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LOI NOI PAU

Tai sao mon hinh hoc dugc xem 1a "kho cting" va "lanh 1€0"? M{t trong
1y do co ban nhét 1a vi n6 khong thé md ta dugc thé gidi ty nhién xung quanh
chung ta. Nhiing dam may tréi lo ling khong phai 1a nhitng qua cau, nhimg
ngon nui nhap nho khong phai 1a nhitng chdp nén, nhiing bd bién tho mong
khong phai la nhiing duong tron. Tt cam nhén truc quan nay, ndm 1982, nha
toan hoc thién tai Mandelbrot nay sinh ra y tudng vé su ton tai cia mot moén
"Hinh hoc ctia tu nhién", Fractal Geometry. Tir ddy, t6i va ban co thé mo ta
mot ddm may mdt cach chinh xac nhu mot kién trac su thiét ké can nha cia ho.
Trong nhirng nam gﬁn day, toan hoc va khoa hoc tu nhién da budc 1én mot bac
thém méi, sy mo rong va sang tao trong khoa hoc tré thanh mot cudc thur
nghiém lién nganh. Cho dén nay n6 di dwa khoa hoc tién nhiing budc rat
dai.Hinh hoc Fractal bit dau duoc biét dén khoang mot thé ky nay,no ra doi
lam thay ddi cach nghi cua ching ta vé khoa hoc néi chung va toan hoc noéi
riéng “Gidi han cua Fractal 1a khong giéi han™. N6 md ra mot lanh vue méi cia
toan hoc va co6 nhitng tién bo dac biét trong vai chuc ndm gén day, la mon khoa
hoc tré duge rat nhiéu nha khoa hoc quan tam & trén thé gigi cling nhu ¢ Viét
Nam. Nho vao cong cu chinh 1a may tinh ¢6 su phat trién nhanh chong vé tbc
d6 ma viéc biéu dién Fractal trd nén d& dang hon nén Fractal da duoc dong dao
moi nguoi cha y va thich tha nghién ciru,cac Fractal duge sinh boi may tinh c6
hinh anh kha dep va rat thi vi. Vi mot ngudi quan sat tinh cd mau sac cua cac
ciu truc Fractal co s& va vé dep cta ching tao nén mét sy 161 cudn hinh thirc
hon nhiéu 1an so v&i cac d6i tuong toan hoc da tung duoc biét dén. Nhirng
nguyén nhan cta sy 16i cudn do hinh hoc Fractal tao ra la n6 da chinh stra dugc
khai niém 15 thoi vé thé gidi thuc thong qua tdp hop cac birc tranh manh mé va
duy nhét cua né.

Viéc nghién cru ngdn ngit hinh hoc tu nhién nidy mo ra nhiéu hudng
méi cho khoa hoc co ban va ung dung. Trong dé tai nay chi méi thuc hién
nghién ciru mot phan rat nho vé hinh hoc phan hinh va tng dung cua nd. Noi
dung ctia dé tai gdm c6 ba chuong dugc trinh bay nhu sau:
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CHUONG I
TiM HIEU VE FRACTAL

1.1. SU HINH THANH VA PHAT TRIEN CUA FRACTAL

“Khoa hoc hién dai” von dugc phat trién tir ky nguyén Khai sang
(Enlightenment) & thé ky 17, khéi dau boi nhitng phat minh cua Kepler, Galilei
va Newton vé cac dinh luat cta van dong vat chit va bai su thic déy manh mé
ctia cudc cach mang cong nghiép. Voi nhitng phat minh d6, lan dau tién con
ngudi tim duoc mot cach nhan thire thé gidi bang “phuong phap khoa hoc” ma
khong can dwa vao mdt sirc manh than thanh ndo hay phai vién dén nhiing lién
cam huyén bi nao giita tri tué con ngudi voi mot tinh than hay linh hén cua ty
nhién. Va cling do do, “khoa hoc” da dugc phat trién trudc hét va manh mé &
cac linh vuc nghién ctru ty nhién nhu co hoc, vat 1y hoc, thién van hoc, v.v...
Cudi thé ky muoi chin cac nha vatly da coi vatly 1a linh vuc dong kin va day
da. Moi su viée, hién tugng co tam quan trong trong linh vuc vat ly déu da
duogc phat hién. Do do6 chi can lam rd nhitng su kién thiéu chat ché sau do
danh dau "hoan chinh". Vi thé trong khi sip xép mot sé su kién khéng chiit
ché Schrodinger da phat minh ra co hoc lugng tir va FEinstein da tao ra thuyét
trong dbi. Do do cac nha vat ly rit hoang mang vi xudt hién nhiéu van dé can
giai quyét hon trude. Pbi voi Whitehead nha toan hoc va triét hoc My thi mot
trong nhitng khia canh c6 ¥ nghia nhat cua tién bo nay 1a quan diém triét hoc
vé vat ly “tu nhién khong dén voi ta sach s& nhu ta nghi vé nd”, va khoa hoc,
trong tinh than qui gian cua co gidi luan, voi viéc lam sach tu nhién d6 da “hat
dd ca dira bé cung véi chau nude tdm” . Ta tré lai d6i mat véi mot tu nhién va
cudc doi nhu noé von cé, diy cat bui trdn gian, 16 nhdé khic khuyu, giy v&
quanh co, chir dau co théng bang, tron tria nhu cac hinh vé cia khoa hoc hinh
thirc. Ta nhéan ra diéu d6 ca tir trong chinh ban than phan cot 13i tri thirc cua
khoa hoc, ca tir nhitng linh vuc ing dung khoa hoc dang c6 nhiéu hira hen
thanh cong.

Nén tang dau tién cua Fractal di duoc nha toan hoc va vét 1i hoc
Leibniz dua ra cung khoang thoi gian d6 1a self-similarity (tinh tu twong tu)



mic du chua hoan chinh nhung di mé ra budc tién dau tién. Nhung né chi
duoc biét dén véi cai tén hinh hoc Fractal ddu tién vao nam 1872 khi Karl
Weierstrass dua ra mot vi du véi chirc nang khong truc quan cua thudc tinh
hién than khip noi lién tuc ma khong phu thudc vao khong gian. Vao 1904,
volt Helge Koch khong hai 1ong v6i két luan ctia Weierstrass, dua ra mot dinh
nghia hinh hoc cao hon vé chirc ning twong ty, ma bay gid duoc goi 13 dwong
cong Koch. Duya trén thanh qua d6 , Waclaw Sierpinski da xay dung véi tam
gidc vao nam 1915 ma sau nay goi la tam giac Sierpinski. Ban dau cac Fractal
hinh hoc da dugc mo ta nhu 1a nhitng dudong cong hon 1a hinh 2D ma ta duoc
biét dén nhu 13 trong cac cong trinh hién dai ngay nay. Vao 1918, Bertrand
Russell dd dodn nhan vé mot " vé dep tdi cao " bén trong ndy sinh trong toan
hoc Fractal.Y tudng cia cac duong dong dang duoc cam xa hon nita boi Pierre
Lévy Paul, nguoi ma, trong 1938 d3 dua ra kién gia vé mot duong cong fractal
moi, dwong cong C Lévy. Georg Cantor cling dé cung cap cac vi du vé cac tip
con cau thudc tinh bat thuong thuc sy phu hop — tdp Cantor bay gio clng
dugc cong nhan la fractals. Nhirg ham lap trong mat phang phirc duogc diéu tra
vao cudi thé ki 19 - dau thé ki 20 bai Henry Poincaré, Felix Klein, Pierre Fatou
va Gaston Julian. Tuy nhién, khong cé sy gitp d& cua dd hoa may tinh hién
dai, ho thiéu nhitng phuong tién dé lam cho truc quan vé dep cua nhiéu ddi
tugng ma ho kham pha. Vao nhitng nam 1960, Benoit Mandelbrot bat dau dicu
tra self-similarity (tinh ty twong ty), ma trudc d6 dugc xay dung trén cong viéc
cia Lewis Fry Richardson. Cubi cung, vao 1975 Mandelbrot dua ra tir
"Fractal" dé biéu thi mot d6i tuong ma co mién Hausdorff- Besicovitch 1a 16n
hon so véi cac mién truée ddy. Ong ta minh hoa dinh nghia toan hoc nay bai
may tinh nhiing truc quan hoa. Nhiing anh nay bat dau tré 1én ndi tiéng dua vao
phép dé quy, dan t6i hinh thanh thuat ngit "Fractal" ngay nay.

1.2. CAC UNG DUNG TONG QUAT CUA HINH HQC FRACTAL
Hién nay c6 3 hudéng ung dung 16n cua 1y thuyét hinh hoc phan hinh,
bao gom:
= Ung dung trong van d¢é tao anh trén may tinh.
« Ung dung trong cong nghé nén anh.
= Ung dung trong nghién ctru khoa hoc co ban.

o UNG DUNG TRONG VAN DPE TAO ANH TREN MAY TiNH:

Cung véi sy phat trién vugt bac ciia may tinh ca nhan trong nhitng nim
gan day, cong nghé giai tri trén may tinh bao gom céc linh vuc nhu tro choi,
anmation video... nhanh chong dat dinh cao cua n6. Cong ngh¢ nay doi hoi sy
mo ta cac hinh anh cua may PC v6i su phong phu vé chi tiét va mau sic voi su
t6n kém rat 1on vé thoi gian va cong stirc. Ganh ning d6 hién nay da duoc giam
nhe déng ké nhd cac mo ta don gian nhung day du cua ly thuyét fractal vé cac
dbi twong ty nhién. V6i hinh hoc phan hinh khoa hoc may tinh c6 trong tay mot
cong cy mo ta ty nhién vo cung manh mé.
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Ngoai cac ung dung trong linh vuc giai tri, hinh hoc phan hinh con c6
mat trong cac ung dung tao ra cac hé dd hoa trén may tinh. Cac h¢ nay cho
phép nguoi st dung tao 14p va chinh stra hinh anh, déng thoi cho phép tao cac
hiéu tng v& rat ty nhién hét sitc hoan hao va phong phu, vi du hé phan mém
thuong mai Fractal Design Painter cua cong ty Fractal Design. H¢ nay cho
phép xem céc hinh anh dudi dang hinh hoa vécto cling nhu st dung cac anh
bitmap nhu cic dbi trong. Nhu di biét, cic anh bitmap hién thi hét sirc nhanh
chong, thich hop cho cac tmg mang tinh toc d9, cac anh vécto mat nhiéu thoi
gian hon dé trinh bay trén man hinh (vi phai dugc tao ra bang cach vé& lai)
nhung doi hoi rat it ving nh¢ lam viée. Do do y tudng két hop wu diém cua hai
loai d6i _tuong nay s€ gitp tiét kiém nhiéu thoi gian cho ngudi st dung cac hé
phan mém nay trong viéc tao va hién thi cac anh cé do phirc tap cao.

o UNG DUNG TRONG CONG NGHE NEN ANH:

Mot trong nhiing muyc ti€u quan trong hang dau cua cong ngh¢ xur ly
hinh anh hién nay la su thé hién hinh anh thé giéi thuc véi day du tinh phong
phu va song dong trén may tinh. Van dé nan giai trong linh vuc nay chu yéu do
yéu cau vé khong gian luu trit thong tin vuot qua kha nang luu trit cia céc thiét
bi thong thudng. C6 thé don cir mot vi du don gian: 1 anh c6 chat luong gan
nhu chup doi héi ving nhé 24 bit cho 1 diém anh, nén dé hién anh d6 trén man
hinh may tinh c6 do phan giai twong ddi cao nhu 1024x768 can xap xi 2.25Mb.
Vi cac anh “thuc” 24 bit nay, dé thé hién dugc mot hoat canh trong thoi gian
10 gidy doi hoi xap xi 700Mb dir liéu, tic 1a bang stc chira ciia mot dia CD-
ROM. Nhu vay khé c6 thé dua cong nghé multimedia 1én PC vi n6 doi hoi mot
co s dit liéu anh va 4m thanh khéng 15.

Dung trudce bai toan nay, khoa hoc may tinh da giai quyet bang nhiing
cai tién vuot bac ca vé phan cung 1an phin mém. Tat ca cac cai tién 46 dya trén
¥ tuong nén thong tin hinh anh tring l3p. Tuy nhién cho dén gan day, cac
phuong phap nén thong tin hinh dnh déu ¢6 1 trong 2 yéu diém sau:

e Cho ti 1€ nén khong cao. Pay la truong hop cua cac phuong phdp nén
khong mat thong tin.

e Cho ti 18 nén twong ddi cao nhung chat lugng anh nén quéa kém so voi
anh ban dau. Day 1a trudng hop cua cac phuong phap nén mat thong
tin, vi du chuan nén JPEG.

Céc nghién ctru 1y thuyét cho thay dé dat mot ty 16 nén hiéu qua (kich
thudc dir liéu nén giam so véi ban dau it nhat hang trim lan), phwong phap nén
mat thong tin 1a bat budc. Tuy nhién mot van dé dit ra 1a 1am thé nao cé dugc
mdt phuong phap nén két hop ca tinh hiéu qua vé ty 1& nén 1an chat lugng anh
s0 v6i anh ban dau? Phuong phap nén anh phan hinh dugc ap dung gan day baoi
Iterated System dap tmg duoc yéu ciu nay.

Nhu di biét, v6i mot anh xa co trén mot khong gian metric day du, lubn
t6n tai mot diém bt dong x, sao cho:
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X = f(x)

Micheal F.Barnsley dd mé rong két qua nay cho mot ho cac anh xa co
f.Barnsley di ching minh duoc véi mot ho anh xa nhu vay van tdn tai mot
“diém” bat dong x;. pé y r@ing v&i mot anh xa co, ta ludén tim duoc diém bat
dong ctia n6 bang cach ldy mot gia tri khoi dau rdi 1ap lai nhiéu lan anh xa do
trén cac két qua thu dugc & mdi 1an lap. SO 1an lip cang nhiéu thi gid tri tim
duoc cang x4p xi chinh xac gia tri ciia diém bat dong. Dya vao nhan xét nay,
nguoi ta dé nghi xem anh can nén 1a “diém bat dong” ctia mot ho anh xa co.
Khi d6 di voi mdi anh chi can luu thong tin vé ho 4nh xa thich hop, diéu nay
lam giam di rat nhiéu dung luong can c6 dé luu trir thong tin anh.

Viéc tim ra cac anh co thich hop da duoc thuc hién ty dong hoa nhd qua
trinh fractal mot anh s hoa do cong ty Iterated System dua ra voi sy t6i uu vé
thoi gian thuc hién. Két qua nén cho bodi qua trinh nay rat cao, c6 thé dat ty 18
10000: 1 hodc cao hon. Mgt irng dung thuong mai cu thé cta k¥ thuat nén phan
hinh 14 by bach khoa toan thu multimedia vé1 tén goi “Microsoft Encarta” dugc
dua ra vao thang 12/1992. Bo bach khoa nay bao gom hon 7 gio m thanh, 100
hoat canh, 800 ban d6 mau cung v&i 7000 anh chup ciy cbi, hoa qua, con
nguoi, phong canh, dong vat,... Tét ca dugc mi hoa dudi dang cac dir li¢u
fractal va chi chiém xap xi 600Mb trén mot dia compact.

Ngoai phuong phép nén phan hinh cua Barnsley, con c6 mét phuong
phap khic ciing dang duoc phét trién. Phuwong phap d6 do F.H.Preston,
A.F.Lehar, R.J.Stevens dua ra dua trén tinh chét cua duong cong Hilbert. Y
tuéng co so cua phuong phap la su bién doi thong tin n chiéu vé thong tin mot
chiéu véi sai sd cuc tiéu. Anh can nén c6 thé xem 1a mot dbi tuong 3 chiéu,
trong do hai chiéu dung dé thé hién vi tri diém anh, chiéu tht ba thé hién mau
sic ctia n6. Anh dugc quét theo thir tu hinh thanh nén dudng cong Hilbert chir
khong theo hang tir trai sang phai nhu thudng 1é dé dam bao cac dir liéu nén ké
tiép nhau dai dién cho cac khoi anh ké canh nhau vé vi tri trong anh gdc. Trong
qua trinh quét nhu vy, thong tin vé mau sic cua mdi diém anh duoc ghi nhan
lai. Két qua can nén s& duoc chuyén thanh mot tap tin co6 kich thudc nho hon
rat nhiéu vi chi gdm céc thong tin vé mau sic. Phuong phap nay thich hgp cho
cac anh c6 khdi cing tong mau 16n cling nhu cac anh dithering.

o UNG DUNG TRONG KHOA HQC CO BAN:

C6 thé no6i ciing véi 1y thuyét topo, hinh hoc phan hinh di cung cép cho
khoa hoc mot cong cu khao sat ty nhién vd cung manh mé nhu da trinh bay
trong phan 1.1, vat 1y hoc va toan hoc thé ky XX dbi dau voi su xuat hién cta
tinh hon don trong nhiéu qua trinh o tinh quy luat cta ty nhién. Tur sy d6i dau
do, trong nhitng thap nién tlep theo d4 hinh thanh mot 1y thuyét méi chuyén
nghién ctru vé cac hé phi tuyen goi 1a 1y thuyét hdn don. Sy khdo sat cac bai
toan phi tuyén doi hoi rat nhiéu coéng stc trong viéc tinh toan va thé hién cac
quan sat mot cach tryc quan, do do6 su phat trién cua 1y thuyét nay bi han ché
rat nhiéu. Chi gan day véi sy ra doi cua ly thuyet fractal va sy ho tro dat luc
clia may tinh, cic nghién ciru chi tiét vé sy hdn don moi duge day manh. Vai
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trd ciia hinh hoc phan hinh trong linh vyc nay thé hién mot cach tryc quan cac
cu xu ky di cia cac tién trinh dugc khao sat, qua do tim ra dugc cac dac trung
hodc céc ciu trac tuong tu nhau trong cac nganh khoa hoc khac nhau. Hinh hoc
phan hinh d3 duoc ap dung vao nghién ctru 1y thuyét tir tinh, 1y thuyét cac phirc
chat trong hoa hoc, 1y thuyét tai dinh chuan va phuong trinh Yang & Lee cua
vat 1y, cac nghiém ctia cac hé phuong trinh phi tuyén dwoc giai dwa trén
phuong phap xap xi lién tiép ciia Newton trong giai tich sd,... Cac két qua thu
dugc giir vai tro rat quan trong trong cac linh vyc tuong tng.
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1.3. CAC KIEN THUC TOAN HQC CO BAN
1.3.1. Khong gian Metric :

a) Khong gian:
Dinh nghia 1:

Khong gian X 1a mot tdp ma cac diém ctia khong gian 1a cac phan tir cua tap do.
Pinh nghia 2: (khdng gian Metric) :

Khéng gian (X, d) 1a mot khong gian metric néu ham  d:XxX—R thoa

mén cac diéu kién sau véi d 1a khoang cach giita 2 diém x, ye X:
*d(x,y)=d(y,x) VX, yeX
*0<d(X,y) <o VX,Yye X, XzY
*d(x,x)=0 VX e X
*d(xy)<d(x,2)+d(z,y) VXYy,z2eX

ham d dugc goi la metric .

