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LOI CAM ON

Tac gia xin tran trong cam on GS. TS. NGUT. Tran Hitu Nghi, d3 huéng dan va
tao moi diéu kién tot nhat cho tac gid hoan thanh ludn van nay.
Xin chan thanh cam on toan thé quy Thay C6 trong Khoa xay dung cua Truong
Pai Hoc Dan 1ap Hai Phong da tan tinh truyén dat nhitng kién thirc quy bau ciing
nhu tao moi diéu kién thuan loi nhit cho toi trong subt qué trinh hoc tap, nghién
ctru va cho dén khi thue hién dé tai ludn vin nay.
Cubi cung, toi xin chan thanh bay t6 long cam on dén céc anh chi va cac ban dong
nghiép da hd tro cho toi rat nhiéu trong sudt qua trinh hoc tip, nghién ctru va cung
cap nhiing tai liéu cling nhu nhitng gop ¥ quy bau dé toi co thé hoan thanh luin
van.
Xin chan thanh cdm on!

Hai Phong, thang 4 nam 2017

Tac gia

Nguyén Pong Chi
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Ho va tén hoc vién: Nguyén Pong Chi
Ngay sinh: 18/7/1981
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T6i xin cam doan Ludn vin nay la cong trinh nghién ciru ciia ban than téi, cac sé
liéu néu trong Ludn van la trung thwe. Nhitng kién nghi dé xudt trong Ludn van la
ciia cd nhan khéng sao chép ciia bat ky tdc gida nao.

Nguyén Pong Chi



MO DAU

Bai toan két cAu dim trén nén dan hodi ¢ tim quan trong dac bi¢t trong linh vuc
co hoc cong trinh, doi hoi phai nghién ctru diy du ca vé mat 1y thuyét va thuc
nghiém. Véan dé ndi lyc va chuyén vi ctia két cau dam trén nén dan hdi dugc nhiéu
nha khoa hoc trong va ngodi nudc quan tim nghién ctru theo nhiéu hudng khac nhau.
Tuu chung lai, phuong phap gdm: Phuong trinh vi phan can bang phan t; Phuong
phap ning luong; Phuong phap nguyén 1y cong 4o va Phuong phép st dung truc tiép
Phuong trinh Lagrange.

Trong cac tai liéu co trinh bay cach tinh dim trén nén dan hoi va da giai
quyét bai toan dam vo han trén nén dan hoi, dim ban vo han trén nén dan hoi, dam
hitu han trén nén dan hdi véi mo hinh nén Winkler. Bai toan dam dai hitu han
duoc giai theo phuong phap thong sb ban dau.

Poi twong, phwong phap va pham vi nghién ciru caa dé tai

Trong ludn vin ndy, dua trén nguyén ly chuyén vi 40 va nguyén ly giai
phong lién két tac gia dua ra phuong phap dé tinh dam hiru han dit trén nén dan
hoi dua trén két qua cua dam vo han dit trén nén dan hoi.

Muc dich nghién ciru ciia dé tai

“Xac dinh no1 luc va chuyén vi ctia dAm hitu han trén nén dan hdi”
Nhiém vu nghién ciru ciia dé tai

- Tim hiéu va gidi thidu cac phuong phap chung nhat dé xay dung va giai bai
toan co hoc két cau hién nay.

- Trinh bay cac dinh nghia co ban ctia phép tinh bién phan va phuong trinh
EuLer cua phép tinh bién phan

- Sir dung nguyén 1y chuyén vi 4o va tu tudng giai phong lién két, trinh bay
phuong phap tinh dim hiru han trén nén dan hoi.

- Lap chuong trinh may tinh dién tr cho céc bai toan néu trén.



CHUONG 1
PHEP TINH BIEN PHAN - CAC PINH NGHIA CO BAN
VA PHUONG TRINH EULER

Céc van dé& vé phép tinh bién phan rat phong phu, trong luan van chi trinh
bay cac khai niém co ban ; phuong trinh EuLer va bai toan cuc tri c6 rang budc
(phwong phap thira s6 lagrange). Day 1a nhimg van dé can thiét dung trong luén vin.
1.1. CAC PINH NGHIA CO BAN [ 2]

- Bién phan dy cua ham y(x) cua bién doc 12p x 1a mot ham cua x dugc xac
dinh tai mdi gia tri ciia x va bang hiéu ctia mot ham méi Y(x) va ham di co y(x):
oy =Y(X)-y(x). dy gay ra su thay doi quan hé ham gilra y va x va khong dugc

nham lan véi so gia Ay khi c6 s6 gia AX.

. Néu cho ham F[ y,(X),¥,(X),..y,(X);x ]thi s6 gia ctia ham d6 khi c6 céc
bién phan Sy, cua cac ham y, duogc viét nhu sau:

AF =F[Y,+0Y1, Y, 0¥y Yo +0Yni X] = F[ Vi YoruYoiX ] (1.1)

. Néu ham y(x) va Sy 1a kha vi thi Sy' cta y'(x)do Sy gy ra dugc xac dinh
nhu sau: Sy'= 5%—%( y)=Y (X)-y(x) (1.2)

. Néu cho ham F[ Y, (X), Y, (X),-Y, (X); ¥1(X), Y5 (X),..y, (x);x ] thi gia s6 clia nd
tuong Ung voi cac bién phan sy, Ia:
AFzF[yl+5yl,y2+5y2,..,yn+5yn;y'1+5y'1,y'2+5y*2,..,y'n+5y'n,xJ
“F[ Yo Yo Yai Vi YooY X ]

= Néu ham F c6 dao ham riéng lién tuc bac 2 thi s6 gia ciia n6 dugc xac dinh

(1.3)

theo (1.3) c6 thé viét dudi dang chudi Tay-lo nhu sau:

oF o°F . F .
AF = zay Sy, + 8y_§y" ZZ 5yi5yk+—.5yi5yk+.—5yi5yk +R(p?) (1.4)
=1 i=1 k=1

0¥, % ¥,
R(p?) 1a dai lugng vO cung bé bdc cao véi p= \/5y1+5y +6Ys +0Y o+ +0y:+0y%  (1.5)

Tong dau tién trong (1.4) trong tmg véi bac mot ciia SY; va SY'; duoc goi 1a bién
phan bac mot cua ham F ¢6 ky hiéu 8F, tong thtr hai tuong Gmg vdi tich cta chiung

va bang mot ntra bién phan bac hai 5°F cua F.



1.2.CUC TRI CUA PHIEM HAM - PHUONG TRINH EULER. [ 2,3,12,13]
Nhu d néi 6 trén, dbi twong ctia phép tinh bién phan 13 im nhitng ham chura biét

y(x) dé dam bao cuec tri cho tich phan xac dinh sau:

| = '[ F [y(x), y (X), x].dx (1.6a)

hocla 1= [ F[,00, Y,00: Yo (0, ¥, (0. ¥, (). Y, (6), X ] (1.6b)

[Phép anh xa dit moi ham (hé ham) nao d6 xac dinh trén mot tp nao do
trong tng v4i mot dai luong vo hudng (scalar) duoc goi 1a phiém hamy.
Phiém ham I ¢6 cuc tiéu (dia phuong ) doi voi ham y(x) hodc hé ham y;(X)

néu nhu ton tai s duong € dé so gia AZ.
X2 X2
AZ = A[ Fdx = [ AFdx>0 (1.7)
x1

x1

D61 vai tat ca cac bién phan o'y hodc tat ca hé bién phan Jy, thdéa man diéu kién

0<./oY’+5y? <e
hodc  0<8y2 +8y2+5y2 +8y2+..+8y2+5y2 <e Khi X <x<X, .
Cuc dai (dia phuong) cua Z khi AZ <0.
C6 hai phuong phap dé tim cuc tri cta(1.6): Giai truc tiép trén phiém ham

hodc dua phiém ham vé phuong trinh vi phan.
Khi dwa phiém ham (1.6a) vé phuong trinh vi phén thi tir (1.4) ta c6 diéu kién

can dé phiém ham c6 cuc tri la:

Sl =LX25F(y,y',x)dx:O (a)
Véi 51 1a bién phan bac nhat xac dinh theo (1.4):
w(OF . OF
Sl = —5y+—'5y'jdx:0 b
N ®)
Tich phan timg phan biéu thirc (b) ta s& co:
oF _[* wx|loF d(oF
ol =—23y| + ———(—IJ‘(Sydx:O C
) Ly aly ©)
Khi cac diém bién 14 ¢ dinh thi s6 hang th nhat ciia (c) bang khong
oF _ |
—oy| =0

Vado 8Y tiy y cho nén tir (c) suy ra diéu kién can dé phiém ham (1.6a) dat cyc tri 1a:



%—%[%):0 (1.8)

Phuong trinh (1.8) dugc goi 1a phuong trinh Euler cta phiém ham (1.6a).
Trong mot s tai liéu, phuong trinh Euler thuong duoc suy ra tir bo dé sau:
B6 dé: Cho phiém ham tuyén tinh trong khéng gian DI (Gém cdc ham xdc dinh

dwoc trén doan [x1,X;] lién tuc cung voi dao ham cdp 1 cua no).

Néu Xf[a(x)éy(x)er(x)éy'(x)]dx:O

Véimoi ham sy e D, sao cho sy(x)=5y(x,) =0 thi b(x) vi phan dugc va a(x) -
b’(x)=0

Nhu vay, bai toan tim cyc tri ciia phiém ham(1.6a) din vé giai phuong trinh
(1.8) v6i cac diéu kién bién di cho.

Khi phiém ham (1.6b) c6 hé ham yi(i=1..n) can tim thi tng véi mdi y; s&
c6 mQt phuong trinh Euler dang (1.8).

Trong truong hop gia tri cia ham y tai x; hodc X, hoac tai ca hai can x; va X;
khong xéac dinh (trudng hop cac bién di dong) thi tmg v6i mdi truong hop nhu vay,
ngoai phuong trinh Euler (1.8) con phai xét thém cac diéu kién bién.

Trong trudng hop ham F dui déu tich phan chira cac dao ham cap cao
X2 . . , " " "
I :J.F|:ylly21--1yn1y]_’y2,--lyn1y]_1y2,.-,yn,--,X:|.dX (1.9)
x1

thi stir dung bién phéan bac nhét cua F:
n [ OF oF oF
SF =" | Z=5y, +—5Y, +——5Y, +j (1.10)
Zu{@i o, ,
vao diéu kién can (a) va bang cach tich phan timg phan 2 lan, 3 1an ... ta s&

nhan dugc hé phuong trinh Euler:

ﬁ_i[ﬁ}d_i[ﬁj_d_i[£)+....:o (L.12)
o oy ) ek o) e oy

Hé phuong trinh (1.11) duogc giai v6i cac diéu kién bién cia y; va cac dao
ham dén béc (ri-1) cta nd (r;1a bac dao ham cua v;).

Céc cong thiic trén c6 thé md rong cho trudng hop ham nhiéu bién doc 1ap
Xi.

Chu ¥ rang cic phuong trinh Euler (1.8) va (1.11) 1a diéu kién can dé cac

phiém ham (1.6)va (1.9) tuwong tmg vé6i chung dat cuc tri. Do voi cac bai toan co



cac phuong trinh Euler chinh 14 cac phuong trinh can bang (sé thay trong phan tiép theo)
nén chung ciing 1a diéu kién du.

1.3. BAI TOAN CUC TRI CO PIEU KIEN - PHUONG PHAP THUA SO
LAGRANGE

Bai toan dit ra a: Can tim hé ham Yy, Y5, -+ Y, 1am cuc tri cho phiém ham

X2
I =L1 F (Y0 Yareen Yar Y5 Y20 ¥ X) OX (a)
Vi diéu kién rang budc
05 (Yo Yoo ¥ X) =0 (V6ij=1,2,...,m;m<n) (b)

n: SO ham can tim ; m: s6 rang budc

Ta c6 dinh 1V sau:

Phiém ham (a) dat cuc trj trén hé ham can tim Y;, Y,,--, Y, voi diéu kién rang budc

(b) thi hé ham d6 can théa man hé phuong trinh Euler sau:

d{o® )| 00
—| =— |-=—=0 1=1,2,... C
dx(éyi'] oy, e 2

Véi d=F + iﬂ,, (x).p; dugc goi la phiém ham Lagrange mo rong.

j=1
Cac ham A (x) dugc goi 1a thira s6 Lagrange. Néu bai toan c6 nghiém thi
(m+n) ham y; (x) , 4, (x) duoc xé4c dinh tir phuong trinh (c) va (b) véi cac diéu kién bién

da cho. (¢) la di€u kién can chir chua du. ¢;chtra ca y;" van dung duoc.

1.4, PHUONG PHAP TRUC TIEP TRONG BAI TOAN BIEN PHAN
PHUONG PHAP SAI PHAN HUU HAN CUA EULER [ 13]
Tu twdng ctia phuong phap sai phan hitu han 14 xét gia tri ctia phiém ham

[y()]
N x1 '
Changhan  1=[ F(y,y,x)dx; y(x)=a, y(x)=b
Khong phai trén cac dudng cong co thé nhan bat ky trong mot bai toan bién
phan cho trudc, ma chi xét cac gia tri cua phiém ham trén cac duong giy khic

thiét 1ap tir n dinh cho trude c6 hoanh do 1a: X, +AX, ) +2Ax, ..., X +(n—1)AX.

O day Ax=2%



Trén cac dudong gip khic ndy, phiém ham I[y(x)} tr¢ thanh ham

(Y1, Yo Yoa ) CUA cAC tung 40 Yy, Yy, Yoy
cta cac dinh duong gip khic, boi vi duong
gip khiic hoan toan dugc xac dinh béi cac
tung dg nay.

Ta s& chon céac tung dd Y, Yy, ¥,y d€ | yix) y(x)

ham ¢(y,,Y,,...v,,) dat cuc tri, tirc 1a xac

X X;FAX X+ (N-1) Ax X

dinh vy, Y,,....¥,, tu h¢ phuong trinh Z_(p =0,

1

0 , 2 :
—<”=o, e % _o.Sau do chuyén qua gi61 han khin — o .

ay2 ayn -1

Trong pham vi cia mot s6 di€u kién nao do cia ham F, ta s€ nhan dugc

nghiém cua bai toan bién phan. Nhung dé thuén tién hon nira, gia tri cua phiém ham I

duoc tinh gan ding trén cac dudng gip khuc néu trén, chang han, trong bai toan

i X, n—1 Xo+(k+1)Ax .
don gian nhat, thay tich phan: j F(xy,y)dx=> _[ F(x,Y, M).dx
%o k=0 x;+kAx AX
bang tong tich phan Z F (x Y., Ay' ) AX.
=1 XI

Véi tu cach 1a thi du, ta dua ra phuong trinh Euler d6i voi phiém ham
I —I F(y Y, x)dx

Trong truong hop nay trén dudng gip khic dang xét:

n-1 y y
- £ 5
=0 AX
Vi chi ¢6 hai sb hang thtr 1 va thtr (i-1) cia téng nay phu thudc vao y;:

F (Xi, y” y|+1AX yl JAX Vé. F (Xi—li Vi, Yi ;Xyi—leX

nén phuong trinh 2y—¢: 0 (i=1,2,..,n-1)codang:

y|+1 yl y|+1 yl 1 y y—
Flx,v, AX+F.| X,V . AX +F,. Vo, = Ax=0
y(,y, AX j +y(,y, AX Nij " (‘”"1 AX ijX

(i=1,2,..,(n-1))

( y| j ( Ayi—lj
X Yis | Xz Yica
Hay la: (x,, Yo, Ay,] — X g



Ay, AF..
: Flx,y,— |-——X=0
Hay: y( ) AX ) AX
2 C : , \ oF d|(oF
Chuyén qua gidi han khi n — oo ta ¢6 phuong trinh Euler: Y —&[gJ =0

D6 1a phuong trinh ma 4n ham y(x) phai tim can thoa min. Tuong tu, c6
thé nhan duoc diéu kién can co ban cia cuc tri trong cac bai toan bién phan khac.
0
o9 _ 0
oy,

cO thé xac dinh dugc cac tung do can tim Y;, Y, Y1, va do d6 nhan dugc

Néu khong thuc hién qua trinh quéa gi6i han thi tir hé phuong trinh

duong gap khuc 14 nghiém gan dung cua bai toan bién phan.
Chinh Euler da dung sai phan hiru han néu trén khi dua ra phuong trinh
mang tén 6ng ( phuong trinh Euler cta phép tinh bién phan ).



