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LOI CAM ON

Trude hét véi tinh cam chan thanh va long biét on sdu sdc, t6i xin givi o7 cam on
dén cdc thay, cé gido Khoa Sau dai hoc, Khoa Xdy dung va toan thé cdc thay cé gido
truong Pai hoc Ddn Ldp Hai Phong da tan tinh giup do toi trong qua trinh hoc tdp va

nghién ciru dé hoan thanh ludn vén tot nghiép.

Bdc biét t6i xin bay t6 long biét on sdu sic dén TS. Podn Van Dudn dd danh
nhiéu thoi gian tam huyét, truc tié}) hwong dan tan tinh, chi bao va tao diéu kién thudn

loi cho t6i trong sudt qud trinh thue hién nghién civu dé tai va hoan thanh ludn vin nay.

Do nhitng han ché vé kién thirc, thoi gian, kinh nghiém va tai liéu tham khdo nén
khéng thé tranh khéi thiéu sot, téi rat mong nhdan dwoc sw gp ¥, chi bdo ciia cdc thay cé

Qi&o dé toi hoan thién hon trong qud trinh nghién ciru va cong tdc sau nay.

Cudi cung, toi xin chan thanh cam on gia dinh va ban be da dong vién, khich l¢,
sé chia, gitip d6 va dong hanh cing téi trong cudc song ciing nhir trong qud trinh hoc

tdp, nghién cuu.

Toi xin chan thanh cam on!

Tac gia luan van

Lé Thi Kim Thoa



MO DAU

Trong thuc té, phan 16n cac cong trinh x4y dung déu chiu tac dung cia tai trong
dong (didc biét 1a ddi véi cac cong trinh quén su). Viée tinh toan va thiét ké cac cong trinh
n6i chung (nhét 1a cac cong trinh cao tang) khong nhitng phai dam bao diéu kién bén,
ctng, 6n dinh ma khong kém phan quan trong 1a phai phan tich phan (mg ctia cong trinh
khi chiu cic nguyén nhén tac dung dong (gi6 bio, dong dat...). Vi du nhu cac cong trinh
bién thudng xuyén chiu tic dong ctia sdng va giod, cac tai trong d6 gy nén trong két cdu
cac (g suét thay doi theo thoi gian. Viéc nghién ctru dong luc hoc cong trinh chinh 1a

nghién ctru phan tng cua cong trinh khi chiu tai trong dong.

Bai toan dong luc hoc cong trinh x4c dinh tan sé dao dong riéng, dang dao dong
riéng, chuyén vi dong, noi luc dong... cua cong trinh. Tur do, kiém tra diéu kién bén, diéu
kién ctmg va kha ning xay ra cong hudng, nghién ctru cac bién phap giam chin va cac
bién phap tranh cdng hudng. Ngoai ra, bai toan dong luc hoc cong trinh con 1a co sé cho

viéc nghién ctru nhi€u linh vuc chuyén sau khac nhu:

+ Panh gia chat lugng cong trinh bang cac phuong phap dong luc hoc (ngay ca khi

cong trinh chiu tai trong tinh).
+ Bai toan danh gia tudi tho cong trinh.
+ Bai todn danh gia kha nang chiu moi cia cong trinh.

+ Bai toan 6n dinh dong luc hoc cdng trinh.

C6 nhiéu phuong phép giai bai toan dong luc hoc cong trinh. Trong luan vin nay,
tac gia sir dung phuong phap nguyén 1y cuc trj Gauss dé giai vi phuong phap nay cé wu
diém 1a: Tim 1oi giai cia mdt bai toan nay trén co s¢ so sanh mdt cach co diéu kién véi
|61 giai cua mot bai toan khac nén cach nhin bai toan don gian hon. Pac biét, phuong
phap nguyén 1y cuc tri Gauss to ra thuén tién khi giai cac bai toan dong luc hoc cua vat

ran bién dang do nguyén 1y nay dé cap dén dong thai.

Mit khac, tac gia luan van tim hiéu nguyén 1y cuc tri Gauss va van dung n6 nhu
mot phuong phap hoan toan méi trong viée tim 101 giai bai toan dong luc hoc cong trinh

l1a diéu can thiét.



Muc dich nghién ciru ciia dé tai:
- Tim hiéu cac phuong phép giai bai todn dong lyc hoc di biét.
- Tim hiéu co sé Iy luan, dic diém cua phuong phap nguyén Iy cuc tri Gauss.

- Ung dung ctia phuong phap cho bai toan dong luc hoc cong trinh.

Gi6i han nghién ctru: Ap dung phuong phap nguyén 1y cuc tri Gauss dé giai mot sé bai
toan dong luc hoc cong trinh (bai toan dan hoi tuyén tinh, tai trong tac dong 1a tai trong
diéu hoa).
Phwong phap nghién ciru:

- Nghién ctru vé mit 1y thuyét.

- Str dung nhitng kién thire 1y thuyét va phin mém tin hoc dé tinh toan céac vi du.



LOI CAM DOAN

Tbi xin cam doan day 1a cong trinh nghién ctru cua riéng toi va huéng dan khoa
hoc cua TS. Poan Vin Duan. Céc ndi dung nghién ctu, két qua trong dé tai nay 1a trung

thue va chua cong bd dudi bat ky hinh thirc nao trudce day.

Nhitng s6 liéu phuc vu cho viéc phan tich trong luan vin dugc chinh tac gia thu

thap tir cac ngudn khac nhau cé ghi rd trong phan tai liéu tham khao.

Néu phat hién cé bat ky gian lan nao tdi xin hoan toan chiu trach nhiém vé noi

dung luan van caa minh.

Tac gia luin vin

Lé Thi Kim Thoa



DANH MUC KY HIEU

Ky hiéu Pai lwong
T Dong nang
11 Thé ning
E Mddun dan hdi
C(x) Phiém ham mé rong
G Moédun truot
2G Do cing cua bién dang
J M6 men quan tinh tiét dién
EJ Do cing ubn cua tiét dién dam
M Momen ubn
N Luc doc
P Luc tap trung
Q Luc cat
q Ngoai lyc phan bd tac dung 18n dam
m Khoi lugng chat diém
T Ung suit tiép
o Ung suat phap
& Bién dang truot
A(X) Do vong caa dam
£ Bién dang cua vat liéu
J Bién phan
ri Véc to toa do
a Dai luong Ten xo
G Modun truot
Vi Bién dang thé tich
X Bién dang uén (d6 cong dudng dan hoi)
4, ), Hé s6 Lamé
v Hé sb Poisson
u Chuyén vi theo truc x
VA Luong cudng birc
D Do cirng udn

D(1-v)

Do cirng X04n
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DANH MUC HINH VE
S6 hiéu Tén hinh vé
Hinh 1.1 Dao dong tuan hoan
Hinh 1.2 Dao dong diéu hoa
Hinh 1.3 Dam don gian
Hinh 1.4 Dam don gian
Hinh 2.1 Dam don gian chiu lec tap trung
Hinh 2.2 Dam don gian c6 khdi lwong tap trung
Hinh 2.3 Dang dao dong riéng caa dam cé 2 khéi lwong tap trung
Hinh 3.1 Dam don gian c6 2 bac ty do
Hinh 3.2 Dang dao dong riéng cia dam don gian ¢6 2 bac tu do
Hinh 3.3 Dam don gian c6 3 bac ty do
Hinh 3.4 Dang dao dong riéng cia dam don gian ¢6 3 bac tu do
Hinh 3.5 Dam don gian c6 dau thira
Hinh 3.6 Dang dao dong riéng cua dam don gian c6 dau thira
Hinh 3.7 Dam lién tuc 2 nhip
Hinh 3.8 Dam siéu tinh bac nhét c6 1 bac tu do
Hinh 3.9 Dam don gian
Hinh 3.10 Dam don gian c6 2 bac tu do
Hinh 3.11 Dang dao dong riéng thir nhat cua dam don gian c6 2 bac tu do
Hinh 3.12 Dang dao dong riéng thir hai caa dam don gian c6 2 bac tu do
Hinh 3.13 Dam don gian c6 3 bac ty do
Hinh 3.14 Dang dao dong riéng thir nhét cua dam don gian ¢6 3 bac tu do
Hinh 3.15 Dang dao dong riéng thir hai caa dam don gian c6 3 bac tu do
Hinh 3.16 Dang dao dong riéng thir ba ciia dam don gian c6 3 bac ty do
Hinh 3.17 Dam don gian c6 3 bac ty do
Hinh 3.18 Dam don gian chiu lyc cudng bic
Hinh 3.19 Tai trong khai trién theo cac dang riéng
Hinh 3.20 Biéu ¢6 mé men do luc P=1 gay ra
Hinh 3.21 Biéu ¢6 md men dong
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CHUONG 1. BAI TOAN PONG LUC HOC CONG TRINH

Thuat ngir "dong” c¢6 thé duoc hiéu don gian nhu 14 bién doi theo thoi gian [19,
tr.1]. Vay tai trong dong la bat ctr tai trong nao ma dd 16n, hudng hodc vi tri thay ddi theo
thoi gian. Trong qua trinh d6, cac khdi luong trén cong trinh dugc truyén gia téc nén
phat sinh lyc quan tinh dit tai cac khdi luong. Luc quén tinh tic dung 1én cong trinh gay
ra hi¢n twong dao dong. Dao dong do duogc biéu thi dudi dang chuyén vi cia két cu.
Viéc tinh toan cong trinh cé xét dén lyc quan tinh xuat hién trong qua trinh dao dong

duoc goi la giai bai toan dao dong cong trinh [10, tr.7].

Phan tng ctia két cau d6i véi tai trong dong, nghia 13 cac tng suat va do vong xuét
hién khi d6, ciing 1a dong (bién thién theo thoi gian). N6i chung, phan tng cta két cdu
d6i vai tai trong dong duoc biéu dién thong qua chuyén vi cua két cau. Cac dai luong
phan trng khac ¢ lién quan nhu noi lyc, rng suét, bién dang....déu duoc xac dinh sau khi

c0 su phan bo chuyén vi cua hé.

Poi khi, viée giai quyét bai toan dong luc hoc cong trinh con duoc tién hanh bang
viéc dua vao cac hé sb dong. Khi do, noi luc, chuyén vi va moi tham sb ctia hé déu duoc
tinh todn thong qua hé s6 dong véi cac két qua tinh toan tinh. Tat ca cac dai lwong d6 déu
1a céac gié tri cuc dai ung v&i mot thoi diém xac dinh, khong phai 1a cac ham theo bién
thoi gian.

1.1. Pac trung co ban ciia bai toan dong luc hoc:

Tai trong thay ddi theo thoi gian nén trang thai Gmg suat - bién dang cta hé ciing
thay d6i theo thoi gian. Do d6, bai toan dong s& khong co nghiém chung duy nhat nhu
bai toan tinh. Vi vay, bai toan dong phuc tap va kho khian hon nhiéu so véi bai toan tinh.
Su can thiét phai ké dén lyc quéan tinh 13 diém khéc biét co ban nhat cua bai toan dong

luc hoc so véi bai toan tinh. Ngoai ra, viéc xét dén anh hudng cia luc can cling 1a mot

dac trung co ban phan biét hai bai toan trén.
1.1.1. Lwec can:

Trong tinh toan, d6i khi khong xét dén anh huéng ctia lyc can nhung lyc can luén
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ludn c6 mat va tham gia vao qua trinh chuyén dong cua hé. Luc can xuét hién do nhiéu
nguyén nhan khac nhau va anh hudng ctia chiung dén qua trinh dao dong 1a rat phic tap.
Trong tinh toan, dua ra cac gia thiét khac nhau vé lyc can, phu hop voi diéu kién thuc té

nhét dinh.

Trong da s6 cac bai toan dao dong cong trinh, ta thuong sit dung mo hinh vat li¢u
bién dang dan nhét (ma sat nhét) do nha co hoc ngudi Pic W.Voigt kién nghi: xem luc

can ty I¢ bac nhét véi van toc dao dong.
Cong thuce cua lyc can: P, = Cy’ (1.1.1.2)
voi C 12 hé sb tat dan.
Ngoai ra con dua ra mot sd gia thiét co ban sau:

* Liec cdn theo gid thiét Xorékin: 13 gia thiét vé luc can trong phi dan hoi. Luc can
trong phi dan hoi 14 lyc can tinh dén sy tiéu hao nang lugng trong hé, dugc biéu thi trong
viéc 1am ton that tré nang luong bién dang trong qua trinh dao dong. N6 khong phu
thudc vao tde do bién dang ma phy thudc vao gia tri bién dang.Trong d6, quan hé gitia

cac bién dang chung (46 vong, goc xoay) véi tai trong ngoai 1 quan hé phi tuyén.
A . \ .Y
Cong thtrc cua luc can: P= i - P4 (1.1.1.2)
Vi

trong do Py 1a luc dan hoi; v 1a hé s6 tiéu hao nang luong.

[Luec dan hoi (hay lic phuc hoi) xudt hién khi tach hé khoi vi tri cén bang va ¢é xu
hudng dwa hé vé vi tri can bang ban ddu, twong ing va phu thudc vao chuyén vi dong
ciia hé: Py = P(y). O cdc hé dan hoi tuyén tinh: Py = ky véi k la hé s6 citng (luc gay
chuyén vi bang 1 don vi)].

*Lwc can ma sat kho cua Coulomb (Fy): ty 1€ vai ap luc vudng goéc N va cod

phuong nguogc véi chiéu chuyén dong.

Cong thuc cua luc can: Fs = x.N (1.1.1.3)
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V&I u 1a hé s ma sat.

Luc can s& lam cho chu ky dao dong dai hon. Trong thyc té, ¢6 nhitng cdng trinh bi
cong huong nhung chua bi pha hoai ngay vi c6 hé sb can khac khong. Do con anh hudng
cua lyc can nén khi cong hudng, cac noi lyc, chuyén vi dong cua h¢ khong phai béng 00

ma c¢6 tri s6 16n hitu han.
1.1.2. Bdc trung djng ciia hé dao dong tuyén tinh:

Dao dong tuyén tinh 1a dao dong ma phwong trinh vi phdn moé ta dao dong 1a
phuong trinh vi phan tuyén tinh. Pic trung dong cua hé dao dong tuyén tinh bao gom:
khdi luong cua h¢, tinh chit dan hoi cua hé (do ctrng, do mém), nguén kich dong, tan sb

dao dong (tan s6 dao dong riéng, dang dao dong riéng), hé sd tit dan...