Pinh nghia 3: o . )
Hai metric d; va d, dugc goi la tuong duong trén X néu ton tai cac hang so
0<cy, c,<o Sao cho:
C1di(X, y)<dy (X, y)<co di (X, y) V(X y)eXxX

Dinh nghia 4: .

Hai khong gian Metric (X4, d;) va ( X;, dy ) 1a tuong duong n€u ton tai
ham  h:X;—X, 1a song anh sao cho metric d; trén X; dugc dinh nghia boi
cong thuc:

di(x, y) =da(n(x), h(y)) V (X, y)eXs

la tuong duong véi d;.

Pinh nghia 5:
Ham f:X;—X, tir khong gian metric (X3, d;) va khong gian metric (X5, d,)
1a ham lién tuc néu véi mdi & >0 va xeX; 38>0 sao cho:

di(x, ¥)<8 = dy(f(x), f(y))<e

b) Ddy Cauchy, tip dong, khéng gian metric ddy dii:
Dinh nghia 1:
Day {Xn}."=1 cac diém trén khong gian metric (X, d) duoc goi 1a day

Cauchy néu V>0, 3N 1a sé ty nhién sao cho:
d(Xn, Xm) < € vn, m>N

Pinh nghia 2:
Day §Xn}¥, =1 cac di€ém cua khong gian metric (X, d) duoc goi 1a hoi tu
td1 dieém xe X néu vai moi €>0, 3N 1a so tu nhién sao cho:
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d(Xn, X) < & Vh<N
x dugc goi la gidi han cua day va: x = lim,_., X,

DPinh ly:
Néu day {Xp¥, =1 trong khong gian metric (X, d) hoi tu téi diém xeX thi
day §X,},"=; 1a day Cauchy.

Dinh nghia 3:
Khéng gian metric (X, d) 1a diy du néu moi ddy Cauchy {X,},"=; trong X ¢
gi61 han xe X.
Vi du: cac khong gian sau 1a khong gian metric ddy du:
R,d) (R%d), voidlametric Oclit.

Dinh nghia 4:
ScX 1a tép con cua khong gian metric. Piém xe X la diém giéi han cua S
néu ton tai day {X,}, =1 cac diém x,eS\{x} sao cho:  Lim,_,.Xn=X

Pinh nghia 5: 3
ScX 1a tap con cua khong gian metric (X, d). Bao dong cia S (ky hi¢u: S)
dugc dinh nghia nhu sau:
S= S u{cac diém gidi han cua S}
S 1a tap déng néu n6 chira moi diém gii han ciand : S= S
Vidu: S=§{x=1/n;n=1, 2, ...} la tdp dong trén ([0, 1], d), d 1a metric Ocolit.

¢) Tdp compact, tdp gioi ni , tap mo
Dinh nghia 1:

ScX 1a tap con cia khong gian metric (X, d). Tap S 1a compact néu moi day
vo han {X,},°-1 trong S déu chtra ddy con hdi tu trong S.

Pinh nghia 2:
ScX 1a tap con cua khong gian metric (X, d). S 1a tip giéi ndi néu ton tai
diém aeX va s6 R>0 sao cho:
d(a, x)<R VXeS

Pinh nghia 3:
ScX 1a tap con ciia khong gian metric (X, d). S 1a gidi ndi toan phan néu voéi
mdi >0 ton tai tap hitu han cac diém {y1, Vs, ..., Yn}<=S sao cho khi xeS thi
d(X’ yl) <g Voi y€{ Y, Y2, .y yn}
Pinh ly:
(X, d) 1a khong gian metric ddy du ScX. S 1a tdp compact va day di néu né
dong va gidi ndi toan phan .
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Dinh nghia 4:
ScX la tap con ciia khong gian metric (X, d). S dugc goi la tdp mé néu véi
mdi seS Je>0 sao cho B(X, €)=y X:d(X, y)<e}S.

1.3.2. Khong gian Hausdorff (H(X), h): q
Phan nay trinh bay mot so6 khai niém vé khong gian Hausdorff 1a co s¢ dé
xay dung fractal.

Dinh nghia 1: .
(X, d) 1a khong gian metric day du. Ky hiéu H(X) la tap cac tdp con compact
cua X.

Dinh nghia 2:
(X, d) 1a khong gian metric day du , xeX va BeH(X). Khi d6 khoang cach
tir diém x t6i tap B dugc xac dinh nhu sau:
d(x, B)=Min{d(x, y):yeB}.

Pinh nghia 3:
(X, d) 1a khong gian metric day du A, Be H(X) khi d6 khoang cach tur tap A
téi tap B dugc xéc dinh nhu sau:

d(A, B)=Max{d(x, B):xeA}.

Dinh nghia 4: . 0
(X, d) 1a khong gian metric day du. Khoang cach Hausdorff gitta cac diém

A, BeH(X) dugc x4c dinh nhu sau:

h(A, B) =d(A, B)vd(B, A)

Dinh ly:
h 1a metric trén H(X).
Chirng minh:

+) h(A, B) = d(A, B)vd(B, A) =d(B, A)vd(A, B) =h(B, A)

+) A=B eH(X) = c¢6 thé tim duoc acA, a¢B : d(a, B)>0
= h(A, B)=d(a, B)>0

+) h(A, A) =d(A, A)vd(A, A) =d(A, A) = Max{d(a, A):acA} =0

+)d(a, B) =min{d(a, b) : beB}, aeA
<min{d(a, c)+d(c, b):be B} vceC
=d(a, C)+min{d(c, b):b € B} VvceC
<d(a, C)+max§{min{d(c, b):beB}:ceC}
<d(a, C)+d(c, B)

d(A, B)=max{d(a, B):ac A}<d(a, C)+d(C, B)

<d(A, C)+d(C, B)
tuong tu ¢6 d(B, A)<d(B, C)+d(C, A)
h(A, B) = d(A, B)vd(B, A)
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< (d(A, C)+d(C, B))v(d(B, C)+d(C, A))
< d(A, C)vd(C, A)+d(C, B)vd(B, C)
<h(A, C) + h(C, B)

Pinh nghia 5:
ScX vaI™>0 thi S+I'= fye X : d(x, y) < T vdi xeS}. Ta goi S+I" duge goi la
dao dong cia S boi hinh cau ban kinh T.

Bo dé 1:
Cho A, B e H(X), (X, d) 1a khong gian metric, £>0. Khi d6 ta c6 khing
dinh: h(A, B)<e & Ac B+e va BcA+te.

B6 dé2: (bb dé mé rong)
(X, d) 1a khong gian metric, {A,:n =1, 2, .., «0o} la ddy Cauchy, céac diém
trong (H(X), h), {n;};°=; 1a ddy vo han cac sb nguyén 0<n;<n,<ns<...
Gia su c6 day Cauchy {X,; € Ay ; J=1, 2, ...} trong (X, d) thi ton tai day Cauchy
{Xne A, ; N>1} sao cho
im:xnj ijl, 2,3, ..

Pinh ly: (Vé tinh diy du cua khong gian fractal)

(X, d) 1a khong gian metric day du thi (H(X), h) ciing 1a khong gian metric
day du. Hon nita néu  §{A,eH(X)},*-; 1 day Cauchy thi A= lim,_,, A, eH(X).
C6 thé mo ta gidi han cua diy nhu sau:

A= {xeX: {X, € Ay} 1a ddy Cauchy hoi tu dén x}
Pinh ly :

(X, d) 1a khong gian metric, {X,} la ddy Cauchy hoi tu téi xe X (lim,_..d(X,

X,)=0). néu ham f: X — X lién tuc thi lim,_,. f(X,)=F(x).

1.3.3. Anh xa co

Dinh nghia 1:
Bién d6i f:X—X trén khong gian metric (X, d) dugc goi 1a co hay anh xa co
néu ton tai hiang s6 0<s<1 sao cho:
d(f(x), f(y)) <s.d(x, y) VX, yeX.
Khi d6 s dugce goi 1a hé s6 co cua f.

Dinh ly: (dinh ly anh xa co)
f:X—X 14 4nh xa co trén khong gian metric day du (X, d). Thi f c¢6 diém cb
dinh duy nhat x;e X, VxeX day {f*'(x) : n=0, 1, 2, ...} hoi tu ti x; e la:
liMo_e " (X) = X d6i voi mdi xe X .

Bé dé 1:
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Cho khong gian metric (X, d) va anh xa w tir X Ién chinh né. Néu w:X—X
la anh xa co trén (X, d) thi w lién tuc.

Bo dé 2:
w:X—X la anh xa lién tuc trén khong gian metric (X, d) thi w la anh xa tur
H(X) vao H(X).

Bo de 3:
W:X—X la anh xa co trén khong gian metric (X, d) v6i hé sd co s. Ta xac
dinh bién d6i w:H(X)—H(X) nhu sau:
w(B) = {w(x): xeB} V BeH(X).
Khi d6 w 1a 4anh xa co trén (H(X), h(d)) v6i hé sé co s.

Bo dé 4: ,
Cho (X, d) 1a khong gian metric.Néu h l1a metric hausdorff thi
h(BuC, DUE) < h(B,D)v h(C,E) VB, C, D, EeH(X)

Bo de 5:

(X, d) 1a khong gian metric, {w,:n=1, 2, .., N} la cac anh xa co trén (H(X),
h) v6i hé sd co tuong tng ctia wy 13 s,. Anh xa W:H(X)—>H(X) duoc xac dinh
boi:

N
W(B) = wy(B) L W B)...ow, (B) = Uw, (B)
=
voi mdi Be H(X) thi W 1a anh xa co véi hé sb co s=Max{s,:n=1, 2, .., N}.

1.3.4. Dinh Iy cit din (COLLAGE)

Dinh nghia 1:

Cho (X, d) 1a khong gian metric, bién ddi wo:H(X)—>H(X) dugc xéac dinh
Wo(B)=C véi moi BeH(X). Thi wq dugc goi la bién ddi co dong va C dugc goi
la tap co dong.

Pinh nghia 2:

Cho {X;w,, n=1, 2, ..., N} 1a hé¢ ham lap hyperbol véi hé sé co 0<s<I. Néu
Wo:H(X)—>H(X) 1a mot bién ddi ¢6 dong thi {X;w,, n=0, 1, 2, ..., N} 12 hé ham
lap hyperbol c6 dongvdi hé sb co s.

Dinh ly:
Cho {X;w,, n=0, 1, 2, ..., N} I1a h¢ ham Iap hyperbol ¢6 dong vdi hé so co s
thi bién d6i W:H(X)—>H(X) dugc xac dinh nhu sau:

N
W(B) = Uw,(B) vBeH(X)
n=0
1a 4nh xa co trén khong gian metric ddy da (H(X), h(d)) véi hé sb co s. Khi do:

h(W(B), W(C))<s.h(B,C) VB, CeH(X)
diém c6 dinh duy nhit AeH(X) thoa man:
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N
A=W(A) = [ Jw, (A)trong 46 A=lim,_.W*'(B) vé&i BeH(X).
n=0

DPinh ly(collage) :
Cho (X, d) l1a khong gian metric day da.Cho tap LeH(X), va so6 €>0. Chon
IFS{X;wp, n=1, 2, ..., N} (hoac IFS c6 dong) véi hé sb co 0<s<1 sao cho

N
h[ L, U W, (L)] <&  voih(d) 1a metric Hausdorff
n=1(n=0)

thi

h(L, A) <¢/(1-s) v6i A la tap hat cua IFS

A=lim,_., w,(L)

A=Luw(L) UWA(L) U...=w"(L)
tac la :

N
h(L,A)<(1-9)* h(L, U w, (L)] vLeH(X).
n=1(n=0)

Tap A va Ag cho trude A, AgeH(X), hé wg, Wy, ...., W, tao thanh hé IFS
hyperbol thi: h(A, W(A)) W (Ag)u...u...)< g/(1-s) Néu du tién tap xuét phat
A, khéc tap cho trudc A 1a ¢ thi sau lan lap s& khac 1a ¢/(1-s). Y nghia cua
dinh ly cat dan nham danh gia su hoi tu cda thuat toan lap.

1.4. SO CHIEU FRACTAL

Chung ta hdy quay lai ménh dé& 1a duong cong ma s6 chidu
Hausdorff-Besivitch 16n hon sé chiéu Ocolit. Bay gid chung ta ¢6 mot sb y
twong vé ban chat cua duong cong fractal va dinh nghia méi vé sé chiéu co
nghia. Chiing ta khong thé hiéu duoc fractal néu nhu ching ta dua ra sé do ¢
nghia. Pinh nghia nghiém tuc vé sé chiéu Hausdorff-Besivitch 1a mot tién bo
dbi v6i nhiéu fractal hau nhu khong thé x4c dinh dugc sé chidu déi v6i phan
16n cac fractal tu gidng nhau. Gia sur rang ching ta bit dau véi bo khoi tao
dang hinh hoc don gian gdm mot sb doan thang lién thong. N6 c6 thé 1a tam
giac, hinh vudng hay tham chi dudong thang. Ching ta hiy xac dinh mot bo tao
sinh gém N doan thing, mdi doan théng c6 do dair, ¢ day rla mot phén cua
doan thang dang duoc thay the Viéc sap xép N doan thang sao cho khoang
cach tir tao sinh t&i diém cudi ctia no giong nhu d6 dai cua doan thang dang
duogc thay trinh thay thé 1ap lai vo han 1an va mdi 1an thay thé mdi doan thang
cua trudc boi doan théng ctia bo tao sinh co co dan ti 1&. Piéu do co6 thé thude
Hausdorff-Besivitch cua dudong cong fractal la:

= log N/log (1/r)

Viéc so sanh s6 chiéu nay véi sé chiéu Ocolit cho ching ta mot s6 tinh
chat cta fractal. Chang han, D c6 gia tri 1.0 chi 1a doan thang thong thuong,
con D ¢6 gia tri 2 ¢6 nghia la duong cong phu hoan toan mat phang.

19



2.1 CAC THUAT TOAN DUA VAO HE HAM LAP

Michel Barnley, gido su toan hoc cua truong dai hoc Cong nghé
Atlanta Georgia da nghién ctru tap Julia, quan st cach tao ra va bién doi c6 18
tao sinh cac dang ma néd dugce ddi sanh véi cac dang cua cac sy vat trong
trong thé giéi xung quanh. Barnsley dd phat hién ra hé théng ham lap
IFS(Iterated Function Systems ).

Hé théng nhu vay bao gom mot tap cac phuong trinh, moi phuong trinh
biéu dién phep quay, tinh tién va co dan. Xuét phat tir mot dlem va ap dung
mot cach ngau nhién cac tap phuong trinh twong tmg voi qui tac xac sudt dugc
xac dinh. Barnsley c6 thé tao ra fractal cd truyen va phat hi¢n ra cach tao ra
cay duong xi va nhirng hinh dang tu nhién khéc.

2.1.1. Thudt todn tién dinh(Deterministic Algorithm)
Xét hé ham lap IFS§ X;w,, n =1, 2, .., N}. Dua trén y tuong tinh toan
truc tiép day {A,, n=1, 2, ...} tir tdp ban ddu A,
A :W1(A0)UW2(A0)U ..... UWn(Ao)
A, :W1(A1)UW2(A1)U ..... UWn(Al)

Ak = W1 (A1) W (A1) U W (A1) =Ui 2 WiAr) = A=W(A)

Day {A,; n =1, 2, ..}cH(X) hoi tu tdi tap hat cua IFS trén metric
Hausdorff.
W =limy5. W™ (A) 13 anh fractal cn tim cia hé¢ ham lap tir d6 suy ra tng
dung trong sinh anh fractal trén may tinh véi s6 lan lap du lon anh thu dugc
gan gidng fractal can tim.
Dé don gian ta xét IFS {R% wy(n=1, 2, .., N)} vdi anh xa 1a cac phép bién dbi

A phin
()= a5
W, (X) = W; = + = A, X+,
X, ¢ di/\x, f

Vi du vé tam giac Sierpinski, chung ta ¢6 hé ham lap sau:

=y o) (5 asl)(5)
w5 o) o(o)
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e
S

2.1.2. Thudt todn lip ngdu nhién (Random Interation Algorithm):
IFS{X;w1, Wy, ..., Wy}, Wi ¢6 hé sO co tuong ing s;, xac xuat ap dung anh
xa la p;, trong do

B selCn p déng w;,
' seICn pdongtEtcyc,.c nhxt

N
=>> P =1
i=1

Véi tap ban dau xoeX, chon ngau nhién chi sé ie {1, 2, ...N} lap dén khi dimg
(tuy y)
Xn=W;(Xn.1) n=1, 2,3, ... ta co {Xp: n=1, 2, 3, ...}c=X
day nay hoi tu téi tap hat cua IFS thu dugce anh cia fractal khi n—o0 St
dung anh xa A phin w;(X)=A; X +b;
det(A;)
N

> det(A;)
j=1

Gia st {X;W1, Wy, ..., Wy} 13 hypecbolic IFS, trong dé pi>0 1a cac xac sudt va

N
Z p, =1. Léy Xge X va chon lién tiép mot cach doc lap,

i=1

Xn€{W1(Xn-1), Wo(Xn-1), -y WN(Xn1), D=2, 3, ... trong d6 xac suit ctia su kién
Xn=Wi(Xn1) 12 pi. Nhu thé chung ta thu duge diy {X,; n=0, 1, ..}c X. Ddy nay
hoi tu dén diém hut cua IFS.

21



CHUONG II: MOT SO KY THUAT CAI PAT HINH HQC PHAN
HINH.

II.1 HQ PUONG VONKOCK:

Trong phan nay ching ta s& cung nhau thao luan cac fractal duoc phat
sinh bang cach sir dung dé qui initiator / generator voi két qua 1a cac hinh tu
ddng dang hoan toan. Cac hinh nay c6 sd chiéu tw dong dang, sé chiéu fractal
va s6 chiéu Hausdorff-Besicovitch bang nhau.

S6 chiéu duoc tinh theo cong thirc sau:

D— log(N)
Trong do:

log (1j
R
N: La s6 doan thang.
R: La sb chiéu dai cua mdi doan.

Chung ta bat dau béng mét initiator, nd ¢ thé 1a mét doan théng hay
mot da giac. M&di canh cia initiator dugc thay thé bai mot generator, ma la tap
lién thong cia cac doan thang tao nén bang cach di tir diém bat ddu dén diém
cudi cua duong thay thé (Thong thudng cac diém cua generator 1a mot ludi
vudng hay mot ludi tao boi cac tam giac déu). Sau d6 mdi doan thang cua hinh
méi duoc thay thé bai phién ban nhé hon cia generator. Qua trinh nay tiép tuc
khong xac dinh duoc. Sau day 1a mot s dudng Von Kock quan trong:

0 PUONG HOA TUYET VON KOCK-NOWFLAKE:
Puong hoa tuyét duge xay dung bai nha toan hoc Helge Von Kock vao

nim 1904. O day ching ta bat diu véi initiator 13 mot doan thing. Con
generator dugc phat sinh nhu sau:
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N

Generator cua duong von kock

Chung ta chia doan thiang thanh ba phan bang nhau. Sau d6 thay thé mot
phan ba doan giita bang tam gidc déu va bo di canh dy cua né. Sau d6 ching
ta 13p lai qua trinh ndy cho mdi doan thing mdi. Nghia 13 chia doan thing méi
thanh ba phan bang nhau va lip lai cac budc nhu trén.