CHUONG 2
CAC PHUONG PHAP XAY DUNG BAI TOAN CO HQC CONG TRINH

Trong chuong nay, Lu4n vin sé& trinh bay bén duong 16i chung dé xay dung
bai toan co noi chung va bai todn co hoc cong trinh néi riéng,dung 1y thuyét dam
chiu uén dé minh hoa. Ciing trong chuong nay, tac gia dung nguyén ly chuyén vi
4o dé gidi thich diéu kién bién cua tim chit nhat chiu un.

2.1. CAC PHUONG PHAP XAY DUNG BAI TOAN CO HQC CONG
TRINH

2.1.1. PHUONG PHAP XET CAN BANG PHAN TO (Differential
Formulation).

Phuong trinh vi phan can bang duoc xay dung truc tiép tir viéc xét cac diéu
kién can bang lyc phan t6 dugc tach ra khoi két cau.

Duéi ddy ta xét bai toan dam chiu uén:

Trong stc bén vat liéu, khi nghién ctru dam chiu udn ngang da dung cac gia
thiét sau:

Khong xét luc nén gitta cac thé theo chiéu cao dam.

Truc dam khong bi bién dang nén khong c6 tmg suét.

Mit cit thang goc voi truc dAm sau khi bién dang van phang va thing goc voi
truc dam (gia thiét Bernoulli).

Véi cac gia thiét néu trén thi truc dim chi c6 chuyén vi thang dimg y(x) dugc

goi 1a d6 vong hay duong dan hoi dam.

q(x) CI
1 4
o k2

A

»

M +dM
y
Q+dQ

(a) (b) (c)
H2.1.Dam don gian chiu uon.
a. Dam chju tai phan bd  b.Phan td ddm chiuudn c. Céc ndi luc phan t6 dam
Pit 1/p 1a d6 cong tai mot diém nao d6 cua dudong do vong ( p 1a ban kinh
cong). Xem d6 cong 1a bang nhau theo chiéu rong dim. D6 cong duong khi mdt 16i

cuia duong dan hoéi hudng xudng.



Bién dang dai cua thé dam cach truc dam (truc trung hod) mot doan z s€

bang:
gX:(p+Z)d9—pd¢9:£ (1.5)
pdé p
Theo hinh hoc vi phan d6 cong cia duong dan hdi duoc tinh
d?y
1_ dx?
= —ﬁ
{1+(yj }
dx
14 2 \ 2
Véi gia thiét chuyén vi nho nén do cong tinh gan ding +=-9Y  (1.6)
P X
Vat lieu dan héi voi mo dun dan hdi E nén Umg suit bang
2
o, =Eeg, :Eiz— .zd—g
o) dx

Noi lyuc moémen tac dung lén tiét dién dAm duoc xac dinh bé“lng tich phan theo

o % % d2y dZy %
chiéu cao M = j o b(z).2.dz =- j lo(z)E.zZWolz:-EW j b(z).z2.dz
2
Hay |w=—a%% (1.7)
X

J 12 mémen quén tinh tiét dién ddi v6i truc ddm  J = [ b(2).27 dz

C o , 5 3
Vi tiét dién chir nhatta co J = J' b.z?.dz = %

Tich EJ goi 14 d6 ctmg udn (chdng udn) ctia dam.

Tinh toan trén cho thay do vong cua dam chi do momen ubn gay ra cho nén
coi gia thiét vé dam chiu ubn & trén (gia thiét tiét dién thang goc) chi dung khi ti 16
chiéu cao h va chiéu dai ddm h/L < 1/5:1/10

Can cu vao do gian cua cac tho dam va do vOng cua truc dam ta biét duoc
trén tiét dién dam con c6 tac dung cua tmg suét tiép phan b theo chiéu cao dim. Téng
cong cac ing suat tiép s& cho ta luc cat Q tac dung 1én truc dam. Cac lyc tac dung
1én phan t6 13 cac ndi luc M, Q va cac ngoai lyc phan bd déu q (HI.1c)

Tur diéu kién tong hinh chiéu cac luc 1én truc Z phai bang 0 cho ta phuong
trinh:

Q-
dX+q_0 (1.8)



Tur di€u ki€n tong momen cua tat ca cac luyc doi voi truc dam bén trai phan to

phai bang khong, bo qua vo ciing bé bac cao ta dugc:

dm
'l (19)
\ . d2M
Pua (1.9) vao (1.8) ta dugc: 7= (1.10)

Céc phuong trinh (1.8), (1.9), (1.10) 14 cac phuong trinh can bang lyc phén tb.
4
Thay M tu (1.7) vao (1.10) ta dugc phuong trinh: EJ% =q (1.11)

Phuong trinh (1.11) 14 phuong trinh vi phan cén bang cta dam viét theo chuyén
V1.

Pay la phuong trinh vi phan cap 4, dugc giai véi cac diéu kién bién ¢ hai dau dam

. Piu dam I3 lien kétkhop: Y, =0; M, =0

. Dau dim 1a lién két ngam: v, =0; Y' o,y =0

. Pau dam tu do ; Qo =0; M, 4, =0

. Dbi v6i bai toan dong luc hoc thi theo Nguyén 1y D’lambert can phai xét

luc quan tinh. Dam c6 chuyén vi thang dimg y 13 ham theo toa d6 x va thoi gian t:
y(X,t).
o’y

Luc quén tinh trong truong hop ndy bang m 2 m 1a khéi luong trén mot don vi

chiéu dai dam. Phuong trinh can bang(1.11) s& 1a phuong trinh vi phan dao ham
oty o%
Pé giai (1.12) can biét thém diéu kién ban dau y(x,t),_, Va y'(xt),_,

riéng c6 dang: EJ

Xay dung phirong trinh vi phén tam chiu uon theo phwong phdp xét can bang phén

to
Tam mong la mot vat thé hinh tru c6 chiéu cao nho so véi kich thudce cia hai mat
day. Chiéu cao h goi 1a bé day cua tAm. Mit trung gian 1a mat chia d6i bé day cua
tam.Mat dan hoi 1a mat trung gian bj uén cong dudi tac dung ctia ngoai luc.
Trong trudng hop d6 vong w ciia tim nho hon chiéu day h cta né thi cé thé lap
duogc 1y thuyét gan dung thich hop hoan toan véi tAm chiu uén do tai trong ngang
dwa trén nhiing gia thiét sau:

1.Tai mat trung hoa tdm khong hé bi bién dang khi uén, mit phing nay

van la mat trung hoa.
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2. Nhitng diém cta tdm trudc khi chiu lyc ndm trén duong vudng goc
v6i mat phang trung binh, thi trong qué trinh chiu uén vin nim trén duong
vubng goc voi mit trung binh (Gia thiét Kirchoff).

3. Ung suit phap theo phuong vudng goéc voi mit trung binh cia
tdm dugc phép bo qua.

Ta hiy xét mot phan t6 duoc cit ra khoi tim bang cac mat phang song song
v6i cac mit phang xz va yz.
dx

h2

dy

H2.2. Phan t6 tam va cac thanh phan tng suét

Tai mot diém c¢6 toa do z trén mat vudng goc voi truc x ¢d o,,7,,7, tac

dung, trén mit vudng goc véi truc y cd cac ing suit 0,,7,,7,, tac dung. Nhung do gia

yx?

thiét 2 (gia thiét Kirchoff) nén ta suy ra r,, = r,=0.
Theo dinh luat Hic va tir gia thiét tha 3 ta co:

E E
o, = e +ve ) o, =——le, +ve ) T, =——7, 1.13
St )io e m)in g a1
(v 1 hé s6 poat xdng)
Ta hiy biéu dién cac ing suit ndy qua chuyén vi
2 :@4_8_[']:0 8_u__8_w
*oox oz . oz ox
7/yZ:8—W+Q:O @=_6_W
oy oz 0z oy
Lay tich phén theo z ta co:
ow
u=-"24 g (xy) o ,
- ow @,,¢, 1a cac hang so tich phan d6i véi z
V=—EZ+¢2(X,V)
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Tir gia thiét 1, tai mat trung binh tAm k c6 bién dangnénu=v=0khi z=0
Suyra g =¢,=0

ow
U:—&Z
Do vay: ow (1.14)
V=——7
oy
E (6u 8vj Ez (82W asz
o, = 5| —+v—|=— > >tV —
1—v?ox  oy) 1-v2| ox oy
Trdotacd: | o - _E (Ov,  du|__ Ez [o'w  o'w (1.15)
Y T1v? ey ox 1-v? oy ox°

., __E ou ov)_  Ez o*w
Y 2(@+v) oy ox 1+v | oxoy
Noi Iuc m6 men udn trén mot don vi dai duoe xac dinh bﬁng tich phan theo chiéu cao

h h

2 2 2 2 2 2 2
szja.zdz:—(awﬂxgwj = dz=—D(a—V2v+va—V2Vj (1.16)
b OX oy
2

—

ox> oy’ Ji1-v?
2
h
: 2 Ez° Eh? 1y 4A

Trong d6 D= jl vzdz = a7 goi la do cing tru

h

2

2 2

Tuong tu ta cling cé M, = _D[Zy_vzv +vgx—\;vj (1.17)

Céc ng suat tiép 7,, va 7, s¢ gdy ra cadc moémen xoan trén don vi chicu dai

h h
2 o*w 3 Ez o°w
M, = .zdz = — — dz=-D|(1-
& _fhrxy (axay j!lﬂ/ (1-v )axay (1.18)
2 2

DO TXy = TyX nén Mxy = Myx

Ngoai ra con c6 cac luc cat thang dung tac dung 1én mat bén phan t6. Do 16n

cua chung trén mét don vi chi€u dai song song vdi cac truc y va truc x lan luot 1a:
h/2 h/2

Q= rdz va Q= [r,d
-h/2 -h/2
Vi mémen va lyc cat 1a cac ham cta toa do x va y nén khi nghién ctru di€u kién
2

aa (;vyphﬁn t6, ta phai chu y t6i su bién thién cua cac dai luong
X

can bang cua D(1-v )

nay khi x va y thay d6i mot lugng nho dx, dy. Mit trung binh cua phéan td

12



duoc biéu dién nhu hinh dudi day. (Chiéu duong cia moémen lyc cit nhu hinh

{ Qy
Myx
X X
M : g :
xy / M, 7
,/I KM)& X dx /
—_— 4 / ______ J— —— —_————e— Y — / ________

’ M
! Myx+99%ydy My +997xydx

xy
dx I
/ , 9 yVydy J/ QQ
Q Iy
v+ W dy
z

H2.3. Mat trung binh cta phan tb va cac thanh phan ndi luc

vE).

Chiéu tit ca cac lyc dit vao phan t6 1én truc Z, ta duoc phuong trinh can bﬁng sau:

0
& dydx + 6% dxdy + q.dxdy =0
oy OX

aQ, aQ
Rt ra: —L+—%+q=0 1.19
& o q (1.19)
Lay mé men ddi voi truc x cua tat ca cac luc tac dung vao phan to :
oM oM 0
- dydx + —dxdy — (Q, + Q dy)dxdy =0
oy 2 oy
. oM, oM,
Bo di vo cung bé bac cao va rit gon ta dugc ~ 5 =Q, (1.20)
Tuong ty 14y mémen d6i vai truc y tat ca cac luc tac dung vao phan t6 ta
duoc:
oM, oM
E = 1.21
=0 (121)

Dua cac phuong trinh (1.20), (1.21) vao phuong trinh (1.19)
M, M, O°M, M,

yX Xy

+ + + +
oyox  ox2  oxoey oy

Ta dugc phuong trinh sau: q=0

Do M,, =M, nén ta thu dugc phuong trinh sau:

M, O°M o’M
Tt — o +2 - =g (1.22)
OX oy oxoy
Céc phuong trinh tir (1.19.. 1.22) 14 cac phuong trinh can bang luc phan to.
Pé biéu dién phuong trinh (1.22) theo chuyén vi ta dua cic phuong trinh

(1.16), (1.17), (1.18) vao phuong trinh (1.22). Sau khi rat gon ta dugc:

yX

13



ow o'w , d'w__a(xy)
ax4 ay4 ax28y2 D

Biéu thtrc (1.23) 1a phuong trinh cén bang cta tim viét theo chuyén vi.

(1.23)

Phuong trinh nay do Lagrange tim ra nam 1811 khi 6ng nghién ctru ban bao cao cua
X0 phi - Giec manh trinh bay ¢ Vién han 1am khoa hoc Phap. Sau nay no duoc
mang tén la phuwong trinh X6phi- Giéc manh.
= Cac diéu kién bién

Piéu kién bién 1a nhiing diéu kién trén bé mit ngoai cua tAm ma ta can cho
trudc dé nghiém phuong trinh (1.23) twong Ung véi timg bai toan cu thé. Trong
cac diéu kién bién c6 ca tai trong q(x.y) tic dong & mat trén va mat dudi cia
tam. Khi dat bai toan tong quat clia tim da tinh dén nd va né da c6 mat & mot sb
hang tu do cta phuong trinh (1.23). Do d6 ta chi con diéu kién bién trén cac canh
tam.

Geibfn 10 B X

C

H2.4. Tam chir nhat véi cac lién két khac nhau & chu vi

1.  Canh tAm bj ngam. Tai ngam d6 vdng va goc xoay bang khong.

Tai x=0ta co w=0va —=0
OX

2. Canh cta tim lién két khép: Tai d6 mémen uén bang khong va do vong
bang khong. Ciing nhan thiy do cong theo phuong con lai bang khong nén diéu

kién bién viét nhu sau:

Ching han tai canh x=a tira khép o*w

3. Canh ty do: Néu mdt canh cua tim , chéng han x = a hoan toan tu do thi rd
rang 1 doc theo canh ndy mémen udn, mémen xodn va luc cit thing dimg bang

khong. (M,)_,=0  (M,) =0 (Q),_=0
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Piéu kién bién cta canh ty do duéi dang ndy do Poatxdéng néu ra. Sau do
Kirchhoff d3 chtg minh rang ba diéu kién bién nay 1a thira va chi can hai diéu kién
bién. Kirchhoff ciing chimg to rang hai yéu cu cua Poatxong ddi voi momen
x04n M,y va luc cit ngang Qy phai dugc thay bang mot diéu kién théng nhat.