Béc ty do ctia hé dan hoi 1a s6 thong s6 hinh hoc ddc 1ap can thiét dé xac dinh vi tri

ctia hé tai mot thoi diém bét ky khi c6 chuyén dong bat ky.

Vién dé xéac dinh céc tan s dao dong riéng va cac dang dao dong riéng cia bai toan
dao dong h¢ hiru han bac ty do twong tng vo1 bai toan xac dinh cac tri riéng va vecto
riéng cua dai s6 tuyén tinh. Thong thuong, dé danh gia mot cong trinh chiu tai trong
dong, chung ta thuong danh gia so bo thong qua tan sé dao dong riéng thir nhit va dang

dao dong riéng thir nhét (tan s6 dao dong co ban va dang dao dong co ban).
1.2. Dao ddng tuin hoan - Dao dong diéu hoa:

HAu nhu bat cir hé két cAu nao cling c6 thé chiu mot dang tai trong dong nao do
trong sudt qua trinh séng cua no (tai trong tinh dugc xem nhu dang dac biét cua tai trong

dong). Cac tai trong duoc phan thanh: tai trong tudn hoan va tai trong khong tuan hoan.

Céc tai trong khong tuan hoan c6 thé 1a cac tai trong xung ngan han hodc c6 thé 1a

cac tai trong tong quat dai han, cac dang don gian hoa c6 thé dung duoc.

Mot tai trong tuan hoan thé hién su bién thién theo thoi gian giéng nhau lién tiép
d6i voi mot s6 lwong 16n chu ky. Tai trong tuan hoan don gian nhat c6 dang hinh sin

(hodc cosin) va dugc goi 1a diéu hoa don gidn. Nho ¢ phan tich Fourier ma bat cir mot
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tai trong tudn hoan no ciing co6 thé dugc bidu dién nhu 1a mot chudi cac thanh phan didu

hoa don gian. Tai trong tuan hoan gy ra dao dong tuan hoan trong két cau.
1.2.1. Dao dong tuin hoan:

La dao dong duoc 1ap lai sau nhimg khoang thoi gian t nhat dinh. Néu dao dong
duogc biéu dién bai ham s6 cta thoi gian y(t) thi bat ky dao dong tuan hoan nao ciing phai

thoa man: y(t) = y(t+t). Thoi gian 13p lai dao dong t duoc goi 1a chu ky cua dao dong va

nghich dao cua né f= 1/t duoc goi la tan so.

Dang don gian nht ctia dao dong tuan hoan 1a dao dong diéu hoa.

)

A L

Hinh 1.1

1.2.2. Dao djng diéu hoa:

Thuong duoc mo ta bang hinh chiéu trén mot duong thang ciia mot diém di chuyén
trén mot vong tron véi van téc goc ®. Do d6 chuyén vi y dugce viét: y = Asinot.

V(D)

RN

ot y(t)

Hinh 1.2
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Boi vi dao dong 13p lai trong khoang thoi gian 2 7 nén c6 méi lién hé:
w=2rlt =24 (1.2.2.1)

Van toc va gia toc cling la diéu hoa vdi cung tan so cua dao dong nhung 1éch vi do

dich chuyén lan luot 1a /2 va 7
y'=whsin(ot+z/2) (1.2.2.2)
V= -w’Asinot=w’Asin(wt+rz) (1.2.2.3)
Vay: y’= - 0%y => Gia tdc ty 18 v6i do dich chuyén.
1.3. Céc phuwong phap dé xay dung phwong trinh chuyén dong:

Phuong trinh chuyén dong ciia hé c¢6 thé xay dung dua trén co sé ciia phuong phap
tinh hodc cac nguyén 1y bién phan ning luong. Céc biéu thic toan hoc dé xac dinh céc
chuyén vi dong duogc goi 1a phuong trinh chuyén dong cua hé, n6 cod thé duoc biéu thi

dudi dang phuong trinh vi phan .
1.3.1. Phwong phap tinh dong hoc:

[Noi dung nguyén Iy D’ Alembert doi voi co hé: trong chuyén dong cua co hé, cdc
lyc thuce sy tac dung lén chat diéem cua hé gom ngi lyc va ngoai lyc cung voi cac lyc

quan tinh Idp thanh hé lyc can bang]

Dua trén co so nhitng nguyén tic cin bang cua tinh hoc ¢6 bd sung thém luc quan
tinh viét theo nguyén Iy D’ Alembert, diéu kién can bang (tinh dong) d6i vdi cac luc tong

quat viét cho hé n béc tu do:

@ +3:)an =0 @31y

trong do:

Qx - luc téng quat cta cac lyc da cho.
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theo so luc ax_ ay 82.
Q. =- (Xi—'+Yi—'+Zi—'J (1.3.1.2)
‘ le oq, o o

J k - luc tong quat ctua cac luc quan tinh cua cac khoi lugng, tuong tng vi cac

chuyén vi tong quat q.

theo so khoiluon
Ji=— > m, Q[Xi” X y! ¥, +2/ %, j (1.3.1.3)
i=1 aq o o

Xi, Vi, Zj - cac chuyén vi ctia khéi lugng m; theo phuong cac truc toa do, biéu dién

thong qua céc toa do tong quat .

Xi = X (ql’ QZ, ----- ,Qn)
Yi = Yi (du, G2, --,0n) (1.3.1.4)
Zi = Zj (ql’ QZ, ----- ,Qn)

Ciing c6 thé viét: I' = -Myqy, véi My 1a khdi lugng quy dbi, twong tmg voi chuyén

vi tong quat qy.
1.3.2. Phwong phdp nang luwong:

Duya trén dinh ludt bao toan nang lugng, trudong hop bd qua céc luc ngdn can

chuyén dong, ta c6: K + U = const.
Trong do:
K - dong ndng cua h¢:

2 2
K= 3™+ 3 [md V<22> (1.3.2.1)

U - thé nang cua h¢, c6 thé dugc biéu thong qua cong cia cac ngoai luc hodc cong

ctia cac ndi luc (truong hop hé phang):

U= %ZPiAcos(PiAi)+%ZjdP.Acos(dP,A) (1.3.2.2)



17

Hoac:

U= {ZIM os , jN “ds SIS ds} (1.3.2.3)

1.3.3. Phwong phdp ting dung nguyén ly cong do:

[Néi dung ciia nguyén 1y: diéu kién can va dii @é mét co hé lién két Iy, twong giir va dirmng
duwoc can bc%ng tai mot vi tri da cho la t(fng cong dao cua tat ca cac luc hoat dong tac

dung 1én hé déu bang khong trong di chuyén do bat ky tir vi tri dd cho][3, tr.33].
Nguyén ly dugc ap dung nhu sau: U, +6T, =0  (1.3.3.1)  (i=1+n)

trong do: U, - cong kha di cuia nd1 luc.

oT. - cong kha di cua ngoai luc (gém luc kich thich, luc can, luc

quan tinh).

Trong ba phuong phap da gidi thiéu ¢ trén, phuong phéap tinh dong dua ra cach
giai quyét don gian cho hé¢ mot s6 bac tu do. Su can thiét phai xem x¢&t cac luc lién két va
c4c biéu do vat thé tu do trong phuong phap niy dan dén nhitng kho khan dai s6 dbi voi

nhirng hé cé bac tu do cao hon.

Phuong phép ning luong khic phuc duoc nhimg kho khin ctia phwong phép tinh
dong. Tuy nhién, nguyén ly nang luong cung cac toa do vat Iy chi dua dugoc mot phuong

trinh ma diéu d6 chi g161 han st dung cho hé mot bac tu do.

Nguyén 1y cong 4o khic phuc dugc nhitng han ché ciia ca hai phuong phép trén va
la mot cong cu manh ddi v6i hé nhiéu béc tu do. Tuy nhién, day khong phai 1a mot thu
tuc hoan toan co6 tinh v6 hudng, trong do6 viéc xem xét vecto luc 1a can thiét trong vi¢c

xac dinh cong o [20, tr.215].
1.3.4. Phuwong trinh Lagrange (phwong trinh Lagrange logi 2):

Phuong trinh Lagrange 1a mot thu tuc hoan toan c6 tinh vo hudng, xuét phat tir cac

dai luong vo hudng cua dong nang, thé nang va cong dugc bi€u dién thong qua cac toa
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d6 suy rong. Uu diém ndi bat ciia cac phuong trinh Lagrange 14 dang va sb luong cua
ching khong phu thudc vao s6 vat thé thudc co hé va su chuyén dong cua cac vat thé do.
Hon nita, néu lién két 1a Iy tuong thi trong cac phuong trinh Lagrange khong c6 mit cac

phan lyc lién két chua biét.

Gid st hé co n bac tu do va cac toa d0 suy rong cua hé la qq, 03...., g, Phuong trinh

chuyén dong Lagrange duogc viét nhu sau:

d oT or ou
Sl
t'oq oq, o

=Q,  (1.34.1)

Trong d6: + T va U 1an luot 13 dong ning va thé ning cta hé.

+ Q; 1a cac luc suy rong twong Gmg véi cac luc khong c6 thé. Phuong
trinh chuyén dong Lagrange dugc ap dung rong rai trong nhiéu linh vuc khoa hoc va k¥

thuat, n6 dugc ap dung voi tat ca hé tuyén tinh va phi tuyén.
1.3.5. Phwong phdp trng dung nguyén ly Hamilton:

[Nguyén ly Hamilton co ngi dung nhu sau: mot hé co hoc chiu tac dong cua cdc
lic dd biét sé c¢6 chuyén ddng (trong tdt cd cac chuyén dong c6 thé va cing diéu kién &
hai dau ciia khodng thoi gian) sao cho bién thién dong ndng, thé ning va céng co hoc

cia c&c¢ liec khéng bdo toan trong khodng thoi gian dang xét bang khong].

t
Noi dung nguyén 1y c6 thé duoc biéu thi: j (6T +8U —R)dt=0  (1.3.5.1)

4
Trong do:
ST, U - bién phan dong ning va thé ning cta hé.

AR - bién phén cong do céac luc khong bao toan (luc kich thich, luc can) tic dung

1én hé.

Tir cac phuong trinh chuyén dong Lagrange sé& xay dung nguyén Iy bién phan dong

hoc Hamilton va nguoc lai. Vi vay c6 thé dung nguyén 1y Hamilton dé lam co s& cho
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dong luc hoc céc hé holonom.

[Theo ngén ngit ciia G.Hertz: hé co hoc ndo chi ¢6 nhitng lién két dwege biéu dién
dudi dang hivu han (lién két hinh hoc) goi la hé holonom; néu hé dé chiu nhiing lién két

biéu dién bang phirong trinh vi phdn khong kha tich thi goi la hé khéng holonom].
1.4. Dao dong cia hé hiru han bac tu do:
1.4.1. Dao dong tw do:

Khi hé chuyén dong tu do, vi tri ctia cac khdi lugng xac dinh dang cua hé tai thoi
diém bat ky. D6i vai hé n bac tu do, cac khoi luong co chuyén dong phrc tap, gém n dao
dong véin tan s6 @, khac nhau. Néi chung, ti sd giira cac chuyén vi cia cac khéi lugng
riéng biét lién tuc thay doi. Nhung co thé chon diéu kién ban dau sao cho moi khdi luong
chi dao dong véi mot tan sé o, nao dé chon tir pho tan sb. Nhiing dang dao dong nhu thé
goi la dang dao dong riéng (hay dang dao dong chinh).

Sd dang chinh béng sb bac tu do cua hé. Trong cac dang dao dong chinh, quan h¢
cac chuyén vi ciia cac khdi lugng 13 hiang s6 ddi véi thoi gian. Néu cho trudce cac dang

dao dong chinh thi ta ciing xac dinh duoc tan s6.

Vi¢c xac dinh cac dang dao dong riéng va tan so6 dao dong riéng dong vai tro quan

trong trong bai toan dao dong cua hé¢ hiru han bac tu do.

1.4.1.1. Cdc tdn s6 riéng va cdc dang dao déng riéng:

Phuong trinh vi phan dao dong ty do khdng can cta cac khdi luong:
MY”¢ + KY =0 (1.4.1.1)

véi M va K 1a cdc ma tran vudng cap n, thuong 1a ma tran doi xang. Nghiém cua

(1.1) duoc tim dudi dang:
Y(t) = ASin(a)t+(0) (1412)

Thay (1.4.1.2) vao (1.4.1.1) nhan duoc:
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[K-o’MJA =0 (1.4.1.3)
Pé hé (1.4.1.3) c6 nghiém khong tim thuong (tirc 13 tn tai dao dong) thi:

K-a’M| =0 (1.4.1.4)

(1.4.1.4) 1a phuong trinh dai sb bac n d6i voi w?, duoc goi 1a phuong trinh tan s6
(hay phuong trinh dic trung). Cac nghiém o, (voii=1+n) cua (1.4.1.4) 1a cac tan sd

riéng. Vecto bao gom tit ca cac tin s dao dong riéng xép theo thir ty ting dan

(o <@, <........ <, dugc goi la vecto tan s6 dao dong riéng (hay pho tan so:
@y
W,
w =
o,

Tan sb dao dong riéng thap nhat w, goi 13 tan s co ban.
Phuong trinh (1.4.1.4) c6 thé duoc viét dudi dang giai tich nhu sau:

(m11§11_u1) m2512 mné‘ln

(m21521_u2) m2§22 mn§2n -0 véiu = 1
= i =
(O

(mnlénl _un) m 5n2 . M8

n n=nn

Thay cac o, vao (1.4.1.3), dugc hé phuong trinh dai sb tuyén tinh thuan nhét dé

xac dinh céc thanh phan cta vecto riéng A;.
[K-a?M|A =0 (1.4.1.5)

Vi (1.4.1.5) 1a hé phuong trinh dai s6 tuyén tinh thuan nhat c6 det cac hé s6 bang 0
nén cac thanh phﬁn cua vecto A; duoc xac dinh sai khac mot h?lng s6 nhan, chéng han c6

thé chon Aji tuy y.