Ta thiy qua trinh x4y dung 13 tu dong dang, nghia 1a mdi phan trong 4
phan & budc thir k 1a phién ban nho hon 3 1an cia toan bo dudng cong & budce
thur (k-1).

Nhu vdy mdi doan thing ciia generator ¢ chiéu dai R = 1/3 (gia sir

chiéu dai doan thang ban dau 14 1) va s6 doan thang cta generator N = 4. Do
vay so chi€u fractal cua duong hoa tuyét la:

_ log(N) _log4
1 log 3
logl =
OQ[R]

e M0t s6 hinh anh ciia duwong

D ~1,2618

(Bac 2) (Bac 3)
,/"‘.ﬂ-\
e Luu db thuat toan (T

Ehén déng mtiator,
Level, Generatar

Thay Thé m&i doan
thing bing Generator

,/"\\
L e < Lewlsn >
3] s
\\ -



Mdi lic chung ta thay thé doan thang bdi generator, ching ta ding 2
mang XPoints, YPoints dé tao mang cac vi tri toa do va sau d6 vé doan théng
tir cip toa do thir nhat dén thar hai, tir tht hai dén tht ba, v.v... cho dén khi
chung ta can v& hét s doan can v& NumLines (trong truong hop duong hoa
tuyét thi NumLines = 4). Dé phat sinh ra cic cip toa do ching ta sir dung céac
1énh d6 hoa con rua nhu d3 mé ta & trén.

Pau tién, ham —Generator giam Level di mot don vi. Sau d6 ching xac
dinh cac toa d6 cua cac diém can vé& cia generator bang cach trudce tién tinh
chiéu dai cua mdi doan thang cla generator can thay thé (Line-Len chinh la
1/R), sau d6 luu trit hai ddu mat cia doan thang can thay thé, roi tinh goc con
rua, sau d6 di chuyén con rua téi toa d6 dau cua doan thang nay, va cudi cung

quay di mot goc thich hop (co lic goc quay la 0°).

Sau d6 chung ta lip lai qua trinh sau dé xac dinh céac toa do cua cac doan
thang cua generator: di chuyén con rua di mot bude, luu trit vi tri méi cua con
rua va quay di mot goc thich hop. O day goc quay dugc luu triv trong mang
Angle. Dbi v6i dudng hoa tuyét gia tri cia mang Angle 13 : {0, 60, -120, 0}.

Ké tiép ham —Generator kiém tra xem muc Level ¢6 16n hon 0 chua:
Néu c6 ham bat dau 1ap, xac dinh céc toa do cac dau mut cua
doan théng moi trong cac mang toa d§ vira méi tao thanh va sau dé goi dé quy
ham —Generator dé thay thé mdi doan bang mot generator.
Néu Level bang 0, ham s& v& cac doan thing dugc luu trong cac
mang toa do.

e Code
void Generator(CDC *pDC,double X1, double Y1, double X2, double

Y2, int Level,int NumLines,double LineLen,double Angles[])
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double *XPoints,*YPoints;

int I;

double Turtle_Theta, Turtle_X, Turtle Y, Turtle R;
XPoints = new double[NumLines +1];

YPoints = new double[NumLines +1];

--Level;

Turtle_R=sqgrt((X2-X1)* (X2-X1)+ (Y2-Y1)* (Y2-Y1))*LineLen;
XPoints[0]=X1;

YPoints[0]=Y1;

XPoints[NumLines]=X2;

YPoints[NumLines]=Y?2;
Turtle_Theta=Point(X1,Y1,X2,Y2);

Turtle X=X1;

Turtle_Y=Y1,;

Turn(Angles[0], Turtle_Theta);

for (I=1; IKNumLines; ++I)

Step(Turtle_X, Turtle_Y, Turtle_R, Turtle_Theta);
XPoints[ | ]=Turtle_X;

YPoints[ | ]=Turtle_Y;

Turn(Angles[ | ], Turtle_Theta);

if (Level)
for (I=0; IKNumLines; 1++)

X1=XPoints[ | ];
Y1=YPoints[ I ];
X2=XPoints[ | +1];
Y2=YPoints[ | +1];
Generator(pDC,X1,Y1,X2,Y2,Level,
NumLines,LineLen,Angles);

}
else
for (1= 0; I<NumLines; 1++)
pDC->MoveTo((int)XPoints[ | ], (int) YPoints [ 1 ]);
pDC->LineTo((int)XPoints[ 1+1 ], (int) YPoints [ I+1 ]);
delete[]XPoints;
delete[]YPoints;

¥

o PUONG VON KOCK-GOSPER:

Mot dang khéac cta duong Von Kock dugc phat hién boi W.Gosper.
Trong duong mdi nay, initiator 1a mot luc gidc déu va generator chira ba doan
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nam trén mot ludi clia cac tam giac déu. Hinh sau cho chung ta thay generator
bo tri trén ludi:

Ta thiy dudng nay c6 chit khac biét so v6i dudng hoa tuyét & chd doan
thang dugc thay thé khong ndm trén bat ky cac dudng nao cia ludi.

Pé tinh s chiéu fractal ciia duong Gosper trudc hét ta tinh chiéu dai
mdi doan cuia generator. Gia st chiéu dai tir dau mut cta generator dén dau mut
khac la 1.

bat:

AC=R=>AE=3AC=3R
AB? = AE? + EB? — 2AE.EB.Cos(60°)
Ta co:
MaAB=1 AE=3R,EB=AC=R

—=1=9R*+R?-2%3R*R/2=TR?

1
=>R=—F—
\/7
EB2 = AE% + AB? — 2AEAB cosa
1+81
AB? + AE> —EB? 1+9R*-R? 1+8R? 7 57
—> COS¢x = = = = =
2 AEAB 2% 3R*1 6R GL 14
\/7
~0-94491
= o ~19°1

Vi N = 3 nén sb chiéu fractal ciia dudng Gosper la:

D— log 3

= ~1.1291
log /7

e Mot s6 hinh anh ciia duwong
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(Mtc 1) (Mtic 2)

e Code
Poan mi d6i véi duong Gosper gidng nhu doan mi cua duong hoa
tuyét, trong do:
NumLines =3
Mang Angle c6 gia tri sau: {19.1, -60.0 }
Ngoai ra, duong Gosper c6 cac mirc khac nhau thi tuong Grng véi cac
hinh dang khac nhau.

o PUONG VON KOCK BAC HAI 3-DOAN:

Mot vai dudng cong ké tiép duoc goi 1a bac hai (quadric) vi initiator 13
mot hinh vudng (Tuy nhién diéu nay khong c6 gi bi mat vé initiator 1a hinh
vudng, nd co thé 1a mot da giac). Hon nita chung ta s& tao ra cac generator trén
ludi cac hinh vudng. Péi voi dudng cong dau tién ndy, mot generator cia 3-
doan s€ dugc str dung.

Hinh sau sé& cho chiing ta mot generator:

E E
r—-—-- - T T T
| ¢ |
| £
/ |
' /
c : |
7 r————
A D )
/ | I
I"v; : I
I
L 1
A

D¢ tinh s6 chiéu fractal ciia duong nay trudce hét ta tinh s6 chi€u cua moi
doan cua generator. Gia st chiéu dai tor dau mut cua generator dén dau mut
khac la 1:

Ta cé:
Piat AC =R
AB? = AE? + EB?
Ma AB =1, AE = 2AC = 2R, EB =R => 1 = 4R? + R?
1
—=R=—
J5
EB?=EA? + AB% - 2EA.AB.Cosa.
1+31
2 2 2 2 2 2 —
- cosy . EATTABE EAT 4R?41-R® 143R° "5 _ 2\/§z0_894427
2EAAB 2.2R.1 4R 41 5
J5
— q ~ 25°56'
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Vi N = 3 nén s chiéu fractal la:

log 3

D=
log /5

~1.3652

e M0t s6 hinh anh cia duwong

(Mtc 3) (Muc 5)
e Code
Poan mi dbi voi dudng 3-doan gidng nhu doan mi duong hoa tuyét.
NumLines = 3

Mang Angle c6 gia tri sau: {26.56, -90.0 }

o PUONG VON KOCK BAC HAI 8-POAN:

Mot vai du:ong cong ké tiép s& giup st dung mét ludi hinh vudng va
quay cac goc di 90°. Chung déu hon mot chut so v6i dudng cong trude boi vi
doan thang duoc thay thé s& roi vao duong nim ngang & giita ludi. Hinh sau
cho chung ta thiy generator cia no:

[}
1
_1

|
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Gia str chiéu dai tir dAu nut cua generator dén dau mut khac 13 1, thi
chiéu dai mdi doan thang cta generator R = 1/4.

Bay gio chiing ta c¢6 thé vé cac generator khac nhau, giéi han duy nhét 1a
duong cong khong tir d¢ 1én nhau va khong tu giao nhau. Néu ching ta muén
duong cong c6 s chiu 16n nhét ¢ thé cé, thi ching ta cin tim generator voi N
16n nhat. Mandelbrot d3 dinh gi4 tri N 16n nhit c6 thé co la:

N Véi 1/R 1a sb chin
™ 2R?
_1+R? Véi 1/R 1a sb 1¢.
mx 2R?
Do vay R = 1/4 nén Ny = 8. S6 chiéu fractal 1a:
D= |0_g8 =15
log4

e Mot s6 hinh anh ciia duwong

ak
-

(Muc 1) (Muc 5)

e Code
Poan mi ddi véi dudng cong 8-doan gidng nhu doan mi cia dudng hoa
tuyét, trong do:
NumLine = 8
Mang Angle c6 gia tri sau: {0, 90, -90, -90, 0, 90, 90, 0 }

o PUONG VON KOCK BAC HAI 18-POAN:

Hinh sau 1a generator cia duong Von Kock bac hai 18-doan:

—
1 1
1 —
1 1

L
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Gia st chiéu dai tur dau mat cua generator dén dau mut khac 1a 1, thi
chiéu dai moi doan thang cua generator 1a R = 1/6. Khi d6 N, = 18. Do d6 s6
chiéu fractal la:

_log18

D
log 6

~1.6131

e Mot s6 hinh anh ciia duwong

(Mirc 1)

e Code
Poan mi ddi voi duong 18-doan giong nhu doan ma cua dudng hoa
tuyét, trong do:
NumLine =18
Mang Angle co gia tri sau:
{0, 90, 0, -90, 0, -90, -90, 90, 90, 0, -90, -90, 90, 90, 0,90,0,0}

0 PUONG VON KOCK BAC HAI 32-DOAN:

Hinh sau 1a generator cia duong Von Kock bac hai 32-doan:
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Gia st chiéu dai tir ddu mat ctia generator dén dau mut khac 1a 1, thi
chiéu dai moi doan thang cua generator 1a R = 1/8. Khi d6 Ny = 32. Do do6 s6
chiéu fractal la:

log 32
D= g

= ~1.6667
log 8

e Mot s6 hinh anh ciia duwong

(Muc 1) (Muc 4)
e Code
~ Dboan ma dbi v6i dudong 32-doan gibng nhu doan ma cia duong hoa
tuyét, trong do:
NumLine = 32
Mang Angle co gia tri sau:
90,-90,90,90,-90,-90,0,90,-90,-90,0,—90,90,90,0,
-90,0,90,0,—90,-90,90,0,90,90,-90,0,90,90,—90,-90,0
o PUONG VON KOCK BAC HAI 50-DOAN:

Hinh sau 1a generator cia duong Von Kock bac hai 50-doan:

TSI ST TSI T ST o0
R |
[ . — -
N N |
b-4-4 —
'
.
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Gia st chiéu dai tir ddu mat ctia generator dén dau mut khac 1a 1, thi
chiéu dai moi doan thang cua generator 1a R = 1/10. Khi d6 N, = 50. Do do
sO chiéu fractal la:

_ log 50

log10

Chung ta thiy generator chira nhiéu doan thang hon, do d6 né tré nén

kém r0 rang hon trong cach thurc chira duong. Qua trinh duogc sap xép va stra
sai.

~1.6990

Néu chung ta sit dung generator dé thay thé cac doan thang cat nhau
theo mot goc 90°, thi chung ta khong thé c¢6 bat ctr phin nio cua generator vuot
ra ngoai bién cua 6 vudng dugc tao ra boi cac duong cham chim (Nhu ¢ hinh
v& trén). Piéu nay du dé tranh tu dé 1én nhau, nhung khong ngan can viéc tu
giao nhau. Pé dam bao ngin chin tu giao nhau, ching ta néi mot cach hinh
thirc mdi cip canh song song cua 6 vudng. Néu generator tiép xtc voi canh cia
0 vuong & cung mot diém vé cung mot bén cua mot cap, thi sy ty giao nhau sé
xay ra. Cudi cung, cach dé dang dé tao ra generator 13 chia n6 ra 1am hai phan
ma ddi xing v6i nhau, mdi phan bat dau ¢ mat cua doan duoc thay thé va két
thic ¢ diém giita ciia diém nay. Do d6 su rang budc & day 1a:

¢ Tao mdt nira generaor tir mot dau mat cta doan dugc thay thé va két
thuc & diém gitra cua doan nay, chira N, /2 doan.

¢ Khong di ra ngoai 6 vudng.

0 Néu generator giao vdi mot diém nam trén mot cip canh song song
v6i nhau cua 6 vudng, thi né khong thé giao nhau ¢ mot diém twong Gng cia
cap canh khac.

Khi ntra generator da tao, ching ta cé thé 1at nguoc lai dd thi va vé
generator giong nhu trén dé hoan tat qua trinh.

e M5t s6 hinh anh cia dwong
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(Muc 1) (Murc 3)
e Code

Poan mi ddi voi duong 50-doan gidng nhu doan mi cua dudng hoa
tuyét, trong do:
NumLine = 50
Mang Angle c6 gia tri sau:
{0, 90, -90, -90, 0, 0, 90, 0, 0, 0, 90, 90, 0, 0, 90,

0, -90, 0, 0, 0, -90, -90, 0, 0, 90, 0, -90, 0, 0,

90, 90, 90, 0, 0, 0, 90, 0, -90, 0, 0, -90, -90, 0,

90, 0, -90, 0, 0,90,90,0}

0 GENERATOR PHUC TAP:

Chuing ta hay quan sat geneator phuc tap dudi day:

OLA) oD 10

Generator nay dugc kham phéa boi1 Mandelbrot. Co s& ctia n6 1a mot ludi
cac tam giac déu. Néu generator chtra cac doan ndi cac diém 0, 1,2, 3,4 va 11
thi n6 s€ tré¢ nén don gian hon. Tuy nhién mo6 hinh nhé hon cia generator don
gian nay duoc chén vao giita diém 4 va 9, sau d6 hai doan thing bang nhau
duoc thém vao dé hoan tit generator.

Do c6 hai do dai khac nhau duoc st dung, ching ta st dung biéu thirc
sau dé xac dinh so chiéu fractal:
Ta co:

Y RMP =1
Trong do:

M: La doan thang.
R: La chiéu dai ciia mdi doan thang.
D: La s6 chiéu cua moi fractal.
Gia sir chiéu dai tir dau mut cua generator dén dau mat khac 1a 1, thi
chiéu dai cua cac doan déu bang nhau 1a R = 1/3. Pdi véi cac doan nho hon thi
chidu dai 1a:

33



R @
That vay:
Ta co:
CD?=CB? + DB? - 2.CB.DB.cos60°
Ma:
CB=1/3
DB =2/3
cpz-1,4.,121
9 9 332
=CD = g

e M0t s6 hinh anh ciia dwong

(Mure 1) (Murc 3)
e Code

Viéc tao ra dudng nay ciing nhu phan trén, nhung ham —Generator thi
khac. Ham nay phai dam bao rang dudng khong tu dé 1én nhau va ty giao nhau.
C6 4 sy thay d6i ciia generator & cac vi tri:

Bén phai doan thiang gdc.
Bén trai doan thang gdc.
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Bén phai doan thiang gdc (nhung véi generator dao nguoc).
Bén trai doan thang gdc (nhung voi generator dao ngugc).
Poan ma ctia ham —Generator nay la:
//Phat sinh ho duong Von Kock Generator phirc tap:
void ComplexVVonKockGenerator( CDC *pDC,double X1,double
Y1[],double X2,double Y2,int Level,int Type,int
Sign,int ~ NumLines,double  LineLen,double
Angles[])

double * XPoints ,*YPoints;

int I;

double Thurtle Theta, Thurtle_X,Thurtle Y, Thurtle R;
int Split=5;

double AngleSplit=60;

XPoints = new double[NumLines + 1];

YPoints = new double[NumLines + 1];

Switch(Type)
casel:
Sign*=-1;
break;
case2:
Sign*=-1;
Case3:
Double Temp;
Temp = X1,
X1=X2;
X2=Temp;
Temp =Y1,
Yl=Y2;
Y?2=Temp;
break ;
--Level;

Turtle_R=sqrt((X2-X1)* (X2-X1)+ (Y2-Y1)* (Y2-
Y1))*LinelLen;
XPoints[0]=X1;
YPoints[0]=Y1,;
XPoints[NumLines]=X2;
YPoints[NumLines]=Y2;
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Turtle_Theta=Point(X1,Y1,X2,Y2);
TurtleX=X1;
TurtleY=Y1;

for (1=1 ; I<Split ;++I)

Step(Turtle_X, Turtle Y, Turtle_R, Turtle_Theta);
XPoints[ | ]=Turtle_X;

YPoints[ | ]=Turtle_Y;

Turn(Angles[ I ]*Sign, Turtle_Theta);

for (I=NumLines -1; I>=NumL.ines -2; --I)

Step(Turtle_X, Turtle Y, Turtle R, Turtle_Theta);

XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ | 1*Sign,Turtle_Theta);

Turtle_R=sqgrt((XPoints[NumLines -2]- XPoints[Split -1])*
(XPoints[NumL.ines -2]- XPoints[Split -1]) +
(YPoints[NumL.ines -2]- YPoints[Split -1])*
(YPoints[NumL.ines -2]- YPoints[Split -1]))*LineLen;
Turtle_Theta= Point(XPoints[Split-1], YPoints[Split-1],
XPoints[NumLines -2], YPoints[NumLines -2]);
Turn(-AngleSplit*Sign, Turtle_Theta);

Turtle_X=XPoints [Split-1];

Turtle_Y=YPoints [Split-1];

for (I=Split ; I<KNumLines -2 ;++I)

Step(Turtle_X, Turtle_Y, Turtle_R, Turtle_Theta);
XPoints[ | ]=Turtle_X;

YPoints[ | ]=Turtle_Y;
Turn(Angles[ | 1*Sign,Turtle_Theta);

if(Level)

for (1=0 ; I<NumL.ines ;++I)
switch(l)
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case2:

cases:

caselO:

case0:

caseb:

Type =0;
break ;

Type = 1;
break ;

if (Level==1)

casel:
case3:
case4:

Caseo:
case’:
case9:

X1 = XPoints[ I ];
Y1 =YPoints[ I ];
X2 = XPoints[ 1+1 |;
Y2 = YPoints[ I+1 ];

Type = 1;
else

Type =
break ;

Type =2;
break;

Type = 3;
break;

ComplexVVonKockGenerator(pDC,X1,Y1,X2,Y2,Level, Type,Sign,

else

NumLines,LineLen,Angles);

for (I=0 ; I<NumLines ; I++)

pDC-_>MoveTo((int)XPoints[ I ],(int) YPoints [ I ]);
pDC->LineTo((int)XPoints[ I+1 ],(int) YPoints [ 1+1 ]);

delete[]XPoints;

3;
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delete[]YPoints;

Ham nay c6 thém hai tham sé Sign va Type. Sygn dung dé nhan véi
mdi goc khi quay. Néu Type = 0 khong c6 gi thay d6i, tham sé Sign van duy tri
gia tri cu va generator dugc sinh ra cung bén nhu generator trude. Khi type = 1,
Sign dugc nhan véi -1 thi tat ca cac goc quay theo chiéu déo nguoc sao cho
generator xudt hién & bén ddi dién véi doan thang tir generator trude. Khi Type
= 2, chung ta tao doan thang ma toa do dau 1a diém cudi ctia doan thang khac
va nguoc lai sao cho generator dugc vé theo chiéu ngugc lai. Chung ta cling
can dao tit ca cac diu cua generator dao nguoc nay dé generator xuit hién cing
bén véi generator trude. Cudi cung, khi Type = 3, chiing ta ddo nguoc cic toa
d6 sao cho generator vira dio nguoc vira di chuyén sang phia déi dién. Ham
nay lam viéc nhu sau:

Xac dinh Type thudc loai nao?

