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MO DAU
Ly do lwa chon dé tai:

Nhitng nam gan day, do kinh té phat trién, ngay cang xuat hién nhiéu céng
trinh cao tang, cong trinh c¢6 khau do 16n, cong trinh dic biét. Trong nhitng cong
trinh d6 nguoi ta thudng ding cac thanh c6 chiéu dai 1on, tim - v6 chiu nén va do
d6 diéu kién on dinh trong mién dan hoi c6 tam quan trong dac biét, doi hoéi phai
nghién ctru day du ca vé mat 1y thuyét va thue nghiém.

Bai toan dao dong ctia két cAu da duoc giai quyét theo nhidu hudng khac
nhau, phan 16n xuat phat tir nguyén 1y nang luong ma theo d6 két qua phu thudc
rat nhiéu vao cach chon dang cua h¢ ¢ trang thai 1éch khoi dang can béng ban dau.

Phuong phap nguyén 1y cuc tri Gauss do GS.TSKH. Ha Huy Cuong d¢é xuat
1a phuong phap cho phép ap dung nguyén 1y cuc tri Gauss - von dugc phét biéu
cho hé chat diém - dé giai cac bai toan co hoc vat ran bién dang noi riéng va bai
toan co hoc mdi trudng lién tuc néi chung. Pic diém cia phuong phap nay la
bang mot cai nhin don gian ludén cho phép tim dugc két qua chinh xac cua cac bai
toan dul d6 12 bai toan tinh hay bai toan dong, bai toan tuyén tinh hay bai toan phi
tuyén.

Poi twong, phwong phap va pham vi nghién ctru ciia luéin an

Trong luan van nay, tac gia sir dung phuong phap nguyén ly cuc tri Gauss
néi trén va phuong phap chuyén vi cudng birc dé giai bai toan dao dong dan hoi
cua thanh, chiu tac dung cua tai trong tinh.

Muc dich nghién ctru ctiia luan an
“Nghién ciru dao déng tie do ciia dam cé xét dén bién dang trieot ngang”
Néi dung nghién ciru cia dé tai:
- Trinh bay cac phuong phép giai bai toan dong luc hoc da biét.
- Trinh bay phuong phap nguyén 1y cuc tri Gauss.
- Str dung phuong phap cho bai toan dao dong caa dam.
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CHUONG 1.
PHAN TICH PONG LUC HQC CONG TRINH

1.1. Khai niém

Thuat ngit "dong” co6 thé dugc hiéu don gian nhu 1a bién doi theo thoi gian
[19, tr.I]. Vay tai trong dong 1a bét ct tai trong nao ma do 16n, hudng hoac vi tri
thay doi theo thoi gian. Trong qua trinh d6, cac khdi luong trén cong trinh duoc
truyén gia téc nén phét sinh luc quan tinh dt tai cac khéi lwong. Luc quén tinh
tac dung 18n cong trinh gay ra hién tuong dao dong. Dao dong d6 duoc biéu thi
dudi dang chuyén vi cia két cau. Viéc tinh toan cong trinh co xét dén luc quan
tinh xuat hién trong qué trinh dao dong duoc goi 1 giai bai toan dao dong cong
trinh [10, tr.7]. Phan ¢ng caa két cau ddi véi tai trong dong, nghia 1a cac (g suat
va do vdng xuat hién khi do, ciing 1a dong (bién thién theo thoi gian). Néi chung,
phan tng cua két cau doi voéi tai trong dong duoc biéu dién théng qua chuyén vi
cua két cau. Cac dai lugng phan tmg khéc c6 lién quan nhu noi luc, tng suat, bién
dang....déu duoc xac dinh sau khi ¢ sy phan bé chuyén vi cua hé.
Doi khi, viéc giai quyét bai toan dong luc hoc cong trinh con dugc tién hanh biang
viéc dua vao cac hé s6 dong. Khi do, noi luc, chuyén vi va moi tham sé caa hé
déu duoc tinh toan thdng qua hé sé dong véi cac két qua tinh toan tinh. Tat ca cac
dai lugng d6 déu 1a cac gia tri cuc dai tng véi mot thai diém xéac dinh, khdng phai
la cac ham theo bién thoi gian.
1.2. Pac trwng co ban cuaa bai toan djng luc hoc:
Tai trong thay doi theo thoi gian nén trang thai tng suat - bién dang caa hé ciing
thay doi theo thoi gian. Do d6, bai toan dong s& khdng c6 nghiém chung duy nhat
nhu bai toan tinh. Vi vay, bai toan dong phic tap va khé khian hon nhiéu so véi
bai toan tinh. Sy can thiét phai ké dén luc quan tinh 1a diém khéc biét co ban nhat
ctia bai toan dong luc hoc so véi bai toan tinh. Ngoai ra, viéc xét dén anh huang

cua luc can cling 1a mot dac trung co ban phan biét hai bai toan trén.



1.2.1. Luc can:

Trong tinh toan, d6i khi khong xét dén anh huéng cua luc can nhung luc
can ludn ludn cd mat va tham gia vao qué trinh chuyén dong caa hé. Luc can xuat
hién do nhiéu nguyén nhan khac nhau va anh huéng cua chung dén qua trinh dao
dong 1a rat phtc tap. Trong tinh toan, dwa ra cac gia thiét khac nhau vé luc can,
phu hop voi diéu kién thuc té nhat dinh.

Trong da sb cac bai toan dao dong cong trinh, ta thudng st dung mé hinh vat liu
bién dang dan nhét (ma sét nhot) do nha co hoc nguoi e W.Voigt kién nghi:
xem lyc can ty 18 bac nhat véi van toc dao dong. Cong thic caa lyc can:  Pc =
Cy’ voi C 1a hé sb tat dan.

Ngoai ra con dua ra mot s6 gia thiét co ban sau:

- Luc cdn theo gid thiét Xorokin: la gia thiét vé lyc can trong phi dan hoi. Luc
can trong phi dan hoi 13 luc can tinh dén sy tiéu hao niang luong trong hé, duoc
biéu thi trong viéc 1am ton that tré nang luong bién dang trong qua trinh dao dong.
N6 khéng phu thudc vao téc do bién dang ma phu thudc vao gia tri bién
dang.Trong do, quan hé giira cac bién dang chung (46 vong, goc xoay) Vdi tai

trong ngoai la quan hé phi tuyén.

Cong thirc cua luc can: Pc= i ;Pd
T

trong d6 Pd 1a luc dan hoi;  1a hé sé tiéu hao nang lugng.

[Luc dan hoi (hay luc phuc hoi) xuét hién khi tach hé khoi vi tri can bang va c6
xu hudng dua hé vé vi tri can bang ban dau, twong (ng va phu thudc vao chuyén
vi dong cua hé: Pd = P(y). O c&c hé dan hoi tuyén tinh: Pd = ky véi k 12 hé sb
ctng (luc gay chuyén vi bang 1 don vi)].

- Luc can ma sat khod cia Coulomb (Fms): ty 1€ vai ap luc vudng géc N va co
phuong nguoc véi chiéu chuyén dong.

Cong thie cua luc can: Fus = #.N (VoI 1 12 hé s6 ma sat).

Luc can s& lam cho chu ky dao dong dai hon. Trong thuc té, ¢6 nhiing cong trinh

bi cong hudng nhung chua bi pha hoai ngay vi ¢6 hé sé can khac khong. Do con
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anh huong cua luc can nén khi cong huong, cac noi luc, chuyén vi dong cua hé
khdng phai bang co ma ¢6 tri s 16n hitu han.
1.2.2. Pic trung dong cia hé dao dong tuyén tinh:

Dao dong tuyén tinh 13 dao dong ma phuong trinh vi phan mé ta dao dong
1a phuong trinh vi phan tuyén tinh. Pic trung dong cta hé dao dong tuyén tinh
bao gém: khéi lugng cua hé, tinh chat dan hdi cua hé (d6 ctng, d6 mém), ngudn
kich dong, tan sé dao dong (tan sé dao dong riéng, dang dao dong riéng), hé sb
tat dan...

Bac ty do cua hé dan hoi 12 sb thdng sé hinh hoc doc 1ap can thiét dé xac
dinh vi tri cta hé tai mot thoi diém bat ky khi ¢ chuyén dong bat ky.

Vén dé xac dinh cé4c tan sé dao dong riéng va cac dang dao dong riéng cua bai
toan dao dong hé hiru han bac tu do tuong (ng vai bai toan xac dinh cac tri riéng
Va vecto riéng cua dai s6 tuyén tinh. Thong thuong, dé danh gia mot cong trinh
chiu tai trong dong, chung ta thuong danh gia so bd thong qua tan s6 dao dong
riéng thir nhat va dang dao dong riéng thi nhat (tan s dao dong co ban va dang
dao dong co ban).

1.3. Dao ddng tuan hoan - Dao déng diéu hoa:

Hau nhu bét cir hé két cau nao ciing c6 thé chiu mot dang tai trong dong
nao d6 trong sudt qua trinh sdng cua nod (tai trong tinh duoc xem nhu dang dic
biét cua tai trong dong). CAc tai trong dugc phan thanh: tai trong tuan hoan va tai
trong khéng tuan hoan.

CAc tai trong khong tuan hoan co thé Ia céc tai trong xung ngan han hoac
c6 thé 1a céc tai trong tong quat dai han, cac dang don gian hoa c6 thé dung dugc.

Mot tai trong tuan hoan thé hién sy bién thién theo thoi gian gidng nhau
lién tiép d6i vai mot sb luong 1on chu ky. Tai trong tuan hoan don gian nhat c6
dang hinh sin (hoic cosin) va dugc goi 1a diéu hoa don gian. Nho ¢6 phan tich
Fourier ma bat cir mot tai trong tuan hoan nao ciing ¢ thé duoc bidu dién nhu 1a
mét chudi cac thanh phan diéu hoa don gian. Tai trong tuan hoan gy ra dao dong
tuan hoan trong két cau.

1.3.1. Dao ddng tuan hoan:
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La dao dong duoc 1ap lai sau nhitng khoang thoi gian t© nhat dinh. Néu
dao dong duoc biéu dién boi ham sé cua thoi gian y(t) thi bat ky dao dong tuan
hoan nao cling phai thoa man: y(t) = y(t+t). Thoi gian Iap lai dao dong t duoc goi
la chu ky cua dao d¢ong va nghich dao cua né f = 1/t dugc goi 1a tan sd.

Dang don gian nhit cia dao dong tuan hoan 1a dao dong diéu hoa.
1.3.2. Dao ddng diéu hoa:

Thuong duoc md ta bang hinh chiéu trén mot duong thang cia mot diém
di chuyén trén mot vong tron véi van toc goc @. Do dé chuyén vi y duoc viét: y
= Asinwt.

Bai vi dao dong lap lai trong khoang thai gian 27 nén c6 méi lién hé:
w=2rxlt=2rf
Van tdc va gia toc ciing 1a diéu hoa véi cling tan sé cua dao dong nhung 1éch véi
d6 dich chuyén lan luot 1a 7 /2 va = :
y=wAsin(wt+z/2)
y’= - w?Asin ot=w?Asin(wt+ 7)
Viy: y’= - w?y => gia toc ty |é v4i do dich chuyén.
1.4. Cac phwong phap dé xay dung phwong trinh chuyén déng:

Phuong trinh chuyén dong cua hé c6 thé xay dung dua trén co so cua
phuong phap tinh hodc cac nguyén ly bién phan ning luong. Cac biéu thirc toan
hoc dé xac dinh céc chuyén vi dong duoc goi 1a phuong trinh chuyén dong cua
hé, nd ¢ thé duoc biéu thi duéi dang phuong trinh vi phan .

1.4.1. Phwong phap tinh dong hoc:

[Noi dung nguyén Iy D’ Alembert ddi Vi co hé: trong chuyén dong cua co
hé, cac luc thuc sy tac dung Ién chat diém caa hé gém noi luc va ngoai luc ciing
Véi cac luc quan tinh 1ap thanh hé luc can bang]

Dua trén co sd nhitng nguyén tic can bang cua tinh hoc ¢6 bé sung thém
lyc quan tinh viét theo nguyén Iy D’ Alembert, diéu kién can bang (tinh dong) doi
véi cac luc tong quét viét cho hé n bac ty do:

@ +3)a. =0



trong do:

QK - luyc tong quét caa céc luc da cho.

theo so luc ay
Q=- (X +Y, Z J
‘ i=1 an GQk oq,

J*Kk - lyc téng quat cua cac lyc quén tinh caa cac khdi luong, tuong ¢ing Vi cac

chuyén vi tong quéat gk.

3 - _ _theo S0 %loi luong m -” + y" 8y )
‘ =1 % an I an “ an

Xi, Yi, zi - c&c chuyén vi cta khoi lugng mi theo phuong cac truc toa do, biéu dién

théng qua cac toa do tdng quat gk.