A, ~ .7
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Ma tran vuong @ biéu thi tt ca cac dang dao dong riéng co thé cua hé, duoc goi la

ma tran cac dang riéng (hay ma tran dang chinh):

Py Proeeeeerininns @1
Wyyeeeeinnians 0]
O = Pr1 Wy 2n (1.4.1.6)
Prp Prgeeeeeereereens P

?ii 1
§0i — (02i — (02i (1417)
(oni ¢n|

1.4.1.2. Giai bai toan riéng (eigen problem):

Khi hé dao dong tur do khong can thi bai toan dao dong tu do trd thanh bai toan

riéng tong quat:
[K- *M]JA =0 (1.4.1.8)

Céc tan so (vong) riéng cua dao dong (img vdi cac tan so fj) 1a cdc nghiém

@, (i=1+n) cua phuong trinh dac trung bac n:
[K- »*M] =0 (1.4.1.9)
bit 1 =w* (1.4.1.9) tré thanh:
[K-AM]=0 (1.4.1.10)
Khi phan tich dang dao dong, ta c6 bai toan riéng tong quat:
K¢ =AM¢g (1.4.1.11)
Trong do:

Y/ PR An - cdc tri riéng.
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DLy Py v @, - cac vecto riéng tuong Ung.

C6 nhiéu phuong phap dé giai bai toan riéng [17]:
+ Nhom 1: cac phuong phap 1ap vecto.
Ko, =4,Mep,
+ Nhom 2: cac phuong phap bién doi.
¢ Kp=A
FKg =1
trong do: A =diag(4)
+ Nhom 3: céc k¥ thuat 1dp da thuc
p(4 ) = 0trong d6 p(1) = det(K- 2 M)
+ Nhom 4: stir dung dac tinh sturm cua céac da thirc dac trung

p(A) =det(K—-AM)
p(r) (l(r)) — det(K“) —ﬂ(r)l\/l (r))

1.4.1.3. Tinh chat triee giao cia céc dang chinh - Dang chudn:

Tinh chét tryc giao ctia cac dang chinh thé hién & chd: cong ciia ngoai luc (hay noi
Iuc) ciia mot dang chinh nay trén chuyén vi (hay bién dang) ctia mot dang chinh khac

bang 0.

Biéu thirc biéu thi tinh truc giao cua cac dang chinh c6 thé viét qua ma tran do

cung hoac ma tran khoéi luong nhu sau:

@ Mo, =0 hoac ¢/ Mg, =0 (véi o 2w;) (1.4.1.12)
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O dang giai tich, biéu thirc tinh truc giao viét theo ma tran khéi lvong nhu sau:
kzﬂmkyk‘ Y =0 (1.4.1.13)

Hodc co6 thé bicu thi dudi dang cong cua cac ndi lyc:

ZI ’$+ZH ’d+Zj w-n (1.4.1.14)

Pay 1a tinh chat quan trong trong viéc giai quyét cac bai toan dao dong cudng biic

cting nhu dao dong tu do cia hé hiru han bac tu do.
* Dang chudn: 13 dang dao dong riéng thoa mén biéu thirc: ¢ Mg, =1. Ky higu la
Dicn -

%m=§@wﬁ#=dM@ (1.4.1.15)

Viéc dua cac dang dao dong riéng vé dang chuan goi 1a chuan hoa cac dang dao
dong riéng. Khi cac dang dao dong riéng da dugc chuan hoa, ta viét dugc diéu kién truc

chuan nhu sau:
O MD,, =E hodc O KD, =Q (1.4.1.16)
Trong d6: E la ma trAn don vi, Q= diag(e/)

Diéu kién tryc chuin ¢ ¥ nghia quan trong trong viéc rat gon qua trinh tinh toan

cua h¢ dao dong.
1.4.2. Dao dong cwong birc ciia hé hitu han béc tw do:
Phu’O‘ng trinh vi phél’l dao dél’lg cua hé MY”(t) + CY’(t) +KY(t): P(t) (1421)

Day 14 bai toan phirc tap va hay gip trong thuc té. C6 nhiéu phuong phap khac
nhau dé giai quyét bai toan ndy, trong d6 phuong phap hay duoc sir dung 1a phuong
phap cong dang dao dong (phuong phép khai trién theo cic dang riéng).
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1.4.2.1. Phwong phdp khai trién theo cdc dang riéng:
Xeét hé hiru han bac tu do chiu lyc cudng birc va khong ké dén luc can.
1.4.2.1.1. Phuong phdp khai trién tdi trong theo céc dang riéng:

Gia sir luc Pi(t) voi mot gia tri ndo d6 (bao gém ca gia tri 0) tac dung 1én khéi
lugng my bét ky, luc Py(t) duoc khai trién theo céc dang dao dong chinh dudi dang cac

thanh phan Py(t)

n n Z I:)ki (t) Dy
Pk(t) = Z R (t) =Z mk(DkiHi(t) voi Hi(t) = k::]— (1-4-2-2)
k=1 k=1 z mk§02kl

Tai trong khai trién theo dang chinh thtr i viét dudi dang ma tran:

.
. P

Pi= CTDI Mo; :CDiT,ch PM¢i,ch (1'4'2'3)
@ Mo,

Phuong phap nay tim dugc n hé luc Py(t) thay cho hé luc Py(t). Tuong tmg véi

dang chinh c6 tin sb o, ta co cac luc Pyi(t), Pai(t), Pi(t) duoc thé hién nhu hinh (1.3).

P1() P2(t) Pk() =30

Hinh 1.3

Cac luc nay s€ gay ra cac chuyén vi ty 1€ vdi cac chuyén vi dang chinh thtr i. Vi vay, hé

chiu tai trong nhu thé c6 thé xem nhu hé véi mot bac tu do.

Néu c6 mot s6 luong bat ky cac luc Pi(t) dugc dat khong phai 1én cac khéi lugng thi can

phai thay thé chiing bang céc tai trong P; (t) nhu trén hinh (1.4).
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PIy Py  PKY) Pr(t)

Hinh 1.4

Céc luc P; (t) tac dung tai cac khdi luong sao cho: chuyén vi tinh cua cac khéi lugng do
chung gy ra gidng nhu cac chuyén vi do cac luc Pj(t) di cho gay ra. Cac tai trong thay

thé dua trén co so cac phuong trinh:

SaP (1) + 8,P; (1) + oo 4 5, Py () = D Sy Py (1) (1.4.2.4)

i=1

Goi Py, 1a ma tran bao g@)m cac tai trong khai trién theo céc dang chinh.

P11 P12 'P1n
P, P, -P

P.=[P., P,,-—-P]=| * ?Z an (1.4.2.5)
Pnl PnZ Pnn

1.4.2.1.2. Phuwong phdp toa dé tong quat:

Chuyén vi ctia hé c6 thé phan tich thanh tong cua cac chuyén vi thanh phan tng

voi1 tung dang dao dong chinh:

Y1) = SY,0=Y 0z ) (1.4.2.6)
véit Z.(t) :ﬁ! P (r)sin o, (t — 7)dz (1.4.2.7)

Céc dai lugng Zi(t) dugc goi 1a toa do téng quat cua hé, n6 chinh 1a cac bién dj ing

V6i cac dang chinh.
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Ma tran cac toa do téng quat cua hé:
Z(t) = [Z,(), Zo(®), e, Z.01" (1.4.2.8)
1.4.2.2. Trinh tw tinh toan hé dao dong cwong buec:

Theo [1, tr.150], h¢ hiru han bac tu do dao dong cudng burc dugc tinh toan theo

trinh tu sau:
+ X&c dinh tan sé dao dong riéng va céc dang dao dong riéng.

+ Khai trién tai trong theo cac dang dao dong riéng theo (1.4.2.3), hodc xac dinh

C4C toa do tong quat img véi cac dang riéng theo (1.4.2.7).

+ X4&c dinh chuyén vi cia hé tir két qua nhan dugc ma tran tai trong khai trién hoac

ma tran cac toa do téng quat.
Y (t) = M™PpK,i(t) (1.4.2.9)
Trong d6: K,i(t) - hé s anh huong dong hoc theo thoi gian ctia dang chinh thu i;

t

Kai(t) = wi [f()sin, (t—7)dr (1.4.2.10)

Hoac: Y(t)=®.Z(t) (1.4.2.11)

+ Pé xac dinh noi luc ctia hé, can phai biét lyc dan hdi Py(t) tuong Gmg véi qua trinh

dao dong cua hé.
Vi phuong phap khai trién theo cac dang dao dong riéng:

Pa(t) = PunKi(t) (1.4.2.12)
trong do: K, (t) = a)ij. f(z).sinw, (t—7)dz (1.4.2.13)

Véi phuong phap toa do tong quat: Py(t) = KY ()  (1.4.2.14)
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1.4.3. Dao dpng ciia hé chiu tdi trong diéu hoa

Da sb trudng hop hay gip trong k¥ thuat, ngudi ta thuong dua tai trong P(t) vé dang
gan dung 13 ham diéu hoa hodc phan tich theo chudi Furie rdi 14y mot vai s6 hang dau.
Do vay, viéc nghién ctru dao dong véi luc kich thich c6 dang Psinrt hay Pcosrt 1a mdt bai

toan co ban trong dong luc hoc cong trinh.

Dao dong cudng birc ciia hé dudi dang tong quat bao gdm hai phan: dao dong
riéng, dao dong véi luc kich thich. Khi dao dong chuyén sang giai doan 6n dinh thi phan
dao dong riéng ctia hé khong con, hé sé dao dong co6 chu ky cung véi chu ky cua lyc kich
thich.

Pl

2

Khi hé chiu tac dung cta tai trong diéu hoa: P(t) = sinrt thi chuyén vi ctia hé: Y = GP

Trong d6: G - ma tran giai thirc Green:
G= CI)chDCDchT
o o 1
D= diag (Sj) v6i S = ———;
o —r

Khi tan so r cua lyc kich thich bang mdt trong cac tri sO cua tan so dao dong riéng

;i thi déu xay ra hién tugng cong hudng (r = ;).

C6 thé str dung phuong phap tinh dong dé xac dinh cac luc quan tinh trong hé. i
v6i hé d6i xing, co thé phan tich tai trong thanh ddi xtmg va phan xtmg dé van dung

cach tinh theo ntra hé hoac chuyén vi kép.
1.5. Cac phwong phap tinh gin ding trong dong luc hoc cong trinh:

Céc phuong phap nay dua trén co s tim tdn sé dao dong riéng theo phuong trinh
duong dan hdi duoc gia dinh trudce, hodc thay hé c6 s6 bac tu do 16n bang hé sd ¢ bac ty

do it hon. Cac phuong phap cho két qua twong d6i chinh xac d6i véi tan sé co ban
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;. Thuc t€, khi tinh toan cac cong trinh, thuong nguoi ta chi quan tam dén tan s6 co ban

m; dé kiém tra diéu kién cong hudng.
1.5.1. Phwong phdp ning luong (phwong phdp Rayleigh):

Phuong phap nay gia thiét trudc cac dang dao dong va dua trén co sé dinh luat bao
toan nang luong dé xac dinh tan sb va dang dao dong riéng twong tng. Khi hé dao dong
tu do khong ké dén luc can, trén co s quy luat bao toan ning luong, co thé thiét 1ap

duoc mdi quan hé: Upmax = Kiax-
Pong ning cta hé tai thoi diém t bat ky:

m,, 2 M. V2 2
K = zj%duz%=%[zjmzy2k(z,t)dz+zmiy2k(m] (15.1.1)

Thé nang cua hé (khi chi xét té1 anh hudng cia mé men udn):

2 2 2
u=x [ dz-szj{ %} oz (1.5.1.2)

Sau khi xac dinh dugc Upax Va Ky, ta rat ra duoc:

e

o’ = (1.5.1.3)
jm(z)y o dZ + My

Néu biéu thi chuyén vi cua h¢ khi dao dong tu do dudi dang ma tran:
Y(t) = L.Z(t) = L.Zy.sinwt (1.5.1.4)
Trong do6: L — vecto dang gia dinh, Z(t) - bién d6 dang gia dinh thi:

. _ LKL

- 15.15
L ML ( )
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1.5.2. Phwong phdp Bupnop - Galoockin:

Phuong phép Bupnop - Galoockin dugc xay dung dua trén co s& nguyén ly

Hamilton hodc nguyén 1y chuyén vi kha di.

Vi bai toan dao dong tir do cua dam, phuong trinh vi phan cua dang dao dong

chinh thir j:

0? 0%y .,
{EJ(Z’ S @MYy =0 (1.5.2.1)

Gia thiét nghiém cua (1.21) da biét va co thé biéu dién nhu sau:
Yio= Zai(/’i (2) (1.5.2.2)
i-l
Trong d0, a; 13 cac hang s chua biét, cac ham ¢, (z) can phai chon sao cho thoa
min toan bd (hodc mot phan) diéu kién bién (dong hoc va tinh hoc) cua bai toan.
1.5.3. Phwong phdp Lagrange - Ritz:

Phuong phap Lagrange - Ritz duoc xay dung trén co so nghién ctru thé ning toan

phan cua hé

[NGi dung nguyén Iy Lagrange dwoc phdt biéu nhir sau trong tdt cd cdc trang thdi kha
di, trang thai can bang dwdi tac dung cia cdc liee ¢6 thé sé twong g véi trang thdi ma

theo do, the nang toan phan cua hé sé co gia tri dung: &J =0
Thé nang bién dang dugc bi€u dién dudi dang cong ngoai luc va cong ndi lyc cua

hé khi chuyén tir trang thai bién dang vé trang thai khong bién dang

| EJ aZy 2 1
- () (z,t)
U= I 2 oz2 = | dz _J.q(zyt) YorndZ =2 Py Vaiy (1.5.3.1)
0 Z 5

Trong d6: q; v Va pip bao gém cac lyc kich thich va lyc quéan tinh do cac khdi

luong phan bd va tap trung giy ra khi hé dao dong.
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Vi bai toan dao dong riéng, gia thiét dang chinh cua dao dong:
Yi(2)=2 2,¢,(2) (1.5.3.2)
i=l

Trong do, cac ham ¢, (z) thoa man diéu kién bién dong hoc (con diu kién bién
tinh hoc di ti thoa man trong cac biéu thic thé ning).

