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MO DAU

* Ly do chon dé tai:

Trong nhitng cong trinh xay dung hién nay nguoi ta thuong dung cac
thanh c6 chiéu dai 16n, tim - vo chiu nén va do dé diéu kién on dinh trong
mién dan hdi c6 tim quan trong dic biét, doi hoi phai nghién ctiru day du ca vé
mit 1y thuyét va thuc nghiém. Bai toan 6n dinh cua két cau da duogc giai quyét
theo nhiéu huéng khac nhau, phan 16n xuat phat tir nguyén 1y ning luong ma
theo d6 két qua phu thudc rat nhiéu vao cach chon dang cta hé ¢ trang thai
léch khoi dang can bang ban dau.

Phuong phap phan ti hitu han 14 phuong phap duoc xay dung dua trén
y tuong roi rac héa cong trinh thanh nhimg phan tir nho (sé phan tir 1a hiru
han). Cac phan tir nhé duoc nbi lai voi nhau théng qua cac phuong trinh can
bang va cac phuong trinh lién tuc. Pé giai quyét bai toan co hoc két cau, co
thé tiép can phuong phap ndy theo ba mé hinh gébm: M6 hinh chuyén vi, xem
chuyén vi 13 dai luong cAn tim va ham noi suy biéu dién gan dung dang phan
bb cta chuyén vi trong phan tir; M6 hinh can bang, ham noi suy biéu dién
gin dung dang phan bé cua ung suat hay noi luc trong phan tir va md hinh
hdn hop, coi cac dai luong chuyén vi va Gmg suét 1a hai yéu t6 doc 1ap riéng
biét. Cac ham noi suy biéu dién gan ding dang phan bd cua ca chuyén vi 13n
g sut trong phan ti.

* Poi twong, phwong phap va pham vi nghién ctru ciia luin viin

Trong luan van nay, tic gia st dung phuong phap phan t hitu han,
phuong phép chuyén vi cudng birc dé xay dung va giai bai toan on dinh cua
h¢é thanh théng chiu tdc dung cua tai trong tinh

* Muc dich nghién ctru cia luan van:

Nghién ctru 6n dinh dan hoi cua hé thanh bang phuong phap phan tir
hiru han

* Nhiém vu nghién ctru ciia luan van:

- Trinh bay 1y thuyét vé 6n dinh va 6n dinh cong trinh

- Trinh bay phuong phap phan tr hitu han, phuong phap chuyén vi
cudng birc dé xdy dung va giai bai toan on dinh cta hé thanh thang dan hoi

chiu uon doc.
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* Cau tric ciia ludn vin:

Luan van gdm 3 Chuong, Chuong 1: Tong quan vé 1y thuyét 6n dinh
cong trinh, Chuong 2: Phuong phéap phan tir hitu han, Chwong 3: Tinh toan 6n
dinh dan hoi cua hé thanh bang phuong phap phan tir hiru han.
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CHUONG]I
LY THUYET ON PINH CONG TRINH

Trong chuong nay ban vé 1y thuyét 6n dinh cong trinh va cac phuong
phap chung dé xay dung cac bai toan on dinh cong trinh, tiéu chuan vé on
dinh va cic phuong phap giai bai toan 6n dinh cong trinh.

1.1. Khai niém vé 6n dinh va 6n dinh cong trinh
Mot cach hinh dung tot

nhat vé khai ni€ém oOn dinh Ia ta

x€t cac truong hop vién bi ciing
trén cdc mat cau cung 1om va
161, Hinh 1.1.

RO rang la trong truong hop (a),

mat cau 10m, sy can bang cua A

vién bi 1 6n dinh bdi vi kich né

ra khoi vi tri can b:ifmg ban dau Hinh 1.1. Céc truong hop mét 6n dinh
(day céu) roi tha ra thi no s& trd

ve vi tri day cdu hodc lan cén

v6i vi tri d6 (néu c6 ma sat).

Trong truong hop (b), mit cau 10i, sy can bang 13 khoéng 6n dinh, boi vi
kich vién bi ra khoi vi tri can bang ban dau rdi tha bi ra thi vién bi s& khong
tré lai vi tri ban dau nita. Trong trudng hop (c), hinh yén ngua, su can bang 1a
6n dinh khi kich vién bi ra khoi vi tri can bang ban dau theo phuong s va la
khong 6n dinh theo phuong t. Trong trudng hop (d), kich vién bi ra khoi vi tri
can bang ban dau thi n6 lan trén mit phang ngang dén khi ngimg chuyén
dong, né c6 vi tri can bang mdi khac voi trang thai can bang ban dau. Trong
truong hop ndy ta ndi rang trang thai can bang ban dau 1a phiém dinh (khong
phan biét).

O trén ta d3 noi dén trang thai cAn bang cua vién bi. Suy rong rata ciing
6 thé noi nhu vay doi véi cac trang thai can béng cua co h¢ phtec tap, vi du
nhu trang théi ing suét va bién dang, trang thai ndi lyc va chuyén vi hoac 1a

trang thai nang luong.
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Trd lai hinh 1.2a. Khi 1éch ra khoi vi tri c4n bang, trong tim cia vién bi
1én cao, thé ning cta no tang. Trang thai cAn bang on dinh 13 trang thai c6 thé
nang tdi thiéu. O hinh 1.2b, khi 1é&ch véi tri s6 nho, trong tdm cuia vién bi
giam, thé niang ctua n6 giam. Trang thai can bang khong 6n dinh tng véi thé
ning 16n. Hinh 1.2d, khi 1éch ra khoi vi tri cAn bang, trong tim cta vién bi
khong thay doi, trang thai can bang I phiém dinh hodc khong phan biét.

Nhu hinh 1.2, dé biét duoc trang thai can béng ctia co hé ¢ 6n dinh
hay khong thi ta phai kich né ra khoi vi tri can bang ban dau. Phuong phap
chung dé danh gia su mét On dinh ctia co hé 1a: Pua hé ra khoi vi tri can b:lfmg
ban du ctia n6 va kiém tra xem no c6 ton tai trang thai can bang moi khong.
Néu nhu tim dugc trang thai can bang mdi khac vé6i trang thai cAn bang ban
dau thi hé 1a mat 6n dinh va luc giit cho hé & trang thai cin bang méi nay goi
1a lyc to1 han, truong hop nguoc lai hé 1a 6n dinh.

1.2. Tam quan trong va lich st phat trién ciia ly thuyét on dinh cong trinh

Ngoai viéc biét dugc trang thai can bang cua hé thi con cin xét xem
trang thai cn bang d6 c6 phai 1a trang thai cin bang 6n dinh hay khong. Thuc
té, co nhiéu cong trinh bi phé hoai do mét on dinh. Lich st vé cong nghé xay
dung cho théy khong it tai nan 16n xdy ra & cac nudc khac nhau do khi thiét
ké cac cong trinh d6 nguoi ky su khong xét dén day du cac hién tuong dong
cling nhu sy méat 6n dinh. Viéc st dung thép va cac hop kim c6 cuong do cao
trong nhiing két chu hién dai nhu két cau nha cao tﬁng; silo; bé chua; cﬁu; tau
thuy va may bay tat yéu dan dén phai str dung cac c4u kién thanh, thanh thanh
mong, tAm va vo mong chiu nén, lam cho hién tugng mat 6n dinh dan hoi tro
thanh mdt van dé co tdm quan trong dac biét. Thuc té cho théy nhiéu cong
trinh b1 sap dd do mét 6n dinh, chiéc cau duong sat dau tién & Kevda — Nga la
cau dan ho dd bi pha huy nam 1875 do hé thanh bién trén bi mit 6n dinh, Cau
dan Quebéc ¢ Canada, bi pha huly vi mat on dinh ciia thanh chiu nén trong khi
xay dung vdo nim 1907[10, trg 5], Cau Tacoma & My xay dung hoan thanh
ngay 1/7/1940 va bi pha huy 7/11/1940 do bi mat on dinh vi tic dung cta gi6
[32, trg 277] v.v...