Xi = Xi (Q1, 02, ++-,0n)

Yi =Vi(q, G2, ---,0n)

zi = zi (41, 92, «.--,qn)
Ciing c6 thé viét: J*k = -MKkgk, voi MK 1a khéi luong quy doi, twong tng
véi chuyén vi tong quét gk.
1.4.2. Phwong phap nang luwong:

Dua trén dinh luat bao toan nang luong, truong hop bo qua cac luc ngan
can chuyén dong, ta co: K + U = const.
trong do:
K - dong nang cua h¢:
2 2

_omy; v,
K=y ) +ij(z)dz%

U - thé nang cua hé, c6 thé duogc biéu thdng qua céng cua cac ngoai luc hoic cong

cua cac noi luc (truong hop hé phang):
= %ZF}ACOS(PiAi)+%Zde.ACOS(dP,A)

Hoac:

ZI ZI +2[u

2ds 2ds st}

1.4.3. Phwong phap wng dung nguyén ly cong ao:
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[Noi dung ctia nguyén 1y: diéu kién can va du d¢é mot co hé lién két 1y tuong
giir va dirng duoc can bang tai mot vi tri d cho 13 tong cong 40 cua tat ca cac luc
hoat dong tac dung Ién hé déu bang khong trong di chuyén ao bat ky tir vi tri da
cho][3, tr.33].

Nguyén ly dugc ap dung nhu sau: U; + oT; =0 (i=1+n)
trong d6:  OU; - cdng kha di cia ndi lyc.

ST, - cong kha di cua ngoai luc (gom luc kich thich, lyc can, luc
quan tinh).

Trong ba phuong phap da gidi thiéu ¢ trén, phuong phap tinh dong dua ra
cach giai quyét don gian cho hé mot sé bac tu do. Sy can thiét phai xem xét cac
lyc lién két va céc biéu do vat thé tu do trong phuong phap nay din dén nhiing
kho khan dai s6 d6i véi nhitng hé cd bac ty do cao hon.

Phuong phap ning luong khic phuc duoc nhitng kho khin ciia phwong
phap tinh dong. Tuy nhién, nguyén 1y nang Iuwgng cung cac toa d6 vat ly chi dua
duoc mot phuong trinh ma diéu d6 chi gidi han st dung cho hé mét bac tu do.
Nguyén Iy cdng 4o khic phuc duoc nhitng han ché cua ca hai phuwong phap trén
va 1a mot céng cu manh ddi véi hé nhiéu bac ty do. Tuy nhién, day khong phai 1a
mét tha tuc hoan toan cé tinh vo hudng, trong d6 viéc xem xét vecto luc 1a can
thiét trong viéc xac dinh cong ao [20, tr.215].

1.4.4. Phwong trinh Lagrange (phwong trinh Lagrange loai 2):

Phuong trinh Lagrange 1a mot thu tuc hoan toan c6 tinh vo hudng, Xuat
phat tir cac dai lugng vo huéng ciia dong ning, thé ning va cong duoc biéu
dién théng qua cac toa do suy rong. Uu diém noi bat cua cac phuong trinh
Lagrange Ia dang va sb luong cua chiing khdng phu thudc vao sb vat thé thude co
hé va su chuyén dong cua cac vat thé d6. Hon nita, néu lién két 1a 1y tuong thi
trong cac phuong trinh Lagrange khong c6 mit cac phan luc lién két chua biét,
Gia str hé ¢c6 n bac tu do va cac toa do suy rong caa hé la gi, qz, ..., Q.

Phuong trinh chuyén dong Lagrange duoc viét nhu sau:
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d or, or ou
d_( -t =
toq’ og o

Q

Trong d6: + T va U lan lugt 1a dong ning va thé ning cua hé.

+ Qi 1a cac luc suy rong tuong ng vai cac luc khong co thé. Phuong trinh chuyén
dong Lagrange dugc ap dung rong rai trong nhiéu linh vuc khoa hoc va k¥ thuat,
n6 duoc &p dung véi tat ca hé tuyén tinh va phi tuyén.

1.4.5. Phwong phap wng dung nguyén ly Hamilton:

[Nguyén ly Hamilton c6 ndi dung nhu sau: mot hé co hoc chiu tac dong cua
cac lyc da biét s& co chuyén dong (trong tat ca cac chuyén dong co thé va cung
diéu kién ¢ hai dau cia khoang thoi gian) sao cho bién thién dong ning, thé ning
va cong co hoc cua cac luc khdng bao toan trong khoang thoi gian dang xét bang
khong].

Noi dung nguyén ly c6 thé dugc biéu thi: tjz(éT +0U —SR)dt =0
il
trong do:
ST, U - bién phan dong niang va thé ning cua hé.
AR - bién phan cdng do cac luc khong bao toan (luc kich thich, lec can) tac dung
Ién hé.

Tir cac phuong trinh chuyén dong Lagrange s& xay dung nguyén Iy bién
phan dong hoc Hamilton va nguoc lai. Vi vay c6 thé dung nguyén Iy Hamilton dé
lam co s& cho dong luc hoc cac hé holonom.

[Theo ngdn ngir ciia G.Hertz: hé co hoc ndo chi c6 nhitng lién két dugc
biéu dién dudi dang hitu han (lién két hinh hoc) goi 1a hé holonom; néu hé d6 chiu
nhitng lién két biéu dién bang phuong trinh vi phan khong kha tich thi goi 1a hé

khong holonom].
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1.5. Dao dong cua hé hiru han bac tw do:
1.5.1. Dao dong tw do:

Khi hé chuyén dong tu do, vi tri cua cac khéi lugng xac dinh dang cua hé
tai thoi diém bat ky. Ddi vai hé n bac tu do, cac khdi lugng c6 chuyén dong phic
tap, gdm n dao dong vai n tan sd @ khac nhau. N6i chung, ti s giira cac chuyén
vi cta cac khdi lwong riéng biét lién tuc thay doi. Nhung c6 thé chon diéu kién
ban dau sao cho moi khi luong chi dao dong véi mot tan sé @, nao d6 chon tir
pho tan s6. Nhitng dang dao dong nhu thé goi 1a dang dao dong riéng (hay dang
dao d@ong chinh).

S6 dang chinh bang sé bac tu do cua hé. Trong céc dang dao dong chinh,
quan hé cac chuyén vi cia cac khoi luong la hang sé déi vai thoi gian. Néu cho
trudc cac dang dao dong chinh thi ta ciing xac dinh duoc tan so.

Viéc xac dinh c4c dang dao dong riéng va tan sé dao dong riéng dong vai
tro quan trong trong bai toan dao dong cua hé hitu han bac tu do.
1.5.1.1. CAc tan sé riéng va cac dang dao dgng riéng:

Phuong trinh vi phan dao dong tu do khdng can cua cac khdi luong:
MY?(t) + KY(t) = 0 (1.1)
véi M va K 1a cac ma tran vudng cap n, thuong 1a ma tran dbi xang. Nghiém cua

(1.1) duoc tim dudi dang:

Y(t) = Asin(@t+9) (1.2)
Thay (1.2) vao (1.1) nhan duoc:
[K-0’M JA=0 (1.3)

Pé hé (1.3) cd nghiém khong tim thuong (tic 1a ton tai dao dong) thi:
‘K—a)ZM‘ =0 (1.4)
(1.4) 1a phuong trinh dai s6 bac n ddi véi »?, duoc goi 1a phuong trinh tin sé
(hay phuong trinh dic trung). Cac nghiém @, (v6ii=1+n) cua (1.4) la cc tan
sb riéng. Vecto bao gom tat ca c4c tan sé dao dong riéng xép theo thir tu ting dan

(@ <y <........ < @, duoc goi la vecto tan s6 dao dong riéng (hay phd tan so:
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Tan sé dao ddng riéng thap nhat ol goi Ia tan s co ban.

Phuong trinh (1.4) c6 thé duoc viét dudi dang giai tich nhu sau:

(m11511 - Ul) My01, ... Mpoy,
(m21521 - Uz) MyOp ... Moy, , - 1
=0 voluj=—
w;
(mn15n1 _un) mné‘nz mné‘nn

Thay cac @ vao (1.3), dugc hé phuong trinh dai s6 tuyén tinh thuan nhat dé xac
dinh céc thanh phan cua vecto riéng Ai.

K -w?M |7 =0 (1.5)
Vi (1.5) 1a hé phuong trinh dai s6 tuyén tinh thuan nhat c6 det cac hé sé bang 0
nén cac thanh phan cuia vecto Ai duge xac dinh sai khac méot hing s6 nhan, chiang
han ¢6 thé chon Ali tuy .
Dri = Ad 3 d3 thiy: @i =1

|
Ma tran vudng @ biéu thi tt ca cac dang dao dong riéng cé thé cua he, duoc goi

la ma tran cac dang riéng (hay ma tran dang chinh):

(P11 Proenns P1n |
D99 cenenirermen )
O = D 22 2n (1.6)
_(Dnl PR eeeeseneemnns (”nm_

?ii 1
2 Dj

Dni 2



-12-

1.5.1.2. Gidi bai toan riéng (eigen problem):
Khi hé dao d@ong tu do khéng can thi bai toan dao dong tu do tré thanh bai toan
riéng tong quét:

K- o®?M]A=0 (1.7)
Cac tan s (vong) riéng cua dao dong (tng véi cac tan sd fi) 1a cac nghiém

@; (I =1+n) cua phuong trinh dac trung bac n:

[K- 0*M]=0 (1.8)
Pit A = »® (1.8) tré thanh:
[K- AM]=0 (1.9)
Khi phan tich dang dao dong, ta c6 bai toan riéng tong quat:
K¢ = IMg
trong do:
My Ag yereieieanns An - cac tri riéng.
DLy P e @, - cac vecto riéng twong UNng.
=10

C6 nhiéu phuong phap dé giai bai toan riéng [17]:
+ Nhom 1: cac phuong phép 1ap vecto.
Ko = 4iMo;
+ Nhom 2: cac phuong phap bién doi.
¢ Kp=A
¢ Ko =1
trong do: A =diag(4;)
+ Nhom 3: cac ky thuat lap da thuc
p(4;) = 0 trong d6 p(4) = det(K-4 M)
+ Nhom 4: str dung dac tinh sturm cuia cac da thirc dac trung

p(1) =det(K —AM)
p(f) (/I(r)) _ det(K(r) —20OM (f))
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1.5.1.3. Tinh chdt treec giao ciia cac dang chinh - Dang chudn:
Tinh chat truc giao cua cac dang chinh thé hién & chd: céng caa ngoai luc (hay
noi luc) cia mot dang chinh nay trén chuyén vi (hay bién dang) caa mot dang
chinh khac bang 0.
Biéu thirc biéu thi tinh truc giao cua cac dang chinh c6 thé viét qua ma tran do
ctrng hodc ma tran khéi luong nhu sau:

goiTMgpj =0 hoac goiTMgpj =0 (VoI o # ;) (1.10)

& dang giai tich, biéu thuc tinh truc giao viét theo ma tran khéi lugng nhu sau:
n
> My YiiYij =0
k=1

hoic ¢ thé biéu thi dudi dang cdng caa cac noi luc:

MM
EJ

Pay 1a tinh chat quan trong trong Vi&c giai quyét cac bai toan dao dong cudng birc

)|

ds+zjwds+zj%ds=0
EF GF

cling nhu dao dong tu do caa hé hiru han bac tu do.
- Dgng chudn: 1 dang dao dong riéng thoa man biéu thic: ¢ My =1

Ky hieu 12 ; g,

1 .
Pich = 9 véi aa’ = ¢ Mo, (1.11)

i
Viéc dua cac dang dao dong riéng vé dang chuan goi la chuan hoa cac dang dao
dong riéng. Khi cac dang dao dong riéng di duoc chuan hod, ta viét dugc diéu
kién truc chuan nhu sau:

O MD,, = E hoic @ KD, =Q (1.12)
Trong do: E 1a ma tran don vi, Q =diag (a}lz)
Piéu kién truc chuan c6 ¥ nghia quan trong trong viéc rat gon qua trinh tinh toan
cua hé dao dong.
1.5.2. Dao dong cwdng buc cia hé hiru han bac ty do:
Phuong trinh vi phan dao dong cua hé: MY”(t) + CY’(t) +tKY(t)= P(t).
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Pay | bai toan phuc tap va hay gap trong thuc té. C6 nhiéu phuong phap khéc
nhau dé giai quyét bai toan nady, trong d6 phuong phap hay duoc st dung Ia
phuong phap cong dang dao dong (phuong phap khai trién theo cac dang riéng).
1.5.2.1. Phwong phdp khai trién theo cac dang riéng:

Xét hé hitu han bac tu do chiu luc cudng bic va khdng ké dén luc can.

- Phwong phdp khai trién tdi trong theo cac dang riéng:

Gia sir luc PK(t) voi mot gid tri nao do (bao gdbm ca gié tri 0) tac dung Ién khdi
luong mk bat ky, luc Pk(t) duoc khai trién theo cac dang dao dong chinh dudi
dang cac thanh phan Pki(t)

n n ipki(t)-(”ki
PK(t) = X P(t) = X mygiH; () voi Hi(t) = *<— (1.13)
k=1 k=1 Elmk(pzki

Tai trong khai trién theo dang chinh tht i viét du6i dang ma tran:

pi= 2P
T
@i Mg;

Phuong phap nay tim dugc n hé luc PKi(t) thay cho h¢ luc Pk(t). Tuong

Mg; = ¢ nPM; ¢ (1.14)

ing véi dang chinh c6 tan sé wi, ta ¢ cac luc PLi(t), P2i(t),  Pni(t) dugc thé
hién nhu hinh (1.1).
R(t) ()

@ L —— L 2
"&’ my m, my ms, ”’8"

F*t) Bt R*t) Pt

Hinh 1.1
Cac luc nay s& gay ra cac chuyén vi ti 1& véi cac chuyén vi dang chinh tht i. Vi
vay, hé chiu tai trong nhu thé c6 thé xem nhu hé véi mot bac ty do..
Néu c6 mot sé luong bat ky céc luc Pi(t) duge dat khdng phai 1én cac khéi luong
thi can phai thay thé ching bang cac tai trong Pi*(t) nhu trén hinh 1.2.
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)
DR
e P 4R B

Hinh 1.2.
Cac luc Pi*(t) tac dung tai cac khéi lugng sao cho: chuyén vi tinh cua cac khoi
lwong do ching gay ra gidng nhu cac chuyén vi do cac luc Pi(t) da cho gy ra.