Tir diéu kién thé ning cua hé c6 gia tri dung, ta c6: S—U =0(voik=1.n)
a'k

Tt d6 nhan dugc n phuong trinh chinh tic chira aj, ay,..., ay.
1.5.4. Phwong phdp thay thé khéi lwong:

Phuong phap nay dua trén co s don gian hoa so d6 khéi luong: thay thé cac khoi
lugng phén bd va tap trung trén két ciu thanh cac khéi lugng tap trung véi sb luong it

hon dat tai méot sd diém dic biét.

C6 thé chia cac khoi lugng phan bd thanh nhiéu khoang, tap trung cac khéi lwong
phan bé trén mdi khoang vé trong tim ciia nd hodc phan bé cac khdi lugng theo nguyén
tac don bay: khdi luong phan bé trén mdi doan dugc thay thé bang hai khéi lwong dit &

hai dau doan do.
1.5.5. Phwong phép khoi lwong twong dwong:

Phuong phap nay duoc xay dung trén gia thiét: “Hai hé twong duong vé dong ning
thi cing tuong duong vé tan s6”. Vi phuong phap nay, ta phai chon trudc dudng dan

hoi y(z) va chi tinh dugc tan sb thip nhét ciia hé thyc.
1.5.6. Cdic phwong phdp sé trong déng \we hoc cong trinh:
1.5.6.1. Phuong phap sai phan:

L& phuwong phap giai gan dung phuong trinh vi phan ctia dao dong bang giai hé
phuong trinh sai phan. Chia ho thanh n phﬁn ttr, tai moi diém chia, thay dao ham bﬁng

cac sai phan dé 1ap phuong trinh sai phan twong tng. Két qua thu dugc 1a hé phuong
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trinh dai s6 tuyén tinh véi cac 4n sd 14 gid tri nghiém cua phuong trinh vi phan tai diém
chia va cac gia tri nghiém tai mot vai diém chia 1an c4n. Phuong phap nay cho phép dé
dang giai bai toan dao dong ctia hé c6 cac thong sb thay doi: tiét dién, khoi luong, tai

trong...
1.5.6.2. Phirong phdp phan tir hitu han:

Hé duoc roi rac hoa thanh cac phﬁn tir hiru han, sau d6 xem cac phﬁn tir hiru han
dugc ndi lai véi nhau tai mot sé diém quy dinh (thuong 13 dinh ctia mdi phan tir) goi 1a
nut va tao thanh ludi phﬁn ttr hiru han. Tinh lién tuc vé bién dang cua hé duogc thé hién

qua chuyén vi, dao ham cua chuyén vi tai cac nat cua ludi phan tir hitu han.

S6 phan tir hitu han (hay s6 lugng an s0) 1a cac chuyén vi tai nut cua ludi phan tr
hiru han. Ludi phﬁn tr hitu han cang mau thi cang lam viéc sat hé thuc va muic do cta két

qua tinh cang cao.
Vecto chuyén vi niit ciia ludi phan tir hitu han: {Y} ={y1 Y.....Yn}

Hé phuong trinh vi phan biéu thi dao dong cta ludi phan tir hitu han c6 ké dén luc

can dan nhét tai thoi diém t bat ky:
MY ®}+[Cly @)+ K )= {P®)}
1.5.6.3. Phuwong phdp tich phan triee tiép:

Phuong phap tich phan truc tiép khong nhiing cho phép giai cac bai toan dao dong
tuyén tinh ma con cho phép giai cac bai toan dao dong phi tuyén phtrc tap. Gom c6 cac

phuong phap sau:

+ Phwong phdp gia téc tuyén tinh (Phwong phdp Viison ): phuong phap nay xem
rang: sy thay doi cua gia téc chuyén dong trong mdi budc thoi gian tir t dén (t+At) 1A

tuyén tinh.

+ Phwong phdp sai phdn trung tam: thuc chat cia phuong phap 1a chia budc, tich
phan truc tiép hé phuong trinh vi phan trong timg khoang chia At (gidi bai toan tinh

trong tirng budc chia thoi gian At nhung c6 ké dén lyc quén tinh va luc can, dong thoi
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phuong trinh can bang duoc giai nhiéu 1an ddi véi cac diém chia trong khoang thoi gian

dao dong).

Gia tri gia toc cua chuyén vi dugc xem la khong doi trong pham vi hai budce chia

thoi gian va dugc xac dinh:

)=l e-at -2l J e ay |

+ Phuwong phdp gia toc trung binh khéng déi (phwong phéap Neimark):

Phuong phap nay gia thiét rang: & mdi budc thoi gian At, gia tc chuyén dong

bang hang s6 va duoc tinh bang gia tri trung binh hai gia tri dau va cubi
cua khoang At:

Nt + ) Y+ Atz)}+Y "(t)

voi (0<T< At)

1.6. Mot s6 nhan xét:

+ Bai toan dong luc hoc cong trinh nghién ctru phan tmg cia hé két cau khi chiu tai
trong dong (ma tai trong tinh chi 14 trudng hop dic biét). Co nhiéu phuong phap dé giai
bai toan dao dong nhung c6 thé noi, cac phuong phap déu xuét phét tir nguyén 1y ning

luong.

Xuét phat tir diéu kién dimg ctia phiém ham cua thé ning toan phan cta hé: 3U=0,
néu 1ay bién phan cta phiém ham theo chuyén vj thi ta nhan duoc cac phuwong trinh can

bang, néu 1y bién phan ciia phiém ham theo lyc thi ta dugc cac phuong trinh bién dang.

+ Vi¢c xac dinh cac tan s6 dao dong riéng va cac dang dao dong ri€éng cua bai
toan dao dong (tuong ung vdi bai todn xac dinh céc tri riéng va vecto riéng cua dai sO

tuyén tinh) 12 mot nhiém vu quan trong ctia bai toan dao dong.

Bai toan riéng: [K - AM] A = 0 (v6i A = ©°) tuong Gng véi viée tim tri riéng A sao

cho [K - AM] = 0 hay det[K - AM] = 0. Day 14 bai toan I6n (da thitc bac n,véi n 1a bac tw
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do cta hé), c6 nhiéu thuit toan dé giai nhung phuc tap. Viéc thiét 14p ma tran do cimg K

va dua v€ dang ma tran duong chéo 1a tuong d61 kho khan do1 véi hé ¢ nhi€u bac ty do.
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CHUONG 2. PHUONG PHAP NGUYEN LY CUC TRI GAUSS POI VOI CAC
BAI TOAN PONG LUC HQC CUA DAM

2.1. Nguyén Iy cuc tri Gauss (nguyén 1y cudng birc nhé nhét):

Nguyén 1y nay duoc nha toan hoc ngudi Duc K.F. Gauss phat biéu nim 1829 cho

hé chat diém, nguyén van nhu sau:

Tai moi thoi diém, chuyén dong ciia mot hé chat diém - lién két 10y Y va chiu tac
dung bdt ky - s€ xdy ra rdt gan véi chuyén dong ma cdc chat diém dé cé trong truong
hop ching dwoc tir do; nghia la chuyén déng d6 xay ra véi mét wong cudng bire it nhat
6 thé néu nhw ta coi dé do ciia sw cwdng bire la tong cdc tich sé giiva khéi lirong ciia
maéi chat diém véi binh phwong do léch cua vi tri chat diém doé so véi vi tri ma né chiém

dwege néu nhie né dwoc tw do [12, tr.45].

Do 1éch vé vi tri ctia chat diém tha i khéi luong m; dugc nodi dén trong nguyén ly

Gauss la: A, :[y;’—ij (2.1.1)

Trong do:
Fi - vécto luc tac dong vao chat diém khi co lién két.

y!" - vécto gia toc chuyén dong clia chit diém khi n6 dugc giai phong khoi lién

Kkét.

Néu hé c6 n chit diém, luong cudng btrc ciia hé (so v6i chuyén dong tu do) 1a:

Z= Zm,Al —Zm[y,——jz (2.1.2)

Theo nguyén 1y cuc tri Gauss, chuyén dong thuc cua h¢ chit diém sé& xay ra ung voi

lugng cudng buc cyc ti€u, nghia 1a véi dieu kién:

Z —>minhay &Z =0 (2.1.3)
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Bién phan trong (2.1.3) duoc 14y véi gia tdc, hay con goi 1a bién phan theo kiéu

Gauss.

2.2. Sir dung phwong phap nguyén 1y cwe tri Gauss dé giai bai toan co hoc két

cau:

GS.TSKH. Ha Huy Cuong 1a ngudi dé xuat phuong phap sir dung nguyén 1y cyc tri

Gauss dé giai bai toan co hoc vat ran bién dang.
2.2.1 Bai toan dam chiu uon thuan tuy:

Xét mot dam chiu udn thuan tuy co chiéu dai 1, d6 cuing mat cat 1a EJ,. Gia thiét vat

liéu lam vi¢c trong gid1 han dan hoéi va tuan theo hai gia thiét sau:

+ Gia thiét v& mit cat ngang (gia thiét Becnuli): mat cit ngang dam trude va sau

khi bién dang van phang va vudng goc véi truc dam.

+ Gia thiét vé cac thé doc: trong qua trinh bién dang, cac thd doc khong ép 1én nhau

va khong day xa nhau.

Tir d6 ta c6 phuong trinh vi phan gan dung cua duong dan hoi:

ay_ (2.2.1)

Momen udn tai mit cit z ndo d6 duoc xac dinh theo cong thirc:

2
M,(2)= - EJ, % (2.2.2)

Lién tuong dén dinh luat 11 Newton:
F=-ma (2.2.3)
Vi vay, mdt cach tuong tu toan hoc, co thé xem:

+ Momen udn M, tai mat cét dang xét 1a lyc tac dung.

+ DJ cirng mat cat EJ, cua dam khi udn 1a khéi lugng.
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2
+ % nhu 1a gia toc chuyén dong ctuia dam.
z

Chon dam so sanh (c6 thé chiu lién két khac) nhung giéng dam thuc vé d6 ctng

mat cat va tai trong.

dzyo

Gia toc ctia dam so sanh sé 1a 52 véi yo 1a @0 vOng ctia dam so sanh.
z

Luong cudng bic dugc viét nhu sau:

L (d?y d?y, )
Z=(EJ _2 Yo g 2.2.4
-([ X(dz2 dz? : ( )
! 1 2
hay Z=[——(M. -M?)d 2.2.5
y 2= g5, M2 o (2.25)

Trong d6 M 1a momen u6n cua dam so sanh.

Chuyén dong ctua dam dang xét rat gan voi chuyén dong tu do néu Z—>min hay

0Z=0.

* Khi hé so sanh khong c6 lién két thi M® = 0, cong thirc (2.2.5) duogc viét lai nhu sau:

)2 dz (2.2.6)

| 2
hay Z:IEJ{d y
0

™ J dz (2.2.7)

+ Khi trén dim c6 luc phan bd déu q trén toan bo chidu dai Z;:

Z:_I[[EJX(Z—;IJ —2qy]dz (2.2.8)

+ Khi trén dam c6 lujc tap trung P tai vi tri z; nao do:
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| d2y 2
Z= ! EJX(F] dz - 2Py, (2.2.9)

+ Khi trén ddm c6 momen tap trung M tai vi tri z, nao do:

| dzy 2
IEJX(dZZJ dz —2Mg,,, (2.2.10)
0

Trong do p(;2) 1a goc xoay tai tiét dién c6 moémen tap trung. V&i gia thiét chuyén vi

bé, ta co: P2 = y (22)-
2.2.2 Bdi todn dim phdng:

DAm c6 cac thanh phén ndi luc 1a My, Qy, N.,. Chuyén vi trong truong hop udn 1a
d6 vong, do ciing mat cit 1a EJx. Chuyén vi trong trudng hop cat 13 sy truot, do cing
mit cat 1a GF. Chuyén vi trong trudng hop kéo (hodc nén) 13 sy dén dai (hodc co ngan),
do cltrng mat cit 1a EF. Ké dén tinh chét doc lap tac dung cua cac dai lugng trén, ta co

lugng cudng bic duge viét nhu sau:
o1 1 1
Z= —M—I\/IOZ— —Q2)% +—==(N, =N?)? 2.2.11
JU gy MM+ G (Q =@+ e (N - | (2211)

Trong do MY, QY, N7 1a cac thanh phan ndi luc ciia dam so sanh.

* Khi hé so sanh khong c6 lién két (cac thanh phan noi luc cta hé so sanh bang khong),

cong thue (2.2.11) tr¢ thanh:

2

z= j{—(m P QY (N (22.12)

Néu tai trong vudng goc voi truc thanh (N,= 0) thi (2.2.12) duoc viét nhu sau:

Z:HELJX(MXV +$(Qy)2 ] dz (2.2.13)
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2.3. Sir dung phwong phip nguyén ly cue tri Gauss dé giai bai toan dong luc hoc:

Xét mot dam chiu tdi trong dong, dam c6 chiéu dai |, khdi lugng cta dam l1a my),

do cung mat cat 1a EJy.

Phuong trinh d6 vong ctia dim c6 dang: y = y(z.t) phai thoa man diéu kién bién va

diéu kién ban dau (néu co).
Khi dam chiju tai trong dong thi xuét hién thém thanh ph'?m luc quén tinh nguoc

chiéu voi gia toc cua hé:

%y,
Fo= —m,, —atg i) (2.3.1)

Cot luc quan tinh ciling nhu ngoai luc( theo nguyén 1y D' Alembert) ta c6 lugng

cudng buc do lyc quan tinh gay ra:

Z = [-2Fy,, 0z (2.3.2)

qt
0

Pé thuan tién trong cong thirc, ta c¢6 thé viét lai luong cudng birc do luc quéan tinh

|
gay ra nhu sau: Zy = J.Zthy(Z’t)dz (2.3.3)
0

62y(z,t)

18 t—
vor F%= Mz) e
2.3.1. Bai todn dim chiu uén thuén tQy:

Xét dam chiu tai trong dong, dam c6 khdi lugng phan bd m(y). Khi bé qua anh

huong cua lyc cat, ta ¢c6 dam chiu uén thuan tuy.