Hai nha khoa hoc Thomson va Tait da giai thich y nghia vat Iy ctia van dé giam
sd diéu kién bién d6. Cac tac gia nay chi rd rang su ubn cia tim s& khong doi
néu trén canh x=a ta thay luc ngang hop thanh ngiu luc xoan Mxy dit 1én phan t6 chiéu
dai dy bang hai luc c6 chiéu thing dimg véi canh tay don dy nhu hinh dudi day.

oM,
M, M, +—2dy
I |

R C Yl B v i dy

[ LALBY VT

xy 'l 8y
dy dy
oM,
oy Vou v v b b
H2.5

Két qua 1a sy phan bd ngiu luc xodn phan bd dugc bién doi thanh luc phan

Lo, . oM - n 2 e AR An i
bo déu co6 cuong do ayxy va hai luc tap trung & hai dau canh x = a nhu trén hinh

H2.2. Luc phan bd nay cung chiéu véi luc cit Q. Do d6 trén canh bién ty do

cia tam hai diéu kién Q, = 0 , My~ 0 dugc viét gop lai thanh diéu kién

oM,
Q, +—=2=0.
oy
M, =0
Vay diéu kién bién cua canh tu do 0 My,
X + =

Gi6ng nhu dam, co s¢ cua di€u ki¢n bién tai ngam ciing dya trén co sé cua co

hoc chat diém va co hoc vat ran tuyét doi

2.1.2. CAC PHUONG PHAP BIEN PHAN NANG LUQNG

Trong muyc nay, luan van s€ trinh bay cach xay dung bai todn co theo phuong
phap nang luong (Energy Method)

Nang luong ctia co hé bao gdm dong ning T va thé ning n. Pong ning T
dugc xac dinh theo khéi luong va van tdc chuyén dong, con thé ning m bao gdm
thé ning bién dang va cong cua cac luc khong thé (non-potential forces) (luc

c6 thé chang han nhu lyc trong trudng).
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Pbi vai hé bao toan, nang luong 14 khong ddi T + = = const

Do d6 téc do thay d6i nang luong phai bang khong: %(I’ +7)=0

Vi bai toan tinh T =0 do dé © = const

Thé ning biéu dién qua (mg suat va noi luc ; cling co thé biéu dién qua bién
dang va chuyén vi. Vi vy c6 hai nguyén 1y ning luong sau:

2.1.2.1.Nguyén Iy thé niing bién dang cuc tiéu [5,tr60].

Khi phuong trinh can béng duoc biéu dién qua ung suat hodc ndi luc va do
d6 thé nang bién dang ciing biéu thi qua Gng sut hodc ndi luc ta cd nguyén 1y thé
nang bién dang cuc tiéu, nguyén ly Castigliano (1847-1884). Nguyén 1y phat biéu
nhu sau:

Trong tit cd cdc trang thdi cin bang lwc c6 thé thi trang thdi can bang thuc
xdy ra khi thé niang bién dang la cwe tiéu.
Trang thai can béng luc co thé 1a trang thai ma noi lyc théa man cac diéu kién lién
két. Ta viét nguyén 1y dudi dang sau:
T (eng sudt) — Min }
Rang buéc la cdc phwong trinh can bang viét dwéi dang luc

Ap dung voi bai toan dam chiu uon

Thé nang bién dang cia dim: 7 = | j MZ09 g
2+ EJ
s d*™M
Phuong trinh can bang luc o q

Theo nguyén 1y thé niang bién dang cyc tiéu, DAm ¢ trang thai cén bang thuc thi

| 2
ta co nzle—(X)dx — Min
29 EJ
d*M
dx?
Noi Iyc moémen udn 1a ham phan b theo chiéu dai ddm M(x) phai thoa man

V&1 rang budc =—q

cac diéu kién lién két & hai dau thanh (duoc xac dinh ¢ hai dau thanh).
Day 1a bai toan bién phan Lagrange ( Bai toan cuc tri co diéu kién).

1+ M?(x)

Theo d6 néu ham M(x) la dudng cyc tri ciia phiém ham 7 = 2) J' = dx

M 2(x) d? M (x)

dx

dx + Iﬂ,(x) +q

thi ton tai mot ham A(x) sao cho phiém ham Z= 2-[

0
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nhan M(x) 1a duong cuc tri. Phiém ham Z phu thudc 2 ham M(x), A(x) cung véi
cac dao ham cap 2. LAy bién phan 5Zta co:

tM ' d*Mm dMm
5Z=J'E—J§M.dx+.! A\~ 4| o+ [ dx

0

5Z=j'\E/'J de+j{

0

}&dxﬂ'ﬂ— oM )dx

} S, dx+j/1d [LSM)J
dx
Tich phén timg phan s6 hang thir 3 trong biéu thirc trén ta dugc

A PPARLILIN LILTYY

5Z=j de+j{

0

52 = _i‘gédeﬂ'{

0 dx oL dx
d oM da| o, d22
Tich phan timg phan lan thi 2: J.( jdxi oM d_xo - ! oM e
: t(M L dM dA|
01 CU 5 0Z=|| —+— |0oM d OLAX+ 16 oM —
Cudi cung ta co '([[ =R X+ j X+ ( ™ )0 o |

ta c6 diéu kién can dé Z cuc tiéu 1a 8Z = 0. Do d6 ta c6 hé phuong trinh Euler sau:

M (x)  d?A(x)

>—=0
EJ dx
d*M (x)
+0=0
a0
\ re o asA L 1ea dM | daf
Cung vé1 diéu klen/w(dTJ =0; 5I\/I& —0. Piéu kién nay chinh la
0 0

cac diéu kién bién & hai dau dam.Né luon dugc théa mén.

Mx) c6 thir nguyén 1a chuyén vi cho nén phuong trinh thtr nhat ctia hé phuong
trinh trén biéu thi quan hé giita M(x) va chuyén vi. Thé vao phuong trinh tht 2 ta thu
duoc
dA(x) .

d 4X - q ( )

Mx) 12 do vong ctia dam va phuong trinh (*) 1a phuong trinh vi phan can

EJ

bang ctia dam viét theo chuyén vi nhan duoc ¢ chuong 1.
2.1.2.2. Nguyén ly céng bu cwe dai [5,tr62]
Khi dung an 1a cac chuyén vi va bién dang thi c6 nguyén 1y cong bu cuc dai.

Nguyén 1y phat biéu nhu sau:
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Trong tit cd cdc chuyén vi dpng hoc (kinetic) cé thé (kha di) thi chuyén vi

thuc la chuyén vi co cong bu cuc dai.

Chuyén vi dong hoc c6 thé 1a chuyén vi thoa man cac phuong trinh lién hé

giita chuyén vi va bién dang va thoa mén céac diéu kién bién.

Cong bu bang tich ctia ngoai luc va chuyén vj trir di thé nang bién dang
[Céng ngoai lwc - thé ning bién dang] — Max }
Rang buéc la cic phwong trinh lién hé gia chuyén vi va bién dang

Ap dung v6i dam da néu:

| , , !
Cong cua ngoai lyc W = IO q(x).y(x)dx. Thé nang bién dang = = %_[ EJ.y%dx
0

v6i ¢y 1a bién dang udn cling 1a d6 cong cua dudng d6 vong

N 1
Theo nguyén ly trén: Zz.[;q.y.dx—ELIEJ;fdx — Max

2
Rémgbuéc;(:—dg
dx
Thay (b) vao (a) taco : Z = [ qy.dx—= [ EJ| - Y 4 Max
Y ' o 7T 2o dx? -

(©)

. 1 d
Thay dau cta (c)taco | = E-[O EJ ( Y

dx — dx
de qu — Max

Lay bién phan (d), st dung cong thirc tich phan timg phan va bién doi ta

duoc:

I d’y d?y I
s1=| EJ(dXZ jé[dxz jdx—joq.éy.dx
d°y doy l
ol=| EJ d|—=|-| g.oyd
I (dx j ( dx j qu Y

2
s1—gy| LY (wy —j (d‘syj[d yjdx [ q.oy.dx

dx

2 3
s1=g3| Y [@ SN (d—zjd5y—ﬁq.5y.dx
0

dx* J\ dx
2 |
s1-g3| Y 5(d—y _ea 4y +j Y _ g | syax
dx dx . dx® . dx*
|
_ dy I !
Sl _—EJ.M.5(&jO—EJ.Q.5y|O+j{ }5ydx
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. d*
Tt (e) ta thu dugc phuong trinh can bang: EJ d_le =q

Va cac diéu kién bién:

7 1 2\ 4 N A d
Néu dau dam 1a lién két ngam: + Goc xoay bang khong vi thé [d—i) =0

+ Khong c6 chuyén vi thing nén sy =0

L , d
. Néu dau dam 1a lién két ngam truot: 5(d_ij =0;5y=0vadodo Q=0

= Néu dau dam 1a lién két khop: M=0 va sy =0
o . dy )
=  Neéu dau dam tu do thi: 6 prs #0:5y#0dodoM=0,Q=0.

Nguyén 1y cong bu cuc dai duéi dang biéu thirc (d) dugce st dung rong rai
trong tinh toan cong trinh theo phuong phap phan tir hiru han va duoc goi 1a nguyén
ly nang luong t6i thiéu mac du khi tinh cong cua ngoai luc khong dung hé sé 1/2
2.1.3. NGUYEN LY CHUYEN VI AO [12]

Nguyén 1y chuyén vi 40 hodc nguyén 1y cong ao duoc st dung rat rong rii
trong co hoc. Theo K.F Gauss (1777-1855) thi moi nguyén ly trong co hoc hoac
truce tiép hodc gian tiép déu rat ra tir nguyén 1y vi ao (van tdc a0).

Xét co hé chit diém ¢ trang thai can bang ta co:

D> X=0; >Y=0; > Z=0 (a)

D> X, >Y,> 7 :1a tong hinh chicu cla tat ca céc luc tac dung 1én 3 tryc cua
h¢ toa do dé céc. Ta viét biéu thire: D XU +> YOV + > Z6W =0 (b)

O day xem oU,8V,0W 1a cac thira s6 bat ky

Tu (a) ta co (b) va nguoc lai tu (b) ta s€ nhan duogc (a) bdi vi
SU,6V,8W |4 nhitng thira s6 bat ky. Bay gio ta xem sU,6V,6W 14 chuyén vi a0
theo 3 chiéu cta hé toa 46 vudng goc. Chuyén vi 4o 1a chuyén vi do nguyén nhén bat
ky bén ngoai nao d6 gy ra. Cac chuyén vi 40 nay phai thoéa mén cac diéu kién lién
ket cua heé.

Khi c¢6 chuyén vi 4o thi vi tri ctia cac luc tac dung trén hé co thé thay doi
phuong chiéu va d6 16n cua nd van gitt nguyén khong thay d6i. Va tir 2 biéu thirc
(a) va (b) ta c6 nguyén 1y vi do( nguyén ly cong 40):

Néu nhw tong céng ciia cdc luc tic dung ciia hé thue hién trén cdc chuyén vi

do bang khong thi hé 6 trang thdi cén bang.
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D61 véi dan hoi ( hé bién dang) thi ngoai ngoai lyc con c6 ndi lyc. Van dé
dat ra & day la cach tinh cong cua ndi luc nhu thé nao?
Trudce hét ta phai dua thém yéu cau doi1 voi chuyén vi 4o nhu sau:

Céc chuyén vi do phai théa man cac lién hé gifra chuyén vi va bién dang.

Néu nhu cac chuyén vi co bién dangex :Z—u,gy :%, ...thi cac chuyén vi a0 dU, 8V,
X

SW ciing phai c6 céc bién dang 4o tuong ing Sex = §5u, Sey = %&,
X

Thong thudng cong cta ndi luc (hodc tmg suit) duge tinh qua thé ning bién

dang.
Khi ¢6 cac chuyén vi a0 8U, 8V, W thé ning bién dang  s& thay doi bang
dai luong bién phan 5. y:
—= — 4+ — — T = = ")
TITTV 6W Tt Yoo aa

H2.6. So @6 dam ¢ hai trang thai ning luong
Nhu vay nguyén 1y chuyén vi a0 d6i voi hé bién dang dugc viét nhu sau:
MT-D XU =D YOV -> Z6W =0 (©)
Céc dai lugng bién phéan trong (c) déu l1a chuyén vi cho nén néu xem noi luc
(rng suat) trong qua trinh chuyén vi ao cling khong doi thi dau bién phan trong (c)
c6 thé viét lai nhu sau: 5[1_1—2 XU -> YV —ZZW]=0 (d)
Hai biéu thtc (c) va (d) dudi dang chi tiét hon duoc trinh bay trong cudn
sach [Timoshenko. LTDH. Tr.261]
Boi vi ngoai luc trong qua trinh chuyén vi ao khong thay d6i (luc bao toan)
thi noi luc ciing khong thay ddi cho nén co thé phat biéu nguyén Iy chuyén vi
40 d6i voi hé bién dang mot cach truc tiép va 10 rang nhu sau:
Néu nhw cong ciia cdc lyc tic dung thuwe hién trén cdc chuyén vi do bing cong
ctia néi lyc thuwe hién trén cdc bién dang do thi hé 6 trang thdi cin bing .

Ap dung véi bai toan dim dang xét ta co:
) |
Cong cua ngoai luc thuc hién trén cac chuyén vi 4o la J.O g.oy.dx

Cong cua noi luc thyuc hién trén céc bién dang do la:

! e, d%y o(d%y
| M.gpdx=] EJ 2 .5[dx2 X (x =

2

X

la bién dang udn ctia dam)
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Theo nguyén 1y chuyén vi do thi hé can bang néu théa man phuong trinh

| d?y d?y |
IO EJ e ¥e) ( e .ax —jo g.oy.dx=0 (e)

Pé nhan dugc phu:cmg trinh vi phan can bang ctia dam ta tich phan tirng phan

d?y dy) _
d (5&j_-[0 g.0oy.dx=0

dx?

d?y ( .dy d’y
EJ o— | —-EBJ| o dx—| q.0y.dx=0
dx(dx} I(jd3 f,a9
Tich phan tirng phan lan th{r hai ta co
2 |
d g.(ad—y
dx dx /|,

|
o ds (dyj —Eijay

i), +EJj yay jqaydx 0

|
<—>—M.5(d_yj +QSY|, + EJJ'[
dx J|, — 2
— 0

@ ©

}5ydx_ (f)

Tir biéu thuc (f) ta suy ra cadc phuong trinh sau phai dugc thoéa man:

ayY
@W: M .5(&j = 0
@ : Qdyl =

dx
Biéu thtc (3) cho ta phwong trinh can bang ctia dam:
d*y
dx*
Con biéu thire (1) va (2) sé 1a cac diéu kién bién

=  Neéu dau dam Ia lién két ngam :

4
3): B ;[d X—q}&y.dx:o

EJ =q

. . d
+ Goc xoay bang khong vi the 5(d—§(]j =0
+ Khong c6 chuyén vi thing nén sy =0
A A A N 1A A \ dy ~
" Néu dau dam 1a lién két ngam truot: S i) 0 — (1) théa man ;
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Sy#0 nén tir (2) ta c6 Q =0 vay diéu kién bién ctia lién két
ngam trugt 1a goe xoay bang 0 luc cit bang 0

= Néu dau dam 1a lién két khép sy =0 — (2) thoa mén ;

d : :
5(d_§(/J # 0 nén tir (1) cho ta diéu kién bién cua dau khép M =0

o d
=  Neéu dau dam tu do thi: sy =0, 5(d—ij¢0

nén tir (1), (2) ta c6 diéu kién bién ctia dau tw do: M=0; Q=0

2.1.4. PHUONG TRINH LAGRANGE [1,12]

Phuong trinh Lagrange 1a phuong trinh vi phan cta chuyén dong duoc biéu
thi qua cac toa do tong quat (cac chuyén vi tong quat) ctia hé chat diém.
Goi T 1a dong ning va « 1a thé ning cta hé, cac q; 1a cac chuyén vi tong quat thi

phuong trinh Lagrange c6 dang

d(oT) (oT) (ox .
E(aq,J (8qj+(8_qij:Qi (i=1,2,3.....n) (a)

Trong d6: ¢, 1a van tdc cta chuyén dong

Qi 1a Iyc khong c6 thé (nonpotential forces) dugc hiéu 14 cac luc ngoai tac dung 1én hé

(Luc tong quat).