Van dé 6n dinh két cau duoc bat dau tir cong trinh nghién ctu bing

thuc nghiém do Piter Musschenbroek cong bd nam 1729, da di dén két luan
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rang luc toi han ty 18 nghich v6i binh phwong chiéu dai thanh. Ba muoi nim
sau bang phan tich toan hoc Leonhard Euler ciing nhan duoc két qua nhu vay.
Pau tién ciac ky su khong chdp nhin két qua thi nghiém cua Piter
Musschenbroek va két qua cua 1y thuyét Euler ngay ca Culong [31, trg 185]
cling tiép tuc cho riang d6 cimg cuia cot ty 16 thuan véi dién tich mit cat ngang
va khong phu thudc vao chiéu dai thanh. Nhitng quan diém d6 dua trén cac
két qua thi nghiém ctia cot gb va cot sit lap ghép co chiéu dai twong ddi ngan,
nhirng thanh loai nay thuong bi phé hoat voi tai trong nho thua téai trong Euler
do vat liéu bi pha hoai ma khong phai do mét 6n dinh ngang gy ra. E.Lamac
12 nguoi dau tién giai thich mot cach thoa dang sy khong phu hop giita két
qua 1y thuyét va két qua thuc nghiém, 6ng ay chi ra rang 1y thuyét Euler 13
hoan toan phu hop véi thue nghiém khi bdo dam ring nhiing gia thiét co ban
cua Euler vé xem vat liéu 1a dan hoi va diéu kién 1y tuong ctia cac dau cubi
can phai duoc bao dam. Nhitng thi nghiém sau nay khi ngudi ta rat chil ¥ bao
dam cua dau cudi cua thanh va bao dam cho luc dat ding tdm cua thanh da
khang dinh tinh dtng din cua cong thirc Euler.
1.3. Cac phwong phap xdy dwng bai toan 6n dinh cong trinh
1.3.1 Phwong phap tinh hoc

- Tao cho h¢ nghién ctru mdt dang can béng léch khéi dang can béng
ban dau.

- Xac dinh trj sb luc t6i han (tr1 sb luc can thiét gilr cho hé & dang can
bang moi, 1éch khoi dang can bang dau). Luc t6i han xac dinh tir phuwong trinh
dic trung (hay con goi 1a phuong trinh 6n dinh).

Nguoi nghién ctru c6 thé van dung nodi dung ndi trén khi ap dung:
Phuong phap thiét 14p va giai phuong trinh vi phan; Phuwong phap thong s6 ban
dau; Phuong phap luc; Phuong phap chuyén vi; Phuong phap hdn hop; Phuong
phép sai phan hitu han; Phuong phép day xich; Phuong phap nghiém dung tai
timg diém; Phuong phap Bubnov-Galerkin; Phuong phép giai dung dan.

Trong thuc té, ap dung cic phuong phéap tinh hoc dé tim nghiém chinh
xac cta bai toan on dinh thuong gip nhiéu kho khan va doi khi khong thé

thuc hién duoc.
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1.3.2 Phuwong phap dong luc hoc

- Lap va gidi phuong trinh dao dong riéng cta hé.

- Xac dinh luc té1 han béng cach bién luén tinh chét nghiém cua chuyén
dong: néu dao dong ciia hé co bién d6 ting khong ngimg theo thoi gian thi
dang can bﬁng ban dau 1a khong 6n dinh; nguoc lai, néu hé ludn dao dong bé
quanh Vi tri can bang ban dau hodc tat dan thi 1 dang d6 13 6n dinh.

1.3.3 Phuong phap nang lugng

- Gia thiét trudc dang bién dang cua hé & trang thai 1éch khoi dang can
bang ban dau.

- Xuét phét tir dang bién dang da gia thiét, 1ap biéu thirc thé ning bién
dang va cong ctia ngoai luc dé viét diéu kién t6i han cta hé.

- Tu diéu kién t6i han, xac dinh gia tri cua lyc to1 han.

C6 thé van dung cac phuong phap nang lugng bé'mg cach ap dung: Truc
tiép nguyén 1y Lejeune-Dirichlet; Phuong phap Rayleigh-Ritz; Phuong phap
Timoshenko.

Do gia thiét truéc bién dang cia hé nén két qua luc toi han tim duoc
thuong 13 gan dung va cho két qua 16n hon gia tri cua luc t6i han chinh xac.
Nhu vay mtre d§ chinh xac cua két qua theo cac phuong phap nang luong phu
thudc vao kha ning phan doan bién dang cta hé & trang thai 1éch: ham chuyén
vi dugc chon cang gén v6oi duong dan hdi thuc cua thanh thi két qua cang
chinh x4c. Theo cach 1am nay thi ham chuyén vi chon trudc thoa méin cang
nhiéu diéu kién bién hinh hoc va tinh hoc cang tot nhung it nhat phai thoa
man diéu kién bién tinh hoc.

Puong 16i ctia ba loai phuong phap (phuong phap tinh; phuong phap
dong; phuong phéap ning lugng) tuy khac nhau nhung cho cting mot két qua
d6i v6i hé bao toan.Ddi véi hé khong bao toan, cac phuong phap tinh va cac
phuong phap ning lugng dan dén két qua khong chinh xéac, nguoi ta phai sir
dung cac phuong phap dong luc hoc.

H¢ bao toan tirc 1a nhitng hé chiu luc bao toan. Luc bao toan c6 tinh chat
sau day :

- B§ bién thién cong cua lyc bang vi phan toan phan cia thé nang.
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- Cong sinh ra bdi cac luc trén cac chuyén vi hitru han khong phu thudc
vao duong di chuyén cua lyc ma chi phu thudc vao vi tri diém dat dau va
diém dat cudi cua luc.

- Tuan theo nguyén 1y bdo toan nang lugng.

Su xuat hién cia ma sat noi do quan hé phi dan hoi hay ma sat ngoai s¢€
din dén hé luc khong bdo toan.

1.4. Cac dinh li vé on dinh va tiéu chuén 6n dinh

Noi dén 6n dinh cua co hé 1a néi dén 6n dinh coa trang thai can bﬁng,me‘l
trang thai can bang lai 12 nghiém cta phuong trinh vi phéan, cho nén noi dén 6n
dinh cta co hé 1a n6i dén on dinh ctia nghiém cta phuong trinh vi phan.

Céc phuong trinh chuyén dong co hoc thudng 1a phi tuyén va ta chi
nghién ciru cac phuong trinh tuyén tinh hoa ciia chung. Vi du, khitinh d¢ cong
cua dudng d6 vong y(x) caa dam chiu ubn ta xem d6 vong ciia dam 1a nho so

1 d?y

v6i chiu dai dAm dé c6 thé tinh 46 cong — =-— . Van dé dit ra 1a két qua

p dx

ctia bai toan tuyén tinh hod c6 lién quan gi dén bai toan gdc, bai toan phi
tuyén. M0t cach cu thé hon, liéu tai trong t&1 han Pe ctia thanh chiu udn doc cd
16n hon tai trong t6i han khi xét tinh phi tuyén ctia thanh.6n dinh co hé 13 6n
dinh cin bang ciing c¢6 nghia 1a 6n dinh cua nghiém ctia cac phuong trinh
tuyén tinh hoa.