Xac dinh céac toa do cua generator 16n va nho.

Néu Level = 0 thi ham sé& vé& cac doan thang.

Néu Level khac 0 thi ham xac dinh loai cho tham sb Type ddi véi mdi
doan thang, sau d6 goi dé quy.

Mang Angle 1a: {60, 0, -60, -60, -60, 0, 60, 60, 0, 0, -60}

NumLines = 11

I1.2 HQ PUONG PEANO:

Trong phan ndy, ching ta xét cac duong co sd chiéu fractal bang 2.
Chung dugc goi 1a cac dudng Peano vi dudng dau tién trong ho duong nay
dugc kham pha boi Guiseppe Peano vao nam 1900. Do d6 chiéu fractal 1a 2
nén cac duong nay phai lap day hoan toan mat phang Piéu nay dan dén sy tu
giao nhau ctia chiing tai nhiéu diém trong mit phang.

o PUONG PEANO NGUYEN THUY:

Hinh sau cho chung ta thiy generator ctia dudng Peano nguyén thuy:

0\

O day initiator rat don gian. N6 chi 1d mot doan thang. That khong may,
tat ca déu ty cat, nén hau nhu khong thé xac dinh céch thirc ma theo d6 duong
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Peano dugc v€, ngay ca cdc miii tén dugc thém vao trong hinh v€. Nhin vao
hinh v€ nay ching ta thay generator dugc hinh thanh nhu sau:

Dau tién
thang ngang vé
doan thing ng
dung doan than
dung doan tha
phia trén.

doan
dung
i, roi
n, roi
g vé

thang dimg
an thang dim
dung doan t
roi dung doa
, va cudi cu

Nhu vay generator chira 9 doan thf}ng (nghia l1a N = 9), chiéu dai mdi
doan cua generator 1a R = 1/3 (Gia st chi€u dai doan thang ban dau la 1). Do
do6 so chiéu fractal la:

D:IOLQ:D:Z
log 3

e MOt s6 hinh anh ciia duwong

(Muc 1) (Murc 3)
e Code

Poan mi ddi voi duong Peano gibng doan mi cua dudng hoa tuyét,
trong do:
NumLines =9
Mang Angle c6 gia tri sau:

0,90,—90,—90,—90,90,90,90,0
0 PUONG PEANO CAI TIEN:
Néu khong c6 sy tu giao cua generator~déi vo1 duong Peano thi viée di
theo vét cia nd va quan sat cach thuc v€ s€ dé dang hon. Vi thé, duong Peano

cai tién dugc phat trién theo kiéu 1am tron cac goc dé tranh sy tu giao. Két qua
chung ta dugc generator nhu hinh sau:

| ;
B




Tuy nhién, generator cip nhat nay chi c6 thé sir dung & mirc thap nhat
trude khi thue v& dudng cong. Néu sir dung né & mirc cao hon, bing k¥ thuat
dé quy chiing ta cb ging thay thé generator d6i v6i mdi duong chéo duge 1lam
tron & mot goc, ciing nhu ddi véi cac doan thang déu. Do d6 generator cho
duong Peano nguyén thuy dugc str dung ¢ murc cao. Vi generator sir dung lan
dé quy cudi cung c6 do dai ngin hon so vo1 dudng Peano nguyén thuy, ta co s6
chiéu fractal D nho hon 2. Khi sb 1an dé quy ting 1én, sb chiéu fractal s& thay
doi va tién vé 2.

e Mot s6 hinh anh ciia duwong

(Murc 2)
e Code

// Edit Code phat sinh ctia dudng cong Peano cai tién:

void ModifiedPeanoGenerator(CDC *pDC, double X1, double Y1,
double X2, double Y2, int Level, int NumLines,
double LineLen, double Angles[],
double &XTemp, double &Y Temp)

double *XPoints, *YPoints,SplitLineLen=1.0/18.0;
int I,Split=9
double Turtle_Theta, Turtle_X, Turtle Y, Turtle R;
XPoints = new double[NumLines + 1];
YPoints = new double[NumLines + 1];
--Level;
XPoints[0]= X1;
YPoints[0]= Y1,
Turtle_Theta = Point(X1,Y1,X2,Y2);
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Turtle X=X1;
Turtle_Y=Y1,;

if (Level)

Turtle_R=sqrt((X2-X1)* (X2-X1)+
(Y2-Y1)* (Y2-Y1))*LineLen;
XPoints[Split]=X2;
YPoints[Split]=Y2;
for (1=1; I1<Split; ++1)

Step(Turtle_X, Turtle Y, Turtle_ R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
if (11=Split)
Turn(Angles[ | ], Turtle_Theta);

for (1=0 ; I<Split ;++I)

X1 = XPoints [ | ];

Y1=YPoints[I];
X2 = XPoints [ I+1];
Y1 =YPoints [ I+1];
ModifiedPeanoGenerator(pDC, X1, Y1,
X2, Y2, Level, NumLines,
LineLen, Angles, XTemp,
YTemp);

else
Turtle_R=sqrt((X2-X1)* (X2-X1)+ (Y2-Y1)*
(Y2- Y1))*SplitLineLen;
XPoints[0]= XTemp;
YPoints[0]= YTemp;
XPoints|[NumLines]= X2;
YPoints[NumLines]= Y2;

for (I=1; I<KNumL.ines; ++I)
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Step(Turtle_X, Turtle Y, Turtle R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
if (1==NumLines -1)
break;
if (1%2)

Step(Turtle_X, Turtle Y, Turtle R,
Turtle_Theta);

Step(Turtle_X, Turtle Y, Turtle_R,
Turtle_Theta);

Step(Turtle_X, Turtle Y, Turtle R,
Turtle_Theta);

else

Step(Turtle_X, Turtle_Y, Turtle R,
Turtle_Theta);
Turn(Angles[ 1/2
], Turtle_Theta);

XTemp = XPoints [NumLines -1];
YTemp = YPoints [NumLines -1];
for (1= 0 ; I<KNumLines ;++1)

pDC->MoveTo((int)XPoints[ I ],(int)YPoints[ I ]);
pDC->LineTo((int)XPoints[ I+1 ],(int)YPoints[ 1+1 ]);

delete[]XPoints;
delete[] Y Points;

Pbi v6i Level > 1 thi ham nay giéng nhu ham —Generator cta dudng

Peano géc. Véi Level = 1, thi ham nay c¢6 hoi khac mét chat. Thay vi dinh
nghia budc con rua (1 bién Turtle R) bang 1/3 chiéu dai doan thing ban dau
thi ta dinh nghia n6 bang 1/18 chléu dai doan thang ban dau, vé co ban
generator dugc viét sao cho con rua van di qua con duong giong nhu generator
ctia duong Peano gbc, sir dung cic goc quay gidng nhau, nhung dung 6 budc
thay vi 1 budc nhu generator ciia Peano goc. Tuy nhién, cac diém duoc luu trix
trong cac mang toa do co thay d6i. Sau khi luu trit toa d6 thtr nhat, ta luu trit vi
tri sau budc 5, vi tri ké tiép duoc luu trir & cudi bude 1 sau khi quay di mot goc
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dau tién. Cac vi tri con lai dugce luu trit sau bude 5 va sau bude dau tién cua
doan thing ké, ngoai trir buéc 5 cua doan thang cudi cung s& khoéng duoc luu
trit lai. Két qua la khi cac doan théng dugc v€, ching s€ tao nén mdt dudong
xién ndi cac diém 1/6 khoang cach trén mdi doan thang gip nhau & goc. (O day
NumLines = 19).

o TAM GIAC CESARO:

Hinh sau cho chung ta xem mdt generator rat don gian (initiator 1a doan
thang nam ngang):

Generator chira hai canh cia mot tam giac can. Do do, sO doan thang la
N=2 va chiéu dai cia moi1 doan la:

R= L

V2

Gia sir doan thang ban dau c6 chiéu dai 14 1. Khi d6 so chiéu fractal 1a:

log 2
D= =D=2
log /2

Phu thudc vao cac diéu kién cu thé, generator nay s€ dugc dat bén trai
hodc bén phai cia mdi doan thang ma nd thay thé. Nhiéu dudng cong khac
nhau hoan toan c6 thé duoc sinh ra tir generator nay. Cac dudng ndy duoc
kham pha bé1 Ernest Cesaro vao nam 1905.

Céc hinh sau 1a cac muc khac nhau cua tam giac Cesaro:

Murc thir nhat
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Muc thtr nam

O bat ky mirc nao trong viéc xay dung duong nay, generator luon dugc
dat & bén phai cua moi doan thang & muc dau tién, bén trai cua moi doan thang
¢ murc thap hon ké ti€p, bén phéai cua moi doan thang & muc thap hon ke tiép
ntra v.v...

Nhu vay doan mé cta ham Generator c6 thém méng Sign dé lic quay
theo cac goc khac nhau, ching ta nhan twong (mg véi phan tr cia mang Sign
dugc khoi dong nhu sau:

for (I = Level; 1 >=0; --1)
{
Sign[ 1] =Signi;
Signl = -1;
} q ‘
V&1 Signl c6 thé khéi dong luc dau 1a 1 hodc -1.

// Sau day la Edit Code ctia duong cong Tam Giac Cesaro.

void CesaroTriangleGenerator(CDC *pDC,double X1, double Y1,
double X2, double Y2, int Level,int NumLines, double LineLen,
double Angles[],int Sign[])

double *XPoints ,*YPoints;

intl;
double Turtle_Theta, Turtle_X, Turtle Y, Turtle R;
XPoints = new double [NumLines + 1];
YPoints = new double [NumLines + 1];
--Level;

Turtle_R=sqrt((X2-X1)*  (X2-X1)+ (Y2-Y1)*  (Y2-
Y1))*LineLen;

XPoints[0]= X1,
YPoints[0]= Y1,
XPoints[NumLinesv -1]= X2;
YPoints[NumLines -1]= Y2;
Turtle_Theta = Point(X1,Y1,X2,Y2);
Turtle X=X1;
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Turtle_Y=Y1,;
for (I=NumLines ; I1>=1 ;I-=2)

Step(Turtle_X, Turtle Y, Turtle R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ I ]*Sign[Level], Turtle_Theta);

if (Level)
for (1=0; I<NumLines -1 ;++I)

X1 =XPoints [ | ];

Y1=YPoints[I];

X2 = XPoints [ 1+1];

Y2 =YPoints [ I+1];

CesaroTriangleGenerator(pDC, X1, Y1, X2,
Y2Level, NumLines, LineLen, Angles,
Sign);

else

for (1= 0; I<NumLines;++I )

pDC->MoveTo((int)XPoints[ | ],(int)YPoints[ I ]);
pDC->LineTo((int)XPoints[ 1+1 ],(int)YPoints[ 1+1 ]);

delete[]XPoints;
delete[]YPoints;

o TAM GIAC CESARO CAI TIEN:

Tam gidc mé ta & trén hoi kho dé 1an theo dau vét vi dudng & theo goc
90° tr tim cua doan théng géc that su di lai theo vét ctia nod nhung khong thé
quan sat dugc khi v€. Viéc cap nhat duong cesaro co thé thuc hién bﬁng cach
thay ddi goc generator tir 90° sang 85° dbi véi mirc thdp nhit trude khi thyuc
hién qua trinh vé.
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Hinh sau minh hoa mdt generator (initiator 1a doan thing ndm ngang ).

A C D B
Gidng nhu dudng Peano cai tién, két qua thu duoc 13 mot duong cong
ma sO chiéu fractal khong hoan toan la 2, nhung khi s6 lan d¢é quy tién ra vo

cuc thi s6 chiéu fractal tién veé 2.

Hinh sau cho chung ta thiy murc thir tu ciia tam giac Cesaro cai tién:

Ta tinh chiéu dai mdi doan cuia generator.
Gia st chiéu dai doan thang goc la a

Ta co:
AE=a/?2
bat:
AC=bh
CD=c
Ta co:
c? =CE?+DE? —2CEDE cosa
Ma
CE=DE=a/2,a=10°
2 2 —
2= a7_ 2.2.2 0510 =2 ¥ cos10° =a’(sin5°)?

—c=a.sin5°

Ta co:
AC +CD + DB = AB

=2b+c=a
= 2b =a(l-sin5°)
—b= %(1—sin5°) - %* 0.9128442
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Poan ma cua ham —Generator nhu sau:

void ModifiedCesaroGenerator(CDC *pDC,double X1, double Y1,
double X2, double Y2, int Level,int
NumLines, double LineLen, double
Angles[],int Sign[])
double *XPoints , *YPoints ;
intl;

double Turtle_Theta, Turtle_X, Turtle Y, Turtle R, Turtle R1;
XPoints = new double [NumLines + 1];
YPoints = new double [NumLines + 1];
--Level;
Turtle_R1=sqrt((X2-X1)* (X2-X1)+ (Y2-Y1)* (Y2-
Y1))*LineLen;
Turtle_R=Turtle_R1* 0.9128442;
XPoints [0]= X1;
YPoints [0]=Y1;
XPoints[NumLines -2]= X2 ;
YPoints[NumLines -2]=Y2 ;
Turtle_Theta = Point(X1,Y1,X2,Y2);
Turtle X=X1;
Turtle_Y=Y1,;
for (I=NumLines -1; | >=1; I-=2)

Step(Turtle_X, Turtle_Y, Turtle_R, Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ | ]* Sign[Level],Turtle_Theta);
if (I= =NumLines - 1)
Turtle_ R=Turtle_R1,;
Step(Turtle_X, Turtle_Y, Turtle_R, Turtle_Theta);

XPoints[NumLines ]=Turtle_X;
YPoints[NumLines ]=Turtle_Y;
Turn(Angles[NumLines ]* Sign[Level], Turtle_Theta);
if (Level)
for (I= 0; IKNumLines - 2; ++1)

X1 = XPoints [ | ];
Y1=YPoints[1];
X2 =XPoints [ 1+1 ];
Y2 = YPoints [ I+1 ];
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ModifiedCesaroGenerator(pDC, X1, Y1, X2,
Y2,Level,NumLines, LineLen, Angles,Sign);

else
for (I= 0; I<KNumLines -2; ++I)

pDC->MoveTo((int)XPoints[ I ],(int)YPoints[ | ]);
pDC->LineTo((int)XPoints[ 1+3 ],(int)YPoints[ 1+3

D;
for (I= 1; IKNumLines -1; ++I)
pDC->MoveTo((int)XPoints[ | ],(int)YPoints[ |
D;

pDC->LineTo((int)XPoints[ 1+2 ],(int)YPoints[ 1+2 ]);
delete[]XPoints;
delete[]YPoints;

Ham nay gidng v6i ham trong duong Cesaro gdc nhung lic ndy mang
Angle 1a {0, -170, 0, 85, 0 } va NumLines = 4, dong thoi chiéu dai cac doan
cua generator c6 khac nhau. Ching chia lam hai loai:

Loai chiéu dai thir nhit: Bang ntra chiéu dai cta doan thing ban dau.

Loai chiéu dai tht hai: Bing ntra chiéu dai ctia doan ban déu nhén véi

0.9128442.

0 MOQT DANG KHAC CUA PUONG CESARO:
Gia str chiing ta bat dau véi duong generator va hai muc dau tién nhu &
duong Cesaro, nhung str dung sy sap x€p khac di khi dit generator vé phia bén

tra1 va phai cua doan thang gbc khi ching ta & muc cao hon. Két qua la nhiéu
duong khac nhau c6 thé dugc sinh ra tir cach sap xép nay.
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Hinh sau cho chung ta mtrc khac nhau cua hinh Cesaro nay:

Wi tha 2

Wi thd 16

Doan ma cua ham —Generator nhu sau:

void OtherCesaroGenerator(CDC *pDC,double X1, double Y1, double
X2, double Y2, int Level,int NumLines,
double LineLen, double Angles[],int Sign)

double *XPoints ,*YPoints;
intl;

double Turtle_Theta, Turtle_X, Turtle Y, Turtle R;
XPoints = new double [NumLines + 1];
YPoints = new double [NumLines + 1];
--Level;

Turtle_R=sqrt((X2-X1)* (X2-X1)+ (Y2-Y1)* (Y2-Y1))*LineLen;

XPoints[0]= X1;

YPoints[0]= Y1;

XPoints[NumLinesv -1]= X2;

YPoints[NumLines -1]= Y2;
Turtle_Theta = Point(X1,Y1,X2,Y2);
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D:

Turtle X=X1;
Turtle_Y=Y1,;
for (I=NumLines; 1>=1; I-=2)

Step(Turtle_X, Turtle Y, Turtle_R, Turtle_Theta);
XPoints[ | ]=Turtle_X;

YPoints[ | ]=Turtle_Y;

Turn(Angles[ I ]*Sign, Turtle_Theta);

Sign=-1;
if (Level)
for(1=0; I<NumLines -1; ++I)

X1 =XPoints [ I ];

Y1=YPoints[I];

X2 = XPoints [ I+1];

Y2 =YPoints [ I+1];

OtherCesaroGenerator(pDC, X1, Y1, X2, Y2,
Level,NumLines,LineLen,
Angles,Sign);

else
for( 1= 0; IKNumLines; ++I)

pDC->MoveTo((int)XPoints[ | ],(int)YPoints[ |

pDC->LineTo((int)XPoints[ I+1 ],(int)YPoints[ 1+1 ]);

delete[]XPoints;
delete[]YPoints;

o TAM GIAC POLYA:

Duong nay dugc kham phé bdi George Polya. Initiator va generator thi

giong nhu duong Cesaro, nhung vi tri dat chiing c6 thay doi.