Déi v6i bai toan dam dang xét, phuong trinh chuyén dong duoc viét nhu sau
)
dt\ oy, o, 47

n < 1A 51 o,
Pong nang ciadam T=) = > myZdx (y, = ) (c)
i=1
oy
Thé nang bién dang ciia dam chiu uén I'T = Z —EJ e (d)

Ta tinh hai thanh phan dau cta phuong trinh (b)

o1oT |_2 1y —my
| T O ~r i i Yi
ot oy, | ot

6T_0

L ayi
Pé tinh thé ning bién dang c6 thé dung phuwong phap sai phan hiru han (H 2.6)

(€)
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i-2 i-1 [ i+1 i+2
@ @ A g & ®

J(AX}AXJ'AX}AXJ(
Hinh H2.6

Boi vi d6 vong y; cua dam chi c6 mit trong ba diém lién tiép i-1, i va i+1 cho

nén chi can tinh thé nang bién dang ctia dam cho ba diém nay voi

2 2 B 2 )
EEJ a g IEEJ yi—l 2y|2+ yi+1
2 ox* ). 2 AX
2 2 2
. —2V. i
1 EJ 5 2/ — l EJ y|—2 yé_l + y| L
2 ox® ). . 2 AX (f)
1 o’y 1 2y, + ?
—EJ z/ ——EJ yi yiJr:Ié yi+2
2 ox® )., 2 AX
Tong cong ba phuong trinh trén cho ta thé niang cua dam dé tinh v;.
. oIl
Ta tinh —<— cua phuong trinh (b).
2)%
8_1_1 — EJ [_ZYil +4Yi B ZYi+1 +VYio _2yi71 TYitYi— ZYi+1 + Vi j
i AX*
_ _ 4
oIl —EJ [yi_z 4yi_1+6yi1 4yi+1+yi+2j: EJ Ai4 ©)
: AX AXT .
\ .2 C a1 , o'y
Phuong trinh (g) biéu thi sai phan hitu han cua EJ T
Cong (e) va (g) nhan dugc phuong trinh Lagrange ddi véi chuyén vi ;
o%y, o'y
Piém i 12 bat ky nén nhan dugc phuong trinh vi phan can bang dam
o°y o'y .
m + EJ =
o'y

Vi bai toan tinh T =0 ta co EJ =q (k)

ox*

Céch sir dung phirong trinh Lagrange dé xdy dung bai todn dam chiu uén néu trén

khong tim thdy trong cdc tai liéu co hoc. Két qud trén cho thdy cé thé sir dung truc tiép
phuong trinh Lagrange dé xdy dung cdc bai todn co hoc cong trinh.

Ket lugn vira néu xod nhoa ranh gioi giita co hoc gidi tich va co hoc cong trinh.
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2.2. DUNG BIEN PHAN DUA TREN NGUYEN LY CHUYEN VI AO PE
PUA RA PIEU KIEN BIEN CUA TAM CHU NHAT CHIU UON

Nhu d3 trinh bay & muc 2.1.1, Kirhhoff d3 ding phuong phép bién phan ning
luong dé chira réng chi can thoa man 2 diéu kién bién trén mdi canh tim [10,tr98]

O day tac gia dung nguyén 1y chuyén vi 4o ciing di dén két qua tuong tu.
Theo nguyén Iy chuyén vi 4o tim & trang thai cin bang khi:

” M.o [—Z;—Zvjdxdwﬂ M, (_(Z;_vzvj dxdy+ﬂ Mo [—%] dxdy—ﬁq.&wdxdy =0 (@)

Q Q Q
Ta bién doi ting s6 hang cua (a)
= S hang tha nhat

ow ' ow
M dxdy =—||M, —| 6 — |dxdy=—| |M,.d | 6| — | |.d
”( jy” ax(axjy”Haxﬂy
Ap dung cong thirc tich phéan timg phan ta c¢6

izmx.dx[a(g_vxvﬂ.dy:zw@_vxvj

Tich phan ting phan lan thir 2

oW\ oM, 20 SoM, ) R oM,
H5(8XJ ~ dxdy = J'dyl' " 5w):£( > 5Wj0dy—'([£5w v dxdy

Q

) oW\ oM,
Ody—gé(&j 8x dxdy

Cubi cung s6 hang thir nhat trong (a) s& trd thanh

62w o\, Sam, Y o*M,
HMX(—a—jdXdy I{Mﬁ(&ﬂodyﬂ( ™ 5wjody—ﬂ Ve ow.dxdy

Q 0 0 Q

. Tién hanh tuong tu ta bién d6i duoc s6 hang thir hai trong (a)

o oo 2o 2

Q 0 0 0 0 Q

- Véi sb hang thu 3 ta bién doi nhu sau

0 0’ \ 0
ZHMXY(—aX—;Vyjdxdy [[m (—%)dxdyﬂ(!l\/lxy[—axgvdeXdy (b)

Q Q

o 55 oS e (5]

0 0
Ap dung cong thirc tich phan timg phan ta c6
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a b 8W a 8W b a b 8W 8Mxy
ferwa,a, o 57 |- ]| Mo 5 )| o ool 5 ) 5o

Tich phan timg phan lan thir 2

foef o 2 By - [ LM By — e a, om)
00
oM b § a b a 62|\/|X
8y }[[ Y 5Wl; y—!!é)‘way—@(ydxdy
Nhu vay
HMX{%(SX(;\/dexdy_ J{ (g\;\’ﬂbd“ﬂ Xy 5wTdy ﬁaw ;yl\g;(v dxdy
Q 0 0 0 00
Ta cling co

[ (2 o Jofu o o5 e Jof s o)

Ta bién d6i nhu sau(str dung cong thirc tich phan timg phan)

b a aW b a\N a b a aW aM
dy|M. . d. o] — ||=||M o] — || dy—|dy|o| — |—2d
s o 5 - ol 51 - Jofel 5 e
" od (aw)eM,, - sho(sw) oM, 3 oM,
!dy;[&(EJFde_M % dy axydx—ldxldy(éw) axy
2 2 (ow\oM,, oM, T s aM?
!dy!ﬁ(aJFydx :ﬂWy&Nl dx—!!éwax—ayydydx
Ta thu duoc

b

a b aW a a aMxy ab y
J.J'Mx{—é(axgvyﬂdxdy j{ (Eﬂodwﬂ ™ 5Wldx—£!5wwdydx

Q 0

Thay vao (b) ta co két qua cho s hang thir ba trong (a) nhu sau

2w, [ ]dxdy I (—@jdxdy+ ™, (—aax—;vyjdxdy

= -T{Mxyé(g—wﬂ dx+J‘{ ayxy 5w} dy — ”5Waay'\gxy dxdy

X

b

j{M 5( H dy+jlrlvIXy 5w} dx — Héwa;\)/(la;y dydx

0
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Sau khi d3 bién doi cac sd hang ta thay lai vao (a) thu duoc

0? 0 0
ol = _L M X5(—a—x\2’j dxdy + g M y5(_5\ﬂ dxdy +J;I M Xyé(—ax—;vyj dxdy —gqﬁw.dxdy

b

=]

[l

)
(5]

oW
OX

(]
OX 0
a—W 5wj
oy

oM,
oy

0

a

0

Sau khi nhom lai ta c6
1wl 5[
S
oy )|, oy
oM

M 5( {—Xy5w

L oy

b b
dx + I
Ta nhan thay rang cac s6 hang

X

-
|

o

b a
dx+j
0 0

a b

dy—j

{ 0

A
OX

0 0 0

a

-

0

b
dx —

dy—ﬁdw
00

b
dx—j 0 Nzly

Q

O°M,

Q

J

Q

O*M,
Y ow.dxdy

2

M,
—— dxdy
0yOX

dx — T j‘ 5W8M—2xy dydx — H g.ow.dxdy
00 axay Q

O°M,
2

-]

Q

2

2

a %dxdy - J;)j q.owdxdy

j5Wa

Ao ot

a

dy

0

ow
oy

)

Lai c6 thé tiép tuc bién doi dé nhom lai cing céc s6 hang khac

St dung cong thuc tich phan timg phan ta thu dugc

b
dx=M, ow

0

oW

2

X

)

a

dy = |\/|5W

0

1
(5]

Va cudi cung ta thu dugc

RGIEREIE

b

- |

0

x=0,y=b

+f

x=a,y=0

~M 5W:

Xy

x=0,y=0

x=a,y=b

—M., ow

xy

x=a,y=0

I

0

°0
+£———

j@l\/l
_|_

oy

M,

%y

oM
OX
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b
oM, oM oM, ‘ea N
+ L — |+ Swdx +M, owf =0 —M,, oW e
oy OX 8X x=0,y=0 Xy~ =0, y=b

0

(=R 1

xOyb

+M 5M

xOyO xayO

e 62 oM
yb—” aM L +2—2 +q [ow.dxdy
oxoy

oM. M oM, oM,
X Y vaQ, = y y

+
OX oy Yooy OX

M. O°M M
cho nén SI:—H{ 8x2x + Y422 +q].5w.dxdy
Q

Ma Q =

oy* Oxoy
b a a b b a a b
oM oM
_j{MX(S(a—Wﬂ dy —j[My(S[@ﬂ dx+j{ N XV} sw.dy + J.{ , XV} Sw.dx
0 0X 0 0 oy 0 0 oy 0 0 X o
M5Xﬁy0 M5x=a,yb MaxOyb Iv|5x=a,y=b
+ \N‘x =0,y=0 Ty Vvx=0,y b + \N‘x =0,y=0 Xy Wx:a,y:O
ol = 0 khi cac phuong trinh sau thoa man
o[ 07 o°M oM
I {8 sz +—t+2—= +q}5w.dxdy=0 (d)
5 L ox oy oxoy
b a
ow
M 5( ﬂ dy=0 (€)
! i OX
a 8W b
| {Mﬁ(—ﬂ dx=0 (f)
0 ay 0
b oM, T
J {Qﬁ } sw.dy =0 (@)
0 N
af M, T
2 owdx =
o fowar - o
x=a,y=0 .
M ow | =0 (i)
x=a,y=b
Mo . =0 ()
x=0,y=b
Mo =0 (1
x=a,y=b
Myow | =0 (m)

Phuong trinh (d) chi théa man néu tai mdi diém trén mat tim thoa man hé thic
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Pay chinh 14 phuong trinh vi phan c4n bang mat trung binh cia tim.

Céc phuong trinh tir (e-m) 1a cac diéu kién bién.

" Néu nhu tdm bi ngdm & canh thi do vdng va goc xoay bang 0, do dé cac
phuong trinh tir (e-k) dugc thoa man va diéu kién biénlaw=0;w’ =0 .

. Néu canh tAm lién két khép chuyén vi w= 0 ; 5[%} ,5[%} #0 do do6

tur (e) hoac (f) ta phai c6 My = 0 hodc My = 0. Nhu vay, diéu kién bién cua
canh tdm lién két khop lAw =0va M,=0

. Néu canh tam tu do thi bién phan d6 vong sw va gdc xoay & (;—a\;vj, ) (%}
khac khong va tur (e, f, g, h) ta phai co:
M, =0
oM néu canh x= a tyr do
Q, + L =0
oy
M, =0
oM néu canh y=b tu do
Q + p =0
X

Pay chinh 13 cic diéu kién bién cta canh tim ty do.
. Tai goc cua tAm néu tu do thi ta c6 sw=0 va ta co diéu kién bién M= 0 tir
phuong trinh (i-1)

Céc diéu kién bién cta tim duoc biéu dién tom tit qua hinh vé& dudi day:
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O day nhan dugc cac diéu kién bién cua tam chir nhat chiu uén giong

nhu diéu kién caa Kirchhoff,
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CHUONG 3
PHUONG PHAP MOI TiNH DAM HUU HAN
TREN NEN PAN HOI

Trong céc tai liéu [6,16] co trinh bay cach tinh dam trén nén dan hoi va da
giai quyét bai toan dam vo han trén nén dan hdi, ddm ban vo han trén nén dan hoi,
dam hiru han trén nén dan hdi véi mo hinh nén Winkler. Bai toan dam dai hiru han
duogc giai theo phuong phap thong s ban dau, cling 13 mot cach lam hay.

Trong chuong nay, tac gid tim mot phuong phap giai khac véi phuong phép
thong sd ban dau.

Noi dung phwong phdp la ding 16 gidi ciia dam vé han tinh dam hitu han

3.1. GIOI THIEU LOI GIAI DAM DAI VO HAN TREN NEN PAN HOI

lp
x;%g?% %?WW?#&%& X

O~

N o~
—~— \/ M) ~—
N I\\/, -
\I Q(x)

X4y dung phuong trinh vi phan can bang ciia dim v6 han dit trén nén dan

héi theo nguyén 1y chuyén vi ao.
Khi P tac dung 1én dam sé sinh ra phan lyc tir nén phan b6 véi cudng do ky.