CAc tai trong thay thé dua trén co sé cac phuong trinh:
* * * n
OkiPL (1) + 6P (D + .o+ Sn Py (1) = _ZlékPiF)i t)
i=

Goi Pkh 12 ma tran bao gém cac tai trong khai trién theo cac dang chinh.

Fil Fiz Fﬁn

Fal FEZ FE

th:[Pb Pz""Pn]: "
_Pnl I:)n2 I:)nn

- Phwong phdp toa dp tong quat:
Chuyén vi caa hé co thé phan tich thanh tong caa cac chuyén vi thanh phan ang

véi ting dang dao dong chinh:

Y() = YY) = YeZi(ksl k=l
k=1 k=1

véi: zi(t)=ML}a(r)sina),(t—f)df (1.15)
%0

Céc dai luong Zi(t) duoc goi la toa do tong quat cia hé, né chinh 1a cac bién do
rng voi cac dang chinh.
Ma tran cac toa do tong quat caa hé:
Z(t) = [Z,(1), Z2(1), ,Zn()]T
1.5.2.2. Trinh ter tinh todn hé dao dong cwong bic:
Theo [1, tr.150], hé hiru han bac tu do dao dong cudng birc dugc tinh toan theo

trinh tu sau:
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+ Xac dinh tan s dao dong riéng va cac dang dao dong riéng.
+ Khai trién tai trong theo cac dang dao dong riéng theo (1.14), hoic xac dinh cac
toa do tong quat ung vai cac dang riéng theo (1.15).
+ Xac dinh chuyén vi cua hé tir két qua nhan dugc ma tran tai trong khai trién
hoic ma tran céc toa do tdng quat.

Y(t) = M-1PkhKai(t) (1.16)

trong d6: Kai(t) - hé s6 anh huéng dong hoc theo thoi gian cua dang

chinh thit i; Kait) = -~ | f (¢).sin @ (t - )dz (1.17)
@0
Hoac: Y (t)=0.2(t) (1.18)

+ Pé xac dinh noi luc cua he, can phai biét luc dan hoi Pd(t) twong tng voi qua
trinh dao dong cua hé.
Véi phuong phap khai trién theo cac dang dao dong riéng:

Pd(t) = PkhKi(t) (1.19)

trong do: K;(t) = a)l} f(z).sine (t—7)dr (1.20)
0

Vé6i phuong phap toa do tong quat: Pd(t) = KY(t)
1.5.2.3. Dao dpng cia hé chiu tdi trong diéu hoa

Pa sb truong hop hay gap trong ki thuat, ngudi ta thudng dua tai trong P(t)
vé dang gan dung 1a ham diéu hoa hoic phan tich theo chudi Furie roi lay mot vai
sb hang dau. Do vay, viéc nghién ctu dao dong véi luc kich thich c6 dang Psinrt
hay Pcosrt I1a mot bai toan co ban trong dong luc hoc cong trinh.

Dao dong cudng bic cua hé dudi dang tong quat bao gom hai phan: dao
dong riéng, dao dong vai luc kich thich. Khi dao dong chuyén sang giai doan n
dinh thi phan dao dong riéng caa hé khdng con, hé s& dao dong c6 chu ky cung

véi chu ky cua luc kich thich.

Khi hé chiu tac dung cua tai trong diéu hoa: P(t) = sinrt thi chuyén vi cua hé:
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Y =GP
Trong d6: G - ma tran giai thac Green: G = dchDdchT

D= diag (Si) véi Si =

o —r2

Khi tan sé r cua luc kich thich bang mét trong cac tri s6 cua tan s6 dao dong riéng
o, thi déu xay ra hién tugng cong huong (r = ;).

C6 thé str dung phuong phap tinh dong dé xac dinh cac lec quén tinh trong
hé. Déi vai hé ddi xing, ¢ thé phan tich tai trong thanh ddi xing va phan xang
dé van dung cach tinh theo nira hé hoac chuyén vi kép.

1.6. Cac phwong phap tinh gan ding trong déng luc hoc cong trinh:

Céc phuong phap nay dua trén co sé tim tan s6 dao dong riéng theo phuong
trinh dudng dan hdi duoc gia dinh trude, hoac thay hé c6 s6 bac ty do Ion bang
hé sb ¢6 bac tu do it hon. Cac phuong phap cho két qua twong ddi chinh xac dbi
Véi tan s6 co ban @,. Thyc té, khi tinh toan cac cong trinh, thudng ngudi ta chi
quan tam dén tan s6 co ban @, dé kiém tra diéu kién cong huong.

1.6.1. Phuwong phap nang lwgng (phuwong phap Rayleigh):

Phuong phép nay gia thiét trudc cac dang dao dong va dwa trén co so dinh
luat bao toan nang lugng dé xac dinh tan sé va dang dao dong riéng twong ung.
Khi hé dao dong tu do khdng ké dén luc can, trén co sd quy luat bao toan ning
lugng, co thé thiét 1ap duoc mdi quan hé: Umax = Kmax.

Pong ning cua hé tai thoi diém t bat ky:
2
Thé ning cua hé (khi chi xét toi anh huang cia mé men ubn):

2 2
M,V
K= ZI%dZJrZ =%[mezyzk(z,t)dz+2miyzk(z,t)]

2
MzdzzszJ(_azyu

U= t2) | 4z
2] 2EJ 2[ 72

Sau khi xac dinh dugc Umax va Kmax, ta nit ra duoc:
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2
0%
> jEJ[aZg'Z)} dz
2 _

@ = 2 q 2
XM Y k92 + MY kt2)

Néu biéu thi chuyén vi cia hé khi dao dong tu do duéi dang ma tran:
Y(t) = L.Z(t) = L.Z,Sin @t
trong d6: L - vectodang gia dinh, Z(t) - bién d6 dang gia dinh

» LTKL

thi: @© =
L' ML

1.6.2. Phwong phap Bupnop - Galoockin:

Phuong phap Bupnop - Galoockin dugc xay dung dua trén co s& nguyén ly
Hamilton hozc nguyén ly chuyén vi kha di.

Véi bai toan dao dong tu do cua dam, phuong trinh vi phan cta dang dao dong
chinh thu j:

o° *Yiey | 2
az_z{EJ@ " @IM) Yy =0 (1.21)

Gia thiét nghiém cuaa (1.21) da biét va cd thé biéu dién nhu sau:
n
yi®o= _Zlai(ﬂi(z) (1.22)
2

Trong d6, ai 1a cac hang s6 chua biét, cac ham ¢, (z) can phai chon sao cho thoa
man toan bo (hoac mot phan) diéu kién bién (dong hoc va tinh hoc) cua bai toan.
1.6.3. Phwong phap Lagrange - Ritz:

Phuong phép Lagrange - Ritz duoc xay dung trén co sé nghién ciru thé ning toan
phan cua hé

[Noi dung nguyén Iy Lagrange duoc phat biéu nhu sau trong tat ca cac trang thai
kha di, trang thai can bang dudi tac dung caa cac luc cd thé s& twong Gng Vai trang
thai ma theo d6, thé nang toan phan caa hé sé co gia tri dirng: & =0

Thé ning bién dang dugc biéu dién dudi dang cong ngoai lrc va céng ndi lec cua

hé khi chuyén tir trang thai bién dang vé trang thai khoéng bién dang



-19-

2

Elg | %Yo ;
4] ’, (z,t) dZ _E[)q(z,t) y(zyt)dz_z P|(t) yZi,t)

2{822

|
U= |

trong d6: q(z t) va pi(t) bao gdm céc luc kich thich va luc quan tinh do cac khoi
lwgng phan bd va tap trung gay ra khi hé dao dong.Véi bai toan dao dong riéng,

gia thiét dang chinh cua dao dong:
. n
yi(2)= ZI aj¢; (Z)
i=

Trong d6, cac ham ¢, () thoa man diéu kién bién dong hoc (con diéu kién
bién tinh hoc di tu thoa man trong cac biéu thirc thé ning).

Tur diéu kién thé niang cua hé ¢ gia tri dung, ta co: % =0(v6ik=1.n

Tir d6 nhan dugc n phuong trinh chinh tic chta al, a2,..., an.

1.6.4. Phwong phap thay thé khéi lwong:

Phuong phap nay dua trén co s don gian hoa so do khéi lugng: thay thé cac khoi
lwgng phan bd va tap trung trén két ciu thanh cac khédi lugng tap trung véi sb
luong it hon dit tai mot sé diém dic biét.

C6 thé chia céac khdi luong phan bo thanh nhiéu khoang, tap trung céc khoi luong
phan b6 trén mdi khoang vé trong tdm cua nd hoac phan b céc khéi luong theo
nguyén tic don bay: khéi luong phan b trén mdi doan duoc thay thé bang hai
khéi luong dit ¢ hai dau doan do.

1.6.5. Phwong phap khéi lwong twong duwong:

Phuong phap nay dugc xay dung trén gia thiét: “Hai hé twong duong vé
dong ning thi cing twong duong vé tan s6”. Vai phuong phap nay, ta phai chon
trude duong dan hoi y(z) va chi tinh dugc tan sé thap nhat cua hé thuc
1.6.6. Cac phwong phap so' trong dong luc hoc cong trinh:
1.6.6.1. Phwong phdp sai phan:

L& phuong phép giai gan dang phuong trinh vi phan cua dao dong bang
giai hé phuong trinh sai phan. Chia ho thanh n phan tu, tai mdi diém chia, thay

dao ham bang céc sai phan dé lap phuong trinh sai phan tuong ¢ng. Két qua thu



-20-

duoc 13 hé phuong trinh dai s6 tuyén tinh vai céc an sb 1a gia tri nghiém cua
phuong trinh vi phan tai diém chia va cé4c gia tri nghiém tai mot vai diém chia lan
can. Phuong phap nay cho phép dé dang giai bai toan dao dong cua hé c6 cac

thong s6 thay ddi: tiét dién, khdi lwong, tai trong...

1.6.6.2. Phwong phdp phan ti hiru han:

Hé duoc roi rac hoa thanh cac phan tir hitu han, sau d6 xem cac phan tir
hitu han duoc noi lai véi nhau tai mot s6 diém quy dinh (thudng 1a dinh caa moi
phan tt) goi 1a n(t va tao thanh ludi phan tir hitu han. Tinh lién tuc vé bién dang
cta hé duoc thé hién qua chuyén vi, dao ham caa chuyén vi tai cac nat cua luéi
phan tir hiru han.

S6 phan tir hitu han (hay sé luong an sé) 1a cac chuyén vi tai nit cua luéi
phan tir hitu han. Luéi phan ta hitu han cang mau thi cang lam viéc sat hé thuc va
murc d6 cua két qua tinh cang cao.

Vecto chuyén vi n(t cua lugi phan tar hitu han: {Y} = {y1y2... yn}

Hé phuong trinh vi phan biéu thi dao dong cta ludi phan ta hitu han c6 ké dén
lyc can dan nhét tai thoi diém t bat ky:

M)+ [Cly )+ [KIY )} = {P®)}

1.6.6.3. Phwong phdp tich phdn truc tiép:

Phuong phap tich phan truc tiép khong nhitng cho phép giai cac bai toan
dao dong tuyén tinh ma con cho phép giai cac bai toan dao dong phi tuyén phuc
tap. Gom c6 cac phuong phép sau:

+ Phuong phép gia toc tuyén tinh (Phuong phap Viison ): phuwong phap ndy xem
rang: su thay doi ciia gia téc chuyén dong trong mdi budc thoi gian tir t dén (t+A
t) 1a tuyén tinh.

+ Phuong phap sai phan trung tam: thuc chat cia phuong phap 1a chia buéc, tich
phan tryc tiép hé phuong trinh vi phan trong tirng khoang chia At (giai bai toan

tinh trong ting budc chia thoi gian At nhung c6 ké dén luc quan tinh va luc can,
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d6ng thoi phuong trinh can bang dwogc giai nhiéu lan ddi véi cac diém chia trong
khoang thoi gian dao dong).
Gia trj gia téc cua chuyén vi duoc xem 1a khong doi trong pham vi hai budc chia

thoi gian va duogce xac dinh:
14 1
)= Sl at 2N @ e a

+ Phuong phap gia téc trung binh khong d6i (phuong phap Neimark):

Phuong phap nay gia thiét rang: ¢ mdi budc thoi gian At, gia téc chuyén dong
biang hang s va duoc tinh bang gia tri trung binh hai gié tri dau va cudi

cua khoang At:

N 7(t+ 7)) = rt+ A;)}+Y "(1)

Voi (0<t<At)

1.7. M@t sé nhan xét:

+ Bai toan dong luc hoc cong trinh nghién ciru phan wng caa hé két cau khi
chiu tai trong d6ng (ma tai trong tinh chi 1a truong hop dic biét). Cé nhiéu phuong
phap dé giai bai toan dao dong nhung c6 thé ndi, cac phuong phap déu xuat phat
tir nguyén 1y ning luong. Xuit phét tir diéu kién dung cua phiém ham cua thé
nang toan phan cua hé: sU = 0, néu lay bién phan caa phiém ham theo chuyén vi
thi ta nhan duoc cac phuong trinh can bang, néu lay bién phan cua phiém ham
theo luc thi ta duoc cac phuong trinh bién dang.