Hinh sau cho chung ta thiy hai mtrc dau tién ctia tam giac Polya:

—

Gidng nhu dudng Cesaro, vi tri cia generator ddu tién thay doi tir phai

sang trai va dugc bat dau ¢ muc dau tién. P61 voi duodng nay, vi tri cua
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generator ciing thay d6i duong so v6i mdi doan thing twong duong véi cac
murc khac nhau:

Doan ma cua ham Polya-Generator nhu sau:

void PolyaGenerator(CDC *pDC,double X1, double Y1, double X2,
double Y2, int Level,int NumLines, double
LineLen, double Angles[],int Sign[])

double *XPoints ,*YPoints;
int I;

double Turtle_Theta, Turtle_X, Turtle_Y, Turtle_R;
XPoints = new double [NumLines + 1];
YPoints = new double [NumLines + 1];

Turtle_R=sqgrt((X2-X1)* (X2-X1)+ (Y2-Y1)* (Y2-
Y1))*LinelLen;
XPoints[0]= X1,
YPoints[0]= Y1,
XPoints[NumLinesv -1]= X2;
YPoints[NumLines -1]=Y2 ;
Turtle_Theta = Point(X1,Y1,X2,Y2);
Turtle X=X1;
Turtle_Y=Y1,;
Turn(Angles[ 0 ]*Sign[Level], Turtle_Theta);
for (1=1 ; IKNumLines ;++I)

Step(Turtle_X, Turtle_Y, Turtle_R, Turtle_Theta);
XPoints[ | ]=Turtle_X;

YPoints[ | ]=Turtle_Y;

Turn(Angles[ | ]*Sign[Level],Turtle_Theta);

--Level;
if (Level)
for (1=0; I<NumL.ines; ++I)

X1 = XPoints[ I ];
Y1 =YPoints[ I ];
X2 = XPoints[ 1+1 |;
Y2 = YPoints[ I+1 ];
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PolyaGenerator(pDC, X1, Y1, X2, Y2, Level,
NumLines, LineLen, Angles, Sign );

Sign[Level]* = -1,
else
for (1= 0; IKNumL.ines; ++I)

pDC->MoveTo((int)XPoints[ | ],(int)YPoints[ |
D;
pDC->LineTo((int)XPoints[ 1+1 ],(int)YPoints[ 1+1

D;
delete[]XPoints ;
delete[]YPoints ;

Chung ta sir dung cung mot k¥ thuat da duoc sir dung dbi véi duong
Cesaro tirc la cling dung mang Sign sau khi ching ta goi dé quy ham —
Generator. Mang Angles c6 gia tri la {45, 0 } va NumLines = 2.

Tuy vao muc khac nhau thi tuong ing véi hinh vé khac nhau. Sau day la
hinh minh hoa ctia duong Polya c6 mic 1a 4:

o PUONG PEANO_GOSPER:

Hinh sau la generator cia duong Peano Gosper va mot ludi gom céc
tam giac déu lién két vdi no (initiator 1a mdt doan thang nam ngang):
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Gia st chiéu dai tir ddu mut cta generator dén dau mut khéc 1a 1, ching

ta tinh chiéu dai mdi doan ciia generator nhu sau:

bat:

AD =R
Ta co:

AB? = AC? + BC* - 2.AC.BC.cos60°
Ma: AC =3AD = 3R

BC=AD=R

AB=1

—=1=9%R?>+R*-2%3R*R/2=T7R?

1
=>D=—
J7
Vi generator ¢6 s6 doan thang N = 7 nén s6 chiéu fractal 1a:
p="97 _p->
log +/7

Puong nay co tinh chét 1a nd 1ap diy phan bén trong cua duong Gosper.

Hinh sau cho chung ta thiy murc thir hai ciia dudng nay:

Poan ma cia ham Peano-Gosper-Generator:
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void PeanoGosperGenerator(CDC *pDC, double X1, double Y1, double

X2, double Y2, int Level, int Type, int
NumL.ines, double LineLen, double Angles|

D
double * XPoints ,*YPoints;
intl;
int Sign =1;

double Thurtle_Theta, Thurtle_X,Thurtle Y, Thurtle R;
XPoints = new double[NumLines + 1];
YPoints = new double[NumLines + 1];

Y1))*LineLen;

Switch(Type)

case O:
break;
case 1:
Sign*=-1;
break;
case 2.

Sign*=-1;
Case 3:

Double Temp;
Temp = X1,
X1=X2;
X2=Temp;
Temp=Y1,
Yl=Y2;
Y2=Temp;
break ;

--Level;
Turtle_R=sqgrt((X2-X1)* (X2-X1)+ (Y2-Y1)*

XPoints[0]=X1;

YPoints[0]=Y1;
XPoints|[NumLines]=X2;
YPoints[NumLines]=Y?2;
Turtle_Theta=Point(X1,Y1,X2,Y2);
TurtleX=X1;

TurtleY=Y1;

Turn(Angles[ 0 ]*Sign,Turtle_Theta);

(Y2-
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for (I=1; IKNumLines; ++I)

Step(Turtle_X, Turtle Y, Turtle_ R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ I 1*Sign, Turtle_Theta);

if(Level)
for (I=0 ; I<NumLines ;++I)

switch(l)

case O:
case 3.
case 4:
case 5.
Type =0;
break;
case 2:
case 1:
case 6:
Type =3;
break;

X1 = XPoints[ | ];
Y1 =YPoints[ I ];
X2 = XPoints[ I+1 ];
Y2 = YPoints[ 1+1 |;
PeanoGosperGenerator(pDC,X1,Y1,X2,Y2,Level,
Type,NumLines,LineLen,Angles);

else
for (I= 0 ; I<NumLines ; I++)

pDC->MoveTo((int)XPoints[ I ],(int) YPoints [ | ]);
pDC->LineTo((int)XPoints[ I+1 ],(int) YPoints [ 1+1

D;
delete[]XPoints;

delete[]YPoints;
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Ham nay ciing giéng nhu ham —Generator ctia dudng Gosper, chi khac 1a
n6 thém hai tham sé Sign va Type nhu trong ho cic Generator phurc tap dugc
trinh bay trong phan Complex Von Kock Generator trudc. O ddy NumLines =
7 va mang Angles la:

-19.1,60120,-60,—-120,0,0

0 PUONG HOA TUYET PEANO 7-DOAN:

Hinh sau 1a generator cua dudng hoa tuyét Peano 7-doan (initiator 13
mdt doan ndm ngang):

Puong nay duoc kham pha boi Mandelbrot. Cha ¥ rang twong tu nhu
generator st dung trong muc “Generator phirc tap” ctia ho duong Von Kock da
trinh bay & phan II.1. Piém khéac nhau duy nhat 1a generator nay khong chira
cac mo hinh nhé hon.

Gia st chiéu dai tir dau mut ctia generator dén dau mut khéc 1a 1, ching
ta tinh chiéu dai moi doan cia generator.

Ta thay, generator c6 7 doan, trong d6 c¢6 6 doan c6 chiéu dai bang nhau
la R = 1/3, con chi€u dai cua doan con lai la:

R Y3

3
(theo céch tinh & phan generator phirc tap).

Do do:

6*[EJD +[EJD =1=D=2

Hinh sau cho chung ta thdy muc thtr hai ctiia duong hoa tuyét Peano 7-doan
nay:
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Poan ma cua dudong hoa tuyét Peano /-doan:

void Peano7-DoanGenerator(CDC *pDC,double X1, double Yle,
double X2, double Y2, int Level, int Type,
int Sign, int NumLines, double LinelLen,
double Angles]])

double * XPoints ,*YPoints;

intl;

double Thurtle_Theta, Thurtle_X, Thurtle_Y,Thurtle_R;
XPoints = new double[NumLines + 1];

YPoints = new double[NumLines + 1];

Switch(Type)
Case 0:
break;
case 1:
Sign*=-1;
break;
case 2:
Sign*=-1;
Case 3:
Double Temp;
Temp = X1,
X1=X2;
X2=Temp;
Temp=Y1;
YI=Y2;
Y2=Temp,;
break ;
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--Level;

Turtle_R=sqrt((X2-X1)* (X2-X1)+ (Y2-Y1)* (Y2-
Y1))*LineLen;

XPoints[0]=X1;
YPoints[0]=Y1,;
XPoints[NumLines]=X2;
YPoints[NumLines]=Y?2;
Turtle_Theta=Point(X1,Y1,X2,Y2);
Turtle X=X1;

Turtle_Y=Y1,;
Turn(Angles[ 0 ]*Sign, Turtle_Theta);
for (I=1; IKNumLines -2; ++I)

Step(Turtle_X, Turtle Y, Turtle_R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ | ]*Sign, Turtle_Theta);

for (I=NumLines -1; I>=NumL.ines -2; --I)

Step(Turtle_X, Turtle Y, Turtle_R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ I 1*Sign, Turtle_Theta);

if(Level)
for (1=0; IKNumLines; ++I)

switch(l)

case O:

case 5:

Type =1;

break;
case 1:
case 2:
case 3:
case 6:

58



D;

Type = 2;

break;
case 4.

Type = 3;

break;

X1 = XPoints[ I ;
Y1 =YPoints[ | ];
X2 = XPoints[ 1+1 ];
Y2 = YPoints[ I+1];
Peano7-DoanGenerator(pDC,X1,Y1,X2,Y2,Level, Type,
Sign,NumL.ines,LineLen,Angles);

else
for (I= 0 ; I<KNumLines ; I++)

pDC->MoveTo((int)XPoints[ I ],(int) YPoints [ | ]);
pDC->LineTo((int)XPoints[ 1+1 ],(int) YPoints [ 1+1

delete[]XPoints;
delete[]YPoints;

Gidng nhu trudng hop generator phuc tap, ¢6 4 kha ning lua chon cho

cac vi tri cia generator va phai chon mdt cach can than & mdi mirc, mdi doan
thang dé dam bdo rang duong cong dugc tao thanh khong ty giao nhau hay tu
chong 1én nhau. O ddy NumLines = 7 va mang Angles la:

60,0,-60,—60,—60,0,—60

Tuy vao muirc khéc nhau thi twong img vé1 hinh vé khac nhau. Sau day la

hinh minh hoa cua dudng Peano 7-doan c6 muc 1a 4:
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0 PUONG HOA TUYET PEANO 13-POAN:

Hinh sau thé hién generator cua dudng hoa tuyét Peano 13-doan
(initiator 1a mdt doan nam ngang):

Duong nay cting dugc kham phéd bdi Mandelbrot. Generator nay thu
dugc bang cach thay thé doan thir 5 ciia generator duong hoa tuyét 7-doan véi
mo hinh nhoé hon cua toan bd generator dudng hoa tuyét 7 doan. Bé tinh sb
chiéu fractal cia dudng ndy, ching ta sir dung cong thirc & myc vé duong hoa
tuyét 7-doan. Do d6 sd chiéu fractal cia dudng nay van 1a 2.

Hinh sau cho chung thidy mirc thtr ba cia dudng hoa tuyét Peano 13-
doan nay:
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Poan mi ciia dudng hoa tuyét Peano 13-doan nhu sau:

void Peanol3-DoanGenerator(CDC *pDC, double X1, double Y1,
double X2, double Y2, int Level, int Type,
int Sign, int NumLines, double LinelLen,
double Angles]])

double * XPoints ,*YPoints;

intl;

int Split =5;

double AngleSplit= 60;

double Thurtle Theta, Thurtle_X,Thurtle Y, Thurtle R;
XPoints = new double[NumLines + 1];

YPoints = new double[NumLines + 1];

Switch(Type)
Case O:
break;
case 1:
Sign*=-1;
break;
case 2:
Sign*=-1;
Case 3:
Double Temp;
Temp = X1;
X1=X2;
X2=Temp;
Temp=Y1,
Yl=Y2;
Y2=Temp;
break ;
--Level;

Turtle_R=sqrt((X2-X1)* (X2-X1)+ (Y2-Y1)* (Y2-Y1))*LineLen;
XPoints[0]=X1;
YPoints[0]=Y1,;
XPoints|[NumLines]=X2;
YPoints[NumLines]=Y2;
Turtle_Theta=Point(X1,Y1,X2,Y2);
Turtle X=X1;
Turtle_Y=Y1,;
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Turn(Angles[ 0 ]*Sign, Turtle_Theta);
for (1=1; I1<Split; ++1)

Step(Turtle_X, Turtle_Y, Turtle_R, Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ | 1*Sign,Turtle_Theta);

for (I=NumLines -1; I>=NumL.ines -2; --I)

Step(Turtle_X, Turtle Y, Turtle R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ I 1*Sign, Turtle_Theta);

Turtle_R=sqgrt((XPoints[NumLines -2] - XPoints[Split -
1]) * (XPoints[NumL.ines -2]- XPoints[Split -1]) +
(YPoints[NumLines -2]- YPoints[Split -1])*
(YPoints[NumL.ines -2]- YPoints[Split -
1]))*LineLen;
Turtle_Theta= Point(XPoints[Split-1], YPoints[Split-
1], XPoints|[NumLines -2], YPoints[NumLines -2]);

Turtle_X=XPoints [Split-1];

Turtle_Y=YPoints [Split-1];

Turn(-AngleSplit*Sign,Turtle_Theta);
for (I=Split ; 1< 9 ;++1)

Step(Turtle_X, Turtle_Y, Turtle_R,
Turtle_Theta);
XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ 1 ]*Sign,Turtle_Theta);

for (1=10; 1>=9 ;--1)

Step(Turtle_X, Turtle Y, Turtle R,
Turtle_Theta);
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XPoints[ | ]=Turtle_X;
YPoints[ | ]=Turtle_Y;
Turn(Angles[ | ]*Sign, Turtle_Theta);

if(Level)
for (1=0; I<NumL.ines; ++I)

switch(l)

case 1:
case 2.
case 3.
case 4.
case 8:
case 9:
case 12:
Type =0;
break;
case O:
case 5.
case 6:
case 7.
case 10:
case 11:
Type = 1;
break;

X1 = XPoints[ I ];
Y1 =YPoints[ I ];
X2 = XPoints[ 1+1 |;
Y2 = YPoints[ I1+1 ];
Peanol3-DoanGenerator(pDC,X1,Y1,X2,Y2,Level, Type,Sign,
NumLines,LineLen,Angles);

else
for (1= 0; IKNumL.ines; 1++)

pDC->MoveTo((int)XPoints[ I ],(int) YPoints [ I ]);
pDC->LineTo((int)XPoints[ 1+1 ],(int) YPoints [ 1+1

D;
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delete[]XPoints;
delete[] Y Points;

Déi voi dudng nay ciing c6 4 kha nang lya chon cho vi tri ciia generator
va phai chon mét cach can than dbi véi méi mirc, mdi doan théng dé dam bao
rang dudng cong tao thanh khong tu giao nhau hay tu chong 1én nhau. O day
NumLines = 13 va mang Angle la:

60,0,—-60,-60,-60,0,60,60,60,0,60,0,-60

Tuy vao muc khac nhau thi trong tng voi hinh vé khac nhau. Sau day la
hinh minh hoa ctia duong Peano 13-doan c6 muc 1a 5:

1.3 PUONG SIERPINSKI:

Puong Sierpinski dugc trinh bay sau ddy 1a mot duong cong rat dic
biét, bdi vi ¢o rat nhiéu cach phat sinh ra nd vdi cac khoi dong ban dau hoan
toan khac nhau nhung lai két thuc ¢ viéc sinh ra mot loai duong cong duy nhat.

Chung ta dd quen véi phuong phép dau tién dé phat sinh ra tam giac

Sierpinski bang cach sir dung k¥ thuét initiator / generator dwgc mo ta & cac
phan trudc. D61 voi dudng nay, initiator 1a mot doan thang.
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Generator doi voi dudng cong nay va cac duong duoc sinh ra & muc 1, 2
va 3 dugc minh hoa nhu sau:

Hinh : Generator cua tam giac Sierpinski m tc 2.

Generator cua tam gidc Sierpinski Mitrc 1

Muc 3

Va day la duong Sierpinski & muc 4 va 8:

Muc 4 Muc 8

Dé phat sinh ra dudng nay ta dung k¥ thuat gidng nhu cac duong ho
Von Kock va Peano.

Poan ma cua ham Generator nhu sau:
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void Generator_SierpinskiCurve(CDC *pDC, double X1, double Y1,
double X2, double Y2, int Level,
int Sign, int NumLines, doubleLinelen,
double Angles[], COLORREF color)

CPen pen;
pen.CreatePen(PS_SOLID,1,color);

CPen* pOldPen=pDC->SelectObject(&pen);
double *XPoints,*YPoints;

int i

int Init_Sign;

double Turtle_Theta, TurtleX, TurtleY,TurtleR;
XPoints=new double[NumLines+1];
YPoints=new double[NumLines+1];
TurtleR=sqrt((X2-X1)*(X2-X1)+(Y2-Y1)*(Y2-Y1))*Linelen;
XPoints[0]=X1,;

YPoints[0]=Y1,;

XPoints[NumLines]=X2;
YPoints[NumLines]=Y?2;
Turtle_Theta=Point(X1,Y1,X2,Y?2);
TurtleX=X1;

TurtleY=Y1;

Turn(Angles[0]*Sign, Turtle_Theta);
for(i=1;i<NumLines;i++)

{
Step(TurtleX, TurtleY,TurtleR,Turtle_Theta);
XPoints[i]=TurtleX;
YPoints[i]=TurtleY;
Turn(Angles[i]*Sign, Turtle_Theta);
}
--Level;
Sign*=-1,
if(Level)
{
Init_Sign=Sign;
for(i=0; i<NumLines; i++)
{
X1=XPoints[i];
Y 1=YPoints][i];
X2=XPoints[i+1];
Y2=YPoints[i+1];
Generator_SierpinskiCurve(pDC, X1, Y1, X2, Y2, Level,
Init_Sign, NumLines, Linelen, Angles, color);
Init_Sign*=-1;
}
}
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else
for(i=0;i<NumLines;i++)
{
pDC->MoveTo((int)XPoints[i],(int) Y Points[i]);
pDC->LineTo((int)XPoints[i+1],(int)YPoints[i+1]);

}
pDC->SelectObject(pOldPen);
delete []XPoints;
delete []YPoints;

}
Vi Num-line = 3 va mang Angle 1a [60, -60, 0 ].
1.4 CAY FRACTAL:

Trong cac phan trudc, ching ta di tao ra cac dudng fractal bang cach
thay thé mot cach ldp lai cua cac doan thang v6i cac mau thu nho ciua mot
generator mau, két qua 1a cac duong co tinh tu dong dang. Bay gio, chung ta s€
tao ra dudng cong theo mot hudng khac. Ching ta s& bat ddu vi mot than cay
tai ddu mut cia né ching ta tach than cdy thanh hai hudng va vé& hai nhéanh.
Chung ta s& lap lai qua trinh ndy tai cdc dau mut ciia mdi nhanh. Két qua ching
ta s& dugc mot ciy. Trude khi chung ta biéu dién cic cdy tu nhién, dau tién
ching ta thao luan vai diéu vé cac ciy thuc té.

o CAC CAY THUC TE:

Chiing ta phac thao qua trinh tao ciy duoc cho & trén. Tai mdi nat trong
qua trinh tao cdy, chiing ta tach lam hai huéng. Két qua ta dugc mot cay hai
chiéu. Chung ta hy vong n6 c6 mét sé quan hé voi ciy thuc té 3 chidu. Trudc
khi di xa hon, chung ta quan sat mot vai cdy ty nhién. Pau tién, c6 hai 16p cdy
13 16p ciy rung 14 (deciduous) mdi nim va 16p cay tung bach (conifers). Hai 16p
cay nay hoan toan khac nhau. Cay tung bach c6 khuynh hudng c6 cac vong cua
cac nhanh ¢ tai cac do cao khac nhau vong quanh trung tim cta than cay. Piéu
nay dudng nhu khong thich hop véi tit ca cac qua trinh r& nhanh nhi phéan va
chung ta sé& thdy cac cdy sau ddy do chung phat sinh khong bao gid gidng véi
cay tung bach that sy.