Theo nguyén ly chuyén vi 4o ta c6

d’y [ d%
2fEs 9. dx+2[ky.Sy dx—P.5y, , =0
[E) 50 [dxj+jkyy Yseo

Ap dung cong thirc tich phan timg phan

2
jEJ 5 4 | jEJd—zl.d(chy) £y 0V s
dx®  { dx® dx dx dx®  dx |,

Tich phén timg phan lan thu hai ta c6

IEJ.(&d—yjd &Y
0 dx Jdx | dx®
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0

y

=Q.5Y|,”

- oy.dx

Nhu vay ta co

© 2 2
12 d—Z.é(deh g9V 5O
y O

dy
o 5d
dx? dx2 " dx Qy| I “dx YK

0

eyt Ay, d’y _dy d?y _ dy ey dy
EJ—-.0| — |dx=EJ —-. -BI—25—2 +Qo -Q.0Yy| +|EJ.—0oy.dx
! dx? [dx2 dx® " dx | dx? " dx |, Q9Y,..-Qd, ! o
Cudi CL‘lng ta cod
d’y d’y . dy d’y . dy
2 EJ 5 dx+2 oydx—P.o =2B)—06—| -2B)—0—
I (dx j -[ 9.0y Yo dx® " dx |, dx® " dx |,

+2Q58Y|_ -2Q48Y| , +2[EJ. ‘; Y sydx + zj ky.Sydx—P.Sy,
0

Khi x—+00 anh hudng cua luc P khong con nira va vi thé

2
39y s O

) =0; o) =
dx?  dx Q y|X:°°

X=00

2

. A, gA: o A ~ . o dy A
Do tinh chat doi xing nén ta cting phai c6 —-| =0, vivay EJ .
8 &P dx |, Y dx

Cho nén ZIEJ (?}I y}dx+fky Sydx—P.5y,_, =0

=N 2T£EJ ‘;;:(Z’+ky)5y.dx—(2cg+ P).Sy| ,=0 @)
0

Phuong trinh (a) thod man khi cac phuong trinh sau day thod man

EJ ﬁ +ky =0 (b)

ZQ\X:0 +P=0 ©

(b) 1a phuong trinh vi phan cin bang cua dam;
(c) 1a diéu kién bién. Ta nhan dugc diéu kién bién tuong tw nhu ctia
Timoshenko.

bat f= thi phuong trinh ( b) c6 nghiém

4EJ

+o0 2 3 3
jEJ.(ad—yji 4Y lax=e39Y 5 —jEJ (5y)— Y 1 ax
dx Jdx| dx dx® dx®

d’y 5 dy
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y(z) = e”*(C, cos Bz +C,sin fz) +e"*(C,cos Sz +C,sin Bz)
Céc hang s6 Cy, Cy, Cs, C,4 duogc xac dinh tir cac diéu kién bién.
Cudi cung ta c6 phuong trinh tryc vong va ndi luc trong trudng hop dam vo

han chiu tai tap trung

y(2) :Z—feﬁz (cos Bz +sin fBz)

_P s i
M(z)_4ﬂe (cos Bz —sin fz) (3.1)
Q(2) = —geﬂz cos Sz

Theo Timoshenko [6,tr26] néu:

- p1<0.6 : Puoc coi 1a dAm cting

- 0.6<B¢<5 : Dam hiru han

- Ll>6 : Dam vo han

3.2. PHUONG PHAP MOI TINH DAM HU'U HAN TREN NEN PAN HOI
Bai toan diit ra 1a can tinh dam hiru han sau: (H3.2)

P
L1 L2 L

]I/

]
P Y S

L |

y
Ta c6 thé xay dung bai toan truc tiép trén dam bang cach sir dung Nguyén ly

chuyén vi do da trinh bay & chuong 2:
! d?y |
o= Mﬁ(‘y]dxﬂo(‘w)-&'-dx—P-5yx:Ll =0 (3.2)

Ta c6 thé gia dinh ham dd vong la ham sin, cos, hodc dudi dang da thtec,
tlr didu kién dimg cua phiém ham ta s& tim duoc biéu thirc duong dan hoi.

Dudi day sé& trinh bay mot cach tinh khac di v6i dam hitu han trén nén dan hoi
ma ndi dung ctia nd 1a dung 101 giai cia dam vo han dé tinh.

Thay bang viéc cho lyc P tic dung truc tiép 1én dam hiru han nhu hinh h3.3a
thi ta cho luc P tac dung 1én dam dai vo han nhu hinh h3.3b:
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|, L1 L2 |,

iw %?7&%%2

2

x&?% IR 5 TR &%?%/& X

| : :y(x) |
M, TQm (MO [ \M,, LN Mo{\{ (MO |y>|\/|02

Y, Y,

H3.3 - a) Dam hitu han. b) Dam v6 han. c¢) Poan dam dugc giai phong lién két

Khi tac dung luc P 1én dam vo han thi dam bi bién dang va trong dam xuat hién
noi1 luc. Chuyén vi va n0i lyc trong dam dugc tinh theo cong thure (3.1).

Ta giai phong lién két mot doan dam c6 chiéu dai bang dAm hiru han tir dim
v6 han nhu trén hinh H3.3.c. Luc P sinh ra m6 men noi luc trong dam M. Cac phan
Iuc lién két Moy ,Qo1, Moz, Qo2 , phan e nén ky, ; Cac lyc ndy di tinh duoc tir 10i
giai cia dam vo han, gia st ching c6 chiéu nhu hinh vé H3.3.c .

Thay cho Iuc P thi ta dem céc luc nay - Mg , Moz , Qo1, Mgz, Qo2 , phan luc nén
Kyo (v6i chiéu nguoc lai nhu hinh H3.3.d) cho tac dung 1én dim hitu han can tinh.

L1 L2

i
|
Moq w M

Py}
L

Y,
H3.4. Céc lyc tac dung 1én dam hiru han can tinh
Ta xay dung bai toan theo nguyén 1}'1 cong 4o nhu sau:
12
_[ 5(— )d j M., 5(—— dx+j ky.oydx— j ky,.0y dx
+M 01'5yx=—ll ~Ry0Y,.n—M 02'5yx=I2 +Rp Yy, =0

(3.3)

Voi rang buoc la diéu kién bién tai hai dau dam

Ham d6 vong va nodi luc M, 13 an sé can tim.

Ta gia thiét dudng d6 vong 1a hai da thirc bac 9 twong ng véi hai doan dam
nam bén trai va phai luc P.

=a, +aX+a,x* +a,x’ +a,x" +a,x’ +a,x’ +a,x’ +a,x* +a,x° (3.5a)

33



Y, = by + b, x+0,x* +b,x% +b,x* +b,x* +b,x® +b,x” +b,x* +b,x*  (3.5b)
Pua vé bai toan cuc tri khong rang budc:

12 dZy 12 d2y I 2
o= f_.lMX"S(_W) dx— j_quo.a(—W) dx+ [ ky.oy.dx— [ ky,.8y.dx -

+ MOl'é‘yx:—Il - R01'5yx:—|l - Moz -5yx:|2 + R02-5yx:|z + Zfﬂk'gk =0
M 1a cac thira s6 lagrange va ciing 12 cac an can tim
C6 6 rang budc gy 1a cac diéu kién bién hai ddu dim va diéu kién lién tuc
vé d6 vong, géc xoay tai diém dit luc.

Ttr diéu kién 8 = 0 ta thu duoc hé gébm 26 phuong trinh 26 an sd:

I _y

0g,

oIl :

e =1:10; A=1: 3.8
S 0 (i=1:10; 1=1:6) (3.8)
ot _y

O,

Ta giai hé phuong trinh (3.8) bang phan mém Matlab 7.0 va duéi day 1a 10i giai
cho mot vai bai toan.

3.3. MOT VAI Vi DU
Vi du 1: Bai toan dam hai dau tu do
P
l
Fu 7SRNG TR PR 5L
L

A £ k
Héso p==
) P 4E]

L1 L2

trong cong thuc (3.1) dugc ky hi¢u 1a k1 trong chuong trinh

[k1] = chiéu dai] ™.
Céc thira s6 Lagrange Ay ky hiéu 1a 1d k
gl, g2, g3, g4, g5, g6 1a cac rang budc
Loi giai dwgc viét nhu sau:
syms x | k k1 ej;
syms a0 al a2 a3 a4 a5 a6 a7 a8 a9;
syms b0 b1 b2 b3 b4 b5 b6 b7 b8 b9;
syms ld1 1d2 1d3 ld4 1d5 1d6 1d7;
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1=3/k1;

11=0.3*1; 12=I-I1,

y0=k1/k/2 *exp(-k1*x)*(cos(k1*x)+sin(k1*x));
mO0=-1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));
%mO=1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));
g0=diff(m0,x);f0=k*yO0;

rm2=subs(m0,x,12);

rg2=subs(q0,x,12);

y01=subs(y0,x,11-x);

mO01=subs(mO0,x,11-x);
g01=subs(g0,x,11-x);f01=k*y01;
rml=subs(m01,x,0);vpa(rml)
rgl=subs(gq01,x,0);vpa(rql)

vpa(rm2)

vpa(rq2)

sl=double(subs(rm1,k1,1));

if s1>0;sigm1=1;else sigml=-1;end;
sl=double(subs(rm2,k1,1));

if s1>0;sigm2=-1;else sigm2=1;end;
sl=double(rql);

if s1>0;sigql=-1;else siggl=1;end;
sl=double(rg2);

if s1>0;sigg2=-1;else sigq2=1;end;

y1=a0+al*x+a2*x\2+a3*x\3+ad*x +a5*x 5+a6*x 6+ar*x 7 +a8*x8+a9*x"9;
y2=b0+b1*x+b2*x"2+03*X"3+h4* X M+D5* X 5+h6* X G +h 7*X T +h8* X 8+h9I*X"9;
y11=diff(yl,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;f1=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

gl=subs(mx1,x,0);
g2=subs(g1,x,0);
g3=subs(mx2,x,12);



g4=subs(g2,x,12);
g5=subs(y1,x,11)-subs(y2,x,0);
g6=subs(y11,x,l1)-subs(y21,x,0);

z11=g1*ld1+g2*ld2+g3*ld3+g4*ld4+g5*Id5+g6*Id6;
z12=

sigm1*rm1*subs(y11,x,0)+siggl*rql*subs(yl,x,0)+sigm2*rm2*subs(y21,x,l)+sigg2*rg2*su

bs(y2,x,12);
z1=711+712;

s1=diff(bd1,a0);s2=diff(y1,a0);s3=diff(z1,a0);
h1=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,al);s2=diff(y1,al);s3=diff(z1,al);
h2=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a2);s2=diff(y1,a2);s3=diff(z1,a2);
h3=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a3);s2=diff(y1,a3);s3=diff(z1,a3);
h4=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a4);s2=diff(y1,a4);s3=diff(z1,a4);
h5=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a5);s2=diff(y1,a5);s3=diff(z1,a5);
h6=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a6);s2=diff(y1,a6);s3=diff(z1,a6);
h7=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a7);s2=diff(y1,a7);s3=diff(z1,a7);
h8=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a8);s2=diff(y1,a8);s3=diff(z1,a8);
h9=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a9);s2=diff(y1,a9);s3=diff(z1,a9);
h10=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,I1)+s3;

s1=diff(bd2,b0):s2=diff(y2,b0):s3=diff(z1,b0);
h21=int((mx2-m0)*sL,x,0,12)-+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b1);s2=diff(y2,b1):s3=diff(z1,b1);
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h22=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b2);s2=diff(y2,b2);s3=diff(z1,b2);
h23=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b3);s2=diff(y2,b3);s3=diff(z1,b3);
h24=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b4);s2=diff(y2,b4);s3=diff(z1,b4);
h25=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b5);s2=diff(y2,b5);s3=diff(z1,b5);
h26=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b6);s2=diff(y2,b6);s3=diff(z1,b6);
h27=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b7);s2=diff(y2,b7);s3=diff(z1,b7);
h28=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b8);s2=diff(y2,b8);s3=diff(z1,b8);
h29=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b9);s2=diff(y2,b9);s3=diff(z1,b9);
h30=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;

h41=diff(z1,ld1);

h42=diff(z1,1d2);

h43=diff(z1,1d3);

h44=diff(z1,1d4);

h45=diff(z1,1d5);

h46=diff(z1,1d6);

r=solve(h1,h2,h3,h4,h5,h6,h7,h8,h9,h10,...
h21,h22,h23,h24,h25,h26,h27,h28,h29,h30,...
h41,h42,h43,h44,h45,h46,...
'a0','al','a2','a3','a4",'ad','a6','ar",'a8','a9’,...
'b0','b1','b2','b3",'b4",'0b5"'b6",'07",'08",'b9",...
1d1''ld2','ld3','1d4",'ld5','ld6")

a0=vpa(r.a0)

al=vpa(r.al)

a2=vpa(r.a2)

a3=vpa(r.a3)
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ad=vpa(r.a4)

ab=vpa(r.ab)

a6=vpa(r.ab)

a7=vpa(r.a7)

a8=vpa(r.a8)

a9=vpa(r.a9)

bO=vpa(r.b0)

bl=vpa(r.bl)

b2=vpa(r.b2)

b3=vpa(r.b3)

b4d=vpa(r.b4)

b5=vpa(r.b5)

b6=vpa(r.b6)

b7=vpa(r.b7)

b8=vpa(r.b8)

b9=vpa(r.b9)
yl=a0+al*x+a2*x"\2+a3*x"\3+ad*x4+a5*x"\5+ab*x \6+ar*x\7+a8*x"8+ad*x"9;
y2=b0+b1*Xx+02*x"2+03*X"3+h4* X M+h5* X 5+h6* X 6+h 7* X 7+h8*X\8+h9I*X"9;
y11=diff(y1,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;f1=k*y1;g1=diff(mx1,X);
mx2=k/4/k174*bd2;f2=k*y2;q2=diff(mx2,x);
s1=subs(y1,x,0)

s2=subs(y2,x,12)

s3=subs(y1,x,11)

s4=subs(mx1,x,I1)

s5=subs(mx2,x,0)

k=1;k1=1;

s1=subs(s1);s2=subs(s2);
sl=double(s1);s2=double(s2);

x2=[s1 s2];t2=[1 101],

I=subs(l);11=subs(I1);12=subs(12);
y1=subs(yl);y2=subs(y2);mx1=subs(mx1);mx2=subs(mx2);



w=zeros(101,1);

s1=1/100;

nl1=I1/s1+1;

x1(1)=0;

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(y1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(y2,x,x1(n));
w(n+n1-1)=double(s3);

end

figure

t1=1:101;

plot(t1,-w,t2,-x2);grid,;

figure

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(mx1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(mx2,x,x1(n));

39



w(n+nl-1)=double(s3);
end
plot(tl,w);grid;

Ta thu dwgc biéu do momen va chuyén vi nhu sau:
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A / \
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120
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-0.15 //\,
/
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-0.3 /
-0.35 /
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-0.45 /
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-0.55 _//
_0'60 20 40 60 80 100 120
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s1 =0.56337117440860014699684515809287*k1/k
s2 =0.13617326992492418892873080174984*k1/k
s3 =0.54361050295122443941842815148704*k1/k
s4 =0.20395045428855588931493949775000/k1
$5 =0.21822793906859620420297344922173/k1

Khao sat treong hop dam cirng va dam dai vo han

1.DAm cirng

Khi (B1<0,6) ta co dam clng, ta giai bai toan trong trudng hop nay:

Xet truong hop Pl = 0,05 va luc tap trung dat gitra dam, dim hai dau tu
do; két qua ctia bai toan nhu sau:
S1=19.999997656250121128405883166681/k*k1
S2 =19.999997656250121128405883166681/k*k1
S3 =20.000001562499926154999824185280/k*k1
S4 =0.62499997829861218756757109725922e-2/k1
S5 =0.62499997829861218756757109725925e-2/k1

Tathdy S, =S, ~S,: chuyén vi tai hai ddu dim bang nhau va xap xi chuyén vi
tai diém dit lyc (gitta dam).