Puong 16i chung dé xiy dung bai toan 6n dinh 13 dua hé ra khoi vi tri
can bang va xem c6 ton tai trang thai can bang mai khong. Trong truong hop
khong can giai bai toan 6n dinh dén ciing nhung ta van c6 thé biét duoc hé co
6n dinh hay khong 6n dinh thong qua cac tiéu chuan 6n dinh.

Bai toan On dinh 1a bai todn phirc tap. Dudi day trinh bay dinh nghia va
mot s6 dinh 1y vé 6n dinh va khéng 6n dinh (khong chimg minh) dé hiéu ban
chat ciia 6n dinh cong trinh hon 13 str dung chtng trong tinh toan.

DPinh nghia vé én dinh
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Xét co hé ma vi tri can béng ctia n6 duge biéu thi qua chuyén vi (hoac
toa d9) q va van téc va duoc viét nhu sau: qf (j=1...,n)

Vi tri cén bang q?(J =1..,N)dwoc goi la én dinh néu nhw déi véi méi sé dwong
e>0

fim dwoc sé duong §>0 phu thudc vao & sao cho o thoi diém ban dau t=0
ma ¢6 dg léch: |0,(0)-q°|<s, [d,(0)|<s, (=1,....n)

thi chuyén Vi va van téc cua hé ¢ thoi diém t>0 bat ky déu nam trong ldn cdn
gcua chung, nghia la: \qj (t) —qﬂ<g, ‘qj (t)‘<g (j=1,...,n)

Vi tri can bcfng dwoc goi la khong on dinh néu nhw khi vi tri can bcfng
ban diu cé dj léchs véi 5>0 nho tiy y: |q,(0)—0a?|<s, |d;(0)<s,
(=1,...,n)
ma tai thoi diém t =t" tim duwoc &>0 théa mén bat dcfng thirc
‘qj (t") - qf\ >¢ hoadc [ql (t*)lz &

Tur dinh nghia trén cho thiy dé nghién ctru 6n dinh can bang thi dwa hé
ra khoi vi tri can bé'mg ban dau ctia né va néu nhu tim dugc vi tri can bﬁng
m&i khac voi vi tri can bang ban du dai lugng & thi vi tri c4n bang ban dau 13
khong 6n dinh.Khong duoc quén rang trang thai cdn bang ban dau phai duoc
xac dinh trudc tién.

Dinh Iy 6n dinh Liapunov:

Dinh 1y sau cta Liapunov cho biét hé gdc 1a 6n dinh hay khong 6n dinh
dua trén tiéu chuan 6n dinh cta hé phuong trinh tuyén tinh hoa.

Néu nhw tit cd cdc nghi¢m cia phwong trinh dic tinh ciia hé tuyén
tinh héa cé cdc phin thwe am thi vi tri cén bang ciia hé phi tuyén twong

wng la 6n dinh. Néu nhw di chi ¢6 mét nghiém nao dé ciia phwong trinh
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ddc tinh c6 phén thwe la dwong thi vi tri can bing cia hé phi tuyén la

khéng on dinh.

Trén hinh 1.6, trinh bay nghi¢m cua Im,
phuong trinh dac tinh trong hé toa| .

do phuc. Truc hoanh biéu thi phé“m .

thyuc, truc tung biéu thi phﬁn 4o cua . 5 e

nghiém cua phuong trinh déc tinh. - .

Hinh 1.2. Truc toa d6 thuc, Re -0, Im

Theo dinh 1y trén thi cac nghiém ctia phuong trinh dic tinh phai ndm vé
phia bén trai cta truc tung thi hé 6n dinh. Néu nhu du chi c6 mot nghi¢m nam
& phia bén phai cua truc tung thi hé 1a khong 6n dinh. Trudng hop co nghiém
nam ngay trén tryc tung nghia 1a phan thuc bang khéng (nghiém o) thi khéng
két luan duoc 1a hé 6n dinh hay khéng 6n dinh. Nhimg truong hop nhu vay
got 1a truong hop dac biét. & cac truong hop dac biét thi vi tri can bf?mg o thé
6n dinh hodc khong on dinh va van dé nghién ciru trong trudng hop nay 1a bai
toan kho khi chi xét hé phuong trinh tuyén tinh hod ma can phai xét thém
nhing thanh phan phi tuyén bac cao hon.

Pinh lv Lagrange- Dirichlet:

co hoc giai tich Lagrange ciing nhu co hoc két cau dugc xay dung dua
trén hai khai niém, dong ning va thé nang. Cho nén khi giai quyét cac bai
toan 6n dinh cua két cau thudng dung dinh 1y cua Lagrange - Dirichlet. Pinh
Iy Lagrange- Dirichlet duoc phat biéu nhu sau.

Néu nhuw tai mét vi tri nao do ciia hé bdo toan ma thé ning toan phan
ciia né la mét ham lién tuc cia chuyén vi q cé cuwc tiéu riéng bigt (tai mét
diém) thi vi tri d6 la vi tri cén bang 6n dinh ciia hé[46, trg226].

Dinh ly trén chi cho dugc diéu kién du cua hé can bﬁng cua hé bao

toan, boi vi c6 trudong hop thé nang toan phan khong c6 diém cyc ti€u riéng
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biét nhung hé van 6n dinh. Do d6, trong truong hop ndy can phai xét phuong
trinh can bang véi bac phi tuyén cao hon. Tir hai dinh Iy néi trén thiy rang c6
nhing vi tri can bang 6n dinh ma khong bao dam hai dinh 1y trén cho nén trong
nhiing trudng hop nhu vy can cha y t6i hai dinh 1y vé khong 6n dinh sau:

Hai dinh 1y vé khong 6n dinh ciia Liapunov

Dinh Iy 1: Néu nhw thé ning ciia hé bdo toan ¢ trang thdi cin bang
khong co cuc tiéu va néu nhw két ludn do dwgc xdc dinh khi sw dung cdc
bdc dao ham cao hon trong khai trién thé ning bién dang theo chudi
chuyén vi thi vi tri cdn bang doé la khéng on dinh [46, trg 228].

Dinh ly 2: Néu nhw ¢ trang thdi can bting cua hé bdao toan ma thé
ning bién dang cé diém cwe dai riéng biét va diéu dé dwoc xét khi siv dung
cdc bdc dao ham cao hon hodiic bing 2 trong khai trién thé ning bién dang
theo chudi chuyén vi thi vi tri can bang do la khéng on dinh [46].

Hai dinh 1y cta Liapunov chi ra cho ta thdy, néu nhu 16i giai tim duoc
cua hé tuyén tinh 14 khong 6n dinh thi ta chua voi két luan 1a hé khong on
dinh ma con phai xét thém bac phi tuyén cao hon cua co hé.

Céc dinh 1y néu trén chi xét hé bao toan. pé nghién clru 6n dinh cta hé
bao toan hodc khong bao toan va bai toan on dinh dong luc hoc thi co thé
dung dinh Iy tong quat sau ctia Liapunov:

2
A A

Pinh ly téng quat vé on dinh cua Liapunov

Tim nghiém oOn dinh ctia hé phuong trinh vi phan trang thai sau:
X =X,(X)(i=1..,n)
(1.1)
Néu nhu ¢6 thé tim dugc mot ham V(x) ndo d6 ma:
a) Ham d6 co gia trj dwong ¢ 14n c4n gbc toa do va chi bang khong & gdc
toa do.

b) Pao ham toan phan ctia ham Ay theo thoi gian tinh nhu sau:
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dvix)] &ov. . dov
dt _éaxix'_;ax.x‘(x) (1.2)

khong duong trong tit ca cac diém 1an cén gbc toa d6 thi vi tri can bang d6 1a
6n dinh. Néu nhu con biét thém dao ham d6 ma am trong tat ca cac diém lan
can gé)c toa do va chi béng khong & géc toa do thi vi tri can bﬁng do 1a v tri
can bang tiém can(tirc 1a khi t—oo thi vi tri Ay trd vé vi tri can bang ban
dau)[23]. Pinh 1y nay dung cho ca hé bao toan va khong bao toan. Ham V(x)
duoc goi la ham Liapunov.