Chon h¢ so sanh khong c¢6 lién két, lugng cudng buc duoc viét nhu sau:

| aZy 2
Z= ![ Ea{ﬁj +2F%y,,, |dz (2.3.4)
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Chuyén dong ctia dam dang xét s& rit gin v6i chuyén dong tu do néu nhu luong
cudng birc dat cyc tiéu ( Z—min) hay 8Z = 0.
2.3.2. Bai toan dam phdng:
Xét truong hop tai trong tac dong vudng goc véi truc dam (N= 0). Khi hé so sanh

khong c6 lién két, lugng cudng bic duge viét nhu sau:

Z=£[ EiJ(MX)Z +G—lF(Qy)2 +2F %y, Joz (2.3.5)

2
| o’y } 1 { o’y
Z=[| B {2200 & E) —&Y L oF%y ]dz  (2.3.6)
ﬂ { GF oz’ 0

2.4. Sir dung phwong phap nguyén Iy cwe tri Gauss thiét 1ap phwong trinh vi phan
dao ddng cho thanh thing:

Xét thanh thang cd khéi lugng phan bd mg,, do ciing mat cit 1a EJ, va c6 lién két
bat ky. Hé so sanh dugc chon 1a mot thanh khong cd lién két, c6 khdi lugng va do ciing
mat cat nhu thanh dang xét. Theo (2.3.4) ta co:

Chuyén dong thuc cua thanh dang xét rat gan véi chuyén dong tu do néu luong

cudng buc cyc tiéu (Z— min) hay 62 =0 vay:

échSII EJ Yooy +2F%y ldzt=0
) X 822 (z,t)

2 o?
Hay: 2| 2e3 | ZYen ||, opat —g
0z (o4
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0 0" Yy 0" Yy
@az{ax( L1+ mg, atzt=o (2.4.1)

(2.3.8) chinh 1a phuong trinh vi phan cua dao dong riéng khi khéng ké luc can.

* Khi thanh chiu luc phan b6 g,y

| aZy , )
Z= I{EJX(# +2F Y, = 2000 Yy (X — min
0

| azy , 2
- 5{1!5]{#) ’ Zthy(th) =20, Yy OXp=0
Hay ’

0z° 0z
o | Yy 0" Yy
= ? E‘]x[ 6‘t2 ! + m(z) at—zt = q(z,t) (242)

(2.3.8) chinh 1a phwong trinh vi phan caa dao dong cudng buc khi khdng ké luc

can.

* K¢t luan: nhu vay tir phuong phap st dung nguyén Ii cuc tri Gauss, ta c6 thé
thiét lap dugc phuong trinh vi phan caa hé dao dong giong nhu viéc ap dung cac phuong

phép khac.

2.5. Céac bwéc thwe hién khi tim tin so6 dao dong riéng va dang dao dong riéng

bang phwong phap nguyén li cwc tri Gauss.

Trong qué trinh tinh toan, ta khong xét dén giai doan chuyén tiép sau khi bo luc

kich thich va boé qua chuyén vi xoay cta cac khéi luong trong qué trinh chling dao dong.
Bwéc 1: Chon hé so sanh:

Hé "So sanh" 14 hé hoan toan khong co lién két nhung cé cling do cirng mit cit va

cung tai trong vai hé dang xet (hé dang xét hay con goi la hé cho).
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Buwéc 2: Gia thiét dudong do vdng cua dam can tim véi biéu thic duong do ving phai
thoa man diéu kién bién.
Chéng han, biéu thirc dudng do vong co thé viét dudi dang da thac, chudi luong

giac don hoic dang s phuc:

Dang da thuc: y= (> a,z")sinat = (a, + 8,z + a,2> + 8,2 + a,2") +......) sin at
n=0

Dang chudi luong giac don: y = O a,sin %)sin at

n=1

Dang s6 phuc: y = (i a_ sin %)e“”t
n=1

Buéc 3: Viét biéu thuc luong cudng bic caa hé theo (2.3.4), (2.3.5) hoic (2.3.6).

Bwdrc 4: Viét cac diéu kién vé dong hoc thé hién su sai khac gitta hé cho va hé so sanh.

Diéu kién bién chinh la cac rang budc dudi dang dang thic.

Ngoai ra, ta phai dua thém rang budc, d6 1a diéu kién c6 nghiém (tac 1a hé phai c6

dao dong).
Buéc 5: Cyc tiéu hoa lugng cudng buc.

Déi vai bai todn cuc tri c6 cac diéu kién rang budc, ta sir dung phuong phéap phan

tr Langrange dé dua bai toan cuc tri khéng rang buac.

Goi A la nhan tir Langrange dé dua bai toan cuc tri c6 diéu kién rang buoc (d6 la
diéu kién c6 nghiém, tac 1a cd dao dong) vé bai toan cuc tri khdng rang bugc. Sau khi
vuc tiéu hoé lugng cudng birc theo cac thanh phan co ban, nhan duoc biéu thic Ay c6

chira tan s6 dao dong riéng o

Bwéc 6: Cho A, = 0, nhan duoc cac gié tri tan s6 dao dong riéng w. Ung véi cac gia

tri o, ta co cac dang dao dong riéng.
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Gidi thich:

* Xét dam don gian AB chiu luc tdp

P
A \I/ EJ=const B
X A M )] B
trung P nhe hinh (2.1). L1 ly >
. . | I l
Viét bieéu thirc duong dan hoi cho céc
) Hinh 2.1
doan dudi dang da thure sau:
4 i 2 3 4
v, =(Q. az)=(az+a,2° +a;2° +a,z);  (0<z<1)
(25.1)

4
Y, = b;z") = (b, +bz+b,z* +bz° +b,2%); (0<z<1,)
=L

Chon hé so sanh giéng dam dang xét nhung hoan toan khdng c6 lién két.

Khi khong ké dén anh huong caa luc cat, lugng cudng bic dugc viét nhu sau:

Z-= jEJ ( ] jEJ ( Y, sz 2Py, (2.5.2)
Chuyén dong thuc cua dam di cho s& rat gan véi chuyén dong ty do néu luong

cudng buc cyc tiéu hay §Z = 0.

Dam da cho khac dam so séanh ¢ chd cd cac lién két gbi tai hai dau dam. tir d6 ta
c6 cac diéu kién rang budc:

Yoo,y =0— 0, =by +byl, + bzlz2 +b,12 +Db,l; =0
Yia-) = Yoo = 92 = ayl, +a,l; C+ agl; C+ a1|4 b, =0 (2.5.3)

dy | _dy,
dz [ dz |,

— g, =a, +2a,l, +3a,l7 +4a,l’ -b =0

Ta dua bai toan tim cyc trj cua (2.3.10) c6 3 diéu kién rang budc vé bai todn cuc tri

khong c6 rang budc bang céch dua vao cac thira sé Langrange nhu sau:

l 2 2 I
L (d 2 (d
z ZJEJX[ dzzl] dz+b[EJX£ dZVZJ dz—2Py, ., + 40, + 40, + 40,  (2.5.4)
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Ta thay hai dai lugng: (2Py,,_,, va (z%gl) tuong tu toan hoc nhu nhau:

+ Yiay, 12 chuyén vi cua mat cét co dat lyc tap trung P.

+ g, 1a chuyén vi cua gdi B.

Vay dai luong % c6 tha nguyén gidng luc tap trung P va né chinh 12 phan luc lién

két tai goi B.

A C EJ=const B
* Xét dam don gian c6 do dirng EJ = const, khoi B :1 g4
lwong tap trung m dat cach géi trai mot doan la [, 1 '—!—' I l2 -1'
nhu hinh (2.2). Bé quan khéi lwong ciia dam. Tim =
tan sé dao déng riéng ciia dam Hinh 2.2

Viét biéu thic duong do vdng cho cac doan dam dudi dang da thirc nhu sau:

4
y, = az')sinet (Véi 0<z<l,) (2.5.5)
i=1
4
Y, = (Q_b;z')sin wt (V6i 0<z<1,)
j=0

Chon hé so sanh giéng dam dang xét nhung hoan toan khong cé lién két.

Khi khong ké dén anh huong caa luc cat, luong cudng bic duoc viét nhu sau:

Iy aZy 2 I 82
Z= I EJX[aTzlj dz + I EJ{ 6222 ]dz + ZFQtyl(ll,t) (2.5.6)
0
Chuyén dong thuc caa dam da cho s& rat gan vai chuyén dong tu do néu leong
cudng buc cyc tiéu (hay &Z =0).
Dam cho khac dam so sanh & chd c6 cac lién két goi tua tai hai dau dam.

Tur d6 ta c6 cac diéu kién rang buoc:
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Yoty = 0= Gy = (by + b1, +b,17 +byl3 +b,17)sinwt =0
Yiey) = Yooy = 92 = (ak + a,lf +agl} +a,l —b,)sinewt =0 (2.5.7)

Ni| _¥,
oz | oz

I +4a,l} —b)sinwt =0

— 0; =(a, +2a,l, +3a,
z=0

Ngoai ra, ta phai ké thém diéu kién dé tdn tai nghiém (c6 dao dong), nghia 1a khdi

lwong m phai c6 chuyén vi. Chuyén vi ny cé thé co gia tri bat ky (khac 0).
Cho chuyén vi d6 bang 1, vay ta cd thém diéu kién rang buoc.
Vi =1 0, = (b, +bl, +b,12 +byJS +b,1¥)sin et —1=0 (2.5.8)

Ta dwa bai toan tim cuec tri cua (2.5.6) ¢d 4 diéu kién rang budc vé bai toan cuc tri

khong c6 rang budc bang céch dua vao cac thira s6 Langrange nhu sau:

h azyl 2 1, azyz t 3
Z :IO EJ ( poe J dz+.|.0 EJ, poe dz+2F %"y, +k2=;/1kgk (2.5.9)

Z — min (cuc tiéu hod phiém ham véi cac thanh phan co ban), ta c6 hé phuong
trinh dé xac dinh cac dai leong can tim, trong d6 c6 4,. Xem lyc quan tinh F* nhu la
ngoai luc (theo nguyén ly D'Alembert) nén khi cuc tiéu hoa phiém ham (2.5.9) ta khong

dao ham d6i véi F*,

Tuong tu cach giai thich nhu trén, 4, 1a phan lyc lién két cua géi tai C (vi tri dat

khéi lugng m). Mit khac, tai C khong c6 lién két gbi tyanén 4, =0.

2.6. Xac dinh tin s dao dong riéng thong qua dang dao dong riéng:

mi=m mz2=2m
L 4

Véi gia thiét dudong dan hoi duge vict dusi  + oot oo A
xX. ., Z 17 2,
dang da thirc hodc chuoi lugng gidc don, ta thay: ] )
62 Y. . Y= oy,
Fr=m=Y Y= By,

ot? =
J I~
Vay, luc quan tinh ti 1€ voi khdi lugng m va chuyén W
viy. Hinh
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Tir nhan xét nay, ta c6 thé giai bai toan dong luc hoc thong qua bai toan tinh. Dia
vao cac dang dao dong riéng cua h¢ va tir bai toan tinh, ta tim dugc ti sb chuyén vi gitra

cac khéi luong.

Khi xét bai toan tinh, tai vi tri cac khéi luong m, dat cac luc ti 1€ véi cac khdi luong
theo phuong chuyén vi, nhan dugc két qua cac chuyén vi. Cac chuyén vi nay ti 1& voi
nhau theo mot ti sé nao diy, vi du nhu trén hinh (2.3). Cac chuyén vi tim duoc ciing
chinh 14 céac diéu kién rang budc dugc dua vao biéu thirc lugng cudng birc, tir d6 xac

dinh duoc cac tin sb dao dong riéng.
Céch lam nay s€ dugc thé hién rd & cac vi du & muc (3.2) chuong 3.
2.7. Mot s6 két luain va nhén xét:

+ Nguyén 1y cuc tri Gauss khong phai 1a nguyén ly nang lugng. Nguyén 1y cling
xét diéu kién dimg cta phiém ham lugng cudng birc: 6Z =0 nhung ldy bién phan theo

gia toc.

+ Nguyén 1y cuc tri Gauss c6 thé hiéu don gian 13 thay vi di xét hé thuc (hay goi 1a
hé da cho), ta di xét mot hé khac (goi 1a hé so sanh) hoan toan giéng hé da cho nhung

khong c6 lién két. Hai hé nay s& chuyén dong lai gan nhau khi luong cudng birc cyc ticu.

+ Tir (2.3.4) va (2.3.6), nhan thay: khi giai bai toan dong luc hoc cong trinh theo
phuong phap nguyén 1y cuc tri Gauss, ta giai truc tiép dao ham cap hai ciia duong do
vong trén luong cudng birc (voi gia thiét da biét duong do vong) ma khong can phai giai

phuong trinh vi phan bac 4.

+ Khi lay cuc tiéu phiém ham biéu dién lugng cudng buc doi véi cac thanh phan

co ban, ta ludn c6 thé din biéu thirc cua nguyén Iy dang xét vé phuong trinh can bang.

+ Phuong phap nguyén 1y cuc tri Gauss phat trién tir nguyén 1y cuc tri Gauss dé
dua ra 10i giai cho bai toan co hoc vat rin bién dang. Luc nay, gia toc trong nguyén 1y

cuc tri Gauss chinh 1a dao ham cap hai ciia dudong d vong.

Hé so sanh c6 thé chiu lién két khac v6i hé dd cho nhung phai gidng hé da cho vé
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tai trong va d¢ cing mat cat.

Lugng cudng btrc thé hién sy sai khac vé lién két gifra hai hé: hé da cho va hé so

sanh.

Dai1 voi bai toan dong luc hoc, ta coi lyc quan tinh nhu 1a ngoai luc va viét thém

lugng cudng buc do lyc quan tinh giy ra.