Loi giai cu thé cta bai toan duoc dua vao phu luc. Duéi day 13 biéu d6 mo

men va chuyén vi
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1.Dam dai vo han

Ta giai bai toan khi Bl > 6: Truong hop dam v6 han

Cho Bl = 100 ta c6 két qua bai toan nhu sau (101 giai duoc cho vao phu luc)
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Vi du 2: Dam hai diu ngam

P
03L 0.7L

TG PR,

Cac diéu kién bién:D§ vong va gbéc xoay tai hai dau ngam bang khong;
diéu kién lién tuc ve chuyén vi tai diém dat luc P:

—

AN NN

Y1‘X:O =0, y'l‘xzo =0; yZ‘x:Iz - O’ yIZ‘x=|2 =0 ) yl‘x:ll - y2‘x=0; yll‘x=|1 - yl2‘x=o

Lo1 gidi duge cho & phu luc. Dudi day 1a biéu d6 m6 men va chuyén vi.
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BIEU DO MOMEN - 2 DAU NGAM
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s1=0.897553e-1*k1/k (chuyén vi tai diém dit luc P)
s2 =-0.2700752/k1  (Mbdmen dau ngam trai)
$3=-0.1052732/k1 ~ (Momen dau ngam phai)
s4=0.1692232/kl1  (Momen tai diém dit luc)

s5 = 0.1692235/k1



Vi du 3: Bai toan dim diu ngam- du tw do

P
L1=0.7L L2 L

1

RGP

Dbiéu kién bién cua bai toan:
Db§ vong va gbéc xoay tai dau ngam bang khong; M6 men va luc cat ¢ dau tu

do bang khong. Piéu kién lién tuc vé chuyén vi tai diém dit lyc P:
Vil,o =0, V|, o =0; MZ‘quz =0, QZ‘X:IZ =0; yl‘x:ll =Yalo; yll‘x=ll =Yl

Loi giai duge cho & phu luc. Dudi day 13 biéu dd m6 men va chuyén vi.
Két qua thu duoc

S1=-0.119324639097627330188685/k1 (Mdmen tai ngam)

s2 =0.2495621602762602405929929/k1 (Mdmen tai diém dit luc)
s3 =0.4634019763033390099999*k1/k (chuyén vi tai diém dit luc)
s4 =0.463401976303339009999*k1/k (chuyén vi tai diém dit luc)
s5 =0.184895047409585750498*k1/k (chuyén vi tai dau tu do)
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Vidu 4: Dam dau ngam dau khép

ok,

?]'//////////////////////i
777

| w05 | o |

4 4 4

biéu kién bién cua bai toan:

D§ vong va goc xoay tai dau ngam bang khong; M6 men va chuyén vi ¢ dau

khép béng khong. Diéu kién lién tuc vé chuyén vi tai diém dat luc P:
Vibeo =0, Vilo =05 Mol =0, v,| =05 Wi,y = Yol o5 Vil =¥l

Lo1 gidi dugce cho & phu luc. Dudi day 1a biéu d6 mo men va chuyén vi

Két qua thu duoc:
s1=-0.1241618/k1 ( MOmen tai ngam)

s2 =0.4731959*k1/k ( Chuyén vi tai diém dat lyc)
s3 =0.4731956*k1/k ( Chuyén vi tai diém dit luc)

s4 =0.2614220/k1  ( M6 men tai diém dat luc)

$5=0.2502090/k1 ( M6 men vj tai diém dat luc)
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KET QUA VA BAN LUAN

1. Phép tinh bién phan 1a céng cu toan hoc rat hiru ich, khi dung véi cac
nguyén 1y bién phan ta nhan duoc cac phuong trinh cin bang cta co hé ciing nhu
cac diéu kién bién chinh xac cuia bai toan. Diéu d6 cling c6 nghia 1a phép tinh bién
phéan cho phép nhan dugc bai toan ding( bai toan correct). Trong [ 7 ,trang 284]
c6 néu cac diéu kién ctia bai toan dung( bai toan correct) 1a c6 nghiém duy nhit va
nghiém 6n dinh khi c6 thay d6i nhé cta diéu kién ban dau hoic diéu kién bién.

2. Luan van trinh bay bén duong 16i chung xdy dung cac bai toan co hoc
cong trinh, qua d6 thiy duoc dic diém st dung cua timg phuong phap. Bing cach
str dung sai phan hiru han cho phép ta ap dung truc tiép phuong trinh Lagrange dé
nhan dugc phuong trinh cin bang ciia dam chiu uén. Cach trinh bay trén 1a méi,
khong cé trong cac tai liéu co hoc khac. Bang cach 1am tuong tu tir phuong trinh
Lagrange c6 thé nhan dugc cac phuong trinh vi phan can bang cila cac bai toan co
hoc cong trinh va co h¢ moi truong lién tuc. Ranh gidi gitra co hoc giai tich va co
hoc cong trinh (co hoc méi1 truong lién tuc) duong nhu bi xo4 nhoa.

3. Khac voi nguyén 1y khac, nguyén 1y chuyén vi 4o xem cac chuyén vi ao(
cac bién dang 40) la doc lap ddi véi luc tac dung.Theo Gauss, moi nguyén 1y khac
déu truc tiép hodc gian tiép co thé rat ra tir nguyén 1y chuyén vi do. Nhu vy
nguyén 1y chuyén vi 40 1a nguyén 1y chung nhat, hon nita n6 di bién bai toan co
thanh bai toan toan hoc thuan tuy nhu Gauss nhan xét.

4, Bang cach st dung nguyén 1y chuyén vi 4o va tu tudng giai phong lién két,
tac gia da trinh bay phuong phap méi tinh ddm hiru han trén nén dan hoi dua vao

101 giai da biét cia bai toan dam v6 han nadm trén nén dan hoi.
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PHU LUC TiNH TOAN

Vidu 1: Dam ctirng va dam vo han

Dam clng:

syms X | k k1 ej;

syms a0 al a2 a3 a4 a5 a6 a7 a8 a9,
syms b0 b1 b2 b3 b4 b5 b6 b7 b8 h9;
syms Id1 1d2 1d3 ld4 1d5 1d6 1d7;

1=0.05/k1;
11=0.5*I; 12=I-11;

y0=k1/k/2 *exp(-k1*x)*(cos(k1*x)+sin(k1*x));
mO0=-1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));

g0=diff(m0,x);f0=k*yO0;
rm2=subs(m0,x,12);
rg2=subs(q0,x,12);
y01=subs(y0,x,11-x);
mO01=subs(mO0,x,11-x);
g01=subs(g0,x,11-x);f01=k*y01,;
rml=subs(m01,x,0);vpa(rml)
rgl=subs(gq01,x,0);vpa(rql)
vpa(rm2)

vpa(rg2)

sl=double(subs(rm1,k1,1));

if s1>0;sigm1=1;else sigml=-1;end;
sl=double(subs(rm2,k1,1));

if s1>0;sigm2=-1;else sigm2=1;end;
sl=double(rql);

if s1>0;sigql=-1;else siggl=1;end;
sl=double(rq2);

if s1>0;sigq2=-1;else sigq2=1;end;
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yl=a0+al*x+a2*x"2+a3*x"3+ad*x +ad5*x"\5+a6*x\6+a/*x7+a8*x\8+a9*x"9;
y2=b0+b1*x+b2*x"2+h3*X"3+04*X 4+h5*X"5+h6*X 6+ 7* X 7+h8* X8+ 9*X"9;

y11=diff(yl,x);y12=diff(y11l,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22,
mx1=k/4/k174*bd1;fl=k*y1;ql=diff(mx1,x);
mx2=k/4/k174*bd2;f2=k*y2;q2=diff(mx2,x);

gl=subs(mx1,x,0);
g2=subs(ql,x,0);
g3=subs(mx2,x,12);
g4=subs(q2,x,12);
g5=subs(y1,x,11)-subs(y2,x,0);
g6=subs(y11,x,11)-subs(y21,x,0);

211=g1*1d1+g2*1d2+g3*Id3+g4*Id4+g5*1d5+g6*1d6;

z12=
sigm1*rm1*subs(y11,x,0)+siggl*rgl*subs(y1,x,0)+sigm2*rm2*subs(y21,x,12)+si
gg2*rq2*subs(y2,x,12);

z1=211+212;

s1=diff(bd1,a0);s2=diff(y1,a0);s3=diff(z1,a0);
h1=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,al);s2=diff(y1,al);s3=diff(z1,al);
h2=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a2);s2=diff(y1,a2);s3=diff(z1,a2);
h3=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a3);s2=diff(y1,a3);s3=diff(z1,a3);
h4=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a4);s2=diff(y1,a4);s3=diff(z1,a4);
h5=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a5);s2=diff(y1,a5);s3=diff(z1,a5);
h6=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
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s1=diff(bd1,a6);s2=diff(y1,a6);s3=diff(z1,a6);
h7=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a7);s2=diff(y1,a7);s3=diff(z1,a7);
h8=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a8);s2=diff(y1,a8);s3=diff(z1,a8);
h9=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a9);s2=diff(y1,a9);s3=diff(z1,a9);

h10=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;

s1=diff(bd2,b0);s2=diff(y2,b0);s3=diff(z1,b0);
h21=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b1);s2=diff(y2,b1);s3=diff(z1,bl1);
h22=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b2);s2=diff(y2,b2);s3=diff(z1,b2);
h23=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b3);s2=diff(y2,b3);s3=diff(z1,b3);
h24=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b4);s2=diff(y2,b4);s3=diff(z1,b4);
h25=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b5);s2=diff(y2,b5);s3=diff(z1,b5);
h26=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b6);s2=diff(y2,b6);s3=diff(z1,b6);
h27=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b7);s2=diff(y2,b7);s3=diff(z1,b7);
h28=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b8);s2=diff(y2,b8);s3=diff(z1,b8);
h29=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b9);s2=diff(y2,b9);s3=diff(z1,b9);
h30=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;

h41=diff(z1,ld1):
h42=diff(z1,1d2):
h43=diff(z1,1d3);
h44=diff(z1,1d4);
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h45=diff(z1,1d5);
h46=diff(z1,1d6);

r=solve(h1,h2,h3,h4,h5,h6,h7,h8,h9,h10,...
h21,h22,h23,h24,h25,h26,h27,h28,h29,h30,...
h41,h42,h43,h44,h45,h46,...
'a0','al','a2','a3d','a4",'ad’,'a6','ar",'a8','a9’,...
'b0','b1",'b2','b3",'b4",'b5",'b6",'07",'b8",'b9,...
'1d1','ld2",'ld3",'ld4",'ld5",'ld6");

%digits(7);

a0=vpa(r.a0)
al=vpa(r.al)
a2=vpa(r.a2)
a3=vpa(r.a3)
ad=vpa(r.a4)
ab=vpa(r.ab)
a6=vpa(r.ab)
a7=vpa(r.a7)
a8=vpa(r.a8)
a9=vpa(r.a9)

b0=vpa(r.b0)
bl=vpa(r.bl)
b2=vpa(r.b2)
b3=vpa(r.b3)
b4=vpa(r.b4)
b5=vpa(r.b5)
b6=vpa(r.b6)
b7=vpa(r.b7)
b8=vpa(r.b8)
b9=vpa(r.b9)

yl=a0+al*x+a2*x"2+a3*x"3+ad*x +adc*x"5+ab6*x\6+a/*x7+a8*x""8+a9*x"9;
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y2=p0+b1*x+b2*x"2+b3*X"3+04* X 4+D5*X"5+D6*X 6+ 7* X 7+h8*X8+09*X"9;

y11=diff(yl,x);y12=diff(y11l,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1™4*bd1;f1=k*y1;g1l=diff(mx1,X);
mx2=k/4/k1"4*bd2;f2=k*y2;92=diff(mx2,X);

s1=subs(y1,x,0)
s2=subs(y2,x,12)
s3=subs(y1,x,I1)
s4=subs(mx1,x,I1)
s5=subs(mx2,x,0)

k=1;k1=1;
s1=subs(s1);s2=subs(s2);
sl=double(s1);s2=double(s2);
x2=[sl s2];t2=[1 101];

I=subs(l);11=subs(I1);12=subs(12);
y1=subs(yl1);y2=subs(y2);mx1=subs(mx1);mx2=subs(mx2);
w=zeros(101,1);
s1=1/100;
n1=11/s1+1;
x1(1)=0;
for n=2:n1
x1(n)=x1(n-1)+s1;
end
for n=1:n1
s2=x1(n);
s3=subs(y1,x,52);
w(n)=double(s3);
end
n2=12/s1+1;x1(1)=0;
for n=2:n2
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x1(n)=x1(n-1)+s1;
s3=subs(y2,x,x1(n));
w(n+nl-1)=double(s3);

end

figure

t1=1:101;

plot(tl,-w,t2,-x2);grid;

figure

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(mx1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(mx2,x,x1(n));
w(n+nl-1)=double(s3);

end

plot(tl,w);grid;

Truong hop dam dai v6 han

syms x | k k1 ej;

syms a0 al a2 a3 a4 a5 a6 a7 a8 a9;
syms b0 b1 b2 b3 b4 b5 b6 b7 b8 b9;

syms ld1 1d2 1d3 1d4 1d5 1d6 1d7;

1=100/K1;



11=0.5*I; 12=I-11;

y0=k1/k/2 *exp(-k1*x)*(cos(k1*x)+sin(k1*x));
mO0=-1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));

g0=diff(m0,x);f0=k*yO0;
rm2=subs(m0,x,12);
rg2=subs(q0,x,12);
y01=subs(y0,x,11-x);
mO01=subs(mO0,x,11-x);
g01=subs(g0,x,11-x);f01=k*y01;
rml=subs(m01,x,0);vpa(rml)
rgl=subs(gq01,x,0);vpa(rql)
vpa(rm2)

vpa(rq2)

sl=double(subs(rm1,k1,1));

if s1>0;sigm1=1;else sigml=-1;end;
sl=double(subs(rm2,k1,1));

if s1>0;sigm2=-1;else sigm2=1;end;
sl=double(rql);

if s1>0;sigql=-1;else sigql=1;end;
sl=double(rg2);

if s1>0;sigg2=-1;else sigq2=1;end,;

y1=a0+al*x+a2*x\2+a3*x\3+ad*x +a5*x 5+a6*x 6+ar*x 7 +a8*x"8+a9*x"9;
y2=hb0+b1*x+b2*x"2+h3*x"3+b4*Xx 4+h5*x\5+h6*X 6+ 7* X 7+h8* X8+ 9*x"9;

y11=diff(y1,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;f1=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

gl=subs(mx1,x,0);



g2=subs(ql,x,0);
g3=subs(mx2,x,12);
g4=subs(q2,x,12);
g5=subs(y1,x,11)-subs(y2,x,0);
g6=subs(y11,x,11)-subs(y21,x,0);

211=g1*1d1+g2*1d2+g3*Id3+g4*Id4+g5*1d5+g6*1d6;

z12=
sigm1*rm1*subs(y11,x,0)+siggl*rgl*subs(y1,x,0)+sigm2*rm2*subs(y21,x,12)+si
gag2*rq2*subs(y2,x,12);

z1=211+212;

s1=diff(bd1,a0);s2=diff(y1,a0);s3=diff(z1,a0);
h1=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bdl,al);s2=diff(y1,al);s3=diff(z1,al);
h2=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a2);s2=diff(y1,a2);s3=diff(z1,a2);
h3=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a3);s2=diff(y1,a3);s3=diff(z1,a3);
h4=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bdl,a4);s2=diff(yl,a4);s3=diff(z1,a4);
h5=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a5);s2=diff(y1,a5);s3=diff(z1,a5);
h6=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a6);s2=diff(y1,a6);s3=diff(z1,a6);
h7=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a7);s2=diff(y1,a7);s3=diff(z1,a7);
h8=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a8);s2=diff(y1,a8);s3=diff(z1,a8);
h9=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a9);s2=diff(y1,a9);s3=diff(z1,a9);
h10=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;

s1=diff(bd2,b0);s2=diff(y2,b0):s3=diff(z1,b0);
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h21=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b1);s2=diff(y2,b1);s3=diff(z1,bl1);
h22=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b2);s2=diff(y2,b2);s3=diff(z1,b2);
h23=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b3);s2=diff(y2,b3);s3=diff(z1,b3);
h24=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b4);s2=diff(y2,b4);s3=diff(z1,b4);
h25=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b5);s2=diff(y2,b5);s3=diff(z1,b5);
h26=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b6);s2=diff(y2,b6);s3=diff(z1,b6);
h27=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b7);s2=diff(y2,b7);s3=diff(z1,b7);
h28=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b8);s2=diff(y2,b8);s3=diff(z1,b8);
h29=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b9);s2=diff(y2,b9);s3=diff(z1,b9);
h30=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;

ha1=diff(z1,1d1);

h42=diff(z1,1d2);

h43=diff(z1,1d3);

ha4=diff(z1,1d4);

ha5=diff(z1,1d5);

ha6=diff(z1,1d6):

r=solve(h1,h2,h3,h4,h5,h6,h7,h8,h9,h10,...
h21,h22,h23,h24,h25,h26,h27,h28,h29,h30,...
h41,h42,h43,h44,h45,h46,...
'a0',al','a2" ‘a3 'ad' ‘a5’ ‘a6, 'a7",'a8' a9, ..
b0’ b1, b2' b3’ b4’ b5 b6’ 'b7' b8, bY',...
'1d1',1d2','1d3", 1d4','1d5", 1d6");