¥ nghia cua dinh 1y nay khong chi nam & chd cho ngudi nghién ctru
phuong tién dé giai quyét sang tao bai toan ma con nim & chd dya trén dinh

1y d6 ¢o6 thé ching minh vé sy 6n dinh cua h¢ tuyén tinh hoa da néu trén.

1.5 Bai toan on dinh udn doc ciia thanh va phuwong phap giai

Phuong trinh cén bang cua thanh thang c6 tiét dién khong d6i chiu tac
dung cua luc P dat ¢ dau thanh c6 thé dugc viét nhu sau (cach xay dung
phuong trinh trinh bay chi tiét & chuong 2):

g9 Y, pdY _g (1.3)
dx dx

Phuong trinh trén 1a phuong trinh vi phan tuyén tinh thuan nhat (khong
¢ vé phai).Phuong trinh dao dong tu do cua thanh dugc trinh bay & chuong 3
cling thudc loai phuong trinh nay. Vi vdy, dé tong quat ¢ day trinh bay
phuong phap chung tim
nghiém cua phuong trinh vi phan tuyén tinh bac n thuan nhat c6 cac hé s la

hang s6 [29]:
n—ly

dn
a, dx¥+al W +..+a,y=0 (a,#0) (1.4)

Dé giai phuong trinh vi phan trén thi giai phuong trinh dic tinh cua né la:

aor"+air i+, +anar+an=0 (1.5)
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a) Truong hop phuong trinh dac tinh c6 n nghiém phan biét thi nghiém cua
phuong trinh vi phan (a) viét du6i dang sau:

y=ce” +ce” +..+ce" (1.6)

Céac hé sd ¢ dugc xac dinh tir diéu kién bién cua bai toan

b) Néu nhu mét nghiém r«k ndo d6 c6 nghiém lap lai mk lan thi thanh phan
tuong Gng trong nghiém trén dugc thay bang

x™*)e™ (1.7)

2
(Ck + Cklx + CkZX Tt Ck(mrl)

Trong truong hop c6 hé phwong trinh tuyén tinh sau:

d d d :
(Djl(&)yl-l_(ojz(&)yz+"'+¢jn(&)yn:O (J:]-’ 2’ 31"'”) (18)

d d < ‘
6 day o, (&) 1a da thirc cia (&) Moi ham yk = yk(x) (k=1...n) déu c6

dang (1.6) va (1.7), con céac sé mil i s& 1a nghiém cta hé cac phuong trinh

dac tinh
D(r) =det|p, (r)|=0 (1.9)

Day 1a hé phuong trinh ddc trung cuia hé phuong trinh vi phan. Tu
phuong trinh (1.49) tim duogc M, dua cac nghiém y dang (1.6) va (1.7) vao
hé phuong trinh (1.48) s€ xac dinh dugc cac tuong quan cta cac hé sb, cac hé
s6 tu do dugc xac dinh tir cac diéu kién bién. Do 1a phuong phap chung dé giai
phuong trinh vi phan tuyén tinh thuin nhét c6 hé s6 1a hang sb.

Tro lai phuong trinh udn doc cia thanh. Phuong trinh (1.3) hoan toan
giai dugc bang cach giai phuong trinh dic tinh (1.5),tim nghiém theo (1.6) va
(1.7), cac hé s ¢ caa (1.6) va (1.7) xac dinh tir cac diéu kién bién cua thanh.
Tuy nhién, mot cach giai ngan gon hon khi viét ham d¢ vong y cua thanh
dudi dang sau

Y = asin(kx) + bcos(kx) + cx +d (1.10)
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That vy, dua ham (1.10) vao phuong tinh (1.3) ta thdy phuong trinh
(1.3) dugc thoa min. Van dé con lai 13 xac dinh cac hé sé a,b,c,d . Bon hé sd
a,b,c,d cua ham y duogc xac dinh tuy theo 4 diéu kién bién Y, y', y", y'" tai hai
dau cubi thanh. Dudi day trinh bay cac 101 giai thanh c6 cac diéu kién bién
khéc nhau.

Thanh Khop-Kkhop

Céc diéu kién bién tai lién két khdp 1a chuyén vi va momen udn bang khong.

Tacod

y(x=0)=0; 1Y (x=0)=0 ; yx=1)=0; LY (x=1) =0
dx dx?

Pua 4 diéu kién trén vao (1.10), nhan duoc 4 phuong trinh sau

b+d =0;b=0;asin(kl) +cl =0; ak?sin(kl) =0

Ta c6 b=c=d =0, asin(kl)=0

Néu a=0 thi y=0,d6 la nghiém tim thuong cia (1.3). Pé c6 dugc nghiém
khong tim thudng (y = 0), ta cho

sin(kl) =0hay kil =nz,....n=123,...)

Thay k vao phuong trinh (1.10) ta c6

P ”ZT:EJ (1.51)

Véi cac gia tri P xac dinh trén, thanh c6 trang thai can bang méi, trang

. , . N7
thai udén doc voi y = asm(T X) (1.12)

khac voi trang thai ban dau 1a trang thai nén, thanh thang. Ta n6i thanh mat 6n
dinh va luc P la lyc to1 han Euler. Chu y r@fmg vo1 P t61 han xac dinh theo

(1.11), @6 vong (1.12) cta thanh vin hitu han. Tuy nhién, theo li thuyét dim-
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cot trinh bay ¢ trén,dd vong cua thanh véi luc P xdc dinh theo (1.11) s€ tang
lén vo cung, nén (1.12)la biéu thirc xac dinh luc t6i han cua thanh. Kixelov
cho rang luc P t6i han (1.12) vAn nam trong mién 6n dinh.

Pé thoa man 4 diéu kién bién Y, y', y", y"' cua phuong trinh (1.3) ta cé
thé dung 4 thong sd chuyén vi, géc xoay,momen udn va luc cit chua biét tai
hai dau thanh lam an thay cho cac hé s6 a,b,c,d cia phuong trinh (1.10).Ta
c6 phuong phéap théng sb ban dau duoc gido su Kixelov st dung trong gido
trinh dong luc hoc va 6n dinh cong trinh cua minh.

Thanh neam-ngam :

Cé hai dau thanh 12 ngam do d6 cac diéu kién bién tai lién két ngam 1a chuyén

vi va goc xoay bang khong. Ta c6
y(x=0)=0; ¥ (x=0)=0; y(x=1)=0; Y (x=1)=0
dx dx

Pua 4 diéu kién trén vao (1.10), nhan dugc 4 phuong trinh sau
b+d=0,ak+c=0
asin(kl) + bcoskl) +cl +d =0 (1.13)
akcos(kl) —bksin(kl) +c=0
Pé tim cac hé sb a, b, ¢, d ta cho dinh thic cac hé sd cta hé bbn
phuong trinh trén bang khong. Tir d6 rat ra :
2(coskl —1) +Kklsin(kl)=0 (1.14)

Vi chit ¥ rang : sin(kl) = 2sin(kl / 2) cos(kl /2) ; cos(kl) =1-2sin*(kl/2)

_ , _(KEY KLkl . K
Ta co6 thé viét phuong trinh (1.54) dudi dang @ SIn > ECOSE —-sin > =0

In"7°EJ

.k
Mot 101 giai cua phuong trinh nay la: SIn(E) =0=k=2n7=P = T
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Chu ¥ rang sin(kl) =0 va cos(kl) = Okhi Sin(%) =0, tr phuong trinh (1.13)
ta xac dinh duoc cac hing s :a=c=0;b=—d

o ‘ NPT 2n7X
Thay vao (i) ta c6 phuong trinh duong do vong la: Yy =Db COSI— -1

. p 47*E]
Véi n=1 ta nhan duoc luc té1 han nho nhat: "n — 2

Thanh ngam-khop :

Trong trudng hop nay, ddu dudi cia thanh 13 ngam, dau trén cua thanh 13
khop do d6 cac diéu kién bién tai lién két ngam 1a chuyén vi va goc xoay bang

khong, tai dau lién két khop 1a chuyén vi va momen udn bang khong.