+ Vi cach xay dung bai toan va dua ra 101 giai cho bai toan dong nhu bai toan
tinh nén str dung phuong phap nguyén 1y cuc tri Gauss dé giai bai toan dong luc hoc co

cach lam va céch nghi don gidn, hoan toan mdi so vdi cac phuong phap khéc.

Trong luan van nay, tac gia st dung phﬁn mém Matlab dé thuc hién viéc tinh toan.
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CHUONG 3. TINH TOAN DAM CHIU TAC DUNG CUA
TAI TRONG PONG

Trong cac vi duy tinh toan déu bdé qua anh hudng cta luc can va khong ké dén anh

huong cua lyc cit.
3.1. Bai toan xac dinh tin s6 dao dong riéng - dang dao dong riéng:

3.1.1.Bai toan xac dinh tan sé dao dong riéng - dang dao dong riéng ciia dim hiru

han bac tu do:
Vi du 1: Dam don gidn c6 hai bic tw do

Cho dam don gian ¢6 do cung EJ = const, hai khdi luong m; = m, = m dat tai cac
vi trf nhu trén hinh (3.1). B6 qua khéi lugng cia dam. Tim tan sé dao dong riéng cia

dam va cac dang dao dong riéng tuong tng.

MMl Ej=const  MHETR2

Jé L1 T L2 .L L3 %%7

Hinh 3.1

Loi giai:

Viét biéu thic dudng d6 vong cho cic doan dudi dang da thic nhau sau:
4 .

y, = az')sinat = (a, + 8,2 +a,2° +a,2° +a,z")sinet; 0<z<l|,

i=0

4
Y, = b,z%)sinat = (b, + b,z +b,z* +b,2° +b,z*)sinat; 0<z<1, (3.1.1)

=0

4
ys = c,z")sinet = (G, + ¢,z +C,2° +¢,2° +¢,2%)sinat;  0<z<1,
n=0

Trong do: a;, b;, ¢, va @14 cac h¢ s can xac dinh.

Chon hé so sénh gidng dam da cho nhung khong c6 lién két. Luong cudng buc
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duoc viét nhu sau:

[ 2., \2 ! 2. )2 [ 2
1 a y 2 a y 3 a y
yA :IEJX( azzlj dz+IEJX( E}zzzj dz +IE\]X[ 6223 ]dz+2F1qtyl(hyt) +2F2qty2(|2]t) (3.1.2)
0 0 0

Chuyén dong thuc cua dam cho s& rat gan véi chuyén dong tu do néu luong

cudng bic cuc tiéu hay &Z =0.
Dam di cho khac dam so séanh & chd cd cac lién két gbi tua tai hai dau dam.
Tir d6 ta c6 cac diéu kién rang buoc:

Yieeoy =0 >3, =0
Yoy =0 05 = (Co +Cly +C,l5 +cil5 +c,l))sinewt =0

2 3 4 .
Vi) = Yo@=0) = 92 = (a1|1 + a‘2|1 + a3|1 + a4|1 - bo)sm wt=0

M = N 0, = (a, +2a,l, +3a,l” +4a,l’ —b)sinwt =0 (3.1.3)
oz |"t 07|,

Yor-1,) = Ya—0) ™ 94 = (by +Dyl, + bzlz2 + b3|;' —Cy)sinewt =0

Na| Nl g (b 1 2b,), + 302 +4b,l3 —c,)sin @t =0

oz |"* 07|,

Céc diéu kién rang budc nay ciing chinh 1a diéu kién bién cua (3.1.1).
Ngoai ra, ta phai ké thém diéu kién dé ton tai nghiém:
Yiry =1 96 = (@), +a,)] +ayl} +a,l)sinat —1=0 (3.1.4)

Ta dwa bai todn tim cuec tri cua (3.2) ¢d 6 diéu kién rang budc vé bai toan cuc trj

khong c6 rang budc bang céch dua vao cac thira s Lagrange nhu sau:

Iy 2 I 2 2 6
0 o
Z-= ! EJX[ az; ]dz +£EJX[ azZZJ dz +2F"y,  + 2FY +kzzl‘/1kgk (3.1.5)

Thay (3.1.1); (3.1.3) va (3.1.4) vao (3.1.5), nhan duoc biéu thic lrgng cudng buc

Z. Cho Z—min (phiéu ham c6 cuc tri), ta 6 hé phuong trinh:
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0z 0z oz oz _, (3.16)

_:O, _— _:O’ __—

oa, ob, e, O,
(i=1+4,j=0+4,n=0+4,k=1+6)
Ta thay:

+ Cac phuong trinh S_Z —0 ¢6 chtra thanh phan luc quan tinh F.%
a

+ C&c phuong trinh STZ =0 c6 chira thanh phan lyc quén tinh F2* nén sau khi da
i

tim cyc tri caa phiém ham Z theo cac hé s6 a; , by, C,, A ta thay:

o’y
FoO =m—28Y = _me?y
1 atz 1(l,t)
= F% = -maw?(a), + 3,12 + a,l? + a,1) sin ot (3.1.7)
o A
at _ 2(,1) 2
I:2 =m at—zz =-Mw y2(lz,t).

— qut = —mw? (bo + b1|2 + b2|2 + b3|3 + b4|24)5in ot

Vao cac phuong trinh trén, giai hé phuong trinh tuyén tinh (3.1.6), xac dinh duoc

cac h¢ s chua biét a;, b;, c,, va cac nhan tir Langrange A, .

Tir két qua tinh toan c6 dugc, cho 4, =0. Tir d6 tim ra tan s dao dong riéng o cua

*Véil =1, =1,= %: trong phan lap trinh tinh toan, ta thay 1,,1,,1, 1an lrot bang
1/3 c6 két qua sau:

_2(5m*w’1° - 2592mw’I°EJ + 78732EJ %) (3.1.8)
I°(5Me’1® —1296EJ) h

162EJ . 486EJ
S IR r=TE

Ag



50

Thay céac gia tri a;, bj, va ¢, twong ung voi cac gia tri  vao (3.1.1), ta ¢d cac dang dao
dong riéng cua hé va duoc thé hién & hinh (3.2).

o T ——
— ~a
- ~—

Vo, _-— ~
ST e ¢
: 1

Hinh 3.2
Vi du 2: Ddm don gian c6 ba bac tw do

m1 m2 ms
AR S @p O g @ "l
céc khoi lugng my = m, = my = m dit L4 | V4 j U4 i V4 |

T T 1

Hinh 3.3

Cho dam don gian c¢6 do cing EJ = const

tai cac vi tri nhu hinh (3.3). B6 qua khéi
lwong ctia dam. Tim tan s6 dao dong riéng
ctia dam.

Lot gidi

Viét biéu thirc duong d6 vong cho céc doan dudi dang da thirc sau:

4 4
y, =(Q az')sinat;y, => b;z')sinat.
i=0

i=1

4 4
Y, = (chz”)sin at;y, = (dezm)sinwt Véi 0<z s!z (3.1.9
n=0 m=1
Trong do6, cac doan 1,2 va doan 3 c6 gdc toa do 1an luot tai A, C va D. Con doan 4
c6 gdc toa do tai B. Viéc chon gdc toa o nhu trén, duong do vng cua doan 1 va 4 thoa

man diéu kién bién tai cac gdi lién két: g6i A va B khong c6 chuyén vi dang.

Chon hé so sanh giéng dam cho nhung khong c6 lién két.
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Diéu kién bién viét cho cac doan va diéu kién rang budc nhu sau:

Y1(z=%) =You-0) > 01 = Y1(z=%) ~ Y0 = 0
Nl _ O, MOy, -0

= =0 = =21
or |, o1 92 =% A

0z

z=0

yZ(z:%) = Y300 > 93 =Y L Ya(z0) =0
4

2(

% 1:% _)g4=% 1_% =0 (3110)
a Z:Z aZ 120 a Z:Z az 10
y3(z=%) y4(z=%) d y3(z=%) y4(2=%)
% _1=_8y4 _1_>96=% _1"’ay4 1 =0
Z = 0z = 0z = 0z =

y ;. =1->9;,=y 1 -1=0

l(z:z) 1(z 4)

Luong cudng birc dugc viét nhu sau:

4 1/4 azyv 2 ) . . .
Z :2 O EJ( 7 dz + 2F, yl(%,t) +2F; yzg,t) +2F; ys(%’t) +kZ:1:}Lkgk (3.1.11)
Thay (3.1.9) va (3.1.10) vao (3.1.11) nhan duoc biéu thirc lugng cudng bic Z. Cho

Z—min, ta cé hé phuong trinh:

z:O; 0z =0; 0z =0; oz =0; 0z =0 (3.1.12)
0a, ob, oc od

(i=1+4;j=0+4;n=0+4,m=1+4,k=1+7)

Sau khi dd tim cyc tri cia phiém ham Z theo cac hé sb &, b;, ¢, va d, ta thay:

F'=-meo’y , ; F'=-mo’y , ; F'=-mo’y , vao cic phuong trinh trong
1G9 26, 3G
4 4

(3.1.12).

Giai h¢ phuong trinh tuyén tinh (3.1.12) xac dinh dugc c4c hé s6 chua biét &, b;, ¢,

dm Va cac nhén tir Lagrange A, .
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Tir két qua tinh toan ta co:

_ s 2(Im°0’L’ ~14976m’w*1° E] -5013504m °1° EJ* ~113246208E)°)

A = 1} (7Tm?w*1® —10560mew’1® EJ +1327104EJ?)

(3.1.13)

8\/42EJ _ 403 / EJ3
ml
[6EJ
A, =0={w =8 5 =196 13
0, - 42EJ _ 416 [ EJ
7 m13

Thay cac gia tri a;, bj, ¢, va dy, twong ung vai cac gia tri  vao (3.1.9), taco cac dang dao

dong cua hé va dugc thé hién ¢ hinh (3.4).

Hinh 3.4

* Nhdn xét: cac vi du 1 va 2 1an lugt xét hé hai bac tu do va ba bac tu do. Két qua nhan
dugc cac tan sé dao dong riéng (bao gom céc cong thirc tong quat va cac truong hop

riéng) cua hé déu co gid tri hoan toan ddng nhu khi sir dung cac phuong phép khac.

Céc biéu thic (3.1.8) va (3.1.13) 1a cac phuong trinh bac 2n d6i vai o (n 12 bac tu

do cua hg).
Vi du 3: Dam don gidn cé dau thira

Cho dam don gian c6 dau thira, d6 cang EJ = const, hai khéi lugng m1 = m2 =m

dit tai c&c vi tri nhu hinh trén (3.5). Bo qua khdi lugng caa dam. Tim tan sé dao dong
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cua riéng cua dam va céc dang dao dong riéng tuong tng.

Loi gidi:

Viét biéu thuc duong do ving cho céc doan dudi dang da thic nhu sau:
4 . 4 . 4

y, = az)sinat; y, = b;z")sinat; y, = c,z")sinat;  (3.1.14)
i=1 j=0 n=0

(0<z<1/2)

Chon dam so sanh gidng dam cho nhung khong lién két. Dam cho khéc so sanh &

chd c6 céc lién két gdi tua. Tir d6 ta cé cac diéu kién rang buoc

- =0: - - ~0=0; :aﬁ _ayz =0;
01 yz(z%) 02 yl(z%) Y2@z=0= U; O3 = o = | 2o
0= 2| Ns| gy, -1=0 (3.1.15)
0z 2= 0z 1(275)

Luong cudng birc dugc viét nhu sau:

3 1/2 2 .
= % qt qt
Z= vz_lll EJX( e jdz+2|:l yl(lz,t) +2F, yg(l?t) +kZ:1:ﬂk.gk (3.1.16)

(i=1+4;j=0+4;,n=0+4,k=1+5)
Sau khi dd tim cuc tri cua phiém ham Z theo cac hé sé a; va c,, ta thay :
F =—mao?y, 0y B =—Ma®y, ., vao cac phuong trinh (3.1.16)

Giai h¢ phuong trinh tuyén tinh (3.1.16) xac dinh dwoc cac h¢ s6 chua biét ;, b;, ¢,
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va cac nhan tir Lagrage 4, .
Tir két qua tinh toan ta c6 duoc:

_ 2.(3072EJ)? - 448EImw*1® + 5m’»*1°

3.1.17
% 1°(5ma’1° — 64EJ) (3.1.17)
0 = lomLEI(7—34) ~2,735 | =
5mi m1
A=0=>
4 EJ
E 10mL.EJ (7 +./34) =9,062
O = eV ( m?®

Thay cac gia tri a;, bj, ¢, tuong ung véi gia tri » vao (3.1.14) ta c6 cac dang dao

dong riéng cua hé va duoc thé hién & hinh (3.6)

Véi o, P e P 0,277
W
Hinh 3.6

Vi du 4: Dam lién tuc hai nhip

Cho dam lién tuc cd dang khéi luong tap trung dit tai cac vi tri nhu trén hinh
(3.7), dam c6 d6 cteng EJ=const. B6 qua khéi lwong cua dam. Tim tan sé dao dong riéng

cua dam.

ml EJ = const m2

;[ 1/2 .L 1/2 % 1/2 'L 1/2 %%'

Hinh 3.7
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Léi gidi

Viét biéu thuc duong do vdng cho cac doan dudi dang da thirc nhu sau:

4
y, = [Z alz‘jsin ot

i=1
4 -

y, =| D bz’ |sinet
j=0

4
Ys = Zan”jsin wt (3.1.18)
n=1
4

Y, = dezmjsina)t
m=0

)

0<z<

N |

Chon dam so sanh gidng dam cho nhung khéng cd lién két. Dam cho khac dam so sénh

& chd co céc lién két gdi tra. Cac diéu kién rang budc dugc viét nhu sau:

g, = yZ(Z:,E) =0, 9,= y4(Z:|E) =0;0, = y1(z:12) ~ Yoy =0 (3.1.19)
ayl 8}/2 . 6)/2 ay3 . )
"l T C0 v 9T T T0 S 9=y Ve =0
g4 az Z:% az o gS 82 z:% 62 | » 96 yS(Z:IE) y4( 0)
Yy | . .
=—| 17— =0.0s= -1=0
g, o2 Z% o2 B Js yl(z:lz)