Thit hai, di voi cdy rung 1a méc du sy xuat hién cta chung rat gan voi
mo hinh cta chung ta, thé nhung van con rat nhiéu phic tap trong cau triic cla
chung. Trong khi do, viéc r€ nhanh nhi phan thuong c6 qui luat va don gian
hon nhiéu, chi ngoai trir mot vai than cay co kha nang tach ra nhiéu hon hai
nhanh.

o BIEN DIEN TOAN HQC CUA CAY:
Theo Leonardo da Vinci quan sat, két qua d6 1a do tong sé cac ving cat

ngang cua cic nhanh cay & mgt do cao cho trude la hang s6. Di€u nay khong
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gay ngac nhién vi cay doi hoi chuyén dinh dudng tur gbe dén 1a va cho trudc
mét lugng dinh dudng, mét nguoi nghi rang thiét dién can thiét cho sy van
chuyén s& khong d6i bat ké chiéu cao hay sb ong dan. Khi ching ta chuyén su
quan sat nay vao cac duong kinh (hay cac chiéu rong khi ching ta v& thanh cay
hai chiéu ) thi chiing ta c6 dugc biéu thirc sau:

O day Dg, Dy, D, la duong kinh ctia hai nhanh chia cay lam doi, o = 2
theo da Vinci. Do d6 cac dang cic dang ciu tric giéng cay, mo6 hinh don gian
duoc cho & trén c6 kha ning ap dung cho cac hé théng song t6t hon cac cay, vi
thuodng c6 nhiéu hon hai con séng nhanh ctia mot hé thong song s€ nodi voi
nhau & cing mot noi. Cac cdy khic duoc tim thiy trong co thé con nguoi 1a hé
thong dong mach va cudng phdi ding dé van chuyén méu va oxy, trong d6 o
d6i voi hé thong cudng phoi 13 3 va dbi voi dong mach 13 2.7.

Khi chung ta xay dung ciy ching ta s& sir dung biéu thuc:

-1

_sa (a)
By =27 Bn

O day B, 1a duong kinh ciia nhanh ¢ muc thap hon. B,.; biéu dién
duong kinh méi nhanh con khi B, tach thanh hai nhanh.

Chung ta cting can xem xét chiéu dai moéi nhanh. McMahon nghién ctru
cac loai cay kiéu mau khac nhau va dua ra cong thirc nhu sau cho chiéu dai:

—2

_ 93 (b)
L, =2%1,

V&i L, 1a chiéu dai cua nhanh trude dé va Ly chiéu dai caa mdi nhanh
trong hai nhanh ke sau khi nhanh trudge d6 dugc tach ra lam hai.

Dé tao thanh mot cay, & day ching ta st dung d6 hoa con rua.

Goi:
(X,Y) la toa do ctia gdc cay.
Height, Width 13 chiéu cao va chiéu rong cua cAy.
Letf_Alpha, Right_Alpha la goc Alpha bén tréi va goc Alpha bén phai.
Left Angle, Right Angle 1a goc r€ bén trai va goc ré bén phai cua
nhanh.
Level 1a mtrc cua cay.
Colorl 1a mau cua than cay.
Color2 Ia mau cua tudc cay.
Color3 Ia mau cua 14 cay.

Thuét toan:
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(i) Tinh cac hé sé:

+ Chiéu rong trai va phai theo cong thirc (a).
Left_Width_Factor = pow (2, -1.0 / Left_Alpha);
Right_Width_Factor = pow (2, -1.0 / Right_Anpha );

+ Chiéu cao trai va phai theo cong thirc (b)

Left Height Factor = pow (2,-2.0/(3*
Left_Alpha));
Right_Height_Factor = pow (2, -2.0/ (3 *
Right_Alpha));
(i1) Xac dinh toa d0 ngon cua than cay:
X1=X;
Y1=Y + Height;
(iii) V& than cay tir (X, Y) dén (X1, Y1) v6i mau Colorl va chiéu rong
la Width.
DrawLine (X, Y, X1,Y1, Colorl, Width);
(iv) Phat sinh nhanh bén trai:
a) Xac dinh gdc gitra than cay va truc x (tirc 1a goc clia con rua)
Turtle_Theta = Point (X, Y, X1, Y1);
b) Quay con ruia vé phia bén trai mot goc Left
Turn (Left_Angle, &Turtle_Theta);
¢) Sau d6 goi ham Generator dé phat sinh ra nhanh bén trai.
Generator (X1, Y1,Left Width_Factor * Width,
Left Height Factor * Height, Level);

v) Phat sinh bén nhanh bén phai:

a) Xac dinh goc giita than cay va tryc x (tirc 12 gbc cta con ria)
Turtle_Theta = Point (X, Y, X1, Y1);

b) Quay con rua vé phia phai mot goc Right Angle
Turn (-Right_Angle, &Turtle_Theta);

¢) Sau d6 goi ham Generator dé phat sinh ra nhanh bén phai
Generator (X1, Y1, Right_Width_Factor * Width,

Right_Height_Factor * Height, Level);

Ham Generator c6 doan ma nhu sau:
Generator (float X, float Y,float Width, float Height, unsigned char

Level)
{ ‘
(1) Xac dinh vi tri con rua hién tai va chi€u dai mot bude cua con
rua
Turtle X = X;
Turtle Y =Y;

Turtle_R = Height;
(i1) Xac dinh ngong cua tudc mai phat sinh va gidam muc di mot
don Vi.
Step (&Turtle_X, &Turtle_Y, Turtle_R, Turtle_Theta);
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X2 = Turtle_X;
Y2 =Turtle Y;
Level--;
(iii) V& doan thang tir (X, Y) dén (X2, Y2) v6i do rong 1a Width
va mau duoc xac dinh nhu sau:
+ Néu Level < 3 thi mau hién thai 1a Color2.
+ Néu Level >= 3 thi mau hién thoi la Color3.
If (Level < 3)
DrawLine (X, Y, X2, Y2, Width, Color2);
Else
DrawLine (X, Y, X2, Y2, Width, Color3);
iv) Néu Level > 0 thi chiing ta tiép tuc phan 1am hai nhanh trai va
phai.
if (Level > 0)
{
Turtle_Theta = Point(X, Y, X2, Y2);
Turtle (Left_Angle, &Turtle_Theta);
Generator (Turtle_X, Turtle_Y, Left_ Width_Factor * Width,
Left_Height_Factor * Height, Level )
Turntle_Theta = Point (X, Y, X2, Y2);
Turn (- Right_Angle, &Turtle_Theta);
Generator (X2, Y2, Right_Width_Factor * Width,
Right_Height_Factor * Height, Level);

¥

Sau day la hinh minh hoa mdt cay fractal véi Level = 14, Height = 80,
Width = 20, Left_Alpha = 2.0, Right_Alpha = 2.2, Left Angle = 20,
Right_Angle = 28.
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1.5 PHONG CANH FRACTAL:

Trong phan nay ching ta s& tao ra phong canh fractal bang cach st dung
thay thé trung diém.

Céc hinh v& sau cho chung ta thiy nhirng budc dau tién trong qua trinh
thay thé trung diém:

Hinh (a) Hinh (b)
Hinh (c)

Chung ta bat dau bang mot tam giac va tién hanh thay thé trung diém
mg v6i mdi canh cia tam gidc nay bang mot diém trén dudng trung truc cla
canh twong tng. Khoang cach giita trung diém cii va trung diém méi trong mdi
lan thay thé duoc xac dinh bai viée nhan 1 hé sb ngﬁu nhién Gauss vo1 do dai
doan thang. Ké tiép ching ta ndi mdi diém vira dugc tao ra véi hai dinh gan
nhét cta tam giac. Sau do, tung cap diém méi tao thanh s& duoc ndi lai voi
nhau. Cudi ciing chiing ta bo di cac canh cta tam giac ban dau.

Két qua ctia qua trinh nay 1a su thay thé tam giac ban dau bang 4 tam
giac moi. Sau do, chiing ta lai 4p dung qua trinh xr Iy trén moi mot trong 4 tam
giac mdi nay, luc do ta s€ thu dugc tir 4 tam gidc con 18 tam gidc nhu hinh vé

(©).

Diéu gi sé xay ra khi chiing ta c6 hai tam giac c6 chung mot canh, ngay
ca khi bat dau véi tam giac don, trang thai nay van xuat hién sau budc dau tién.
Luc do chang ta c6 cach gidi quyét nhu sau:

Sy thay thé cta canh chung ddi v6i tam giac dau tién duoc hudng vé
phia bén trong tam giac nay, con su thay thé cia canh chung ddi véi tam giac
thit hai duoc hudng vé phia bén trong trong tam giac d6. Néu ching ta gia st
day la mirc thap nhat va lap day cac tam giac két qua v6i mot mau nao do, thi
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hién nhién mhan thay rang c6 mot 16 ho khong duoc 1ap ddy. Co hai cach dé
giai quyét van dé nay nhu sau:
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Cich thir nhit:

Céach nay do Michael Batty dwa ra. O mdi muc cta quéa trinh dé qui,
ngoai trir murc thép nhit 6ng ta da tao ra mot tam giac nho hon tam giac ban
dau va t6 n6 bang moét mau. Hy vong rang tam giac nay du nho sao cho no
khong che cac mit khong déu theo ¥ mubn dugc tao boi qua trinh thay thé
trung diém nhung n6 da 16n sao cho né t6 duwoc mién ma 16 hong sé phai xay ra
& murc ké tiép trd xudng cua qua trinh.

Cach thwr hai:

Str dung céc toa do cua trung diém khong duoc thay thé cua duong dé
tao ra mot s6 duy nhét. SO nay dugc sir dung nhu hat gidng cho bd phat sinh sd
ngﬁu nhién cua may tinh dé tir 6 phat sinh ra cac s6 ngau nhién cho sy thay
the doc theo trung tryc cia doan thang trong ung. Khi duong trung triuc nay
xuat hién trong tam giac khac, vi trung diém khong dugc thay thé van co cung
toa d6 hat giéng cho bo phat sinh s6 ngu nhién s& giéng nhau va su thay thé s&
giong nhau, vi thé khong c6 kha ning xay ra 16 hong.

Chuong trinh sau tao ra phong canh cdy xuwong rong trong hém nui da
gan Sedona, Arizona.

Pé tao dugc canh nhu thé, ching ta dya vao hinh sau:

L

v

:I'I J]]:*_Lh

.

At

Khudn canh trén dé tao nén hém nai da & Sedona, Arizano
Goi toa d0 ctra s6 thuc XWMin, YWMin, XWMax, Y WMax

Sau day la doan ma tao ra phong canh nay:
Y _Max = 280;
double Level[22]=(3,3,3,3,3,3,4,4,4,4,4,4,4, 4,4, 4,4, 4 4 4 4 4),
double X1[22]={-330, -90, -90, 120, 120, 120, -160, -120, -120, -80, -80,
-50, -50,-50, 80, 104, 104, 128, 128, 152, 152, 200},
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double Y1[22]={-110, -110, -110, -110, -110, -110, -10, -10, -10, -10, -10,
-10, -10,-10, 50, 50, 50, 50, 50, 50, 50, 50};
double X2[22]={-160, -160, 0, 0, 80, 200, -160, -160, -120, -120, -80, -80,
-50, 0,100, 100, 104, 104, 128, 128, 152, 152},
double Y2[22]={0, 0, 0, 0, 50, 50, 220, 220, 190, 190, 230, 230,100, 180,
180,180,200, 205,215, 215, 160, 160 };
double X3[22]={-90, 0, 120, 80, 200, 340, -120, -120, -80, -80, -50, -50, 0,
0,104,104, 128, 128, 152, 152, 200, 200};
double Y3[22]={-110, 0, -110, 50, 50, -110, -10, 220, -10, 200, -10, 235,
180, -10, 50, 200, 50, 210, 50, 220, 50, 140};
for(1=0 ; 1<22 ; ++I)
Generate(X1[ ], YL[ 1], X2[ 1 ],Y2[ 1], X3[ 1],Y3[ I ],Level[ 1],4,12);
Y _Max=-100;
Gen_Quad(-330, -260, -330, -100, 330, -100, 330, -260, 4, 6,14);
Cactus(-110, -130, 3, 4, 2, 10);
Cactus(-200, -120, 2, 4, 2, 10);
Cactus(0, -160, 4, 4, 2, 10);
Cactus(210, -200, 6, 4,2,10);

Trong d6 cac ham c6 doan ma sau:

void Node(double X1, double Y1, double X2, double Y2, double X3,
double Y3, double X4, double Y4, double X5, double Y5,
double X6, double Y6, unsigned char Level, int Colorl,
int Color2)

if('Level)

return;
Generate(X1,Y1, X4,Y4, X6,Y6,Level-1,Colorl,Color2);
Generate(X6,Y6, X5,Y5, X3,Y3,Level-1,Colorl,Color2);
Generate(X4,Y4, X2,Y2, X5,Y5,Level-1,Colorl,Color2);
Generate(X4,Y4, X5,Y5, X6,Y6,Level-1,Colorl,Color2);

void Generate(double X1, double Y1, double X2, double Y2, double
X3, double Y3, unsigned char Level, int Colorl, int
Color2)

double X4,Y4,X5,Y5,X6,Y6,Ax,Ay,Bx,By,Cx,Cy;
X=X2-X1;
Y=Y2-Y1;

MidPoint();
X4=X1+Xz-Xp;
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Y4=Y1+Yz-Yp;
Ax=-Xp;
Ay=-Yp;

X=X3-X1;
Y=Y3-Y1;
MidPoint();
X6=X1+Xz;

Y6=Y1+Yz;
Cx=Xp;
Cy=Yp;

X=X3-X2;
Y=Y3-Y2;
MidPoint();
X5=X2+Xz;

Y5=Y2+Yz;
Bx=-Xp;
By=-Yp;

if(Level)

{
PlotTriange(X1,Y1,X4+Ax,Y4+Ay,X6+Cx,Y6+Cy,Colorl,Color2);
PlotTriange(X6+Cx,Y6+Cy,X5+Bx,Y5+By,X3,Y3,Colorl,Color2);
PlotTriange(X4+Ax,Y4+Ay,X5+BX,Y5+By,X6+Cx,Y6+Cy,Colorl,

Color2);
PlotTriange(X4+AX,Y4+Ay,X2,Y2,X5+Bx,Y5+By,Colorl,Color2);
Node(X1,Y1,X2,Y2,X3,Y3,X4,Y4,X5,Y5,X6,Y6,Level, Colorl,

Color2);

}

else

{

PlotTriange(X1,Y1,X4,Y4,X6,Y6,Colorl,Color2);
PlotTriange(X6,Y6,X5,Y5,X3,Y3,Colorl,Color2);
PlotTriange(X4,Y4,X5,Y5,X6,Y6,Colorl,Color2);
PlotTriange(X4,Y4,X2,Y2,X5,Y5,Colorl,Color2);

¥

void PlotTriange(double X1, double Y1, double X2, double Y2, double
X3, double Y3, int Colorl, int Color2)
{

int Color;
double C1=0.35;
double C2=0.92;
double Ytt,Zt;
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¥

Ytt=(Y1>Y2)?Y1:Y2;
if(Ytt<Y3)
Ytt=Y3;
Zt=(Y_Max+YWMax)*(1-(Ytt+ YWMax)/(Y_Max+YWMax) *
(Ytt+YWMax)/(Y_Max+YWMax));
if(random(Y_Max+YWMax+1)<=Zt)
Color=Colori;
else
Color=Color2;
If((Ytt+YWMax) < (C1*(Y_Max+YWMax)))
Color=Colori;
If((Ytt+YWMax) > (C2*(Y_Max+YWMax)))
Color=Color2;
FillTriange(X1,Y1, X2,Y2, X3,Y3,Color); //Lép dﬁy tam gidc
vai mau Color

void MidPoint()

{

ks

double R,W,C=1.0/2;

double Lstart1=0,Lend1=1.0/6;
double Lstart2=0.03,Lend2=0.07;
R=C+Random_No(LStartl,LEnd1);
W=Random_No(LStart2,LEnd2);
Xz=R*X-W*Y;

Yz=R*Y-W*X;

C=0.05;

Xp=C*Y;

Yp=-C*X;

double Random_No(double LimitStart,double LimitEnd)

{

¥

int Half=MAXINT/2;
LimitEnd-=LimitStart;
LimitEnd=Half/LimitEnd:;
Double Result=(rand() - half)/LimitEnd,;
if(Result >= 0)

Result+=LimitStart;
else

Result-=LimitStart;

Return Result;

void Gen_Quad(double X1, double Y1, double X2, double Y2, double

X3, double Y3, double X4, double Y4, unsigned char
Level, int Colorl, int Color2)
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Generate(X1,Y1, X2,Y2, X3,Y3,Level,Colorl,Color2);
Generate(X1,Y1, X4,Y4, X3,Y3,Level,Colorl,Color2);

¥

void Cactus(double X1, double Y1, int Scale, unsigned char Level,
int Colorl, int Color2)

{
Gen_Quad(X1, Y1, X1, Y1+21*Scale, X1+1.6*Scale, Y1+22*Scale,

X1+1.6*Scale,Y1,Level,Colorl,Color2);

Gen_Quad(X1+1.4*Scale, Y1, X1+1.4*Scale, Y1+22*Scale,
X1+3*Scale, Y1+21*Scale,X1+3*Scale,

Y1,Level,Colorl,Color2);

Gen_Quad(X1, Y1+9*Scale, X1+7*Scale, Y1+9*Scale,
X1+7*Scale,Y1+12*Scale, X1, Y1+12*Scale, O,
Color1,Color2);

Gen_Quad(X1, Y1+9*Scale, X1+6*Scale, Y1+9*Scale,
X1+7*Scale,Y1+12*Scale, X1, Y1+12*Scale,
Level,Colorl,Color2);

Gen_Quad(X1+7*Scale, Y1+9*Scale, X1+7*Scale,
Y1+16*Scale, X1+8.5*Scale, Y1+17*Scale,
X1+8.5*Scale, Y1+9*Scale, Level, Colorl, Color2);

Gen_Quad(X1+8.4*Scale, Y1+9*Scale, X1+8.4*Scale,
Y1+16*Scale,X1+10*Scale, Y1+17*Scale,
X1+10*Scale,Y1+10*Scale, Level, Color1,Color2);

Gen_Quad(X1, Y1+7*Scale, X1-6*Scale, Y1+7*Scale,

X1 - 6*Scale, Y1+10*Scale, X1, Y1+10*Scale,0,
Color1,Color2);

Gen_Quad(X1, Y1+7*Scale, X1-6*Scale, Y1+7*Scale,

X1 -6*Scale,Y1+10*Scale, X1,Y1+10*Scale,
Level,Colorl,Color2);

Gen_Quad(X1-7*Scale, Y1+8*Scale, X1-7*Scale, Y1+12*Scale,
X1+5.4*Scale, Y1+13*Scale, X1+5.4*Scale,
Y1+7*Scale, Level,Colorl,Color2);

Gen_Quad(X1-5.6*Scale, Y1+7*Scale, X1-5.6*Scale,
Y1+13*Scale, X1-4*Scale, Y1+12*Scale, X1-

4*Scale, Y+7*Scale, Level,Colorl,Color2);

ky

Dé vé& phong canh nay, chung ta sir dung k§ thuat lap day tam giac dugc
chia nho ciia Michael Batty & cac giai doan trung gian nham tranh céc 16 hong.