2

y(x=0)=o;%(x=0)=o; y(x=1y=0;3
X dx

Pua 4 diéu kién trén vao (i), nhan dugc 4 phuong trinh sau
b+d=0;ak+c=0;cl +d=0;asin(kl) + bcoskl) =0 (1.15)

Y (x=1)=0

Ca 4 phuong trinh s¢ dugc xac dinh béng cach léy a=b=c=d=0,
thay gié tri cia a, b, ¢ va d vao y ta nhan duong do vong cua thanh la dang
can bang thang ban dau (ddy 1a cdc nghiém tam thuong vi thanh chua bi mat
6n dinh). Trudng hop tha hai ta tim a va b tir 3 phwong trinh dau caa (1.15) va

thay vao phuong trinh cubi cting ta nhin duogc

—b%+bcoskl =0 < tgkl=Kl (1.16)
‘ . 7’EJ
Giai phuong trinh (1.16) ta nhan dugce : kKl =4.493 =P, = 0.7

Thanh dau ngz‘lm-d?uu twdo :

Trong trudong hop nay, dau dudi cua thanh 13 ngam, dau trén cta thanh tu do.
Do d6 cac diéu kién bién tai lién két ngam 1a chuyén vi va géc xoay bang

khong, tai dau ty do 1a momen uon va lyc cat bang khong. Ta co

82



dy d’y d’y ,.dy
=0)=0;—=>(x=0)=0; x=1)=0; +k*"—==0
Yix=0)=0p (x=0)=0 s (=D =0 s +K &
Pua 4 diéu kién trén vao (1), nhan dugc 4 phuong trinh sau
b+d=0;ak+c=0;asin(kl) +bcoskl)=0;c=0 (1.17)

Tt phuong trinh thtr 2 va phuong trinh thr 4 ta rit ra dugcc=a =0 va
_(@n-Dx

coskl=0 < Kkl = (1.18)
Giai phuong trinh (1.58) ta nhan dugc lyc tdi han nho nhat ing voi (n=1) 1a
7°Ed
Pth = 2
4

1.6 Thuét toan don gian dé giai phwong trinh da thirc
Bai toan tri riéng va véc to riéng phai dan vé giai phuong trinh (1.48). &
day trinh bay cach giai phuong trinh do.
Trudc tién xét ta xét truong hop giai phuong trinh da thirc dac trung.
f(z) = bot+biz+...+ byz"1+(-1)"z"=0 (1.19)
khi n <4 thi 10 giai cia phuong trinh c6 thé biéu dién dudi dang cic cong
thirc. Vi cac truong hop khéc thi phai ding cac phuong phap lap dé giai:
a) Phuong phap lap Newton
Cho mét nghiém ban dau Zo. Nghiém gan diing cua budc sau (j+1) theo

phuong phap Lap Newton dugc xac dinh theo cong thirc sau:

0
Sl _ i T(@7)

f -(Z[J'])
(1.20)
Néu nhu zU"* =z ¢ nho thi c6 thé xem z'"™ chinh 13 nghiém cta phuong
trinh.

b) Phuwong phap Cat tuyén
Pé tim nghiém thuc cua cac phuong trinh cé hé sb thuc, dau tién chon

hai gi4 tri ban dau va xay dung cac chudi gan dung sau:
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2l

- f(Z[J]) _f (Z[k])

(1.21)

fzV) (=0, 1, 2, ... k<j)

cac z1, zM thuong duge chon sao cho f (21 va (™) co déu nguoc nhau

dé cho nghiém nam giita 20 va 1,

Vi du: Tim tri riéng cua ma tran sau:

[5-2A -4 1 0
-4 6-—21 -4 1
p(A) = det =0
1 -4 6-1 -4
0 1 -4 5-1
Trudce tién ta cin bién ddi ma tran
[6-2A -4 1
p(A) =(5-2A4)det| — 4 6-1 -4
1 -4 5-1
—4 -4 1 -4 621 1
+(4)det| 1 6-1 —4 |+ (Ddet] 1 -4 -4
0 -4 5-1 0 1 5-1

Hay:
p(4) = (5-24){(6 - 22)[(6 - 2)(5— 1) —16]+ 4~ 4(5- 1) + 4] +16 - (6 - 1)}
+4-4[(6-1)(5-1)-16]+4(5- 1) - 4} + - 4[(-4)(5- 1) + 4] - (6 - 24)(5- 1) +1}

Rut gon biéu thic ta co: p(A) =44" —66.1° +2761° — 2851+ 25 (f(2)= p(r);

Z=\)
Bay gio ta dung phuong phéap lip Newton dé giai bai toan nay. Cac bude thyuc
hién nhu sau:

Budc 1: Cho A mot gia tri bat ky nao do.

G+D)

Buéc 2: Tinh A budc theo phuong phap 13p Newton:

[i]

[
Z -
f -(Z[J])
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A[JH] —i[j]
Budce 3: Tinh: r = ‘—

20l
Budc 4: Néu r>eps (eps 1a mot s6 nho bat ky tuy ¥ cho trude. Néu r>eps thi
gan A" cho AW ( A0 0y Vi quay lai budce 2. Néu r<eps thi thuc hién
budc 5
Buée 5: A 1a nghiém cua bai todn va gan n6 cho (¢) ( C < Z[M])
Budc 6: Pé tim cac nghiém khac thi ta chia ham P(L) di ¢6 cho (A-c) thi ta s&
duoc mot da thuc bac thép hon va quay lai budc 1.

Néu da thic bac n ta lam 1an luot n 1an nhu vay ta s€ nhan dugc n
nghi¢m.
Sau day gi6i thiéu doan chwong trinh st dung phuong phéap liap Newton dé
gidi bai toan trén. (ngodn ngir 1ap trinh MATLAB)

Syms X;
Y=4*XM-66*X"3+276*X"2-285*X+25;
y2=y,
for n=1:4

yl=y2;

yix=diff(yl,x);

z1=0.1;

eps=1,

while eps >= 0.000001
s1=subs(y1,x,z1);
s2=subs(y1x,x,z1);

22=21-51/s2;
s3=z2-71,
r=abs(s3/z1);
z1=22;
eps=r;

end

c(n)=z1;

z1
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f(n)=subs(y,x,z1);
y2=y1/(x-z1);
end
ri=[c' f];
digits(7)
vpa(rl)
ezplot(y,[-2 12]);
grid
Két qua ¥
[ .9653733e-1, 0.]
[ 1.391465, -.2052047e-10]
[ 4.373550, .5732090e-9]
[ 10.63845, .1136868e-10]

Trong Matlab phuwong phap gidi phuong trinh
dai s6 dua trén phuong phap 13p Newton va

466 154276 #7285 1425

3000

2000

phuwong phdp cat tuyén véi thuat toan hoan 1000

thién hon cho nén trong ludn an sau nay khi giai

cac 0 >
X

phuong trinh dai s6 s& dung cac ham cé san cla 0m

Matlab.