Luong cudng bic dugce viét nhu sau:

& 82yv 2 qt qt S
z=> IZEJX[ po dz +2F yl(l?t) +2F y3('§,t) +> 49, (3.1.20)

v=l ¢ k=1

Thay (3.1.18), (3.1.198) vao (3.2.20), nhan duoc biéu thirc lugng cudng birc Z,

Cho Z—min, ta c6 hé phuong trinh:

Z _g 9Z o 9 o OZ _o Z_y (3.1.21)
oa, ob; oc, ad, oA,
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(i=1+4; j=0+4; n=1+4; m=0+4; k=1+8)

Fo

Sau khi d4 tim cuc tri cua phiém ham Z theo cac hé sb a;, b; c,va dy, ta thay
=-ma’y |

: =-M"Yy,,,,,Vao cac phuong trinh (3.1.21).
—t '

2

cac thtra so Lagrange Ay

Giai h¢ phuong trinh tuyén tinh (3.20). Xéc dinh duoc hé s6 chua biét a;,b;,c, va

Tir két qua tinh toan ta co:

, _ 2.(36864E)° ~1104EIMa’I° + Tm’w)'1°)
=

3.1.22
I*(7Tma?I® —552E)) ( )
o 4 48EJ
ﬂszoj Y M2 J3mlEd ml®
16

_ 10 amiE] = 768E

Vi du 5: Dam siéu tinh bac nhdt c6 mét bac tuw do

Cho dam lién két mot dau ngam, mot dau 1a géi di dong. Dam c6 do cing

EJ=const, khéi lugng m dit cach dau ngam maot doan 11 nhu hinh (3.8). Bo qua qua khoi
lwong cua dam. Tim tan sé dao dong riéng caa dam

EJ mMm
¥ o 2
I v ) l2_ |
- ! !
Hinh 3.8

Léi gidi

Viet biéu thuc duong d6 vong cho cac doan dudi dang da thirc nhu sau

4
Y1 Z(Zalz‘jsin ot ; (VoI 0<z<I,)
i=2
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j=0

4
Y, :(Zblz’}sin wt; (Véi 0<z<1) (3.1.23)

Biéu thirc duong do vdng cua doan 1 thoa man diéu kién, tai ngam khdng c6 chuyén vi

va goc xoay.

Chon dam so sanh giéng dam cho nhung khdng cd lién két. Cac diéu kién rang budc

duoc viét nhu sau:

0, = yg(zzl) =059, = Yiay — Yooy =0,
2

ayl ay2 .
9 =—" z:ll__| =0; g, = y1(2:|1) -1=0 (3124)
0z o
2 2
Z= jEJ ((;yl] dz + _[EJ (aazsz dz +2F %y, t)+Zﬂk9k (3.1.25)

Thay (3.1.23), (3.1.24) vao (3.1.25), nhan duoc biéu thirc lugng cudng buc Z. Cho

Z—min, ta c6 hé phuong trinh:

L _o Z _og 92 _y (3.1.26)
oa, b, ' o

(i=2+4; j=0+4; k=1+4)

Sau khi da tim cyc trj cua phiém ham Z theo cac hé s6 a;, thay F* =-ma?y,, , vao

cac phuong trinh (3.1.25)

2.(-36EJ.14, —36EJ.141,° —12EJ.2 +3mw®L1? +4me?1’L )
° 112,31, +41,)

2.(1, +1,)[3MEJ.L, (3L, +41,)(1, +1,)
mi’ (31, + 41,)

L=02w=

[ 1230, +1,)°
mI212 (31, +41,)
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168EJ
7ml?

Vi Il:|2:1/2; =
3.1.2.Bai toan xac dinh tin sb6 dao dong riéng ciia dim vé han bac tw do:

Vi du 6: Dam don gidn

Cho dam khéi luong m phan b déu va tiét dién khong doi nhu trén hinh (3.9).

X4c dinh céc tan s dao dong riéng cua dam.

EJ = const
m = const

1 . T

Hinh 3.9

Léi gidi

Viét biéu thirc duong d6 vong cua dam dudi dang chudi hrong gidc don nhu sau:

yz(iansin%}in ot (3.1.27)

n=1

D& dang thay (3.36) thoa man diéu kién bién: Tai cac gdi lién két khdng c6 chuyén vi:

Ta co:
o’y °& , ., . nm., .
?Z_l_zz (I‘I an SInT)SIna)t (3128)
n=1
0%y 2 nzz
foo = m= =-mao®( Z(an sin TJsin ot (3.1.29)
n=1

Chon dam so sanh gidng dam cho nhung khong co lién két. Khi khéng ké dén anh

huong cua luc cit, lugng cudng birc duoc viét nhu sau:



59

I 82y 2
z:l EJX[aZ—ZJ +2f,ydz (3.1.30)

Thay (3.36) vao (3.38):

0

| 2 2 S
_ n - nmz) . - nmz) .
Z= HEJX(l—ZZ[nZansmTjsm wtj +2fqt[;ansmT)sma)t}dz

n=1

1 o

_ zt ., , onat) g = . na
= EJ, Zesin a)tj'z na, sin—=- dz+23|na)tj o ZansmT dz  (3.1.31)
0 n=1

0 n=l

Ta thay:

1
jsinZ%dz :% véin=123..) (3.1.32)
0

1 - .
J.sin Nz o ma _(msin n;r.cosrrzm—czos nz.sinmz) _ 0 (3.1.33)
0 1 1 (n -m )

(V61 n#£m)

Khai trién (3.1.31) va dira vao két qua (3.1.32), (3.1.33), nhan duoc biéu thirc sau:

4 © 1 0
Z= EJXﬂ—4sin2a)t.EZn4a§+2$inwt.j fthansin% z (3.1.34)
1 2 n=1 0 i=1 1
0z

Cho Z — min, hay: P 0 v&i n= (1+ ) nhan duoc hé gém n phuong trinh. Ung

n

véi moi gid tri cia n, ta c6 phuong trinh:
o, 1., . h . Nnz _
EJ, 1—43|n a)t.EZn a, +2sin a)t.j fqtsmT dz=0 (3.1.35)
0

Thay fy vao (3.1.35):
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4 1
EJ, 7[—4 sin 2ootl.Zn“an—Zma)2 sin® wtjan sin? 2 4z =0
1 2 ) 1

4

AR 2cotl.Zn“an—Zma)zsin2 a)t.lan =0
1 2 2
2_2
o= B (3.1.36)
1 m

3.2. Tim tin sé dao dong riéng tir dang dao dong riéng:
Dé minh hoa cho cach 1am nay, ta xét lai cac vi du (3.1.1) va (3.1.2) ¢ phan trén.
Vi du 7: Dam don gian c6 hai bdc tw do
Cho dam don gian c6 d6 cang EJ=const, hai khdi luong m;=m, =m dat tai c4c vi tri
nhu hinh vé (3.10). Bo qua khdi lugng cia dam. Tim tan s dao dong riéng cua dam.
mi=m ma=m
o ® o * o

W . 13 113
— -

i [ 8

Hinh 3.10
Loi gidi:

Viét biéu thirc duong d6 vong cho cac doan dudi dang da thirc sau:

4 4 4
yi= (Zaizijsin ot Y= (ijzj]sina)t ; V3= (chz”jsin ot Voi OSZS% (3.2.1)
i=1

j=0 n=0

Tir bai toan tinh ta thay:

+ Truong hep (a): ik an

Dang dao dong riéng thir nhat dugc thé hién nhu hinh W

v& (3.11). Céac khdi lugng m; va m, c¢6 chuyén vi cliing

chiéu va cé tri sé bang nhau. Vay ti sd giita cac Hinh 3.11
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chuyén vi nay bang 1. Tan s6 dao dong riéng la ;.

Chon dam so sanh giéng dam cho nhung khéng c6 lién két. Tir d6 c6 cac diéu kién

rang budc:

= =0 = - =0: = % _ No| _
g1= ys(z:%) =0 o= yl(Z:%) yz(zzo) = 0, Os= p Z=% E 3 =0
oy oy =0g =Ds| My
J4 yz(z%) y3(z:0) =0; 0s = o2 Z:% o |Z:0 =0 ( 3.2.2)

Cac diéu kién rang budc (3.2.2) ciing chinh 1a diéu kién bién cua ( 3.2.1). Ngoai ra,
ta da biét néu khdi lugng my c6 chuyén vi bang mot khdi lugng m, ciing ¢ chuyén vi

bang 1.

Luong cudng birc duoc viét nhu sau:

3 1/3 82 7
Y,
Z= Z .[ EJ{ asz jdz + 2F1th1(1/3,t) + 2F2th2(1/3,t) +kz_1:;tkgk (3.2.3)

v=l o
Cho Z — min, ta c6 hé phuong trinh:

g g 2y %y (3.2.4)
oa, ob. oc

(1I=1+4;)=0+4;n=0+4;,k=1=+7)
Sau khi d4 tim cuc tri ctia phim ham Z theo céc hé sé a; bj, ¢, ta thay:

F =-ma?y . B =-maf yZ(Z:1 vao cac phuong trinh (3.2.3).

1
1(275)

Giai hé phuong trinh (3.2.4). Tir két qua tinh toan c6 dugc:
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2(6mw?1® ~162E])

A=A, = 7 (3.2.5)
162EJ
%=0=> o, = \ 5ml®
+ Trwong hop (b): 1
i /R
Dang dong riéng thr hai duoc thé hién nhu hinh vé \L T 53

(3.12). Cac khdi luong m; va m, chuyén vi nguoc chiéu W P=1

va co tri s6 bang -1. Tan sb dao dong riéng 13 w,. .
Hinh 3.12

Véi cac budce 1am twong ty nhu & truong hop (a) nhung cac diéu kién rang budc &

(3.2.2) duoc viét lai nhu sau:

= = —1= 3.2.6
yl(zi) 1 - Js yl(zzl) 1=0 ( )
3 3
yz(Z:%) = —l — g7 = yz(zzé) +1 = 0

Tir két qua tinh toan ta c6 duoc:

2.(mw?1® —486E)
A = 4, = 2me ) ) (3.2.7)

f486EJ
=0=>w,= e

* Nhdn xét: cac biéu thic (3.2.58) va (3.2.7) 1a cac phuong trinh bac 2 d6i véi o.

Trong khi biéu thirc (3.1.8) cua vi du 1 lai 1a cac phwong trinh bac 4 ddi véi o. Vay,

phuong phap nay cé cach nhin va cach lam don gian hon.
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Vi du 8: Dam don gidan c6 ba béc tw do

Cho dam don gian c6 d6 ctng EJ = const, cac khoi mi  m2 ma3
A,ZS, o @ '3 B
M c @p @ F @ &

.4 V4 | U4 | 4

) T T =1

lwong m; = m, = mz = m dat tai cac vi tri nhu hinh vé

(3.13). B6 qua khéi lwong cua dam. Tim tan sé giao

dong riéng cua dam Hinh 3.13

Loi gidi:

* Xét bai todn tinh:

Viét biéu thirc dan hoi cho cac doan dudi dang da thic sau:
4 . 4 ) 4 4

yi=Qlaz'y v, =002 v, =0z v, =0 d,z"); (3.2.8)
i=1 j=0 n=0 m=1

Trong dd, cac doan 1,2 va doan 3 c6 gdc toa do 1an luot tai A,C va D. Con doan 4
c6 gdc toa do tai B. Véi viéc chon goc toa dd nhu trén, duong d6 vong caa doan 1 va 4

thoa man diéu kién bién tai gbi lién két: gbi A va B khong cé chuyén vj dang.

Chon hé so sanh giéng dam cho nhung khong cé lién két. Diéu kién bién viét cho

cac doan va diéu kién rang buoc nhu sau:

dys| _dy,

g, = yl(%) ~Ya(-0) =0; 2= s =0

92 = yZ(Z:%) Y =0 9. = ddyz2 . - ddyz3 -, =0

g; = y3(z%) - yA(Z:%) =0; Js =% . +% _ =0 (3.2.9)
- Trwong hep (a): P=1 P=1 [ P

Iuc tap trung P = 1 dt tai cc vi tri c6 cac khdi lugng

Dang dao dong cua hé nhu ¢ hinh (3.14). Vay, cac /L(B.,
1 1
1,414

nhu hinh vé. Hinh 3.14
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Luong cudng birc duoc viét nhu sau:

n 14 d2y JZ 6
Z= BJ | —3' | dz+2F%y +2F%y +2F%y +> A9 (3.2.10)
|Z_l:'([ (dz2 1[2:%) 2[2:%) 3(2:%) kzzll k Tk
Cho Z — min, ta c6 hé phuong trinh:
Z _0:9% o Z_g. % _4. %Z_ (3.2.11)
oa, ob, oc, ad, ol

(i=1+4,j=0+4n=0+4m=1+4k =1+6)

Tt d6 nhan duoc cac két qua:

512 1 —9I® 712
= ;a,=0;a,=——;a, =0;b, = b, =
% 32E) ° 4E)! 0 256EJ" ' B4EJ]

3l 1 —191° 1
b, = ‘b, = b, =0;c, =———;¢c,=0;c, =——; 3.2.12
> 16EJ°° 1283 ° 384E3 " 2 4E) ( )

S
* 12807

Phuong trinh duong dan hdi cua dam:

5?2 1,

%(2)= 32E) © 4B

I E 2
y,(2)= LI LS PSS TP (3.2.13)
256EJ 64EJ  16EJ 12EJ

190 1, 1 .,
ys(2)= + 72 — z
384EJ 4EJ 12EJ

Chuyén vi tai cac diém C, D, E:

—9I® 1913 —9I3
= = —m---—-- ; = _ —_— ; = 3- 2 . 14
Ye yl[z:l] 256E) 7P T Y260 T T34 ys[z:ij 256EJ ( )

4
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Vay ta cd ti s6 chuyén vi giita cac vi tri dit cac khdi lwong. Néu m; va m; co
chuyén vi = 1 thi m, c6 chuyén vi = 1,41. Ta c6 dang dao dong riéng tha nhat (ng véi tan

s6 dao dong riéng w;.