+ Viéc xac dinh céc tan s6 dao dong riéng va cac dang dao dong riéng cua
bai toan dao dong (twong rng vai bai toan xac dinh cac tri riéng va vecto riéng
cta dai s tuyén tinh) 12 mot nhiém vu quan trong cua bai toan dao dong.

Bai toan riéng: [K - AM] A =0 (v6i A = @ ?) twong (tng Voi Viéc tim tri
riéng A sao cho [K —AM ]=0 hau det[K — AM ]=0. Day la bai toan 16n (da thiic
bac n,vai n la bac ty do caa hé), co nhiéu thuat toan dé giai nhung phuc tap. Viéc
thiét 1ap ma tran d6 cimg K va dua vé dang ma tran duong chéo 1a trong d6i kho

khan ddi véi hé co nhiéu bac tu do.
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CHUONG 2.
PHUONG PHAP NGUYEN LY CUC TRI GAUSS
POI VOI CAC BAI TOAN PONG LUC HQC CUA DAM
2.1. Nguyén ly cuc tri Gauss

Nguyén 1y nay dugc nha toan hoc nguoi Bic K.F. Gauss phét biéu nim 1829
cho hé chat diém, nguyén van nhu sau:

Tai mdi thoi diém, chuyén dong caa mot hé chat diém - lién két tuy y va chiu
tac dung bat Ky - s& xay ra rat gan véi chuyén dong ma cac chat diém dé co trong
truong hop ching dugc tu do; nghia 13 chuyén dong d6 xay ra véi mot luong cudng
bic it nhat c6 thé néu nhu ta coi ¢ do ctia sy cudng buc 14 tdng cac tich sé giira khoi
lwong cua mdi chat diém véi binh phuong do léch caa vi tri chat diém dé so véi vi tri
ma noé chiém duoc néu nhu néd duoc tu do [12, tr.45].

Do léch vé vi tri cua chat diém tha i khdi lwong mi duoc néi dén trong
nguyén ly Gauss la: A; = (yi”— %j

i
Trong d6: Fi - vécto luc tac dong vao chat diém khi co lién két.

yi' - vécto gia tdc chuyén dong cua chat diém khi né duoc giai phong khoi lién
két.

Néu hé ¢ n chat diém, lugng cudng bic ciia hé (so voi chuyén dong tu do) la:

2
Z= imiAi2 =§m{y{’—iJ
i i m;
Theo nguyén Iy cuc tri Gauss, chuyén dong thuc clia hé chat diém s& xay ra ang voi
lwong cudng bic cuc tiéu, nghia 13 véi diéu kién:
Z— minhay oZ =0 (2.1)
Bién phan trong (2.1) duoc lay véi gia tc, hay con goi la bién phan theo kiéu Gauss.
2.2. Sir dung phwong phap nguyén Iy cuc tri Gauss dé giai bai toan co hoc két

r
A

cau:
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GS.TSKH. Ha Huy Cuong 1a nguoi dé xuit phuong phap st dung nguyén ly
cuc tri Gauss dé giai bai toan co hoc vat ran bién dang.
2.2.1 Bai toan dam chju uén thuan tuy:

Xét mot dam chiu udn thuan tuy c6 chiéu dai 1, &6 ctng mat cat 1a EIx. Gia
thiét vat liéu 1am viéc trong gisi han dan hoi va tuan theo hai gia thiét sau: + Gia thiét
vé mat cat ngang (gia thiét Becnuli): mit cat ngang dam trude va sau khi bién dang
van phang va vudng goc véi truc dam.

+ Gia thiét vé cac thd doc: trong qua trinh bién dang, cac thd doc khdng ép 1én nhau
va khong day xa nhau.

Tir d6 ta c6 phuong trinh vi phan gan dang ctia duong dan hoi:

d’y _ M,
dz2  EJ,

Momen ubn tai mit cat z nao d6 duge xac dinh theo cong thic:
2
Mx(z)= - EJx d_g/
dz
Lién tudng dén dinh luat 11 Newton:
F=-ma
Vi vay, mot cach tuong tu todn hoc, ¢6 thé xem:
+ Momen uén Mx tai mit cat dang xét 1a luc tac dung.
+ P cang mat cat EJx caa dam khi udn 1a khéi luong.
2
+ d y

dz?

nhu 12 gia toc chuyén dong caa dam.
Chon dam so sénh (c6 thé chiu lién két khac) nhung gidng dam thuc vé do cang mat
ct va tai trong.
- /{ 2 ;‘\ z ~ hY d 2 yO 7. \ A ~ 9 /‘\ 4
Gia toc cua dam so sanh sé la d—2V0’1 y0 la @6 vbng cia dam so sanh.
z

Luong cudng buc duoc viét nhu sau:
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2
Z=IjEJ d®y d%o| g, (2.2)
o \dz?  dZ?
|
hay z:jEi (M, -M°f dz 2.3)
0 X

0 / \ ,
trong d6 M xla momen uon cua dam so sanh.
Chuyén dong cua dam dang xét rat gan véi chuyén dong tu do néu Z—>min
hay 6 Z = 0.

* Khi hé so sanh khéng c6 lign két thi M« = 0, cong thirc (2.3) duoc viét lai

|

nhusau:  Z=] L (M, ) dz (2.4)
OE‘]X
! 2\

hay Z:jEJX(d y] dz (2.5)
0 dz?

+ Khi trén dam c6 luc phan bb déu q trén toan bo chiéu dai Z1:
2
I d 2y
Z=(|EJ,| — | -2 Z
(I) [ x[ 2 j qy}
+ Khi trén dam c6 lujc tap trung P tai vi tri z1 nao do:

d%y
Z=(EJ dz-2P
.[ (dZ j y(zl)

+ Khi trén dam c6 mdémen tap trung M tai vi tri z2 nao dé:

Z= jEJ [‘l yj dz—2Mg
Z

Trong d6 (p(z2) 1a g6c xoay tai tiét dién c6 mdmen tap trung. Véi gia thiét chuyén vi
bé, ta cd: (p(22) = y’(z2)).

Bai toan dam phang:
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Dam c6 cac thanh phan nai luc 13 Mx, Qy, Nz. Chuyén vi trong trudng hop uén
1a d6 vong, d6 cing mat cat 1a EJX. Chuyén vi trong truong hop cat 12 su trugt, d6
cirng mat cat 14 GF. Chuyén vi trong truong hop kéo (hodc nén) 1 sy dan dai (hoic
co ngén), 4o cirng mit cat 1 EF. Ké dén tinh chat doc 1ap tac dung cua céc dai lugng
trén, ta c6 luong cudng bic duoc viét nhu sau:

11
z=[[ o
0 X

02, 1 02, 1 042
(MX_MX) +§(Qy_Qy) +E(NZ_NZ) ]

trong 6 My, Q, N7 1a cac thanh phan ngi lyc cua dam so sanh.

* Khi hé so sanh khong c6 lién két (cac thanh phan noi lyc caa hé so sanh bang khdng),
cong thuc (2.9) tro thanh:

_i 1 2, 1 2 1 i
Z_({|:E\]x (Mx) +GF (Qy) +EF(NZ) ]dZ (2-10)

Néu tai trong vuéng goc vai truc thanh (Nz= 0) thi (2.10) dwoc viét nhu sau:
2.3. Str dung phwong phap nguyén ly cuc tri Gauss dé giai bai toan dong luc hoc:
Xét mot dam chiu tai trong dong, dam c6 chiéu dai 1, khéi luong caa dam 1a
m(z), 46 cirng mit cat 1a Edx.
Phuong trinh d§ vong cua dam c6 dang: y = y(z,t) phai thoa man diéu kién bién
va diéu kién ban dau (néu co).
khi dam chiu tai trong dong thi dé xuat hién thém thanh phan luc quan tinh nguoc
chiéu véi gia téc cia hé:
ot

Coi luc quan tinh cling nhu ngoai luc( theo nguyén Iy D' Alembert) ta c6 lugng cudng

qt _
F=-mg

btrc do lyc quan tinh gay ra:

|
Zo=[-2F %y, ydz
0
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Dé thuan tién trong cong thic, ta co thé viét lai lwong cudng birc do luc quén tinh gay
ra nhu sau:

azy(z,t)
ot?

!
Zqt= [2Fyuyndz véi F*=m(2)
0

Bai toan dam chju uén thuan tay:
Xét dam chiu tai trong dong, dam c6 khéi luong phan bé m(z). Khi bo qua anh hudng
cua luc cat, ta c6 dam chiu udn thuan tuy.

Chon hé so sanh khéng ¢4 lién két, luong cudng buc dugc viét nhu sau:

| 82y(Z,t) 2 qt
z= ([ EJ, > | +2F Ty 7y Jdz
0 0z

Chuyén dong caa dam dang xét s& rat gan véi chuyén dong tu do néu nhu luong cudng

birc dat cuc tiéu (Z—>min) hay §Z = 0.

Bai toan dam phang:
Xét truong hop tai trong tac dong vudng goc vai truc dam (Nz= 0). Khi hé so sanh

khong c6 lién két, lugng cudng btrc dugc viét nhu sau:

o1 1
2={[ £ (0" + G @) +2F Ty K2 (214)
hay:
' 0% Y2y ’ 1 %Y (1)
Z=(| EJ 2Ly EJ 2D L opat dz 2.15
(J)[ x{ 622 } GF{ X 523 } y(z,t)] ( )

2.4. Sir dung phwong phap nguyén Iy cuc tri Gauss thiét 1ap phwong trinh vi
phan dao déng cho thanh thang:
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Xét thanh thang c6 khéi legng phan bé m(z), do cing mit cat 13 EJx va co lién
két bat ky. Hé so sanh duoc chon 1a mot thanh khéng c6 lién két, c6 khéi lwong va do

cirng mit cat nhu thanh dang xét. Theo (2.13) ta co:

| 02
z =j[EJ{ y<§’”]+2|:qty(Z t)]dz
0 0z ’

Chuyén dong thuc cua thanh dang xét rat gan véi chuyén dong tu do néu luong cudng

birc cuc tiéu (Z— min) hay 9Z =0 vay:

| 0°
57 =61]| E3,| 2E0 | Rty ldz ) =0
0 oz '

82 82y(zt)
Hay: ~ | 2EJ D4 2Ft =0
Y 822[ X[ 072
52 azy(z t) 82y(z t)
o2 B | 20 1 am LAy 2.16
azzl X[ 072 @) 52 (2.16)

(2.16) chinh 1a phuong trinh vi phan cua dao dong riéng khi khéng ké luc can.
* Khi thanh chiu luc phan bé q(z,t)

| 0%y .
Z= f[EJ{ az(zz't) ] +2F MY 0 =20 y(zlt)]dx —5 min
0

| @Zy 2
o EJ{ 62(2“)} +2|:Qty(z’t)_Zq(z,t)y(z,t) dx,=0
0

Hay
82 82y(z,t) qt
<:>62_2|:2EJX[ 822 +2F —ZQ(Z’t) =0

82 82y(z,t) 82y(z,t)
= —[EJX[ 8»[2 + m(z) ? = q(Z,t) (217)

o7°

(2.17) chinh 1a phuong trinh vi phan caa dao dong cudng birc khi khéng ké luc can.
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* Két lugn:

Nhu vay tir phuong phép st dung nguyén |i cuc tri Gauss, ta cd thé thiét lap
duoc phuong trinh vi phan cua hé dao déng gidng nhu viéc &p dung cac phuong phéap
Khéac.

2.5. Cac bwéc thuc hién khi tim tan sé dao déng riéng va dang dao dong riéng
bang phwong phap nguyén Ii cuc tri Gauss.

Trong qua trinh tinh toan, ta khdng xét dén giai doan chuyén tiép sau khi bo luc
kich thich va b qua chuyén vi xoay cua cac khdi lwgng trong qué trinh ching dao
dong.

Bwéc 1: Chon hé so sanh:

Hé "So sanh" 1a hé hoan toan khong c6 lién két nhung c6 cling d6 ciing mit cat
va cung tai trong vai hé dang xét (hé dang xét hay con goi la h¢ cho).

Buéc 2: Gia thiét duong do vong cua dam can tim véi biéu thic duong do veng phai
thoa man diéu kién bién.

Chang han, biéu thic duong do vong cd thé viét dudi dang da thic, chud luong giac
don hoic dang s phic:

Dang da thuc:

e 0]
y=(Ya,z")sinat = (ay + 8,z +a,2° + 852> +a,z%) +......)sinat
n=0

Dang chudi lugng giac don: y = ( § a, sin n—fz)sin at
n=1

Dang sé phuc: y = (3 a, sin n—fz)eiwt
n=1

Bwéc 3: Viét biéu thirc lugng cudng bic cua hé theo (2-13), (2-14) hoic (2-15).
Buwdc 4: Viét cac diéu kién vé dong hoc thé hién su sai khac gitta hé cho va hé so
sanh. Biéu kién bién chinh la cac rang budc dudi dang dang thic.

Ngoai ra, ta phai dua thém rang buoc, dé 1a diéu kién ¢ nghiém (tic 1a hé phai c6
dao dong).

Buéc 5: Cuc tiéu hoa lugng cudng bic.
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Déi véi bai toan cuc tri ¢ cac diéu kién rang budc, ta st dung phuong phép phan tir
Langrange dé dua bai toan cuc tri khdng rang budc.