-2000

Hinh 1.7. D5 thi nghiém PT da thirc

Qua két qua nghién ctru cua cac muc tir 1.1 dén 1.6, tic gia rat ra nhiing
nhan xét sau:

1. & trén d4 trinh bay cac phuong phap chung dé xay dung bai toan co
hoc trong d6 ¢6 bai toan 6n dinh cong trinh.

2. Pi gi6i thiéu cac dinh nghia, cac tiéu chuin va cac dinh 1y vé 6n dinh
va khong 6n dinh nham muc dich hiéu roban chét cua bai toan 6n dinh cong
trinh. Can cha v ré“mg bai toan 6n dinh cia co hoc 13 bai toan 6n dinh can
bang, nghia 12 bai toan on dinh nghiém cua cac phuong trinh vi phan tuyén
tinh hoéa. Pinh 1y vé on dinh ctua Liapunov cho ta danh gia dugc su tuong
quan giita 6n dinh cua nghiém cta phuong trinh vi phan tuyén tinh héa va
phuong trinh phi tuyén gbc ctia nd. Qua cac dinh 1y 6n dinh va khong on dinh

trinh bay ¢ trén chung ta c6 thé thay rd tinh phirc tap ctia bai toan 6n dinh, do
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vay phai rat can than khi dua ra cac két luan vé 6n dinh cua trang thai can
bf?mg. Cach nghién ctru on dinh 1a dua hé 1éch ra khoi vi tri can bﬁng ban dau
cua no. Nhu vay, vi tri can bé“lng ban dau can phai xac dinh trudec.

3. Pa trinh bay phuong phap chung dé giai cic phuong trinh vi phan
tuyén tinh thuan nhét va ap dung dé nghién ctru 6n dinh cta thanh thang chiu
lwc nén P tac dung & dau thanh. Co thé noi day 1a phuong phap toan duy nhat

va do d6 pho bién nhat trong nghién ctru 6n dinh cong trinh hién nay.
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CHUONG 2
PHUONG PHAP PHAN TU HU'U HAN

Trong chwong nay lan luot trinh bay vé cdc phwong trinh co ban cia ly
thuyét dan hoi tuyén tinh, cong thitrc ma tran cia cac dinh 1y ning luong va
cudi cung gidi thidu ndi dung co ban ctia phuong phap phan tir hitu han.
2.1. Céac phwong trinh co ban ciia Iy thuyét dan hoi tuyén tinh
2.1.1. Khai niém

Ly thuyét dan hoi tuyén tinh duoc xay dung trén co sé gia thiét bién
dang nho, con 1y thuyét dan hoi phi tuyén dya trén gia thiét cac bién dang 16n.
Trong 1y thuyét dan hoi tuyén tinh nguyén 1y cong tac dung hoan toan ding.
V&i mot vat thé dan hoi ta can xét mdi quan hé gitra cac dai lugng: chuyén vi
- bién dang, bién dang - Gng suit, ing suét - tai trong. Cac quan hé nay duoc
mo td boi phuong trinh vi phan dao ham riéng voi bai toan khong gian va 8
phuong trinh v&i bai toan phang, cu thé nhu sau:
a. Bai toan khong gian:

- Sau phuong trinh biéu thi su lién hé bién dang - chuyén vi;

- Sau phuong trinh biéu thi lién hé ung suat - bién dang;

- Ba phuong trinh can bang biéu thi quan hé tmg sudt - tai trong.
b. Bai todn phing

- Ba phuong trinh biéu thi sy lién hé bién dang - chuyén \% K

- Ba phuong trinh biéu thi lién hé ung suét - bién dang;

- Hai phuong trinh can bang biéu thi quan hé tng sut - tai trong.
2.1.2. Cac phwong trinh bién dang - chuyén vi

Bién dang cua két cAu hodc moi truong lién tuc dudi tdc dong cia mat
hé tai trong cho trudc, hoan toan co thé xac dinh néu biét duoc chuyén vl cua
mot diém bat ky thude két cdu hay moi truong lién tuc d6, dudi dang ham sb

lién tuc tai diém dang xét.
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a. Bai toan khong gian:

Trong h¢ toa d0 X, y, z chuyén vi tai mot diém duoc xac dinh béng ba

thanh phan va thudong duge ky hiéu nhu sau:
Ux = Ux (X, Y, Z); Uy = Uy (X, Y, 2); Uz = Uz (X, Y, 2);
Bién dang doc truc dugc xac dinh theo cac cong thuc:

_aux- _au)’- _auz

S T I Ty T gy

Biéu dién dudi dang ma tran ta co:

9 0
8)0( ax lJX
gy r=| 0 9 0 |qu,
e ay u
cc 0 0 2 4
L 0z _
Céc bién dang truot dugc xac dinh theo cac cong thuc sau:
aux auy auy auz auz aux
SXY:_+_ 8yz:__'__ Szz: +
oy oOX oz oy oXx o0z
Trong do:

Exy = Eyx, &yz = &zy, €x = &xz

Biéu dién dudi dang ma tran ta co:

0 0 4]

e,| |9y Ox u,
0 0

e, =l 0 — — ]y,
oz oy

€ u

ZX 2 0 2 z
0z OX |

Néu gop thanh mot phuong trinh dudi dang ma tran ta co:
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i 0O O

OX
e.) o 2 o

oy

.| ]o o aﬁ u,
2z — a a Z ) uy (26)
€ — — 0
c oy OX u,
vz 0o O
€ 0 — —
7x az ay

9 45 9

| 0Z OX _
Hay:
{s} = [V].{u (2.7)

Trong do: {V la ma tran cac toan tr vi phan.

2. Bai todn phdng

Chuyén vi ctia mot diém bat ky gdm hai thanh phan va dugc ky hiéu
nhu sau: ux = Ux(X, Y); Uy = Uy(X, Y)

Bién dang duoc xac dinh theo chuyén vi nhu sau:
XX:a(;(X ; syyzfi:yy ; sxyzaauyx+% (2.8)

Viét duéi dang ma tran:

€

2
€ OX 5 |
- NP 2.
ey(=| 0 oy -{uy} (2.9)
) |o @
oy OX |
Hay: {e}=[VHu} (2.10)

2.1.3. Phwong trinh wng suit - bién dang
Khi thira nhan gia thuyét dan hoi tuyén tinh, dong nhat va dang hudng, su

lién hé gitra tng suét va bién dang dugc biéu thi b.'?mg dinh luat Hooke téng quat.
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Néu ké dén anh huong cua su thay do6i nhiét do véi gia thiét chi xét dén

anh hudng bién dang doc truc vi nhi¢t do ma bo qua anh huong dén bién dang

truot vi nhiét thi cic phuong trinh tmg suat - bién dang duoc thiét 1ap nhu sau:

Syy

2z

yz

ZX

a. Bai toan khong gian

g, = é :GXX - M(ny +0, )]+ ol
1 -

€, =E _ny—u(cxx +0, )]+ ol

€, = é :GZZ —u(csxx +ny) +aT
21+ 1

Sxy = ( E ).ny :E.ny
21+ 1

gyz = ( E )'Gyz = E.Gyz

G0 JE

ZX E ZX G ZX
Trong do:

E - modul dan hdi doc truc;
G - modul dan hdi truot

U - hé sb Poisson;

o - hé sb gian no vi nhiét;
T - do bién thién nhiét do

Néu biéu dién dudi dang ma tran ta co:

1 —p —p 0 0

-u 1 —p 0 0

1]-p —p 1 0 0

"E]0 0 0 20+pn) O
0O 0 O 0  2@1+p)