- Trwong hop (b)

ik /&
Dang dao dong cua hé nhu hinh (3.15). Cac luc /%AJ’/ T 2
tap trung P =1 dit tai cac vi tri c6 khdi luong nhu 1 P=1

. . . Hinh 3.15

hinh v€. Nhu vay chuyén vi cia khoéi lugng m; va

ms 1a nhu nhau. Con khéi luong m, khéng co6

chuyén vi.

- Trwong hop (c)

Dang dao dong cua hé nhu trén hinh (3.16). Nhu 1,41

vay, cac luc tap trung P dugc dat nhu hinh vé. P=1 /K‘P\Lﬂ

Hinh 3.16

Khi khong ké dén anh huong ciia luc cit, lugng cudng buc duoc viét nhu sau:

2 6
j dz + 2Fq‘y1(zlj —ZFQ{— yz[zl)}t 2thy3(zlj +kZ:;/1kgk (3.2.15)

4 4 4

n L4 q2 i
z=X| EJX[ dzﬁ

i=1 o

Biéu thirc (3.2.15) hoan toan giong (3.2.10) nén ta co ti s6 chuyén vi gitra cac khoi
luong nhu hinh (3.16).

* Xét bai toan déng:

m1 m2 msa
AR S @p &g @ 3B
L4 V4 | 14 | V4

—r—

Hinh 3.17

Viét biéu thuc duong do vong cho

cac doan dudi dang da thirc nhu sau
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4 4
y, = (Zaiz‘Jsin at; v, :(ijz"]sin aX;
-0

i=1

4 4
Vs :(chz”jsin at; y, =(deszsin at; (3.2.16)
m=1

n=0

Chon hé so sanh giéng dam cho nhung khong c6 lién két. Biéu kién bién viét cho
cac doan va diéu kién rang budc nhu sau:

g oy :
01 = Yiza1ra) ~ Yo(em0) = 0,9, = 8_21 1 _8_22 . =0;
4
g L %y :
93 = Ya(z=174) ~ Ya(2=0) = 0,9, = 822 o - 823 ~ =0; (3.2.17)
4
g oy :
95 = Ya(z=1/2) = Ya(z=0) = 0,0, = 823 I + 5‘24 i =0;
4

Khi khong ké anh huong dén e cat, luong cudng birc dugc viét nhu sau:

4 1/4 azy ]2 9
Z= EJ, Y idz+2FRMy 2Ry 2Ry o+ > 4.0, (3.2.18)
Ll G ety antag oty o Sas
Céc diéu kién rang buoc (3.2.17) ciing chinh 1a diéu kién bién cua (3.2.16). Ngoai
ra, ta da biét ti 1& chuyén vi caa cac khéi lugng my, m,, ms. Tir d6, c6 thém ba diéu kién
rang buoc:

* Trwong hop (a):

9:=Y -1=0 ; 98:y2 1)_1:41:0; gy =Y

1(2:2) (z:Z

1

0 (3.2.19)

-
3(2:1)

Thay (3.2.16), (3.2.17), (3.2.198) vao (3.2.18), nhan duoc biéu thuc lwgng cudng
btrc Z. Cho Z — min , ta c6 hé phuong trinh:
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AP P S S 6.2:20)
abj 8Cn adm a//i’k

0, -

(i=1+4; j=0+4; n=0+4; m=1+4 ; k=1+9)

Sau khi da tim cyc tri cua ham Z theo cac thanh phan co ban, ta thay:

) ; F3“‘=—ma)2y[l) vao cac phuong trinh
3 —t

F" =-mo’ yl(1 j . B =-me? yZ(it
"

4

"
trong (3.2.18).

Giai hé phuong trinh tuyén tinh (3.2.20). Tir két qua tinh toan, nhan duoc:

EJ
A=0>0=0~494 |—
° b \' ml®

* Trwong hop (b):
g; = yl[z lj -1=0 ; Og = yz(z:%] =0 ; gq = ys(z%j +1=0 (3221)

Thay (3.2.16), (3.2.17), (3.2.21) vao (3.2.18) nhan duoc biéu thuc hrc cudng bic

Z. Céc budc tién hanh giéng truong hop (a) , Tir két qua tinh toan nhan duoc:

A =4y g =0
EJ
=0 =w, ~19,6,|—
L =0->0=0, e
* Trwong hop (c):
g, =Y 1=0 ; gg= N +141=0 ; g, = Yyt -1=0 (3.2.22)
4

-
W=y 4

Thay (3.2.16), (3.2.17), (3.2.22) vao (3.2.18), nhan duoc biéu thirc luong cudng

birc Z. Tir két qua tinh toan, nhan dugc: 4, = 4, = 4,
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AL =0>0=w0,~416 %
m

* Nhdn xét: cac két qua nhan duoc ciing chinh 1a cac két qua & vi du (2).
3.3. Bai toan dao dgng cwdong birc ctia hé hiru han bac ty do:

Vi hé hitu han bac tu do chiu luc Pgy= Psinrt thi 15i giai ¢ thé duoc tién hanh theo
cac budc da trinh bay & muc (1.4.2.2). Trong d6, tan sé dao dong riéng va dang dao dong
riéng dugc xac dinh dua vao nguyén ly cuc tri Gauss vai cac buéc thyc hién nhu 6 muc
(2.6) hoac (2.7).

Vi du 9: Dam don gian .
Psinrt

Cho dam dan hoi mang hai khdi lugng tap trung A & AL @ B ® &

m, = m = 1800kg ; m, = 2m (b qua khéi luong ciia M= 2= 2
T o L U4 12 U4

dam). Dam c6 EJ = 150.10° Nm*, chiéu dai 1 = 12(m). r | Bl i

Téc dung 1én khéi lugng my lye didu hod c6 bién do Hinh 3.18 )

P=18KN, tin s vong r=108 (s). Hay xé&c dinh
chuyén vi va noi lyc dong cua dam.

Loi gidi:
* X&c dinh tan sé riéng va dang dao déng riéng:

Viét biéu thirc duong d6 vong cho céc doan dudi dang da thirc nhu sau:

4 4 4
y, =(ZaiziJsin ot y, =[ijziJsin at ;s :(chz"Jsin ot (3.3.1)
i=0

i=1 n=0
Céc diéu kién rang buoc:

_Mm
0z

o7

=0 ;
0z

z=0

0, = ys(z:%) =0;09,= yl(z:%) ~ Ya(2-0) =0; g, o
4
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s
0z

. oy
9,=Y :%)_yS(z:O) :0’95 :8_22

2(z

=0gs=Y, 1 ~1=0 (3.3.2)
z=0 4

1
==
2

Chon hé so sénh giéng dam cho nhung khong c6 lién két. Lugng cudng bic dugc

viét nhu sau:
7=
13).4 EJ, (6822321 Jz dz +l;[2 EJX(G;ZBZZ jz dz +l;[4 EJ{%?& Jz dz +2F™y )4 +2 ngty2(1/z~t)+kzﬁl,ﬂk Jy
(3.3.3)
Cho Z — min , ta c6 hé phuong trinh:
oz =0; 0z =0 ; 0z =0; 0z =0 (3.3.4)

w0 a0
(i=1+4; j=0+4; n=0+4; k=1+6)
Sau khi d& tim cuc tri ciia phim Z theo céc hé sb a; va b;, ta thay:
R =m0’ Y100y = MO Yiay 1 F = M0 Yo0,50 = —2M@% Yo 0y
vao cac phuong trinh (3.3.3).
Giai h¢ phuong trinh tuyén tinh (3.3.4), xac dinh duoc cac hé sé chua biét a;, by, ¢,

va c4c phén tir Lagrange 4, .

Tu két qua tinh toan ta c6 dugc, cho A, =0, c6 két qua nhu sau:

3

ml? ml

6MIEJ(27 - /473
o, =\/ ( ) ~5613 |-

6
o [omiETaTE) o [ET
! ml? ml®

Thay cac gia tri a;, b;, ¢, tim duoc vao (3.3.1) ta co: khi khéi lugng m; dao dong véi



bién do bang 1 thi khéi luong m, dao dong vai bién do bang (1+

Thay céc gia tri EJ, m va | da cho, ta cé:

< A 38,98 |, .
Vecto tan so dao dong riéng: (s
118,76

. . 1 1
Ma tran cac dang chinh: @ =
1,099 -0,455

Chuan hoa cac dang dao dong riéng theo (1.4.1.5):
+ Tinh cac hé sb a;:

m 0 1
a°= ¢ Mg, =[1 1,099 =3,4156m

—a, =18481J/m

0 11
al,=py M@, =[L —0,455] B‘ 2m} {-o 455}: 1,41405m

= a, =1,891/m

+ Dang chuan duogc xac dinh:

1 [t 7 [os411] 1
e ™1 8481 m | 1099 | | 0,5946 | Jm

1 [08946 | 1
|-0,455] |-0,3826 |/m

Ma tran dang chuan:

1
Pacn = 11891Jm

[05411 08409 | 1
“ 105946 —0,3826| /m

24E)-mae?’l®

-108EJ + mw?I®

|

70
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* X4c dinh tdi trong khai trién theo cac dang riéng : Dua vao ( 1.4.2.3), ta co:

P1: w;,—ch PM ¢1,ch

1 Pl[m 0 ][05411] 1 [0,707
= —[055411 0,5946 | = P
Jm 0|0 2m||05946|/m |0,644

P2: @.;_r,ch PM ¢2,ch

1 PIm 0 7[0,8409 1 [o0,707
=——[0,5411 05946 | = P
Jm 00 2m||-0,3826|/m |-0,644

0,293 0,707 }

Viy P=
P {0,644 ~ 0,644

Tai trong khai trién theo cac dang riéng duoc thé hién & hinh (3.19).

0,293Psinrt 0,644Psinrt
m1i ‘mz
Vol D
0,707Psinrt -0,644Psinrt
m1i ‘mz
L B
Hinh 3.19

* Xac dinh chuyén vi déng cua hé:
Céc phan tir cia ma tran cac hé sé anh husng dong hoc duoc tinh theo (1.17):

sinrt
w? —r?

(3.66)

t
Kai (t) = a)i Isin re.sine, sinw, (t—7)dr =
i 0

Thay céc gia tri @, va r vao (3.66) nhan dugc ma tran cac hé s6 anh huéng dong

hoc nhu sau:

—-9,8575

Kai (1) = {40 0846 }10‘5 sinrt



Chuyén vi caa hé dugc tinh theo (1.18):

. 1
Y (£)=M"*PyKaiy = m {0

N+~ O

0,293 0,707 -9,8575| . .
P 10°sinrt
0,644 —-0,644 40,9846

26,0879 . 8,453 | .
= mP.107°sinrt = sinrt (mm)
-16,3712 —-5,304

* XAac dinh lyc d@an hoi:

t 5 .
Theo (1.20) ta co: Ki(t) = o, [sinrz.sina, (t—r)dz = ‘Zf_'”r'f (3.67)
0 _

Thay céc gia tri @, var vao ( 3.67) nhan dugc ma tran:

—-14,98

Ki(t) = [ }mzsin rt
578,04

Luc dan hoi dugc tinh theo (1.21):

2 707 -14 ) 4,04 )
P4 = PinKi(t) = 0293 0,70 P 98 10%sinrt = 043 P sinrt
0,644 -0,644 578,04 -3,819

* X&c dinh ngi luc dong:

Tir biéu db trén hinh ( 3.20), Ma do P = 1 dit 1an luot tai A va tai B gay ra la:

Ma,1 = 31/16 va Ma, = 1/16. P=1
Al o
Momen uén tai A:
_ 31/16 /16
4 i | |
Ma()) = [3—%} [4’043 }P sin rt L8] 2 L4
1616 | | -3,819

= 112,185 sin rt (KNm) Hinh 3.20



Momen udn tai B:

Ma() :{ 1 31} {4,043

—== P sinrt
1616 || —-3,819

= - 100,089 sin rt ( KNm)

Biéu d6 ménmen dong nhu hinh (3.21)

73

100,089

A

B
112,185

Hinh 3.21
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KET LUAN VA KIEN NGHI
* Két luan:

1)  Nguyén ly cuc tri Gauss dugc K.F.Gauss phét biéu cho co hé chat diém. Dua trén
nguyén 1y ndy, GS.TSKH. Ha Huy Cuong d3 dé xuit phuwong phap giai bai toan co hoc
vat ran bién dang. Khi str dung phuong phap nguyén 1y cuc tri Gauss vao bai toan dong
luc hoc, n6 da giai quyét duoc van dé quan trong cia bai toan dao dong, d6 1a tim tan sb

riéng va dang dao dong riéng.

2)  Céc phuong phap da biét tyu trung lai déu xuat phat tir nguyén 1y nang luong.

Con phuong phap nguyén 1y cuc tri Gauss da thoat ra khoi nguyén ly nang luong.

3) Téc gia da xay dung dugc cac budc tién hanh dé xac dinh tan s dao dong riéng

va dang dao dong riéng cua hé dao dong.

4) Bing viéc tim hiéu va ap dung tinh todn cho cac bai toan cu thé cua hé dam, c6
mot s6 bac tu do hoac vo han bac t do va c6 cac lién két khac nhau, tac gia da ching to
duoc sy dung din va hiéu qua cua phuong phap nay. Cac két qua nhan dugc phil hop Véi

nhitng két qua da c6 khi giai bang cac phuong phéap khac.

5) Phuong phap nguyén ly cuc tri Gauss xay dung va dua ra loi giai cho bai toan
d6ng nhu bai toan tinh, do d6 c6 cach nhin don gian va to ra c6 hiéu qua ddi vai cac bai

toan dong luc hoc.
* Kién nghi:
1)  CO thé sir dung phuong phap nguyén 1y cuc tri Gauss nhu mot phuong phap moi

trong giang day va hoc tap, nghién ctu.

2)  Phuong phap nguyén ly cuc tri Gauss mo ra mot huéng méi vé thuc nghiém, thay
vi thi nghiém trén cau kién nay (hé cho) thi cé thé tién hanh thi nghiém trén cau kién
khac (hé so sanh). Viéc cuc tiéu hoa luong cudng buc cho phép di dén két qua thi

nghiém ddi véi cau kién phai xét.
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