Goi J, la nhan tir Langrange dé dua bai todn cuc tri c6 diéu kién rang buoc (d6 1a
diéu kién c6 nghiém, tac 1a c6 dao dong) vé bai toan cuc tri khdng rang budc. Sau khi
vuc tiéu hoa luong cudng buc theo cac thanh phan co ban, nhan duoc biéu thiac A,
c6 chira tan s dao dong riéng @

Bwéc 6: Cho 4, =0, nhan duoc cac gia tri tan s6 dao dong riéng @ . Ung voi cac gia

tri @ , ta c6 cac dang dao dong riéng.
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CHUONG 3
TINH TOAN DAO PONG CUA THANH

Bai toan dong lyc hoc 13 bai toan xét khéi lugng cua thanh va do d6 phai xét
thém luc quan tinh bing cach st dung nguyén 1y D’Alambert. Do ¢ luc quan tinh,
thanh c6 thé chuyén dong xung quanh vi tri can bang tinh ctia nd. Chuyén dong xung
quanh vi tri cAn bang tinh duoc goi 1a dao dong. Trong trudng hop khong c6 luc can
(vi du, luc ma sat trong thanh hoac luc can moi truong) thi dao dong dugc duy tri.
Khi c6 luc can thi thanh dao dong véi bién do giam dan, dugc goi la dao dong tat dan.
Néu nhu bién d6 dao dong ting theo thdi gian thi thanh co thé bi pha hong khi bién
do dat d§ 16n nao do6. Trong luan van nay, tac gia sé nghién ctru bai toan dao dong
ngang khi c6 luc doc P dit ¢ dau thanh. Truong hop luc P=0 ta c6 bai toan dao dong
tu do. Vi vay trong chuong nay lan lugt trinh bay cac van dé sau: dao dong tu do cia
thanh, dao dong cua thanh khi c6 lyc P 1a héng dbi véi thoi gian t, dao dong cua thanh
khi P 12 ham tuan hoan cua thoi gian t (P =P +P, cos(ét)).
3.1. Dao dgng tu do cua thanh

Xét thanh thang, co tiét dién khong doi, c6 khdi lwong m phan bd déu trén
thanh. Khi c6 chuyén vi ngang, thi ngoai ndi luc M va Q, con phai xét dén luc quan
tinh f_. Luc quan tinh f_bang tich ciia khdi lugng véi gia toc ciia chuyén dong va co
phuong tac dung 1a phuong cua chuyén dong (phuong ciia d6 vong) cia thanh. Nhur
vay, luc quan tinh c6 tac dung gidng nhu luc ngang, trong truong hop nay 13 luc ngang
phan bd, dt tai truc thanh. Néu khoi luong m phan bd trén chiéu cao cua tiét dién
thanh thi do tiét dién thanh bi xoay, con c6 lyc quan tinh xoay cua tiét dién thanh. Dé
don gian nghién curu, ta khong xét luc quan tinh xoay nay.

Véinguyén ly D’ Alambert, xem luc quan tinh f_nhu 1a ngoai lyc can tac dung
I&n thanh, va vi luc quan tinh 1a ham cta thoi gian nén ham d6 vong va cac ham ndi
luc trong thanh déu 1a ham cua toa do va thoi gian: W =W (x,t) 13 ham d6 véng,

M =M (x,t) 1a ham momen udn.
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Luc quan tinh cua thanh dugc tinh nhu sau

R
f =m .
ot

(3.1)
Xem luc quéan tinh f_nhu l1a ngoai lyc can phan bd tac dung Ién thanh, viét
ngay dugc phuong trinh vi phan cin bang

2
_ aax'\f' +f =0 (3.22)

Goc xoay do momen udn 0, bién dang uon @ va ndi lyc momen xac dinh theo

cac biéu thuc sau

oW o°'W
O="—, y=—", M=-EJ 3.3
x' T d (3:3)
Dua cac biéu thirc (3.1) va (3.3) vao (3.2) nhan duge
EJ(GAVYJ+m82\QI ~0 (3.42)
OX ot
Nghiém ctia hé (3.4) c6 thé viét dudi dang
W (x,t) = y(X) cos(at) = y cos(at) (3.5)
Khi d6 h¢ (3.4) c6 dang
Y,
[Ej(dx4 )—ma)zyJ cos(at) =0 (3.6)

Vi thanh phan trong ngodc khong phu thudc t nén hé (3.6) duoc gian hoa nhu sau
d*y

EJ
( dx*

)—maly =0 (3.7)

Hai ham y = y(x) 1la ham cuta toa d6 x. Phuong trinh (3.7) khong phu thudc vao
bién t, 1a phuong trinh vi phan tuyén tinh c6 hé s6 khong doi, ddy chinh 1a phuong
trinh dao dong ctia thanh theo 1y thuyét dam Euler-Bernoulli, giai phwong trinh nay
tim dugc do vong y.

Phuong phap chung dé giai (3.7) 1a giai phuong trinh dic trung cua chiing va
xay dung nghiém y trén co s¢ cac nghiém (tri riéng) cua cac phuong trinh dic trung.

Tuy nhién, ta s& dung phuong phap chuyén vi cudng birc dé giai.
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Khi xay dung bai toan theo phuong phap nguyén 1y cuc tri Gauss, c6 thé dung

cac dai luong bién phan (chuyén vi 40 va bién dang 40) khong phu thudc thoi gian

62
9)( :%x, Zx:—87¥, (38)

Ki tu x & chan cac dai luong dé chi rang dai lwong chi phy thudc x.

Bai toan dao dong tu do cua thanh duoc dan vé bai toan tim cyc tiéu cia luong

cudng birc chuyén dong tai mét thoi diém t bat ki

Z =}M[;(X]dx+lj f [yldx — min (3.9)

0 0

Pai luong trong ngodc vudng cua phiém ham (3.9) 1a dai lugng bién phan.
Tu diéu kién cuc tiéu

Y4 =}M5[;(]dx+} f sWldx=0 (3.10)

0 0

va dung phép tinh bién phan s& nhan dugc lai hai phuong trinh (3.6) va vi bai toan
tuyén tinh theo t nén lai c6 hé (3.7).

Nhu vy, bai toan dao dong tu do ciia thanh bang cach dung bién d6i (3.5) dan
vé giai (3.7) 1a hé khong chira bién t. Nghiém y 0 (nghiém khong tim thuong) cta
(3.7) tuy thudc vao cac thong sé m, EJ, @ va chiéu dai thanh. Thong thudng, cac
thong sé m, EJ va chiéu dai thanh d3 biét nén tan s6 1a ham cua cac dai luong nay.
Str dung cac dai luong khong chira bién thoi gian t, bai toan (3.9) ¢6 dang

Z =M. [z, Jdx+~[ f.[yJdx — min (3.11)

O day M, =Elp, f,=-ma’y (3.12)
Dé giai bai toan (3.11) ta dung phuong phap chuyén vi cudng birc bang cach
cho mot diém nao d6 cua thanh, vi du diém x1, chuyén vi cudng btc yo0.
gl=y(x)-y0=0 (3.13)
Bai toan cyc tiéu (3.11) véi rang budc (3.13) 1a bai toan tinh tinh thanh chiu

chuyén vi cudng buc tai diém x1, c6 an 1a tin s6 @ cho nén co6 thé duoc goi 1a bai
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toan dao dong tu do cua thanh. Viét phiém ham Lagrange mé rong F cta (3.11) va

(3.13), ta c6 diéu kién cuyc tri

F =IJMX5{—d24dx+II £ olyldx+o[4.g1]=0 (3.14)

X
A trong (3.14) 1a thira s6 Lagrange va 1a an méi cta bai toan. Tur (3.14) nhan duogc

hai phuong trinh can bang (hai phuong trinh Euler) :

d* d? —A, X=X
EJ(dx}‘/ _GaF dx?j—ma)zy: 0, X # X l (3.15)
' 1

cung voi phuong trinh (3.13). Hé phuong trinh (3.15) ¢6 vé phaila 1

Xét vé co hoc, A ¢ thir nguyén 1a luc va d6 1a luc gitr dé chuyén vi tai diém
X=X1 ctia thanh bang chuyén vi cudng birc y0 (phuong trinh (3.13)). Luc gitt do ta dua
vao nén phai bang khong. V& toan hoc thi phuong trinh dao dong 14 phuwong trinh
khong c6 vé phai (hé (3.7)) cho nén A ciing phai bang khong. Vi vy ta co

A=0 (3.16)

Nghiém ctia phuong trinh (3.16) ciing 1a nghiém ctia vé trai (3.15) hodc cua hé
(3.7). Nhu vay, phuong trinh (3.16) 1a phuong trinh da thic xac dinh tri riéng, khi
ham y(x) théa man cac diéu kién bién thi né 1a phuong trinh da thirc xac dinh tan sd

riéng cua dao dong tu do cua thanh. Trong truong hop nay A 1a ham cua @, 1= A(w)

Bai toan dao dong tu do ctia thanh duoc dua vé bai toan (3.11) véi rang budce
(3.13) va s& duoc giai tryc tiép trén phiém ham Lagrange mo rong dé tim duoc ham
A(®), gidi phuong trinh (3.16) s& nhan duoc céc tan so riéng. Chuy, 4 1a thira s6
Lagrange cta rang budc (3.13).

Ta dang xét truong hop khdi lugng phan bd déu trén thanh. Bai toan co vo sd
béc tu do nén 6 vo sb tan s riéng. Chung tao thanh ddi tdn sé riéng dao dong cua
thanh c6 bién dudi 13 tin s6 co ban va bién trén 1a vo cung 16n, @ — o . C4c thanh

co lién két khac nhau s€ dao dong véi tan so6 riéng khac nhau. Tan sO6 riéng dao
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dong tu do cua thanh c6 cac diéu kién lién két khac nhau dugc tinh theo phwong phap

chuyén vi cudng birc duoc trinh bay dudi day.
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3.2. Cac vi du tinh toan

Vidu 3.2.1. Thanh ngam-tu do z4 Il ”
Xét thanh thang c6 lién két mot dau ngam, ~
dau kia tu do, tiét dién khong ddi, chiéu dai 1, o
ctrng udén EJ (hinh 3.1). ~ ~ 7
Ta tim ham dd vong cua thanh dudi dang ;
da thuec : e = e y
@ ®

1t = aﬂ ) \
y(x.t)=y(x)cos(at) Hénh 3.1. Thanh ngam - Tu do

y(x) =ax+a,x* +a,x° +a,x" +a.x’ +a,x’ +a,x’ +a,x’ +a,x° (a)
Cac hé sd a; (i=1:9), 1a cac hé sb can tim. Dua vao biéu thire (3.1) hodc (3.11) tinh
lyc quan tinh

fomOWOY e = -3 ’“Ecjz y(x) = —EJ k2y(X) (b)

m atZ
ma? EJ
k=5 @= T (©)

Sau ndy thay cho tin sb  ta s& dung ki dé tinh luc quéan tinh (biéu thirc (b)).

Biét duoc tri s6 ki thi tinh dugc tin s6 o theo biéu thire (c).
Bién dang truot, géc xoay do momen udn, bién dang udn va ndi luc momen
udn cuia thanh x4c dinh theo cac biéu thuc (3.11).

Theo biéu thtrc (3.12) ta xay dung bai toan dao dong ty do cta thanh nhu sau

7-] M{— d;’)’((zx)}dxﬁj £ [y(x)Jdx — min (d)

Pai luong cos(wt) 13 thira s6 chung ctia (d) nén di gian ude. Bai toan tim cuc tri (d)
phai thoa man cac diéu kién sau
~ Goéc xoay (do momen udn) tai ngam (x=0) bang khong

gl = subs(é, x,0) = subs(% ,X,00=0 (e)

~ Momen udn (hoic bién dang udn) tai dau tu do (x=I) bang khong
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gZ=subs(—d2y(2X),x,l):O (f)
dx

— Ta cho dau tu do (x=1) c6 chuyénvi cudng bic bang y0
g3 =subs(y(x), x,1)—y0=0 (h)

(ham subs(bieuthugx, x,) c6 nghia 1a thay bién x trong biéu thirc bang tri x1).