0 0 0 0 0
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n)

a a a a a q

yz

zX

+aT.

o oo P BB

(2.11)

(2.12)



Trong truong hop T = 0 thi phuong trinh trén c6 dang:

te}=[DI"{o}

Trong do:
1
—n 1
LI I
0 O
0 O
i 0

- U 0 0
- U 0 0
1 0 0
0 20+p) O
0 0 2@+up
0 0 0

(2.13)

(2.14)

n)

T quan hé ctua bién dang - ing suat ta cé thé xac dinh dugc irng suat

theo bién dang thuong dugc goi 1a dinh luat Hooke tong quat:

E I \ E
= JL—p) — oT
XX (1+ M)(1_ 2].,[) _( M) 8xx + “(Syy + 8zz )_ 1_ 2},[ a
G, = E .-(1—}1).8 +u(e, +¢ )-— E aT (2.15)
Y (L+p)l-2u)”t 7 S 1-2n
E I \ E
= JL—p) — aT
7z (1+ H)(l— 2“) _( M)gzz + M(gxx + 8yy)_ 1_ 2“ o
E
G, = 2(1+“).8Xy =Geg,
E
= e, =G.
% )
E
=——&, =0.
X 2(1+ H) Szx 8zx
Viét dudi dang ma tran:
Oy 20-p)  2u 24 0 0 0 ]|t
Gy 21 2(1 - u) 21 0 0 0 €,
.| E 20 2 2M-w) 0 0 0 e,
o, 20+ufi-2u)] O 0 0 2-p) 0 0 [le,
. 0 0 0 0 20-p) 0 |le,
s, 0 0 0 0 0 20-p)] g,
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-1

N EaT. -1
1-2u (0
0

0

Trong truong hop T = 0 ta ¢c6 phuong trinh:

{o}=[D}e} (2.16)
Biéu thirc nay biéu thi dinh luat Hooke.

Ma tran vuong [D] duoc goi 1a ma tran dan hoi. Ma tran nay chua tat ca

cac ddc trung dan hoi cia két cau hodc moi truong lién tuc ma ta dang nghién

cuu.
21-p) 2w 2u 0 0 0
21 2(1—p) 21 0 0 0
E 21 2u 20-p) O 0 0
[D]= -
20+p)a1-2u)] O 0 0 (@-2u) O 0
0 0 0 0 (@-2u) O
0 0 0 0 0 (1-2u)

Khi chap nhan gia thiét vat liéu dan hoi tuyén tinh, d6ng nhat va dang
hudng thi ma tran [D] c6 tinh dbi xtmg va khong suy bién.
b. Bai todn phing

- Bai toan phang cua 1y thuyét dan hoi duoc chia thanh hai loai:

- Trang thai phang vé g suat;

- Trang thai phang vé bién dang;

Hai trang thai nay dugc phéan biét theo céac tinh chit dic biét cua hinh
dang va cach chiju tai ctia vat thé dan hdi nghién ctu:

c. Trang thai phing vé vng suat:
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Vat thé dan hdi duoc nghién ctru ¢6 dang tAm voi chiéu day nho so véi
kich thudc cua hai chiéu con lai va chiu tai trong trong mat phang cta tAm.

Ki hiéu xOy 1a hé truc nim trong mit phang cua tim va Oz 1a truc
vudng goc voi mat phang d6. Ngudi ta thira nhan cac gia thiét dudi day voi
ing suat:

c6,=6,=0,=0

X zy 7z

Véi cac gia thiét trén ta c6 mbi quan hé bién dang tng suat:
1
c, = E .[GXX — M.ny]-l- o.T
_L J+aT (2.17)
G, = E G, —Wo,, |+ 0. :

21+ 1
G, =0, = (E ).ny :E.ny

Dang ma tran:

€, . 1 —pu 0 c, 1
eyp=gh 1 0 o, raTal (2.18)
£, 0 0 20+p)||o, 0

Céc bién dang con lai dugc xac dinh nhu sau:

8zx = 8zy =
g, = —é.u.(sxx +o,)+oT (2.19)
p 1+p
g, =——— (sxx +syy)+—.ocT
1-p 1-pn

RO rang €z # 0 va ¢6 quan hé tuyén tinh v&i exx va eyy. Tuy nhién voi
phan tir c6 bé day mong cé thé cho &, = 0 ma van bdo dam chinh xéac so voi

nhu cau thuc té. Nghich ddo ma tran dan hoi ¢ dang:
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1 —pn 0

Uﬂlzé.—u 1 0 (2.20)
0 0 21+p)
Biéu thtrc quan hé giita g suét - bién dang thé hién nhu sau:
G, = > [axx +},t.8yy]—£.OLT
—H
E E
G, :1—M2 .[syy +H-8xx]—ﬁ-0ﬂ_ (2.21)
G, =0, = E e, =CGe

G, - 2 2u 0 Jfe, - 1
" =:2@__2)-2u 20 0 |gg, r———aTal (2.22)
GXY u 0 0 1_M 822 M O

Néu T=0 thi {o}=[D}He}
Trong do:
[D] - ma tran dan hoi cua vat lidu trong bai toan Gng sut phang.

2 2u 0

E
[D]= ~ 20 20 0
20-w) 0 0 1-p

d. Bai todn phdng vé bién dang

Cac vat thé dan hoi duge nghién ctru ¢o ti€t dién ngang khong doi va

chiéu day lon hon véi kich thudce cua hai chiéu con lai, tai trong tdc dung

vudng goc voi truc dai cua vat thé. Goi xOy la hé truc song song voi mat

phang cta tiét dién ngang. Thira nhan cac gia thiét sau:

u=0

ou
u, _ Ny g (2.23)
0z 1574
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E€xx =&y =€z = 0

Ta c6 quan hé giira bién dang va tmg suit:

€, = ]LEM .[(1— u).cxx - u.csyy]+ (1+ ].,l).OLT

1
€, = % .[(1— ;,L).ny - 1o, ]+ @+ u).ocT (2.24)
ey =g, = 2B L

Xy yX E Xy G Xy

Dudéi dang ma tran ta c6 biéu thic:

€, . 1-p —-p Of|o, 1

+
€, :?H. -u 1-p Oj<o,, +(l+u).ocT. 1 (2.25)
£, 0 0 2}lo, 0

Néu T = 0 ta c6 biéu thirc rit gon:

{e}=IDI" {o}
Trong do:
I-p —-p Ofjo,
[D]lzh?“. -p 1-p Oo,
0 0 2||o,

Tur quan hé trén ta co mbi quan hé ung suét bién dang theo dinh luat

Hooke:

E E
= 1-p) — ol
7 T - 2u) (G- i, 1-2u"°
E E
= 1-p) — ol 2.26
Oy L+ w)L-2p) [( p)e,, +H8xx] “on G (2.26)
E
G, =0, = 2(1+“).8Xy =Ge,
6, =06,=0
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w.E

o, = .[8 +€ ]—i.aT
“ -2t T -2

c, = M.(Gxx + ny)— E.aT

Ta thdy o2z # 0 va c6 lién hé tuyén tinh v3i oxx va Gyy. Tuy nhién trong

thuc t€ c6 thé bo qua 6z; ma van dam bdo sai s06. Dudi dang ma tran ta co:

G, - 20-p)  2u 0 le, - 1
G, 1= | 2w 20-p) 0 |Re, - aT4l
20+p)d-2 1-2
. Crw-20)] 0 1-zul|e TR
(2.27)

Néu T =0 ta c6 thé viét gon: {c}=[D}e}
Trong do:

[D] - ma trin dan hoi cta bai toan bién dang phang

E
[D]= | 2w 20-p) O
3. Bai todn mét chiéu:
g, = E.GXX +aT
E
g, =¢,=¢,=¢,=0 (2.28)

Oxx — E'Sxx —EaT

2.1.4. Cac phuong trinh cin bing
a. Bai toan khong gian

Néu tach ra khoi vat thé dan hoi mét phan td co kich thude dx, dy, dz
va thiét 1ap phuong trinh can bang theo 3 truc x, vy, z ta co:
0 oG 0G

><x+ Xy ><z+gX:0
OX oy 0z
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yx + yy + yz + :0 229
ox oy oz 9 (2.29)
0
00, + 8w 00, +g,=0
OX oy oz
Trong do:

Oxx, Oyy, Ozz - ng sut phap;

Oxy, Oyz, Ozx - Ung sudt tiép;

Ox, Oy, Oz - cac thanh phan luc thé tich tac dung theo cac phuong X, y, z
trén mot don vi thé tich cua vat thé.