Pau tién, chiing ta xem qua ham Generator. Him nay xéac dinh chiéu dai
theo hudng x va y cho moi doan ctia tam giac c6 toa do (X1, Y1), (X2, Y2),
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(X3,Y3), sau d6 goi ham MidPoint dé xac dinh cic phép thay thé trung diém
theo huéng x va y. Toa do cua trung diém thay thé duoc luu trit va cac phép
thay thé can x4c dinh mét tam giac dugc chia nho va lap diy & murc trén muc
thap nhat, cac dinh cta tam giac nay duogc luu trir trong cac vi tri Ax, Ay, Bx,
By, Cx, Cy. Néu ching ta & muc thip nhat (muc 0), ham nay goi ham
PlotTriange dé xac dinh mau lap day va thuc hién viéc lap ddy 1 trong 4 tam
gidc méi, néu mirc thip nhit chua dat dén, né s& goi ham PlotTriange dé lap
day 1 trong 4 tam giac dugc chia nho va sau d6 goi ham Node, ham nay goi dé
quy ham Generator dé phat sinh ra 4 tam gidc méi tir 1 trong 4 tam giac vira
duoc tao ra.

Déi v6i ham Node, néu Level = 0 thi thoat, con ddi véi cac truong hop
khac thi né goi ham Generator cho lan lugt tirng tam gidc trong 4 tam giac vira
duoc tao thanh.

Ham Gen_Quad chi chay Generator d6i véi hai tam giac tao thanh mot
hinh thang.

Ham Random_No dugc st dung trong viéc xac dinh thay thé ngau
nhién, ham c6 2 tham sO gi6i han trén va duoi (Ca 2 gia tri nay deu 1a so
duong) ciia s6 ngau nhién dugc phat sinh. S6 ngau nhién tra vé s& 12 s6 Am nam
gitta hai gia tri 4m cua hai sd gidi han hodc duong nim giita hai gia tri duong
ctia hai s6 gi6i han.

Con ham MidPoint ban dau ldy sé ngiu nhién va duoc chon biéu dién
cho viéc thay thé trung diém doc theo dudng trung truc v6i khoang cach theo
chiéu x duoc luu trir trong gia tri X va khoang cach theo chiéu y duoc luu trix
trong gia tri Y. Khoang cach nay bang ntra 46 dai canh g voi trung tryc cong
hay trir vo1 mot gia tri ngau nhién giira 0 va 1/6 1an chiéu dai canh d6. Ké dén
chung ta tinh d dich chuyen vudng goc véi canh nay. N6 bang do dai canh
dang xét nhan v&i mot s06 ngau nhién gitra 0.03 va 0.07 hay gitra -0.07 va 0.03.

Ham PlotTriange c6 cac tham sb 13 3 dinh cua tam gidc va hai gia tri
mau, né dung bién Y Max la gia tri d§ cao diéu khién viéc chon lya mau. Dau
tién ham nay chon gia tri y cua dinh cao nhét trong tam giac. Sau d6 no tao
bién Zt theo cong thirc:

Ytt -+ YWMax ]2

Zt = (Y _Max+YWMax)| 1-
Y _ Max +YWMax

Vé6i Y Max 1a d6 cao diéu khién va Ytt 1a do cao cua dinh cao nhat cua
tam giac.

Khi gié tri Zt da dugc xac dinh, ham PlotTriange s€ chon mdt ) ngau
nhién gitra 0 va Y_Max r01 so sdnh gid tri nay voi Zt. Néu gia tri nay nhé hon
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hay béng Zt, mau thr nhat s& duoc chon, nguoc lai mau tht hai dugc chon.
Cudi cung néu do cao Ytt dudi gi61 han dugc chon thi mau dugc chon la mau
thir nhat, nguoc lai chon mau thir hai. Sau d6 ham nay goi ham FillTriange dé
lap day tam giac v6i mau duoc chon.

Ham Cactus c6 cac tham sb 1a cac toa do, hé sb vi tu, muc va hai mau.
Nhiém vu ctia n6 1a phat sinh ra cac cay xuong rong.

Poan mi chay phong canh & trén bat dau 1a chay vong for dé goi ham
Generator 22 1an dé tao ra vach d4 mau do. Sau d6 goi ham Gen Quad dé vé
nén sa mac mau vang va mau nau, cudi cung nd goi ham Cactus bon 1an dé tao
4 cay xuong rong voi cac vi tri va kich thuéce khac nhau.

Btrc tranh hém nui da duoc thuc hién béng ky thuat tao phong canh
fractal.

I1.6 HE THONG HAM LAP (IFS)
o CAC PHEP BIEN POI AFFINE TRONG KHONG GIAN R?

Cho phép bién dbi w: IR - IR? ¢6 dang:
w(X,y)=(ax+by+e cx+dy+f)
O day a, b, ¢, d, e, f1a cac hé sb thyuc, dugce goi 1a phép bién ddi affine
(hai chiéu).
Phép bién d6i c6 thé viét dudi dang:

G al{i)-mom
(e a0 .

Véi:



Bing cach biéu dién phép bién d6i trén dudi dang tach cac phép quay va
vi tu ma tran A c¢6 thé viét dudi dang:

[r cosd —ssin ¢]

rsinéd scos¢

Véi:
r: hé sd vi tu trén truc x.
s: hé sb vi tu trén truc y.
0: gdc quay trén tryuc x.
¢: goc quay trén truc y.
e: hé s6 tinh tién trén truc x.
f: hé sb tinh tién trén truc y.

o IFS CUA CAC PHEP BIEN POI AFFINE TRONG KHONG GIAN R?:

Mot IFS 14 tap hop cac phép bién d6i affine co tuc la:
IFS{IR*:w,:n=1,2,...,N } véi wy 1a phép bién d6i affine.

Vi du:
Mot IFS cua ba phép bién ddi wi, Wo, Ws 18 IFS { IR? ; Wy, Wy, W3 } v6i
Wi, Wy Wj xac dinh boi:

W[ )% osly)(o
W[ ul2)+(2)
W) o)(om)

Trong d6 mdi phép bién doi affine lién két véi mot xac xuat P, quyét
dinh d§ quan trong ctia n6 so véi phép bién doi khac. BE y rang:

N
> P, =1P >0(n=1..N)
n=1

Vi du: ,
Ma IFS do6i véi tam gidc Sierpinski
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w a bc d e f p
1 050 005 0 0 033
2 05 00 05 1 0 033
3 05 0 0 05 05 05 034

0 GIAI THUAT LAP NGAU NHIEN:
Cho IFS[IR?*; W, :n=1,2, ..., N ], mdi wj lién két v&i xac xuét P,

Trude khi trinh bay thuét toan, chung ta tim cach chon cac xac xuat P,
thich hop.

Khi chung ta xac dinh cac phép bién doi, chung ta can chon cic x4c xudt
cho chung. Viéc chon céac x4c xuat khac nhau s& khong dan dén cac hip tir khac
nhau, nhung chiing anh huéng dén téc d6 ¢ cac mién khac nhau hay thudc tinh
ctia hap tir dugc lam day.

M&i phép bién doi affine w,, twong Gng véi hap ti J 1a:

(o R

S6 1an ma diém nhay mot cach ngu nhién ding trong hap tir con W, xap
xi voi:
SW,

SY_

V61 S(A): Dién tich cia A

Néu detA,, # 0 thi viéc chon xac xuét P, nhu sau:

5 _ det Ay _|andn—bncn|
= _

N N
igl‘det AI‘ igl‘aidi _bici‘

Néu detA, = 0 thi P, dugc gan cho mot s nho nhat va kha gan 0, vi du
nhu 0.001. Sau day la cac bang ma IFS:
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* M3 IFS cho la duong xi:

W A b C d E f p

1 |0 0 0 016 |0 0 0.01
2 102 -0.26 (023 [022 |0 1.6 |0.07
3 [-0151]028 [026 |024 |0 0.44 | 0.07
4 1085 |0.04 |-004 |085 |0 1.6 |0.85

Thuit to4n lip ngiu nhién:
(1) Khoi dong cac gia tri
X=0;
y=0;

(i) for (i=1; i <number_iterates; ++i)
{
+ Chon k 1a mot trong s61,2,...,N
+ Ap dung phép bién d6i wy cho diém (x, y) ta thu duoc diém
(x=y-).
+ bdt (x, y) bang diém mai
X = X~;
y=y-
+ putpixel(x, y, color);
}
Tuong tu chung ta 4p dung thuét toan nay ddi véi IFS cua phép bién ddi
affine trong khong gian ba chiéu c6 dang:

X ax+by+cz+n

a b cyx n
yl=|d e f|y|+|q|=| dx+ey+Tfz+q
g h miz r gXx+hy+mz+r

* M3 IFS cho 14 duong xi ba chiéu:

w | A B c|D E f |G|h m niq r|P

110 0 0|0 018 |0 (0|0 0 0|0 0 | 0.001

2 1083 |0 0|0 086 |0. |[0]-0.12 |0.84 |0]1.62 |0 |0.901

1

31022 |-023 |0{02 |022|0 (0|0 0.32 {0/0.82 |0 ]0.049
4

4 1022 {023 |0({02 |022 |0 |0O]|O 0.32 {0/0.82 |0 ]0.049
4
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Sau day la cac hinh v& minh hoa giai thuat 1ap ngau nhién twong tng voi
bang ma IFS duoc trinh bay ¢ phan trudc:

L4 duong xi 2 chiéu L& duwong xi 3 chiéu

II.7 TAP MANDELBROT
0 Pit van dé:

Trong nhiéu thap nién cia thé ky XX, cic nha toan hoc da dé tam
nghién ctru dén mot loai bi€u thirc phuc tap xac dinh boi:

Zn+1:Zn2+c,tr0ngd()zieC, VieN &ceC (1)

Pé don gian hod van dé, trude hét ta xét truong hop ¢ = 0 va zg € R. Khi
d6 co 3 truong hop sau:

+ zp=1:khidoz,=1,Vn>1.
+ 2o <1 :khid6z,— 0khin— .
+ 7o>1:khi d6 z, — o khin — co.

O day tdc d6 tién dén 0 hay tién dén oo cta diy (z,) dugc quyét dinh boi
gia tri ban dau zy ctia ddy. Trong trudong hop 7z < 1, gid tri zo cang nho thi diy
(zn) tién dén 0 cang nhanh. Nguoc lai khi zg > 1, gia tri zg cang 16n thi day (z,)
cang tién nhanh ra oo.

Trong truong hop tong quat, day (zn) dugc xac dinh boi cong thire (1) 6
trén rat kho khao sat vé mat Iy thuyét. Chi dén nam 1979, Mandelbrot méi
thanh cong trong viéc quan sat ddy nay véi su hd trg ctia may tinh dién tir. Két
qua dugc Mandelbrot quan sat thdy 1a mot trong nhiing ciu triic fractal phirc
tap va dep. N6 da duoc dit tén Mandelbrot dé ghi nhé cong lao cua tac gia,
ngudi d khai sinh ra 1y thuyét hinh hoc phén hinh.

o CONG THUC TOAN HOQC:

Ky hiéu z, = ( Xn , Yn), ¢ = (p,q), trong do6:
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= Re(zy), p = Re(c), Yo = IM(2,), g = Im(c), ¥n > 0 thi hé thire truy hoi
Xac dlnh & (1) c6 thé duoc viét lai theo dang don gian hon nhu sau:

X1 = X"~ Yo+ P
Y1 = 2Xn Yo + 0 (2)
Ngoai ra khi khao sat ddy (z,) ta tim dugc tinh chét sau:

Tinh chét vé su hoi tu cua diy (z):

- Néu ton tai k e N sao cho | z¢| > 2 thi day (z,) hoi tu dén vo cuc.

- Néutdntaik e Nsaocho|z|<2 Vt:k<t<1,véil la hing sb
hitu han thi cling ¢6 | z, | < 2, Vn > k. (Ky hi¢u | z | chi modul cta
sO phtc z).

0 THUAT TOAN THE HIEN TAP MANDELBROT:
1. Xay dung thuat toan:

Tap Mandelbrot 12 hinh anh cua diy (z,), voi gia tri khoi dau zo = 0. Khi
d6 man hinh may tinh s€ chuyén doéi thanh mdt mat phang phuc thu hep voi:

+ Tryc x biéu dién phan thuc cta sb phiic ¢ (gia tri p duoc néu ¢ phan
2/).

+ Tryc y biéu dién phan o cta s phuc c (gia tri q dwgc néu & phan 2/).

Tir tinh chat v& sy hoi tu cua diy (z,) & phan 2 chung ta c6 thé chia tap
cac gia tri ctia c trén mat phang phirc thanh 2 16p:

Lop 1:

Gom cac gia tri ¢ 1am cho diy (z,) khong tién ra vo cuc ma duoc gidi
han trong mot vong tron ban kinh 2. Mt cach cu thé, d6 1a cac gia tri ¢ sao cho
khi xuét phat tir chiing, ta ludn ¢o | z |<2,Vi=1,2,...,1, trong d6 I do ta chon
trude. Dé ¥ 1a gia tri 1 cang lon thi tinh hoi tu cua day (zn) twong Umg véi mot
gia tri cu thé cang dugc kiém tra chit ché va chinh xac. Tuy nhién khi do thoi
gian tinh toan dé xac dinh tinh hoi tu s& tang 1én gap nhiéu lan.

Lop 2:

GOm céc gia tri phtic ¢ lam cho day (z,) hoi tu vé vo cuc. Cu thé do la
cac gia tri ¢ khdi dau dan dén | z, | > 2 & mdt ngudng k hiru han nao do.

Van dé dat ra ¢ day 1a can quan sat tinh hdn don cua diy (z,). Do d6
chung ta tap trung cac quan sat vao cac gia tri ¢ thudc 16p 2. Mudn nhu vay cac
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gia tri nay phai duoc thyc hién mot cach ndi bat trén man hinh may tinh boi cac
mau khac nhau. Chung ta s€ t6 mau mat phang phirc man hinh theo qui tac sau:

+ Céc gia tri ¢ thude 16p 1 duoc t6 mau den vi khong co tinh chét gi
dang chu y.

+ Céc gié tri ¢ thudc 16p 2 duoc t6 bang cic mau khac nhau tng véi cac
ngudng tién ra vo han k khac nhau. Do s6 lugng mau c6 thé hién thi trén mot
man hinh do6 hoa Ia hitu han, viéc t6 mau cac gia tri nay s¢ dugc thuc hién theo
k¥ thuat t6 mau xoay vong dugc chi ra ¢ cac phan ti€p sau day.

2. Thuit toan tong quat dé thé hién tip Mandelbrot:

Thuat toan gdm céac bude sau:

- Budce 1:

Xuét phat véi mot gia trj khoi dau ¢ = (p,q).

- Budc 2:

Kiém tra ¢ thudc 16p 1 hay 16p 2.

- Budce 3:

Néu ¢ thudc 16p 1 thi to diém anh tuong ng véi ¢ trén man hinh bang
mau den, nguoc lai t6 diém anh nay bdi mau tuong ung xac dinh tir k¥ thuat to
Xoay vong.

- Buoc 4:

Chon mot gia tri ¢ mai va trd lai budce 1 cho dén khi quet hét toan bd gia
tri ¢ can khao sat (doi khi chung ta khong can khao séat toan by ma chi khao sat
mot mién con dugc yéu cau cua mat phang phuc). Khi do thuat toan két thuc.

Bay gio ta ky hiéu:

+ Max_Iterations 1a s 1an lap t6i da can c6 dé kiém tra gia tri c
thude 16p 1 hay 16p 2 (chinh 1a gia tri 1 dugc dé cdp trong dinh nghia

cualép 1).

+ Count 12 s6 1an ldp da thyc hién (gia tri ndy twong Gng véi mot
ngudng tién ra v han k dugc néu ra trong dinh nghia 16p 2).

+ Mién con ctia mit phang phtc can khao sat 1a mot cira s6 hinh
chit nhat dugc mo ta boi toa dd goc trai bén dudi (Xmin , Ymin) va toa do
goc phai trén (Xmax, Ymax) (theo hé truc toa do thong thuong).

Khi 6 mbi lién hé gitra h¢ truc toa do phuc thuc té v6i hé toa do nguyén

trén man hinh may tinh duoc x thé hién boi hinh 11.1 dudi dy:
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(Xmax, Ymax) (0,0 Col
Thé hién trén

[
»

(Xmin, Ymin) man hinh (Max_Col,Max_Row)
> v
p Row
Vung khao sat 1a 1 mién con cla H¢ toa do nguyén trén
may
mit phing phtc biéu bién gia tri ¢ tinh véi chiéu duong

nguoc chiéu thyc té.
Hinh 11.1

Theo hinh nay, diém bat dau (0, 0) trén man hinh may tinh s& tuong tng
voi gia tri ¢ = Xmin » Ymax), diém két thuc (Max_Col, Max_Row), trong d6
Max_Col x Max_Row thé hién do phan giai ciia mode dd hoa hién thoi cia
man hinh (vi du véi mode VGA 16 mau ta c6 Max_Col = 604, Max_Row =
480), s& twong tng voi diém ¢ = (Xmax , Ymax). Do d6 néu ky hiéu:

Ap 13 luong gia ting theo theo truc thuc cuia gia tri p ing véi mdi cot
trén man hinh.

Aq 13 luong gia ting theo truc 4o cta gia tri q Utng v&i mdi hang trén
man hinh thi:

X — X

A — max min
P Max __Col
q _ Ymax _Ymin

Max __Row

Khi ¢6 mét s6 phiic ¢ = (p, q) Gng voi mot diém anh c6 toa d6 man hinh
1a (Col, Row) s€ dugc xac dinh boi:
p = Xmin + Col.Ap
0= Ymax — ROW.AqQ

C6 thé kiém tra 1a khi Col, Row bién thién theo chiéu ting dén cac gia

tri twong tng Max_Col, Max_Row, ching ta ciing c6 p blen thién tir Xmin dén
Xmax Va q bién thién tir Y jax Xuong Y min » ding nhu yéu clu vé quan h¢ gitra hé
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toa d§ phuc su dung trong toan hoc vdi hé toa do hién thi ctia man hinh da
dugc néu trong Hinh 11.1.

