dong
ty do caa dam, két qua nhan duogc tiém can véi két qua chinh xac néu ta roi rac
két cau thanh nhiéu phan tir hon.

Kién nghi

Qua két qua nghién ctru thiy rang, véi viéc sir dung phuong phap phan
ttr hitu han c6 thé xay dung bai toan dao dong ctia thanh mot cach dé dang. Vi
vay c6 thé sir dung phuong phap nay dé nghién ctru va hoc tap trong linh vuc

két cau cong trinh.

Danh muc tai ligu tham khao
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