%digits(7);



a0=vpa(r.a0)
al=vpa(r.al)
a2=vpa(r.a2)
a3=vpa(r.a3)
ad=vpa(r.a4)
ab=vpa(r.ad)
a6=vpa(r.ab)
a7=vpa(r.a7)
a8=vpa(r.a8)
a9=vpa(r.a9)

b0=vpa(r.b0)
bl=vpa(r.bl)
b2=vpa(r.b2)
b3=vpa(r.b3)
b4d=vpa(r.b4)
b5=vpa(r.b5)
b6=vpa(r.b6)
b7=vpa(r.b7)
b8=vpa(r.b8)
b9=vpa(r.b9)

yl=a0+al*x+a2*x"2+a3*x"3+ad*x +ad5*x"5+a6*x\6+a/*x7+a8*x"8+a9*x"9;
y2=h0+b1*x+b2*x"2+b3*x3+04* X 4+h5*X5+h6*X 6+ 7 XN T+D8* X8+ 9*X"9;

y11=diff(y1,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;fl=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

s1=subs(y1,x,0)
s2=subs(y2,x,12)
s3=subs(y1,x,I1)
s4=subs(mx1,x,I1)



s5=subs(mx2,x,0)

k=1;k1=1;
s1=subs(s1);s2=subs(s2);
sl=double(s1);s2=double(s2);
x2=[s1 s2];t2=[1 101];

I=subs(l);11=subs(I1);12=subs(12);

y1=subs(yl);y2=subs(y2);mx1=subs(mx1);mx2=subs(mx2);

w=zeros(101,1);

s1=1/100;

n1=11/s1+1;

x1(1)=0;

for n=2:n1
x1(n)=x1(n-1)+s1,

end

for n=1:n1
s2=x1(n);
s3=subs(y1,x,52);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(y2,x,x1(n));
w(n+nl-1)=double(s3);

end

figure

t1=1:101;

plot(tl,-w,t2,-x2);grid;

figure

for n=2:n1
x1(n)=x1(n-1)+s1,

end
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for n=1:n1
s2=x1(n);
s3=subs(mx1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(mx2,x,x1(n));
w(n+nl-1)=double(s3);

end

plot(tl,w);grid;

Vi du 2 : DAm hai diu ngam

syms x | k k1 ej;

syms a0 al a2 a3 a4 a5 a6 a7 a8 a9;
syms b0 b1 b2 b3 b4 b5 b6 b7 b8 b9;
syms Id1 1d2 1d3 Id4 Id5 Id6 1d7;

1=2/k1,

11=0.3*I; 12=I-11;

y0=k1/k/2 *exp(-k1*x)*(cos(k1*x)+sin(k1*x));
mO0=-1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));
%mO0=1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));
g0=diff(m0,x);f0=k*yO0;

rm2=subs(mo0,x,12);

rg2=subs(q0,x,12);
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y01=subs(y0,x,11-x);
mO01=subs(mO0,x,l1-x);
q01=subs(q0,x,l11-x);f01=k*y01;
rml=subs(m01,x,0);vpa(rml)
rgl=subs(gq01,x,0);vpa(rql)
vpa(rm2)

vpa(rq2)

sl=double(subs(rm1,k1,1));

if s1>0;sigm1=1;else sigm1=-1;end;
sl=double(subs(rm2,k1,1));

if s1>0;sigm2=-1;else sigm2=1;end;
sl=double(rql);

if s1>0;sigql=-1;else sigql=1;end;
sl=double(rq2);

if s1>0;sigg2=-1;else sigg2=1;end,;

y1=a2*x"2+a3*x*3+ad*x4+a5*x"\5+a6*x \6+a/* X 7+a8*x8+a9*x"9;
y2=hb0+b1*x+b2*x"2+h3*x"3+b4*x 4+h5* x5 +h6*X 6+ 7* X\ 7+h8*X8+09*X"9;

y11=diff(yl,x);y12=diff(y11l,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k174*bd1;fl=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

gl=subs(y1,x,0);
g2=subs(y11,x,0);
g3=subs(y2,x,12);
g4=subs(y21,x,12);
g5=subs(y1,x,11)-subs(y2,x,0);
g6=subs(y11,x,I1)-subs(y21,x,0);

z11=93*1d3+g4*1d4+g5*1d5+g6*1d6;
z12=sigm1*rml1*subs(y11,x,0)+sigql*rgl*subs(yl,x,0)+



sigm2*rm2*subs(y21,x,12)+sigg2*rg2*subs(y2,x,12);
z1=711+712,

s1=diff(bd1,a0);s2=diff(y1,a0);s3=diff(z1,a0);
h1=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,al);s2=diff(y1,al);s3=diff(z1,al);
h2=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a2);s2=diff(y1,a2);s3=diff(z1,a2);
h3=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a3);s2=diff(y1,a3);s3=diff(z1,a3);
h4=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a4);s2=diff(y1,a4);s3=diff(z1,a4);
h5=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a5);s2=diff(y1,a5);s3=diff(z1,a5);
h6=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a6);s2=diff(y1,a6);s3=diff(z1,a6);
h7=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a7);s2=diff(y1,a7);s3=diff(z1,a7);
h8=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a8);s2=diff(y1,a8);s3=diff(z1,a8);
h9=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a9);s2=diff(y1,a9);s3=diff(z1,a9);

h10=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;

s1=diff(bd2,b0);s2=diff(y2,b0);s3=diff(z1,b0);
h21=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b1);s2=diff(y2,b1);s3=diff(z1,b1);
h22=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b2);s2=diff(y2,b2);s3=diff(z1,b2);
h23=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b3);s2=diff(y2,b3);s3=diff(z1,b3);
h24=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b4);s2=diff(y2,b4);s3=diff(z1,b4);
h25=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
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s1=diff(bd2,b5);s2=diff(y2,b5);s3=diff(z1,b5);
h26=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b6);s2=diff(y2,b6);s3=diff(z1,b6);
h27=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b7);s2=diff(y2,b7);s3=diff(z1,b7);
h28=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b8);s2=diff(y2,b8);s3=diff(z1,b8);
h29=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b9);s2=diff(y2,b9);s3=diff(z1,b9);
h30=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;

h41=diff(z1,1d1);
h42=diff(z1,1d2);
h43=diff(z1,1d3);
ha4=diff(z1,1d4);
h45=diff(z1,1d5);
h46=diff(z1,1d6);

r=solve(h3,h4,h5,h6,h7,h8,h9,h10,...
h21,h22,h23,h24,h25,h26,h27,h28,h29,h30,...
h43,h44,h45,h46,...
'a2''a3','a4','ab','a6','a7",'a8','a9',...
'b0','b1','b2','b3",'b4",'b5",'b6",'b7",'b8",'h9,...
'1d3','ld4",'ld5','ld6")

%digits(7);

%al=vpa(r.al)
a2=vpa(r.a2)
a3=vpa(r.a3)
ad=vpa(r.a4)
ab=vpa(r.ad)
ab=vpa(r.a6)
a7=vpa(r.a7)
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a8=vpa(r.a8)
a9=vpa(r.a9)

bO=vpa(r.b0)
bl=vpa(r.bl)
b2=vpa(r.b2)
b3=vpa(r.b3)
b4=vpa(r.b4)
b5=vpa(r.b5)
b6=vpa(r.bo6)
b7=vpa(r.b7)
b8=vpa(r.b8)
b9=vpa(r.h9)

y1=a2*x"2+a3*x\3+ad*x +a5*x"\5+a6*x 6+a7*x\7+a8*x"8+a9*x"9;
y2=h0+b1*X+02*x"2+03*X"3+h4* X M+D5* X 5+h6* X 6+h 7*X7+h8*X\8+h9*X"9;
y11=diff(y1,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k174*bd1;fl=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;92=diff(mx2,X);

s1=subs(mx1,x,0)
s2=subs(mx2,x,12)
s3=subs(mx1,x,I1)
s4=subs(mx2,x,0)
s5=subs(y2,x,0)

k=1;k1=1;
s1=subs(s1);s2=subs(s2);
sl=double(s1);s2=double(s2);
x2=[s1 s2];t2=[1 101],

I=subs(l);11=subs(I1);12=subs(12);
y1=subs(yl);y2=subs(y2);mx1=subs(mx1);mx2=subs(mx2);



w=zeros(101,1);

s1=1/100;

nl1=I1/s1+1;

x1(1)=0;

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(y1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(y2,x,x1(n));
w(n+n1-1)=double(s3);

end

figure

t1=1:101;

plot(t1,-w,t2,-x2);grid,;

figure

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(mx1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(mx2,x,x1(n));
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w(n+nl-1)=double(s3);
end
plot(tl,w);grid;

Vi du 3: Bai toan dau ngam dau ty do
syms X | k k1 ej;

syms a0 al a2 a3 a4 a5 a6 a7 a8 a9;
syms b0 b1 b2 b3 b4 b5 b6 b7 b8 b9;
syms Id1 1d2 1d3 ld4 1d5 1d6 1d7;

1=2/K1,
11=0.7*I; 12=1-I1;

y0=k1/k/2 *exp(-k1*x)*(cos(k1*x)+sin(k1*x));
mO0=-1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));
%mO=1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));
q0=diff(mO0,x);f0=k*y0;

rm2=subs(mo0,x,12);

rq2=subs(q0,x,12);

y01=subs(y0,x,11-x);

mO01=subs(mo0,x,l1-x);
q01=subs(g0,x,l11-x);f01=k*y01;
rml=subs(m01,x,0);vpa(rml)
rgl=subs(gq01,x,0);vpa(rql)

vpa(rm2)

vpa(rg2)

sl=double(subs(rm1,k1,1));

if s1>0;sigm1=1;else sigm1=-1;end;
sl=double(subs(rm2,k1,1));

if s1>0;sigm2=-1;else sigm2=1;end;
sl=double(rql);

if s1>0;sigql=-1;else sigql=1;end;
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sl=double(rq2);
if s1>0;sigg2=-1;else sigq2=1;end;

y1=a2*x"2+a3*x"\3+ad*x4+a5*x"\5+a6*x \6+a/* X +a8*x"8+a9*x"9;
y2=p0+b1*x+b2*x"2+h3*X"3+04*X 4+05*X"5+h6*X 6+ 7* X 7+h8*X8+09*X"9;

y11=diff(y1,x);y12=diff(y11l,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k174*bd1;f1=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;92=diff(mx2,X);

gl=subs(y1,x,0);
g2=subs(y11,x,0);
g3=subs(mx2,x,12);
g4=subs(g2,x,12);
g5=subs(y1,x,l1)-subs(y2,x,0);
g6=subs(y11,x,l1)-subs(y21,x,0);

z11=93*1d3+g4*1d4+g5*1d5+g6*1d6;
z12=sigm1*rml1*subs(y11,x,0)+sigql*rgl*subs(yl,x,0)+
sigm2*rm2*subs(y21,x,12)+sigg2*rg2*subs(y2,x,12);
z1=711+712,;

s1=diff(bd1,a0);s2=diff(y1,a0);s3=diff(z1,a0);
h1=int((mx1-m01)*s1,x,0,I1)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,al);s2=diff(y1,al);s3=diff(z1,al);
h2=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a2);s2=diff(y1,a2);s3=diff(z1,a2);
h3=int((mx1-m01)*s1,x,0,I1)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a3);s2=diff(y1,a3);s3=diff(z1,a3);
h4=int((mx1-m01)*s1,x,0,I1)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bdl,a4);s2=diff(yl,a4);s3=diff(z1,a4);
h5=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a5);s2=diff(y1,a5);s3=diff(z1,a5);



h6=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a6);s2=diff(y1,a6);s3=diff(z1,a6);
h7=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a7);s2=diff(y1,a7);s3=diff(z1,a7);
h8=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a8);s2=diff(y1,a8);s3=diff(z1,a8);
h9=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a9);s2=diff(y1,a9);s3=diff(z1,a9);
h10=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;

s1=diff(bd2,b0);s2=diff(y2,b0);s3=diff(z1,b0);
h21=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b1);s2=diff(y2,b1);s3=diff(z1,bl1);
h22=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b2);s2=diff(y2,b2);s3=diff(z1,b2);
h23=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b3);s2=diff(y2,b3);s3=diff(z1,b3);
h24=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b4);s2=diff(y2,b4);s3=diff(z1,b4);
h25=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b5);s2=diff(y2,b5);s3=diff(z1,b5);
h26=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b6);s2=diff(y2,b6);s3=diff(z1,b6);
h27=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b7);s2=diff(y2,b7);s3=diff(z1,b7);
h28=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b8);s2=diff(y2,b8);s3=diff(z1,b8);
h29=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b9);s2=diff(y2,b9);s3=diff(z1,b9);
h30=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;

h41=diff(z1,ld1):
h42=diff(z1,1d2):
h43=diff(z1,1d3);



ha4=diff(z1,1d4);
h45=diff(z1,1d5);
h46=diff(z1,1d6);

r=solve(h3,h4,h5,h6,h7,h8,h9,h10,...

h21,h22,h23,h24,h25,h26,h27,h28,h29,h30,...

h43,h44,h45,h46,...
'a2','ad','ad','ab','a6','ar",'a8','a9',...
'b0','b1",'b2','b3",'b4",'b5",'b6",'b7",'p8",'b9,...
'1d3','ld4",'ld5','1d6")

%digits(7);

%al=vpa(r.al)
a2=vpa(r.a2)
a3=vpa(r.a3)
ad=vpa(r.a4)
ab=vpa(r.ab)
a6=vpa(r.ab)
a7=vpa(r.a7)
a8=vpa(r.a8)
a9=vpa(r.a9)

b0=vpa(r.b0)
bl=vpa(r.bl)
b2=vpa(r.b2)
b3=vpa(r.b3)
b4=vpa(r.b4)
b5=vpa(r.b5)
b6=vpa(r.b6)
b7=vpa(r.b7)
b8=vpa(r.b8)
b9=vpa(r.b9)
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y1=a2*x"2+a3*x"\3+ad*x 4+a5*x" "5+ab*x 6+ar*x7+a8*x8+a9*x"9;
y2=b0+b1*x+b2*x"2+h3*x"3+b4*X 4+h5* X "5+h6*X 6+ 7* X 7+h8* X8+ 9*X"9;

y11=diff(y1,x);y12=diff(y11l,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22,
mx1=k/4/k1™4*bd1;f1=k*y1;g1=diff(mx1,X);
mx2=k/4/k174*bd2;f2=k*y2;q2=diff(mx2,x);

s1=subs(mx1,x,0)
s2=subs(mx1,x,I1)
s3=subs(y1,x,I1)
s4=subs(y2,x,0)
s5=subs(y2,x,12)

k=1:k1=1;
s1=subs(sl);s2=subs(s2);
sl=double(s1);s2=double(s2);
x2=[s1 s2];t2=[1 101];