Viéc kiém tra ¢ thudc 16p 1 hay 2 duoc viét dudi dang:
iIf (Count > Max_ Iterations) & (Modul (Z¢ount) < 2))
¢ thudc lop 1
if (Count < Max_Iterations) & (Modul (Zcount) > 2))
¢ thudc 16p 2
DPdng thoi mau té cho mot diém ¢ = (p, q) thudce 16p 2 duogce tinh toan
theo cong thire:
Mau t6 (p, g) = Count(p, q) mod Max_Colors
Voi:
Mau t6 (p, q): s6 hiéu mau gan cho diém anh tuong tng véi gia tri (p, q)
Count(p, q): ngudng tién ra vo han cua diy (z,) twong tng véi (p, q).
Max_Colors: s6 lwong mau ti da co trong palette mau dang dugc sir
dung.

Trong thuat toan nay, dé thé hién mot cach chi tiét, chung ta quét cac gia
tri ¢ trong ctra s6 giéi han boi (Xmin , Ymin) VA (Xmax , Ymax) theo thir tu tir trén
xuong dudi va tir trai sang phai, tirc 12 ing véi mdi cot Col, ta kiém tra va to
mau tat ca cac diém anh trén cot nay theo cac gia tri phirc twong Gmg, sau do
m&i chuyén sang cot méi ké tiép do.

Nhu vay ching ta c¢é dugc thuat toan chi tiét sau:

for(Col = 0; Col < Max_Caol; ++Col)
{

for(Row = 0; Row <= Max_Row; ++Row)

{
X Y =Xy =VY,=0;
(vi tng v6i mdi gia tri ¢ = (p, q) twong ung voi diém anh
(Col, Row), day (z,) dugc khao sat vdi zg = 0)

Count = 1;
While (Count < Max_Iterations) & (V X +Y <2)
{
X =%
Y=y
Yn = 2XnYn + 0
=X-Y+p;
Count = Count + 1,
}
T6 mau di€m anh (Col, Row) bdi1 mau ¢6 s6 hiéu Count
mod
Max_Colors ;
q=0+Aq;
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P=p+Ap;
¥

Chung ta c6 nhan xét dau tién 1a trong thuat toan trén, gia tri q dugc tinh
tat ca Max_Col x Max_Row lan, nhu vay véi man hinh c6 d6 phan giai 640 x
480, q duogc tinh 307200 lan, ~nhung thyuc chat chi c6 480 gia tri q ing v6i 480
hang duoc str dung. Do d6 dé ting téc do 1am viéc cua thuat toan, cic gia tri q
c6 thé duoc tinh trude khi vao vong lap va duoc luu lai trong 1 mang 1 chiéu Q
c6 Max_Row phan tir nhu sau:

Q0] = Ymax ;
for(i = 0; i < Max_Row; ++i)
Q[i] = Q[i - 1] - Ag;

O day Aq duoc tinh trudce theo cong thirc da néu.

Mot nhan xét thir hai la viée tinh | z, | = VX+Y =4 xS +ys  dé
so sanh v6i 2 chiém rat nhidu thoi gian.

Do d6 chung ta thay viée so sanh V X2 +y,2 < 2 béi x> + Yo’ < 4 Vi hai
bt dang thirc nay twong dwong. Viéc 1am ndy s& lam giam dang ké thoi gian
thuc hién thuat toan.

Thuét toan duoc viét lai duéi dang:
for(Col= 0; Col<Max_Col; ++Col)

{
for(Row= 0; Row<= Max_Row; ++Row)
{
X=Y=X,=Y,=0
Count =1;
While(Count<Max_Iterations) & (X+Y < 4)
{
X=Xy
Y=y
Yn= 2XnYn + Q[Row];
Xn=X=-Y +p;

Count = Count +1;

¥

T6 mau diém anh (Col, Row) bdi mau c6 sb hiéu
Count mod Max_Colors;
}

p=p+Ap;

¥
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Hinh 11.2 thé hién tdp Mandelbrot ¢ dién véi cac gia tri khdo sat nam
trong vung gidi han bdi Xmin = -2.0, Ypin = -1.2, Xpax = 1.2, Ya = 1.2 va
Max_ Iterations = 512, Max_Colors = 1.6.

Hinh 11.2

I1.8 TAP JULIA:
0 Pit van dé:

DPdi voi biéu thic 7,4 = an + ¢, ngoai hudng da khao sat nhu da trinh
bay trong phan tdp Mandelbrot, con ¢ huéng khao sat khac bang cach cho ¢ ¢b
dinh va xem xét day (z,) mg voi mdi gia tri khac ciia zo. Theo hudng nay
chung ta s& thu dugc 1 1p cac ddi twong fractal moi duoc goi 1a tap Julia.

Tap Julia va tap Mandelbrot 13 hai 16p cac ddi twong fractal c6 mdi lién
hé rat chit ch& véi nhau. MOt tinh chét dang chu y 1a tdp Mandelbrot co thé
xem nhu mot loai “ban d6” Mandelbrot c6 thé cho ra cac dang tap Julia dy st
16i cudn. Cac vi tri nhu vay dugc quan sat thiy & gan bién cua tip Mandelbrot.
Nhat 1a gin cac chom nhon. Ngoai ra khi phong to mot phan cua tap
Mandelbrot, ta s& thu duoc mot hinh rat gidng véi tap Julia duoc tao boi gia tri
ctia tAm phan duoc phong to.

o Cong thirc toan hoc:

Pé thé hién tap Julia trén man hinh may tinh, ta van sir dung céc cong
thirc nhu trong phan tdp Mandelbrot, nhu 1a:

Xns1 = Xn2 — Y& + P
yn+1 = 2)(nyn + q

Ngoai ra cac tinh chat da néu vé gidi han cua diy (zo) van dugc sit dung
cho tép Julia.
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0 Thuit toan thé hién tip Julia:

Diém khac biét so v6i tap Mandelbrot & day 1a gia tri p va q dugc giit ¢b
dinh, mat phang man hinh bién d6i thanh mat phang phirc thu hep biéu dién cac
gi4 tri cua xg voi:

- Truyc x biéu dién phan thue cua s6 phirc zo.
- Truc y biéu dién phan 4o cta s phuc z.
Ngoai ra con c6 sy phan 16p cac gia tri cia zp nhu sau:

Lop 1:

Bao gdm céc gid tri (o) €0 |z« [ <2, v6i 0 <k <N trong d6 N la hang s
hitu han. Tre 1 16p 1 gdm cac gia tri zg 1am cho day (zo) khéng tién ra vé cuc.

4

Lép 2:

Bao gdm cac gia tri (zg) €0 |z | > 2, voin >k, k e Z*, tirc 1a gdm cac
gia tri lam cho day (z,) tién ra vo cuec.

Nguoc lai voi tdp Mandelbrot, khi thé hién tip Julia trén man hinh,
chung ta quan tdm dén cac gia tri z, lam cho day (z,) khong héi tu dén vo cuc.
Do d6 k¥ thuat t6 mau cta tap Julia van 1a k¥ thuat xoay vong nhung hoan toan
nguoc lai véi k¥ thuat t6 mau tdp Mandelbrot. Trong k¥ thudt t6 mau nay:

- Céc diém anh tuwong Gng véi cac gia tri zo thude 16p 1, s& duoc gan
mau tiy thudc do 16n cia | z| voi 1 1a ngudng quyét dinh hoi tu cia
day (z,) da néu trong dinh nghia vé 16p 1.

- Céc diém anh twong tng véi gid tri zo thude 16p 2 s& dugc gan mau
tring v6i mau nén ciia bang mau dang sir dung.

Vi cac thay ddi nhu vay, tap Julia s€ dugc thé hién bﬁng thuat toan
trinh bay nhu sau:

Thuét toin tong quait dé thé hién tap Julia:

GOm céc bude sau:
Bude 1:

Xuat phat véi 1 gia tri khoi ddu zg = (Xo, Yo) va gid tri ¢d dinh ¢ = (p, q).
Budc 2:

Kiém tra z, thudc 16p 1 hay 2.

Budc 3:
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T6 mau diém anh twong tmg véi zo theo ky thuit t6 mau duoc néu &
trén.

Budc 4:

Chon gia tri zg méi va 1ap lai bude 1 cho dén khi da quét hét tat ca cac
gia tri zy can khao sat.

Str dung ky hiéu da dugc xac dinh khi trinh bay thuat toan Mandelbrot
ching ta c6 thuat toan tao tap Julia mot cach chi tiét dugc viét dudi dang sau:

for(Col = 0; Col<Max_Col; ++Col)

{
for(Row=0; Row<= Max_Row; ++Row)
{

Xo = Xmin + Col* AXy;

Yo = Ymax- Row™* AyO;

X=Y=0;

Count =1;

While((Count < Max_ Iterations) & (X+Y < 4))

{
X=X
Y =y
Yo=2XoYo *+0;
Xo= X=Y +p;
++Count ;

}

if(Count > Max_Iterations)
T6 mau diém anh (Col, Row) bdi mau ¢6 sb hiéu
(X +Y) (Max_Color — 1) mod (Max_Color +1) ;

else
T6 mau diém anh (Col, Row) bai mau nén ciia bang
mau hién tai;

}

Su khac biét chu yéu gifra thudt toan nay vai thuat toan Mandelbrot 1a sy
thay d6i vai tro ctia zo va c. Gid tri ¢ = (p,q) duoc giir ¢6 dinh trong khi z, thay
doi. Cac dai lwong AXq, AYo, Xo, Yo dugc xac dinh theo cach hoan toan giéng Vo1
cac dai lugng Ap, Aq, p, q trong thudt toan tao tap Mandelbrot tirc 1a:

_ Xmax ~*min
Max _ Col

_ Ymax ~ Ymin
Max _ Row
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Xo = Xmin + Col * AXg;
Yo = Ymax — Row * AyO;
Con ¢6 mdt diém can cha y 1a cac gia tri xg, Yo vira dai dién cho zy ban

dau va ciing dai dién cho ddy (z,) trong vong lap kiém tra z, thudc 16p 1 hay
2.

Hinh minh hoa tap Julia nhu sau:

11.9 HQ CAC PUONG CONG PHOENIX

Ho céc duong cong Phoenix do Shigehiro Ushiki & truong dai hoc
Kyoto tim ra. Phuong trinh ctia dudng cong dugc xéac dinh béi:

-5 2
Zn+1 =zy t p + 0.Zn1

Trong do:
Zi e C Vi, N.
p=(p,0) eC.
q=(q,0) e C.

Phuong trinh dugc khai trién thanh cac phan thuc va ao cia z, c¢6 dang:
2 2
Xnt1 = Xn — Yn + P + g.Xn-1
Y1 = 2Xn.Yn + Q-Yn1
vOi:  Xne1 = Re(Zn+1);

Yier = IM(Zp41).
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Khi d6 viéc thé hién dudng cong ndy 1én man hinh gan gidng voi viée
thé hién tap Julia. Tuy nhién c6 hai di€m thay do6i quan trong:

Thay d6i 1:
- Truc X cia man hinh biéu thi phan a0 cta sb phirc z.
- Truc y ciia man hinh biéu thi phan thyc cta sd phic z.

O day ching ta dao nguoc cac truc thuc va ao cua mat phing phuc thdng
thuong 14 dé thé hién hinh anh theo chiéu dimg chir khong phai chiéu ngang.
Hinh 14.1 trinh bay 1 loai duong cong loai nay voi yéu cau r6 rang la phai doi
vai tro ctia truc x va y dé hinh anh c6 thé dugc thé hién tdt trén man hinh. Do
d6 tuong tmg voi mot diém anh (Col, Row) trén man hinh sé& 1a s phuc z = (x,
y) c6 dang:

X = Ymax — ROW * AX;

Y = Ymin— Col * Ay;

Vé’l ymax - ymm
~ Max_ Row
y = *max ~ *min
Thay déi 2: Max _Col

Thay d6i vé thuat toan t6 mau. O day véi cac diém thude 16p 1 (theo
dinh nghia di néu & phan vé tap Julia) chung ta s& sir dung 3 loai mau tuy theo
ngudong hoi tu:

Mau 1: duoc str dung dé t6 cac diém zy cho ra gid trj | z | < 2 véi tdi da
k =32 lan lap.

Maiu 2: dugc st dung dé o cac diém z, cho ra gia tri | z | < 2 véi sb lan
lap tir 33 dén 64.

Maiu 3: dugc str dung dé to cac diém z, cho ra gia tri | z | < 2 véi sb lan
lap vuot qua 64 lan.

Con d6i véi cac diém thudc 16p 2, chung ta s& to ching bang mot mau
khac v&i mau nén hién tai.

Vi cac thay dbi nhu vay, doan ma dung xac dinh gia tri zg thudc 16p 1
hay 2, cting véi k¥ thuat t6 mau diém anh s& duoc viét dudi dang:

for(Col = 0; Col<Max_Col; ++Col)

{

for(Row=0; Row<= Max_Row; ++Row)
{
= Ymax - Row* Ax;
yn Xmin T Col* Ay;
X =Y=0;
Count = 0;
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While((Count < Max_Iterations) & (X+Y < 4))
{
X=X
Y = yn2 ;
Y1 = 2XnYn + 0 Yo1;
Yn-1= Yns
Xn+1 = X-Y + an-l + P;
Xn-1= Xn,
Xn = Xn+1,
Yn= Yn+1,
++Count;
}
if(Count > Max_Iterations)
T6 mau diém anh (Col, Row) biang mau danh cho céc
diém loai 2;
else
if (Count >= 64)
T6 mau diém (Col, Row) béng mau 3;
else
if (Color >= 32)
T6 diém anh (Col, Row) bang mau 2;
else
T6 diém anh (Col, Row) bang mau 1;

¥

Day la anh cua duong cong Phoenix

Hinh 14.1: Puong cong Phoenix

94



Nhan xét

Tam giac Sierpinski , TAm tham Sierpinski , Hinh cau Sierpinski, Tt
dién Sierpinski , Bot bién Menger 1a nhitng hinh “c6 xuong ma khong c6 thit”.
Sau vo han 1an ap dung quy tic sinh , nhitng hinh trén ¢6 dién tich tién vé 0.

Pic trung pho bién ciia cac hinh Fractal

Tw déng dang

Qua céc hinh da xem xét nhu dudng con von Koch va dudng cong
Minkowski , Tam giac Sierpinski, Bot bién Menger , ... nhiing hinh ma
Maldelbrot goi 1a “hinh Fractal” , chiing ta thdy dé 1a nhitng hinh rat khac la.
Chung rat khac véi nhitng hinh ¢ dién trong hinh hoc Euclid (tam giac , da
giac , hinh tron , ...) Nhitng hinh Fractal ¢6 c4u triac nhin bé ngoai rat phirc tap
,du xét & bo phan nhoé dén dau ciing c¢6 nhitng chi tiét hét strc tinh vi. Thé
nhung nhirng hinh phtrc tap nay lai hinh thanh bang cach thuc hién lap di lap
lai “quy tac sinh” kha don gian.

Pic trung phd bién cua nhiéu hinh Fractal 1 ¢6 thé phan tich ra thanh
nhitng bd phan nhé tuy ¥, ma mdi bd phan nay la mot ban sao thu nhé cuia toan
thé Fractal. Mandelbrot goi d6 1a tinh 7ir dong dang.

Thir nguyén phan sb

Trong hinh hoc Euclide ta coi diém la déi twong khong ¢6 “kich thude”,
khong cé chiéu dai, chiéu rong 1an chiéu cao, diém c6 sb chiéu 1a 0 (hay thu
nguyén 0). Duong thang chi ¢o chiéu dai , khong co chiéu rong, khong c6 chiéu
cao, duong thang co sé chiéu 1a 1 (thw nguyén 1). Mat phing ¢ s6 chiéu 1a 2 (
thtr nguyén 2), vi chi c6 chiéu dai va chiéu rong, khong ¢ chiéu cao. Khong
gian ¢6 s chiéu 1a 3 (thtr nguyén 3)

Thir nguyén ctia mot ddi twong hinh hoc ¢6 thé hiéu theo mot cach khac

Xét cac hinh: doan thang, hinh vuéng, hinh 1ap phuong. Co thé chia m01
hinh nay ra N phan dé cho mdi phan dong dang v6i hinh ban dau. Goi ty sb
dong dang la 1/K thi ta ¢6 N=k déi voi doan thiang, N=k* déi v¢i hinh vudng va
N=k* d4i v&i hinh 1ap phuong.

Nhu vay tdng quat N=k?, d 1a sb thir nguyén

T N=k?=> d= logN/logk

Vi du: Duong cong Minkowski. Tap sinh cta no6 sau léq dau tién ap
dung quy tac sinh gom c6 8 doan thang (N=8), moi doan thang dong dang véi
hinh ban dau theo ty so0 % (k=4), do d6 thir nguyén cua Puong cong
Minkowski la

log8/log4=1,5

_ Tam gidc Sierpinski ¢6 thir nguyén d=log3/log2=1.585... vi tap sinh gdm

3 phan (N=3) , moi phan dong dang vdi tam giac ban dau theo ty so ¥ (k=2)
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KET LUAN CHUONG

Hinh hoc Fractal méi xuét hién khoang 1 thap ky nhung da nhanh chong
tré thanh mot cong cu nghién ctru ly tha va c¢é hiéu luc manh mé & hau hét céac
linh vuc khoa hoc , k¥ thuat , ngh¢ thuat: tir toan hoc, vat ly, thién van, sinh ly
hoc , tam 1y hoc, ngdn ngit hoc cho dén cong ngh¢ thong tin va truyén thong,
klnh té tai chinh, kién truc, xay dung, ngay ca dén am nhac, hoi hoa , van hoc
ciing tim thay ¢ Fractal nhiéu diém tuong dong.

Hién nay trén thé gidi Fractal rat phat trién. Thi truong tranh fractal va
phan mém sang tac fractal cling khong hé nho, né c6 gia tri gan 1 ti USD trong
nam 2004. Tim hi€u sau hon vé fractal hdy truy cap nhiing dia chi sau:
www.les.stclair.btinternet.co.uk
www.biofractalevolution.com

www.fractalism.com

Con mudn tao ra nhitg hinh hoa fractal nhanh chong va dé dang nht,
hay st dung cac phan mém mién phi:

- Aros Fractals: Dung luong chi 165 KB, tuong thich v&di moi moi
truong Windows hién hanh, gidi nén vao mot thu muc roi st dung ngay ma
khong can cai dat. Tai vé tir dia chi www.arosmagic.com.

- Double Fractal: Cua tac gid Joao Paulo Schwarz Schuler. Dung lugng
676 KB, khong can cai dat, tai vé tir dia chi www.schulers.com/fractal.
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