Bai toan (d) véi cac rang budc (e), (f), (g) va (h) dugc dua vé bai toan cuc tri khong
rang budc bang cach viét phiém ham Lagrange mo rong

F=Z+Z1—>min 0]
Z1=14.91+4,.92+ 4,.03+ 1.94

Céc hé sb A,A,,A,,A4 dugc goi 1a cac thira s6 Lagrange va la 4 an méi cia bai
toan.Tong an bai toan bao gdm a; (i=1:9), va 3 thira s6 Lagrange s& 13 13 an duoc dat
trong vecto an S(i), i=1:13. Bai toan (i) 1a bai toan t6i wu thong sd va diéu kién cuc tri

(3.14) bay gio dugc viét nhu sau

b 8 dfy(x) Le O 0 (a1 o .
5F_£|v| as[ ™ }dx+(f)fm s [y(x)]dx+aSi [z1]=0 (i=1:13) ()

Ham y(x) va Q(x) trong (j) xac dinh theo (a) con M theo (3.11).Thuc hién cac phep
tinh cta (j) s& nhan dugc 13 phuong trinh dai s6 bac nhat dé tim duoc 13 thong sb cia
bai toan. Thong s6 A lién quan dén chuyén vi cudng bic y0 ¢6 dang sau:

A =12626x10%/IPEJyo(.25628  x107°12%;1°-.21081 x10%-.18661 x107°1?*k;'%+.38162
X10%1%0k;18-.41532x1087k1*18+.17564x10%k121*+.36456x10%41%8k114-. 12506 x10%°132k, 16+
.13382x10841%2k1°-.10616x10%11¢k,8)=0 (k)

Biéu thirc (k) chi 1y dén 5 s6 sau dau chdm va 1a da thic bac 18 d6i véi ki . Gidi
phuong trinh (k) theo kj: A(k,)=0
Nhan dugc 18 tri k;. & day duara 5 tri k.
k, = 3.5160/1% 22.0344/1%; 61.6968/1%, 121.1579/1%, 201.3142/I?
Biét duoc ki, dua vao biéu thuc (©) dé tinh tan s6 riéng dao dong tu do cua

thanh.
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Tuong tmg vdi 18 nghiém kj ta xac dinh EJ EJ
o @, =K, [— =3,5160,—
duoc 18 tan s6 dao dong riéng cua hé theo cong m ml

oz EJ EJ
thic w= kl‘/E , & day chi dua ra 3 tan s6 dao W, = klZw/F = 22,0344,/W
m

n  n . X A s L ‘A EJ EJ
dong ri€éng co ban dau tién trng voi 3 nghiém o, =k, B _ 616968 /_4
N m ml
ki dau tién la:

So voi 101 giai khong xét bién dang truot, 3 tri dwong dau tién trong s6 9 tri
duong cua ky co thé duoc xem 1 chinh xéc, trj thit 4 va 5 ¢6 sai s6 nho thua 1%, tri
thir sau c6 sai s6 nho thua 3%... Mudn ¢ nhiéu tri riéng chinh xac hon thi str dung
cac da thirc bac cao hon khi xap xi cdc ham y va Q hodc chia thanh thanh nhiéu doan

tuong ty nhu tinh theo phan tir hiru han.

Khi giai hé phuong trinh (j) ta cling nhan
duoc cac thong so a; (i=1:9) va b; (j=0:9)
va chung déu 12 ham cua ky. Pua céc tri
ki tim duoc & trén vao cac thong sb nay
va st dung cac biéu thirc (a) ta co cac
dang dao dong chinh y(x) ctua thanh va
cac dang ham lyc cat Q tuong tng (hinh

3.2).

Hinh 3.2. Ba dang dao déng

riéng dau tién
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3.2.2. Thanh hai dau khdp

Xéc dinh tan s6 va dang dao dong

=y 2y
riéng cta thanh hai ddu khép. Thanh c6 i H{ T

khéi lugng phan bd déu, tiét dién khong @

d6i va c6 d6 ctmg ubén EJ (Hinh 3.3). Néu = - o ;‘

nhu tai diém (x=I;) cho 1éch mgt doan yo 8

nao d6 thi thanh s& bj cong di theo duong TR TVF Y
dan hoi y1(X) va y2(x) nhu (hinh 3.3b) do O ®

tac dung ctia lvc mémen udn Py, va Py,. Honh 3.3. Thanh hai dau khop

Goi Miy, Moy 13 momen ubn lan luot trong doan 1 va 2 lic nay trang thai can
bang cua thanh 13 trang thai cAn bang nén udn ( hinh 3.2b). Viét biéu thuc duong do

vong va duong luc cat cho cac doan thanh duéi dang da thirc nhu sau:

9 .
y, = ;aix' =ax+a,x +a,x° +a,x" +a,x" +ax’ +ax +ax’ +ax’;
i=

- (a)
¥, = 3bx' =by+bx+b,x* +b,x° +b,x* +b.x* +bx° +b,x" +b,x* +b,x*;
i=0
trong d6 a; (i=1:9), b (j=0:9), la cac hé s6 can xac dinh.
Dua vao biéu thire (3.1) tinh lyc quan tinh trong timg doan thanh 13
0%y, (x,t Mo’
w=m IO ey 0 = —80 M2y, (00 = —EOk2Y, ()
ot EJ (b)
S0 ey 0= —23 ™0y (0 = —EIKY, (%)
m2 — atz - y2 - EJ y2 1 y2
2
Trong do: k= mEOjJ) o=k, /% (c)

Sau ndy thay cho tdn s0 o ta s& dung k; dé tinh lyc quan tinh (biéu thirc (b)).
Biét duoc tri s6 k; thi tinh dugc tan s6 @ theo biéu thic (c).
Bién dang udn i, gbc xoay do momen udn 6 va ndi lyc momen xac dinh theo

cac biéu thuc sau



i = —ayl llx = ——azyl M x1 = _E‘]ll
OX 8X2 (d)
8 ) 2 )
gzzi _ o, M ,=-Ely,

OX Hox =— 8X2

Theo biéu thirc (3.8) ta xdy dung bai toan dao dong tu do cua thanh nhu sau
I Iy Ih I2 ]
Z = .([[M xl](;{lx )dX + £[M X2 ](ZZX )dX + g[EJ kl2 ]yldx + .(E[E‘Jkl2 ]yzdx — min (e)

Bai toan tim cuc tri cua (e) phai thod man 6 diéu kién rang budc sau

—- Momen udn tai ddu dudi doan 1(d§u khép, tai x=0) bﬁng khong

o.-[-54] G
- Chuyén vi tai cudi doan 1( tai x=ly) b::ing chuyén vi tai dau doan 2

9, = Vil = Yalyoo 9)
~ Goc xoay tai cudi doan 1( tai x=1;) bang goc xoay tai dau doan 2

0= L] 2 ). ()
- Chuyén vi tai cudi doan 2( tai x=l1p) béng khong

9. = Yo|um, =0 (i)
— Momen uén tai dau trén doan 2(dau khép, tai x=I,) bang khong

o.-[-5%) 0
~ Tai diém cudi doan 1(x=l;) ta cho chuyén vi cudng burc bang yo

96 = Ya/xp, — Yo (k)

Ta dua bai toan tim cuc tri cia (e) véi 6 didu kién rang budc (f), (g), (h), (i), (§)
va (k) vé bai toan cuc tri khong c6 rang budc bang cach dua thira sé6 Lagrange vao
phiém ham mé rong nhu sau:

F=Z+Z1—min (h

6
Z1= ) gkﬂk
k=1
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Cac hé $b As Ay A Ay As, A, durge got 1a céc thira sb Lagrange va la 6 4n moi cua
bai toan.Tong 4n bai toan bao gom a; (i=1:9), bj (j=0:9), va 6 thira s6 Lagrange s& 1a
25 an dugc dat trong vecto an S(i), i=1:25. Bai toan (1) 13 bai toan tdi wu thong s va

diéu kién cuc trj (3.9) bay gid dugc viét

4 8 b 10 8 L
h, = g[M xl]a(le)dx+ g[fml]a—&(yl)dma—ai(zn =0; (i=1:9)
= M lea%(zx2>dx+'f[fm]a%(yz)dma%(zn —0; (i=0:9) + (m)
5 | L
5 (@A) =0 k=1:6.

Tir diéu kién cuc tri (M) cta phiém ham mé rong F ta s& nhan duoc 44 phuong
trinh dai s6 tuyén tinh dé xac dinh 25 thong s6 ciia bai toan. C6 thé giai bai toan trén
bang cach sir dung phan mém Symbolic ctia Matlab. Khi giai phuong trinh xong thay
rr?lng cac thong sb aj, ay, a3, ..., Ag, Do, b1, by,..., b7, VA A1, Aa,... Ae. déu 14 ham cua k; .
Luu y rang As c6 thir nguyén 1a luc va né 1a luc gitt dé c6 chuyén vi cudng birc o tai
vi tri cudi doan 1, dau doan 2. Luc gilr phai bﬁng khong cho nén giai phuong trinh A,

(k1) =0 sé€ cho ta cac kj.
\ ma’ ~ P LA X A ‘ n A T
Tu k, =, /% ta s€ tim dugc céac tan s6 dao dong riéng w; can tim. Co thé noi Ag

(k1) =0 cling la da thirc dac trung cta bai toan.
A, (K1)=.10101x10"(.50560 x10° ks *1%-.43802 x101%%k; ®2[0+.70097 x1014k;¥[°-
56956 x10%2%k;28]%6+,15514 x101%k126152-,16022 x10'%3k12418+.61290 x10%°1k,2%|*-.82135
x10%%;20140+.33561  x10%%7k;*81%6-.33163  x10%74k,161%%+.64742  x10®1%8k,14-.30787
x10%8k112124+ 50809 x1019k;1%1°-,30665 x101%k18116+.65148 x102%%k4511%-
41296 x10%9%k1418+.52715 x102%7k114-.47491 x10%%°) =0 (n)

Giai phuong trinh  Ag(k1)=0 theo o=k, \/% _og 695\/%

ki ta nhan dugc 25 nghiém kj va tr d6
xéac dinh dugc 25 tan s dao dong riéng w, =k, /E =39,4782 /E_J4
m ml
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j1a hé, & day chi d 3 tan sb d /
cua n¢, o ay01 ua ra an SO dao EJ 88,8300%

dong riéng co ban la:

Khi giai h¢ phuong trinh (m) ta

cling nhan duogc cac thong sb a; (i=1:9)

va bj (j7=0:9) va chung déu 1a ham cua

08

ki. Pua cac tri k; tim duoc & trén vao

0.6

cac thong sO nay va st dung cac bi¢u

0.4

thirc (a) ta c6 cac dang dao dong chinh | N
y(x) ciia thanh (hinh 3.4). I )i

0.z

002
001 F---N-
003 f--neee
004

— o
=] =
o o

Honh 3.4. Dang dao dong tw do cua thanh

hai dau khop

3.2.3. Thanh diu ngam - dau khép =y 2y

Xéc dinh tan s6 va dang dao dong riéng T Hi T
ctia thanh. Thanh c6 khi lugng phan bo déu, ® )
tiét dién khong ddi va c6 do climg ubn EJ. B B ob%

Néu nhu tai diém (x=l;) cho 1éch mot b

. , . - . . Ny — Y N Y

doan yo nao doé thi thanh sé bi cong di theo ® ®

dudng dan hoi yi(X) va ya(x) nhu (hinh 3.4b)  Hgnh 3.4. Thanh ngam - khop

do tac dung cta luc mémen ubén P(y;) va

P(y2). Goi M1y, May 1a mOmen ubn 1an lugt

trong
doan 1 va 2 luc nay trang thai can bang ciia thanh 14 trang thai can bang nén uén (hinh
3.4b). Viét biéu thirc dudng d6 vong cho cac doan thanh dudi dang da thire nhu sau:

9 .
y, =>ax =ax+a,x* +a,x° +a,x* +a,;x> +a,x’ +a,x" +a;x° +a,x°; (a)
i=1

9 i 2 3 4 5 6 7 8 9.
yz=§)bix =b, + b, x+b,x* +b,x" +b,x" +b,X> + b, X" +b, X" + X" +byx";(0< x <L1,)
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trong do a; (i=1:9), b; (j=0:9), la cac hé s can xac dinh. Dya vao biéu thirc (3.1) tinh

lyc quén tinh trong tirg doan thanh la

o2y, (x,t mao’
f = m 8D oty () = —£3 B2y, () = ~EIKEY,(0)
0%y, (%) ) mao’ 2 ®)
m2 = mazT =—Mw yZ(X) =—EJ EJ yz(x) = _E‘]kl yz(x)
2
Trong do: k! = mECj o=k, % (c)

Sau nay thay cho tin s6 o ta s& dung k; dé tinh luc quan tinh (biéu thirc (b)).
Biét duoc tri s6 ki thi tinh duoc tin s6  theo biéu thirc (c).
Bién dang truot 0, bién dang udn @, gbc xoay do momen udn 6 va ndi luc

momen xac dinh theo cac bi€u thirc sau

oy, o’y

g =—-2% - __2 71

! OX Aax 6X2 Mxl = _E‘]Zl} (d)
_ M _ oy, M,=-Bpr,

OX Hox =~ axz

Theo biéu thtrc (3.8) ta xdy dung bai toan dao dong tu do cta thanh nhu sau
I Iy I I2 ]
Z = g[M xl](le )dX + g[M XZ](;(ZX )dX + £ I:E‘]kl2 ]yldx + £|:E‘]k12 ]yZdX — min (e)

Bai toan tim cuc tri cda (e) phai thod man 6 di€u kién rang budc sau

~ Goc xoay tai dau ngam (tai x=0) bang khong

d
=) ("
— Chuyén vi tai cudi doan 1( tai x=1) bang chuyén vi tai dau doan 2
g, = y1|><=|1 - Y2|X:0 (g)
~ Goc xoay tai cudi doan 1( tai x=l;) bang goc xoay tai dau doan 2
(9 ) (b, h
g3 - [ dX 1] x=ly ( dX |x:0 ( )

~ Chuyén vi tai cudi doan 2( tai x=I,) bang khong

94 = Yo|ue, =0 (1)
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~ Momen uén tai dau trén doan 2(dau khép, tai x=1,) bang khong

_(_9%, -
gs _( dX2 jx—IZ (J)
— Tai diém cudi doan 1(x=ly) ta cho chuyén vi cudng birc bang yo
9s =Y. x=l Yo (k)

Ta dua bai toan tim cuyc tri cua () v6i 6 diéu kién rang budc (f), (), (h), (), (j)
va (k) vé bai toan cuc tri khong c6 rang budc bang cach dwa thira sé Lagrange vao

phiém ham m¢ rdng nhu sau:

F=Z+Z1—min )
6

Z1= ngﬂk
k=1

Céac hé 86 4,4, 4,4, A, A, dugc goi 1a cac thira s6 Lagrange va 13 6 an méi cia
bai toan.Tong an bai todn bao gom a; (i=1:9), b; (j=0:9), va 6 thira s6 Lagrange s& la
25 an dugc dat trong vecto an S(i), i=1:25. Bai toan (1) 13 bai toan tdi wu thong s6 va

diéu kién cyc tri (3.9) bay gid dugc viét nhu sau

] o heo 10 O o o
h, = g[M xl]a—ai(lxl)dx"f Jo.[fml]a_ai(yl)dx—i_a_ai(Zl) =0; (i=1:9)
12 0 12 0 0 Lo
U, :g[MXZ]a_bi(ZXZ)dXJFg[fmZ]a_bi(yZ)dX+8_bi(Zl):O’ (i=1:9) (m)
0 ) 4.
%(gkﬁ‘k):(l k—16

Tir diéu kién cuc tri (M) cta phiém ham mé rong F ta s& nhan duoc 25 phuong
trinh dai s6 tuyén tinh dé xac dinh 25 thong s6 ctia bai toan. C6 thé giai bai toan trén
bang cach sir dung phan mém Symbolic ciia Matlab. Khi giai phuwong trinh xong thay
réng cac thong sb a1, ay, as, ..., Ag, Do, b1, by,..., b7, VA A1, Aa,... Ae. déu 1a ham cua k; .
Luu ¥ rang Ag c6 thir nguyén 1a lyc va né 1 luc giit dé c6 chuyén vi cudng buc yo tai
cudi doan ;. Luc gitr phai bang khong cho nén giai phuong trinh A, (K1) =0 s& cho ta

cac kj.
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2
\ Mo ~ ;A A A ‘n Ao rL A g
Tu k, =, /E ta s€ tim dugc céc tan s6 dao dong riéng w; can tim. Co thé ndi As

(k1) =0 ciing la da thirc dac trung ctia bai toan.
Giai phuong trinh A1(k;)=0 theo
ki ta nhan dugc 25 nghiém k; va tur d6
xéc dinh dugc 25 tan s6 dao dong riéng
cua h¢, & day chi dua ra 3 tan s6 dao

dong riéng co ban la:

Khi giai hé phuong trinh (m) ta cling
nhan dugc cac thong sb a; (i=1:9) va by
(j=0:9) va chiing déu 12 ham cta k; . Pua
cac tri kg tim dugc & trén vao cac thong
s6 ndy va sir dung cac biéu thirc (a) ta c6
cac dang dao dong chinh y(x) cua thanh
(hinh 3.5).

3.2.4. Thanh hai diu ngam

Xac dinh tan s6 va dang dao dong
riéng ctia thanh hai dau ngam. Thanh c6 khéi
luong phan bd déu, tiét dién khong doi va co
d6 ctimg udn EJ.
Chia thanh thanh hai doan, cho thanh mot

chuyén vi yo tai diém bét ky trén thanh thi khi

EJ EJ
w, =k,..|— =15,418
M m \ ml*
ot (B s5064[2
W, =k13 Ifl:l] =104,266 nli;]“

0.s

g
i
06

0.4

= ] =] = o w
= o = = =] =]
o [=] o o o o

Honh 3.5. Dang dao dong ty do cua
thanh dau ngam — dau khép

Avmm Avwm
@
~ ~ %
%
®
8
N e —>Y N A Yy
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ay do vong tuwong tmg voi timg doan 13 y1(X),

Y2(x) nhu (hinh 3.6). Gia st duwong do

Hdnh 3.6. Thanh ngam — ngam

vong cua tung doan thanh c6 dang da thure bac 9.

Xay dyung bai toan twong ty nhu truong hop thanh dau ngam - dau khép, véi 6

di€u kién rang budc (goc xoay tai ngam dwdi bang khong, chuyén vi tai cuoi dogn 1

bang chuyén vi tai dau doan 2, goc xoay tai cuoi doan mot bang goc xoay tai dau

doan 2, chuyén vi tai cuéi doan 2 bang khéng, géc xoay tai cudi doan 2 bang khéng,

chuyén vi cueong birc tai cudi doan 1 bang yo) va giai ra ta nhan dugc da thirc dic

trung cua bai toan 1a Ag(k1)=0.

Giai phuong trinh Ag(K1)=0 s€ cho ta cac kj.

2
\ Mo ~ f A& A ‘A A
Tw k, =, = ta s€ tim dugc cac tan s6 dao dong ri€éng ; can tim.

Giai phuong trinh Ag(ki)=0 theo
ki ta nhan duoc 25 nghiém k; va tir d6
xéc dinh dugc 25 tan s6 dao dong riéng
ciia hé, & day chi dua ra 3 tan s dao

dong riéng co ban la:

Dang dao dong riéng cua duong dan
hoi (véc to riéng) twong tmg v6i 3 tan
s6 dao dong riéng co ban (3 tri riéng

chinh x4c) dau tién nhu hinh 3.7.

EJ EJ
e e
EJ EJ
% =Koy =OLOT
EJ EJ
@, =K.,.[— =120941 | —
PV m ml*

Brang 2

0.04
002

=+ =) =) —
=} =] =} =
[=} o =} v

Honh 3.7. Dang dao dong tu do cua
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thanh hai dau ngam
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3.2.5. Thanh diu khép - dau tw do
Xac dinh tan sb va dang dao dong T
riéng cua thanh dau khop dau tu do. Thanh
c6 khéi lwong phan bd déu, tiét dién khong
d6i, c6 do cimg uén EJ, hinh 3.8. -
N

Dé tranh bién hinh ta xem thanh nim
8

trén nén tu do c6 do cing Kioxo. Nhu vay,

| , o~ /T
ngoai cac lyc momen, luc cat, lyc quan tinh
thanh con chiu phan luc nén 10 xo Homh 3.8. Thanh khop =t do
R = KioxoY
Luong cudng buc c6 dang

Z=[M,ydx+[F, ydx+[Rydx— Min
| | |

Va cac rang budc 13 cac diéu kién chuyén vi tai ddu dudi cua thanh (tai x=0) bang
khong, momen va lyc cat déu bang khong tai hai dau mut thanh. Giai bai toan trén
tim duoc cac thong s ai, bi va A; déu 1a ham ctia Kioxo. Cho Kioxe= 0 va giai phuong
trinh da thirc ddc trung Ai=0 lai nhan duogc céc tri riéng va dang dao dong cua thanh
c6 mot dau khép - mot dau tu do.

Chia thanh thanh hai doan, dit cac 10 xo phan bd déu trén toan thanh va cho
thanh mot chuyén vi yo tai diém bat ky trén thanh (tai diém x=I;) thi khi dy d6 vong
tuong ung voi timg doan 13 yi(X), Y2(x) nhu (hinh 3.8). Gia sir duong d6 vong va

duong luc cit cua thanh co dang da thtrc bac 9 nhu sau.

9 .
y, = %aix' =aXx+a,X +a, X  +a, X' +a x> +a, X" +ax" +ax" +a,x’;
i=:

(a)

9 .
y, = iZocix' =€y +CX+C, X +CX° +0, X" +0X° +6,X° +C, X7 +¢x° +yx7;
trong do6 aj, by, 1a cac hé so can xac dinh.
Goi y la bién dang uon trong ddim do mémen gay ra ta co:

d?y, . _ d%,
ax2 | AT T gy

le =
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Luc quén tinh trong dam 1a: f_ =-ma?y, =—-EK?y,;; f,,=-ma’y, =—EJkK?yY,

mao®

EJ

Trong do: k, =

LI-IC 16 X0 trong dém lé floxol = kono yl’ floxoz = konoyz

Nhu vay trong thanh s€ c6 nd1 luc mémen uén My bang

Mxl = E‘Jllx’ Mx2 = EJZZX

Luong cudng buc theo (3.8) dugc viét nhu sau:

7 =

O — =

lo I Ip
[M xl](Z 1x )dX+ g[M x2 ](Z x2 )dX+ +£[fm1 + floxol]yldx+ g[fmz + o2 ]yzdx _
— Mmin

I
o=

I Ih I2
[M xl](l 1x )dX+ g[M x2 ](Z x2 )dX+ -([[E‘]kl2 + floxol]yldx+ -‘(;[E‘]kl2 + floxoZ ]yde

voi 6 diéu kién rang budc:

. d’y, ) . d?y, ) .
iy ~ Yos g, = (_ dX22 ]X=01 g;= (_dez X=|2’ g, = yl|x:|1 N y2|X:0

d d
05 = (d_{(l) x=h (%) wor 96 =Y,

9, =Y

=0

x=lp

(b)

(©)

Ta dua bai toan tim cyc tri cua (b) c6 6 di€u kién rang budc (c) ve€ bai toan cuyc tri

khong c6 rang budc bang cach dua thtra s6 Lagrange vao phiém ham mé rong nhu

Sau.

F=Z+§gk/1k — min
k=1

(d)

Trong do: A4 1a thtra s6 Lagrange va cling 1a an ctia bai toan va do 1a lyc ¢o6 vi

tri va do 1on tuong trng dé cé chuyén vi cudng burc yo. Bai toan c6 45 an so 1a aj, ay,

as, ..., ag, Do, b1, ba,..., Dy, VA& A1, A2,... Ae. Phuong phap nguyén 1y cuc tri Gauss xem

cac bién dang udn 1a doc 1ap vo1 mdémen tac dung cho nén di€u kién cuc tri cia phi€ém

ham mé rong F la:
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he 00 hr_ 0 .
h=g[Mx1]a—‘,ii(;cxl)dxﬁ)[EJkl+f.m1]a (yl)olx+a >(9,4) =053, (i=1:9)
vi='f[sz]i(zxz)dx+'f[Eka+f.mz] (yl)dx+ 2020 =006-1:9 ()
aT(gk/l) 0; k=1:6.

Tir diéu kién cuc tri () ctia phiém ham mo rong F ta s& nhan dugc 25 phuong
trinh dai sb tuyén tinh dé xac dinh 25 4n s6. C6 thé giai bai toan trén bang cach s
dung phan mém Symbolic ctia Matlab. Khi giai phuong trinh xong thay rang cac thong
sO a1, a2, s, ..., ag, Do, b1, Da,..., Do, VA A1, Az,... Ae. déu 1a ham ctia ky . Luu ¥ rang Ay
c6 thir nguyén 1 luc va né 1a luc gitr dé co chuyén vi cudng birc yo tai dau thanh. Luc

giit phai bang khong cho nén giai phuong trinh 4,(ky) =0 s& cho ta cac ki. Tur

Mo’ ~ LA A A ‘n A r oA g
K, = Eaj ta s€ tim dugc cac tan so dao dong riéng ; can tim. Co6 thé no6i 4, (ki) =0

cling la da thirc dac trung cia bai toan.
Giai phuong trinh  A31(k1)=0 theo
ki ta nhan dugc 25 nghiém k; va tir d6
xéc dinh dugc 25 tan s6 dao dong riéng
ciia hé, & day chi dua ra 3 tan sd dao

dong riéng co ban la:

Khi giai h¢ phuong trinh (m) ta ciing
nhan duoc cac thong sb a; (i=1:9) va
chung déu 13 ham cua ky. Pua cac tri kg
tim duoc & trén vao cac thong sd nay va

str dung cac biéu thirc (a) ta c6 cac dang

dao dong chinh y(x) ctua thanh (hinh
3.9).

Hinh 3.9. Dang dao déng cua thanh
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3.2.6. Thanh hai dau tw do

Xéc dinh tan sb va dang dao dong

riéng cua thanh hai dau ty do. Thanh c6

khéi lugng phan bd déu, tiét dién khong X%

d6i va c6 d6 ctrng uén EJ, hinh 3.10. Xay

>
Vi
Hinh 3.10. Thanh hai dau tu do

dung bai toan hoan toan twong tu nhu
truong hop thanh dau khép dau tu do ta

co. Luong cudng buc theo (3.8) nhu sau:

K lo Ik )
Z= £[M xl](Z 1x )dX+ £[M x2 ](Z X2 )dX+ E‘;[fml + floxol]yldx+ £[fm2 lox02 ]yzdx ( )
a
I I I I2 ;
= g[M xl](l 1x )dX+ g[M X2 ](Z X2 )dX+ g[E‘]k:L2 + floxol]yldx+ -‘(;[E‘]kl2 + floxoZ ]yzdx — min
v6i 6 diéu kién rang budc:
d? d?
0= Yi|xy = Y0r 92 = EJ(—d—y;j 10 = EJ(——YZZJ ;
X x=0 dX x=lp
(b)

dy dy
g4 = y1|X:I1 y |X 0’ gS (d;) x=ly ( dx2 )|X 07 g6 QZ x=lp

Ta dua bai toan tim cyc tri cua (a) co6 6 di€u kién rang budc (b) vé bai toan cuc tri
khong c6 rang budc bang cach dua thira s6 Lagrange vao phiém ham mé rong nhu

Sau.

F=Z+§gk/1k — min (d)
k=1

Giai tuong tu nhu c4c bai toan trén
W, = k11 =223713 |—
DS A ‘A m mI
EJ

ta tim dugc cac tan s6 dao dong riéng

ctia thanh hai dau tu do, & day chi dua

ra 3 tan s6 dao dong ri€ng co ban la:
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Dang dao dong riéng cua dudng dan hdi

(véc to riéng), hinh 3.11a. va dang biéu

dd luc cat twong Ung vai 3 tan sd dao
dong riéng co ban (3 tri riéng chinh

xé4c) dau tién nhu hinh 3.11b.