I=subs(l);11=subs(I1);12=subs(12);
y1=subs(yl1);y2=subs(y2);mx1=subs(mx1);mx2=subs(mx2);
w=zeros(101,1);
s1=1/100;
n1=11/s1+1;
x1(1)=0;
for n=2:n1
x1(n)=x1(n-1)+s1;
end
for n=1:n1
s2=x1(n);
s3=subs(y1,x,52);
w(n)=double(s3);
end
n2=12/s1+1;x1(1)=0;
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for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(y2,x,x1(n));
w(n+nl-1)=double(s3);

end

figure

t1=1:101;

plot(tl,-w,t2,-x2);grid;

figure

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(mx1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(mx2,x,x1(n));
w(n+nl-1)=double(s3);

end

plot(t1,w);grid;

Vi du 3 — Dam dau ngam dau tu do
syms x | k k1 ej;

syms a0 al a2 a3 a4 a5 a6 a7 a8 a9,
syms b0 b1 b2 b3 b4 b5 b6 b7 b8 b9;
syms Id1 1d2 1d3 ld4 1d5 1d6 1d7;

1=4/k1,

11=0.5*I; 12=I-11;



y0=k1/k/2 *exp(-k1*x)*(cos(k1*x)+sin(k1*x));
mO0=-1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));

q0=diff(mO0,x);f0=k*y0;
rm2=subs(mao0,x,12);
rg2=subs(qo,x,12);
y01=subs(y0,x,11-x);
mO01=subs(mo0,x,l1-x);
q01=subs(q0,x,I1-x);f01=k*y01;
rml=subs(m01,x,0);vpa(rml)
rgl=subs(gq01,x,0);vpa(rql)
vpa(rm2)

vpa(rq2)

sl=double(subs(rml,k1,1));

if s1>0;sigm1=1;else sigml=-1;end;

sl=double(subs(rm2,k1,1));

if s1>0;sigm2=-1;else sigm2=1;end;

sl=double(rql);
if s1>0;sigql=-1;else sigql=1;end;
sl=double(rg2);
if s1>0;sigg2=-1;else sigq2=1;end;

y1=a2*x"2+a3*x"3+ad*x"+a5*x"5+a6*x6+a/*xN7+a8*x8+a9*x"9;

y2=b0+b1*x+b2*x"2+b3*Xx"3+b4*x 4+h5*X 5+h6*X6+b 7*X7+b8*X"8+b9* X

9;

y11=diff(y1,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;f1=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

gl=subs(y1,x,0);
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g2=subs(y11,x,0);
g3=subs(mx2,x,12);
g4=subs(q2,x,12);
g5=subs(y1,x,11)-subs(y2,x,0);
g6=subs(y11,x,11)-subs(y21,x,0);

z11= g3*ld3+g4*ld4+g5*1d5+g6*Id6;

z12=
sigm1*rml1*subs(y11,x,0)+sigql*rgl*subs(yl,x,0)+sigm2*rm2*subs(y21,x,12)+si
gg2*rg2*subs(y2,x,12);

z1=211+712;

s1=diff(bd1,a0);s2=diff(y1,a0);s3=diff(z1,a0);
h1=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bdl,al);s2=diff(y1,al);s3=diff(z1,al);
h2=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a2);s2=diff(y1,a2);s3=diff(z1,a2);
h3=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a3);s2=diff(y1,a3);s3=diff(z1,a3);
h4=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bdl,a4);s2=diff(yl,a4);s3=diff(z1,a4);
h5=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a5);s2=diff(y1,a5);s3=diff(z1,a5);
h6=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a6);s2=diff(y1,a6);s3=diff(z1,a6);
h7=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a7);s2=diff(y1,a7);s3=diff(z1,a7);
h8=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a8);s2=diff(y1,a8);s3=diff(z1,a8);
h9=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a9);s2=diff(y1,a9);s3=diff(z1,a9);
h10=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;

s1=diff(bd2,b0);s2=diff(y2,b0):s3=diff(z1,b0);
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h21=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b1);s2=diff(y2,b1);s3=diff(z1,bl1);
h22=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b2);s2=diff(y2,b2);s3=diff(z1,b2);
h23=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b3);s2=diff(y2,b3);s3=diff(z1,b3);
h24=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b4);s2=diff(y2,b4);s3=diff(z1,b4);
h25=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b5);s2=diff(y2,b5);s3=diff(z1,b5);
h26=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b6);s2=diff(y2,b6);s3=diff(z1,b6);
h27=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b7);s2=diff(y2,b7);s3=diff(z1,b7);
h28=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b8);s2=diff(y2,b8);s3=diff(z1,b8);
h29=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b9);s2=diff(y2,b9);s3=diff(z1,b9);
h30=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;

ha1=diff(z1,1d1);
h42=diff(z1,1d2);
h43=diff(z1,1d3);
ha4=diff(z1,1d4);
ha5=diff(z1,1d5);
ha6=diff(z1,1d6):

r=solve(h3,h4,h5,h6,h7,h8,h9,h10,...
h21,h22,h23,h24,h25,h26,h27,h28,h29,h30,...
h43,h44,h45,h46,...
'a2','a3','ad','ab','a6','a7",'a8','a9',...
'b0','b1','b2','b3",'b4",'b5"'b6",'07",'b8",'b",...
'1d3''ld4",'ld5",'1d6");
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%digits(7);
%a0=vpa(r.a0)
%al=vpa(r.al)
a2=vpa(r.a2)
a3=vpa(r.a3)
ad=vpa(r.a4)
ab=vpa(r.ab)
ab=vpa(r.ab)
a7=vpa(r.a7)
a8=vpa(r.a8)
a9=vpa(r.a9)

b0=vpa(r.b0)
bl=vpa(r.bl)
b2=vpa(r.b2)
b3=vpa(r.b3)
b4=vpa(r.b4)
b5=vpa(r.b5)
b6=vpa(r.b6)
b7=vpa(r.b7)
b8=vpa(r.b8)
b9=vpa(r.h9)

yl=a2*x"2+a3*x"3+ad*xM+a5*x\b+a6*x6+a7*x7+a8*x8+a9*x"9;

y2=b0+b1*X+h2*x"2+b3*X3+b4*X 4+h5*X 5+h6*X 6+ 7*X 7 +b8*X8+h9* X

9

y11=diff(yl,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;f1=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

s1=subs(mx1,x,0)
s2=subs(y1,x,I1)
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s3=subs(y2,x,0)
s4=subs(mx1,x,I1)
s5=subs(mx2,x,0)

k=1:k1=1;
s1=subs(s1);s2=subs(s2);
sl=double(s1);s2=double(s2);
x2=[s1 s2];t2=[1 101];

I=subs(l);11=subs(I1);12=subs(12);

y1=subs(yl1);y2=subs(y2);mx1=subs(mx1);mx2=subs(mx2);

w=zeros(101,1);

s1=1/100;

n1=11/s1+1;

x1(1)=0;

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(y1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(y2,x,x1(n));
w(n+nl-1)=double(s3);

end

figure

t1=1:101;

plot(tl,-w,t2,-x2);grid;

%plot(tl,w,t2,x2);grid;

figure
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for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(mx1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(mx2,x,x1(n));
w(n+nl-1)=double(s3);

end

plot(tl,-w);grid;

Vi du 4 — Dam dau ngam dau khop
syms X | k k1 ej;

syms a0 al a2 a3 a4 a5 a6 a7 a8 a9,
syms b0 b1 b2 b3 b4 b5 b6 b7 b8 b9;
syms Id1 1d2 1d3 ld4 1d5 1d6 1d7;
|=4/K1;

11=0.5*1; 12=I-I1,

y0=k1/k/2 *exp(-k1*x)*(cos(k1*x)+sin(k1*x));
mO0=-1/4/k1*exp(-k1*x)*(sin(k1*x)-cos(k1*x));



g0=diff(m0,x);f0=k*yO0;
rm2=subs(mo0,x,12);
rg2=subs(qo,x,12);
y01=subs(y0,x,11-x);
mO01=subs(mO0,x,11-x);
g01=subs(g0,x,11-x);f01=k*y01;
rml=subs(m01,x,0);vpa(rml)
rgl=subs(gq01,x,0);vpa(rql)
vpa(rm2)

vpa(rq2)

sl=double(subs(rm1,k1,1));

if s1>0;sigm1=1;else sigml=-1;end;
sl=double(subs(rm2,k1,1));

if s1>0;sigm2=-1;else sigm2=1;end;
sl=double(rql);

if s1>0;sigql=-1;else sigql=1;end;
sl=double(rg2);

if s1>0;sigg2=-1;else sigq2=1;end;

yl1=a2*x"2+a3*x"3+ad*xM+a5*x"5+a6*x\6+a7*x 7+a8*x8+a9*x"9;

y2=b0+b1*x+h2*x"2+b3*Xx"3+b4*X 4+h5*X 5+h6*X 6 +h 7* X 7+h8* X 8+h9*Xx/

9;

y11=diff(y1,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;fl=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

gl=subs(y1,x,0);
g2=subs(y11,x,0);
g3=subs(mx2,x,12);
g4=subs(y2,x,12);
g5=subs(y1,x,11)-subs(y2,x,0);
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g6=subs(y11,x,I1)-subs(y21,x,0);

z11= g3*1d3+g4*1d4+g5*1d5+g6*1d6;
z12=

sigm1*rml1*subs(y11,x,0)+sigql*rgl*subs(yl,x,0)+sigm2*rm2*subs(y21,x,12)+si

gg2*rg2*subs(y2,x,12);
z1=211+212,

s1=diff(bd1,a0);s2=diff(y1,a0);s3=diff(z1,a0);
h1=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bdl,al);s2=diff(y1,al);s3=diff(z1,al);
h2=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a2);s2=diff(y1,a2);s3=diff(z1,a2);
h3=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a3);s2=diff(y1,a3);s3=diff(z1,a3);
h4=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a4);s2=diff(y1,a4);s3=diff(z1,ad);
h5=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a5);s2=diff(y1,a5);s3=diff(z1,a5);
h6=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a6);s2=diff(y1,a6);s3=diff(z1,a6);
h7=int((mx1-m01)*s1,x,0,l11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a7);s2=diff(yl,a7);s3=diff(z1,a7);
h8=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a8);s2=diff(y1,a8);s3=diff(z1,a8);
h9=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;
s1=diff(bd1,a9);s2=diff(y1,a9);s3=diff(z1,a9);
h10=int((mx1-m01)*s1,x,0,11)+int((f1-f01)*s2,x,0,11)+s3;

s1=diff(bd2,b0);s2=diff(y2,b0);s3=diff(z1,b0);
h21=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b1);s2=diff(y2,b1);s3=diff(z1,b1);
h22=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b2);s2=diff(y2,b2);s3=diff(z1,b2);
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h23=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b3);s2=diff(y2,b3);s3=diff(z1,b3);
h24=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b4);s2=diff(y2,b4);s3=diff(z1,b4);
h25=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b5);s2=diff(y2,b5);s3=diff(z1,b5);
h26=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b6);s2=diff(y2,b6);s3=diff(z1,b6);
h27=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b7);s2=diff(y2,b7);s3=diff(z1,b7);
h28=int((mx2-m0)*s1,x,0,I12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b8);s2=diff(y2,b8);s3=diff(z1,b8);
h29=int((mx2-m0)*s1,x,0,l12)+int((f2-f0)*s2,x,0,12)+s3;
s1=diff(bd2,b9);s2=diff(y2,b9);s3=diff(z1,b9);
h30=int((mx2-m0)*s1,x,0,12)+int((f2-f0)*s2,x,0,12)+s3;

h41=diff(z1,1d1);
h42=diff(z1,1d2);
h43=diff(z1,1d3);
ha4=diff(z1,1d4);
h45=diff(z1,1d5);
h46=diff(z1,1d6);

r=solve(h3,h4,h5,h6,h7,h8,h9,h10,...
h21,h22,h23,h24,h25,h26,h27,h28,h29,h30,...
h43,h44,h45,h46.,...
'a2''a3','a4','ab','a6','a7','a8','a9',...
'b0','b1','b2','b3",'b4",'b5",'b6",'07",'b8"'h9",...
'1d3','ld4','ld5','1d6");

%digits(7);
%a0=vpa(r.a0)
%al=vpa(r.al)
a2=vpa(r.a2)
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a3=vpa(r.a3)
ad=vpa(r.a4)
ab=vpa(r.ab)
a6=vpa(r.ab)
a7=vpa(r.a7)
a8=vpa(r.a8)
a9=vpa(r.a9)

b0=vpa(r.b0)
bl=vpa(r.bl)
b2=vpa(r.b2)
b3=vpa(r.b3)
b4=vpa(r.b4)
b5=vpa(r.b5)
b6=vpa(r.bo6)
b7=vpa(r.b7)
b8=vpa(r.b8)
b9=vpa(r.h9)

yl= a2*x"2+a3*x"3+ad*xM+a5*x"5+a6*x6+a7*x7+a8*x8+a9*x"9;

y2=b0+b1*x+b2*x"2+b3*Xx"3+b4*X 4+h5*X 5+h6* X6 +b 7*X7+b8*X"8+b9* X"

9;

y11=diff(yl,x);y12=diff(y11,x);bd1=-y12;
y21=diff(y2,x);y22=diff(y21,x);bd2=-y22;
mx1=k/4/k1"4*bd1;f1=k*y1;ql=diff(mx1,x);
mx2=k/4/k1"4*bd2;f2=k*y2;q2=diff(mx2,x);

s1=subs(mx1,x,0)
s2=subs(y1,x,11)
s3=subs(y2,x,0)
s4=subs(mx1,x,11)
s5=subs(mx2,x,0)
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k=1:k1=1;
s1=subs(s1);s2=subs(s2);
sl=double(s1);s2=double(s2);
x2=[s1 s2];t2=[1 101];

I=subs(l);11=subs(I1);12=subs(12);

y1=subs(yl);y2=subs(y2);mx1=subs(mx1);mx2=subs(mx2);

w=zeros(101,1);

s1=1/100;

n1=I1/s1+1;

x1(1)=0;

for n=2:n1
x1(n)=x1(n-1)+s1;

end

for n=1:n1
s2=x1(n);
s3=subs(y1,x,52);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(y2,x,x1(n));
w(n+nl-1)=double(s3);

end

figure

t1=1:101,

plot(tl,-w,12,-x2);grid,;

%plot(tl,w,t2,x2);grid,;

figure

for n=2:n1
x1(n)=x1(n-1)+s1,

end

for n=1:n1
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s2=x1(n);
s3=subs(mx1,x,s2);
w(n)=double(s3);

end

n2=12/s1+1;x1(1)=0;

for n=2:n2
x1(n)=x1(n-1)+s1;
s3=subs(mx2,x,x1(n));

w(n+nl-1)=double(s3);

end
plot(t1,-w);grid;
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