™

Hinh 3.11. Dang dao déng tu do cua
thanh hai dau tw do
3.3. Dao ddng ciia thanh khi c6 lwc doc truc P= const dit ¢ dau thanh
Giéng muc trén, ta xét thanh théng, chiéu dai 1, co tiét dién khong ddi, co6 do
ctng udn EJ va khéi luong phan bb déu m trén chiéu dai thanh, chiu lyc nén P dit &
dau thanh. Trang thai can bang ban dau ciia thanh duoc xem la trang thai dung yén,
khong xét do co ngan cua thanh do do luc P gay ra. Khi thanh bi 1éch ra khoi vi tri
can bang ban dau thi lyc P s& gdly momen udn Mp:

M, =PW(x,t)-W(l,1)] (3.17)

W(L,t) 12 chuyén vi ngang dau thanh. Truong hop dau thanh ¢6 dinh thi W(Lt) =0.
Luc quan tinh xac dinh theo (3.1), bién dang truot, goc xoay do momen udn
gay ra, bién dang udn va ndi luc momen udn tinh theo (3.3). Khac voi bai toan dao
dong tu do & muc trén, & day can xét thém luyc momen udn do lyc P gay ra tinh theo
biéu thire (3.17).
Tim nghiém theo dang (3.5). Bai toan dao dong cua thanh khi ¢6 luc nén P dat

& dau thanh bay gio duoc viét cho mot thoi diém t twong tu biéu thirc (3.9)

Z= I[(M ~-M p){— iﬂdm} f.[yldx — min (3.18)
0 OX 0
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Trong (3.18) momen M, xac dinh theo (3.17) la do ngoai luc P giy ra nén co
dau trr, nguoc voi diu cua nodi lyc M. Cac dai lugng trong ngodc vuong la cac dai
luong bién phan (khong phu thudc thoi gian) cho nén tir (3.18) ta ¢6 phuong trinh can
bang lyc sau (hai phuong trinh Euler)

5

—y(M—Mp)WL f,=0 (3.19)
Thay M tinh theo (3.3) va M, tinh theo (3.17) vao (3.19) ta co
EJ(aAW(f’t)}PazW(f’t) +maz\N(2x,t) ~0 (3.20)
OX OX ot

Phuong trinh (3.20) 14 hai phuong trinh vi phan tuyén tinh thuan nhat.
Khi dung phuong phap chuyén vi cudng birc ta co thé viét bai toan dao dong
ctia thanh khi c6 luc nén doc truc P dit ¢ dau thanh nhu sau

Z =M, - M, Nz Jox+ [ f,[yldx — min (3.22)

Vi rang budc gl=y(x)-y0=0 (3.23)

Bai toan (3.22) véi rang budce (3.23) chi khac bai toan dao dong tu do cua thanh (3.11)
va (3.13) & chd xét thém momen M  do luc doc tryuc gy ra. Khi dung thura s6
Lagrange A va giai truc tiép trén phiém ham mé rong thi tir didu kién A =0 tim duoc

cac tan s6 dao dong cuia thanh. Nhitng tinh toan chi tiét trinh bay qua cac vi du sau

day.
3.3.1. Thanh ngam-tw do 7y =y
. 2 a2 o P=const
Xét thanh thang c6 lién két mot dau Ly R
N N

ngam, dau kia ty do, tiét dién khong doi,
chiéu dai 1, 6 cing uén EJ, hinh 3.12. .

Ta tim ham d6 vong va ham luc cit
cua thanh dud1 dang da thtc: N b —5 Y N b y

@ ®

y(x,t) = y(x) cos(at)
Hdnh 3.12. Thanh ngam-zi do
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y=aX+ax +a.x>+a,x" +ax’ +a,x’ +a,x’ +a,x" +a,x’ (a)
Cac h¢ s6 a;i (1=1:9), 1a cac hé so can tim. Dya vao biéu thuc (3.1) tinh lyc quan tinh

maz\N(x,t) B

ma?®

fo =M= 7= =—Ma’y(x) =—B - y() =—EI k}y(x) (b)
mao* EJ
K=TF M (©)

Sau nay thay cho tin s6 @ ta s& ding ky dé tinh lyc quan tinh (biéu thic (b)).
Biét duoc tri s6 ky thi tinh duge tin s6 @ theo biéu thuc (©).

Bién dang truot, gbc xoay do momen udn, bién dang udn va ndi luc momen
ubn ciia thanh xac dinh theo cac biéu thic (3.8),momen uén M, do luc P gay ra xac
dinh theo (3.17). Theo biéu thirc (3.22) ta xay dung bai toan dao dong ngang ctia thanh
khi ¢ luc nén P dat ¢ dau thanh nhu sau
d’y
dx?

Zzlj(Mx—MXp){— }dx+ljfm[y]dx—> min (d)

Bai toan tim cuc tri (d) phai thoa man cac dieu kién sau

~ Goéc xoay (do momen udn) tai ngam (x=0) bang khong

gl=subs(8, x,0) = subs(di;—(xx) ,X,0)=0 (e)

- Momen udn (hodc bién dang uén) tai dau tu do (x=1) bé‘mg khong

92:subs(—d;{((zx),x,l)=0 (M

— Ta cho dau ty do (x=1) c6 chuyénvi cudng birc bang y0
g3 =subs(y(x),x,1)—y0=0 (h)
Bai toan (d) véi cac rang budc (e), (f), (g) va (h) duoc dua vé bai toan cuc tri khong
rang budc bang cach viét phiém ham Lagrange mo rong
F=Z+Z1— min (i)
Z1=2,.91+ A4,.02+ 4,.93
Céc hé sd A, 4,,4,, duge goi la cac thira s Lagrange va 1a 3 4n m&i cila bai toan. Tong

an bai toan bao gom a; (i=1:9), va 4 thira s6 Lagrange sé& 1a 13 4n duoc dit trong vecto
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an S(i), i=1:13. Bai toan (i) 12 bai toan t4i vu thong sé va diéu kién cuc tri (3.9) bay
gio dugc viét nhu sau

I TV B (G N Pl . - .
éF_gMas[ e }dx+£fm88i [y(><)]o|x+asi [z1] (i=1:23) 0)

Ham y trong (j) x&c dinh theo (a) con M theo (3.3). Thuc hién cac phép tinh cua (j)
s€ nhan duoc 13 phuong trinh dai s6 bac nhét dé tim duoc 13 thong s6 cua bai toan.
Thong s6 4, lién quan dén chuyén vi cudng burc y0 tily thudc vao tri sd P (dugc tinh
theo luc t61 han Euler ) va ti 1€ h/L.
Luec t&i han Euler ctia thanh dau ngam, dau tu do, tur két qua tinh & chuong 2, béng

P 7*EJd

| (K)

Pé thanh khong bi mét on dinh, luc P phai nam trong khoang

<PL
O_P_Pe (I)

Ta xét hai truong hop h/1=0.001 va h/1=0.333.
h/1=1/1000: P=0.P. (dao déng tw do), ki = 3.5160/1%, 22.0344/1>, 61.6968/I>
121.1579/1%; 201.31424/I
P=0.2P., k; = 3.1682I%; 21.66791%, 61.3869/1%; 120.8658/1%, 201.0311/I
P=0.4P. , k; = 2.76524/1%; 21.2945/1%; 61.0754/1>; 120.5729/1; 200.7475/I
P=0.6P., ky = 2.2764/1*, 20.9138/I1*>; 60.7623/1%; 120.2793/I>; 200.4636/I
P=0.8 P. , k; = 1.6236/I%; 20.5255/1%; 60.4476/1%, 119.9850/1%, 200.1793/I?
P=Pe, ky = .43917e-6*i/1?; 20.1293/I> ; 60.1312/I%; 119.6899/I%; 199.8946/I
Tir nhitng két qua trén co thé dua ra cac nhan xét sau

Luc nén P cang 16n thi tri riéng ki cang giam, nghia 1a tan sé dao dong cua
thanh cang giam. Lay vi du, sy gidm cua tan s6 co ban (tan sb thir nhat) cua thanh

theo P dugc trinh bay trén dd thi, hinh 3.13.
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Truc tung ctua do thi 1a dai lugng (@, | 0y)?

lﬁ Nte new toolbar buttens: data brushing & linked plots #4 5 Playvideo
3

(@, ®,)*, & ddy @, 1a tan so (tri riéng ~

ky thir nhat) khi P=[ 0 0.2 0.4 0.6 0.8

1]Pe va o, la tan sb co ban cua dao dong e

tu do ctia thanh (khi P=0). D4 thi khong

1a duong thing ma 1a cung 16i. Khi

P=P.. That vay, vi tan s6 dao dong bﬁng 04

! ! ! ! ! ! H ! !
0 0.1 0.2 03 04 05 0.6 07 08 0.9

khong, thanh dung yén. Nhung vi P Tppe

t::fmg luc té1 han Eule’r né’n thanh s& mat High 3.13. Thanh hai diu khép
on dinh tinh. Ta di dén két luan

rang trang thai dimg yén (khong dao dong) 14 trang thai mat 6n dinh cia hé dong luc
hoc.

h/1=1/3.

P=0 (dao dong tw do); k1 = 3.3463/1> 16.7909/1> 37.9463/1> 60.4789/1> 83.5571/I
P=0.2P. , ky = 3.0277/1> 16.4852/1> 37.7356/1> 60.3081/I1> 83.4174/I?

P=0.4P., k; = 2.6540/1> 16.1720/I1*> 37.5235/I> 60.1366/1> 83.2774/I

P=0.6 P, ,k; = 2.1948/1"> 15.8512/1> 37.3101/I> 59.9646/1> 83.1371/I

P=0.8P., ki = 1.5729/I> 15.5226/I> 37.0954/1> 59.7919/I> 82.9965/I

P=P. k;= .2625e-4*i/I>  15.1859/I>  36.8794/I>  59.6187/1°>  82.8556/I
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Bang 3.1. Tan sb dao dong riéng cia thanh dau ngam - dau ty do khi luc

Po bang mot gia tri bat ky nao d6 so vi Pe tac dung tai dau thanh.

Khi e tac dung dau thanh: Po= 0*P
1 2 @3 4 5
EJ EJ
3,515\/m|4 22,027\/m|4 61649 EJ4 120,980 EJ4 200,854 EJ4
nl nl ml
Khi lye tic dung dau thanh: Po= 0,2*P.
®1 02 ®3 W4 W5
3,168\/ EJ 21,661\/ EJ 61,339J EJ4 120,69J EJ4 200,57\/ EJ4
ml* ml* ml I I
Khi e tac dung dau thanh: Po= 0,5*P.
01 2 3 W4 s
2,534 EJ 21,098 EJ 60,872 EJ4 120,25 EJ4 200,138 EJ4
ml* ml* ml ml ml
Khi lyc tac dung dau thanh: Po= 0,6*P,
m1 () ™3 M4 5
2,276\/ EJ4 20,907 E—J4 60,718JE—J4 120,09 E—J4 200,02 E—J4
ml ml ml ml ml
Khi lue tac dung dau thanh: Po= 0,8*P.
®1 2 3 04 5
1,623\/ EJ 20,519J EJ 60,402\/ EJ4 119,81\/ EJ4 199,73\/ EJ4
ml* | ml ml I
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Khi lwc tac dung diu thanh: Po= 1,0*P.

w1 2 ®3 W4 5
0 20,129JE 60,132\/E 119,69\/E 199,89JE
ml* ml* ml* ml*

Céac hé sb aj, bi, phu thudc vao w. Do vay, khi da co6 cac tan sb dao dong riéng
i ta thay gia tri ctia nd vao trong cac thong s ai(w), bi(w) ta s& nhin dugc cac tri sd
that cua nd va dang dao dong cua thanh dugc xac dinh theo (a). Dang dao dong riéng
ctia duong dan hoi (véc to riéng), 3 tan sé dao dong riéng co ban (3 tri riéng chinh

xé4c) dau tién nhu (Hinh 3.14).

(/o)
1

09

o8

07

06

0s

0.4

0.3

0.2

o1

o I I I I I I I I I
U 01 02 03 0 05 06 07 08 08 lpgpy

Hinh 3.14. Ba tan s dao dong dau tién cta thanh hai dau khép
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KET LUAN

Qua két qua nghién ctru tir cac chuong, chuong 1 dén chuong 3 ddi véi bai toan
dao dong cua thanh. Tac gia rat ra cac két luan sau:
- St dung thanh cong phuong phap nguyén 1y cuc trji Gauss ddi véi bai toan dao
dong tu do caa dam.
- Pi xac dinh duoc két qua caa cac bai toan dao dong tu do cua cac thanh c6 lién
két khéac nhau va ca truong hop thanh khong co lién két. Két qua tring khép voi két

qua nhan duoc khi giai bang cac phuong phéap khac.

- Xay dung duoc bai toan dao dong caa thanh khi thanh chiu luc doc truc thay doi
theo thoi gian dat & dau thanh.
KIEN NGHI

Qua két qua nghién ctru thdy rang, véi viée st dung phuong phap Nguyén 1y
cuc trj Gauss c6 thé xay dung bai toan dao dong ctia thanh mot cach dé dang. Vi vay
c6 thé str dung phuong phap nay dé nghién ctru va hoc tap trong linh vure két ciu cong

trinh.
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