Viét duoi dang ma tran:

_ - O
2 0O O g 0 Q c
oz oy || (9] (0
0 % 0 ai § 0 1% Lilg L=1o (2.30)
X 0z o,
0
0 0 aﬁ o 2 aﬁ o, .
B Z 8y X_ cSZX
hay:
VI {o}+1g}=0 (2.31)

Céac phuong trinh can bang phai duoc thoa man & bt ky moi diém cia
vat thé dan hoi, & bén trong cling nhu trén bé mit cua vat thé. Do do, nhiing
diém nam trén bé mat cta vat thé s& can béng véi ngoai luc tac dung 1én bé
mit. Sy can bang nay dugc x4y dung trén co s¢ nghién ctru ing suat trén mit
cit xién va duoc biéu thi bang cac didu kién bé mat.

lo, +mo,, +no, =p,

I. Cyx + mny + nGyz = py (232)
l.ox + MGzy + NOCzz = Pz

Trong do:
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|, m, n - cac cosin chi phuong cta phap tuyén ngoai ctia mit vat thé dan
hdi tai diém dang xét;
Px, Py, Pz - cac thanh phﬁn ngoai luc theo 3 tryc x, y, z tdc dung trén mot

don vi dién tich mat ngoai cua vat thé dan hoi.

Il
T O

<

(2.33)

o o —
o 3 o
> O o
o — 3
3 S5 O

o

hay:

[LHo}=1{p

[L] - ma trén cosin chi phuong cua phap tuyén ngoai ciia mat vat thé
dan hoi.
b. Bai todn phing

Trong bai toan hai chiéu, bai toan phang vé tGng suit va bién dang

phuong trinh can bang c6 dang:

+9,=0 (2.34)

9 4 9o, .
ox oy |) s +{9x}:{ } (2.35)
o ol ™ g 0
0 — s y
(Vi{o}+{g}=0 (2.36)
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Trén chu vi thod man phuong trinh sau:

lo, +mo,, =p,

(2.37)

lo,+mo, =p,
Dang ma tran:

o)
I 0 m[| ™| [p, 5 38
o m 1[]°7[ p, (2:38)

GXV
hay:
[LHo}=1p (2.39)

2.1.5. Cac phuwong trinh lién tuc

Céc bién dang va cac chuyén vi can phai c6 sy thay doi lién tyc tir diém
nay sang diém khéc trong cung mot vat thé dan hdi. Piéu kién dé co sy lién
tuc nay ton tai 1a cac phuong trinh lién tuc hay con goi 1a cac phuong trinh
tuong thich.
a. Doi vdi bai todn khong gian

o, O, ~ o’e

4 — Xy

oy>  ox®  oOx.oy
828)’)/ + azgzz — azgyz
o0z° oy* oyoz
o, 0O, O

2o o 2.40
ox*  0z° ox.0z (2.40)
a28)0( — l i agxy _ agyz + 682x |
oyoz 2 ox| 6z ox oy
azgyy — 12 agyz _ 68zx + aSxy |
oX0z 20y| ox oy 0z
82822 _l g _agzx _ agxy 68)’2_
oxoy 2d6z| oy ox o |
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b. Bai todn phdng phwong trinh
2 s, 0O
Ot | TEy _ 0%y (2.41)
oy OX OX.0y
2.2. Cong thirc ma tran cua cac dinh ly nang lwgng
2.2.1. Khai ni¢m:

Céc thanh tyu ndi tiéng dau tién v€ st dung khai ni€ém ndng lugng

trong phan tich két cdu va cdc modi truong dan hoi 1a cua Csstigliano, nguoi
dua ra cac ky hiéu vé nang lugng bién dang dé dit co s¢ cho cac phuong phap
nang luong.

Dung phuong phap ning luong dé phan tich két cdu va cac moi trudng
lién tuc thuong din dén mot hé phuong trinh dai sd chtra nhiéu an s6. Viéc
giai hé nay trén thuc té 1a khong thé thuc hién dugc néu chi dua trén cac cong
cu tinh todn th6 so. Chinh vi ly do d6 ma cac phuong phap nang lugng con it
dugc quan tdm trong mot thoi gian dai. Khi trong tay con nguoi da c6 may tinh
dién tr thi cac phuong phap nang lugng da nhanh chong phat huy duge tac dung
va 1a co so 1y luan cta cac phuong phap tinh toan hién dai dé phan tich cac két
céu phirc tap.

Pé phuc vu truc tiép cho cic phuong phap phan tich két cdu theo
phuong phap sb hién dai, cic dinh 1y ning luong can duoc biéu dién bang
ngon nglr phu hop, 1y tuwdéng hon ca d6 1a ngdn nglt ma tran.

Tat ca cac dinh 1y ning luong déu dugc xdy dung truc tiép tir hai
nguyén 1y bién phan:

- Nguyén 1y cong kha di hay con goi 12 nguyén 1y chuyén vi kha di;

- Nguyén ly cong bu kha di hay con goi 1a nguyén ly luc kha di.

O day cho xét nguyén 1y chuyén vi kha di.

2.2.2. Cong co hoc kha di

Néu cho mdt luc tac dung vao két cAu khi d6 tai vi tri luc s& ¢6 chuyén

vi trong tmg, hinh bén 1a méi quan hé giita lyc va chuyén vi. Phan nam dudi

duong cong la cong do lyc gay ra:
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8p

Aw

MW

U

—
S
—
=2
<

W = [p.du(2.1)
0
néu hé 1a tuyén tinh (quan hé tuyén tinh) ta c6:
WEET (2.42)
2
Gia thiét chuyén vi ting thém mot luong 1a Su khi céng sé& ting thém
mot lugng tuong img:

AW = p.ou + % dp.ou (2.43)

Dbit SW = p.du; §?W = %Sp.éiu

Bé qua dai lugng bac cao ta co:

AW = dW = p.ou

8W - cong kha di con 1 chuyén vi kha di.

Trong thuc té, tuy theo tinh chat bai toan ma p c6 thé 1a luc thé tich
hoac 1a phan b6 hodc 1a luc tap trung.

- Luc tap trung:

W = {p}" {ou}

o) =[p,..p, ]

uf=1.... (2.44)
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- Truong hop hé chiu tac dung cua luc thé tich va bé mat thi:

SW = l {g}T.{Su}dv+£{p}T.{8u}ds (2.45)

Trong do:

- Péi véi bai toan khong gian:

{0/ =lo,9,9.]

o) =[p.p,0.] (2.46)

{u)" = [su,,8u,,8u, ]

- Pdi véi bai toan phang (trong mit phang xoy)

o =lo.g,]: b =lp.p,]; Bu) =[ou,8u,] (2.47)
2.2.3. Niing hrong bién dang kha di

Khi mét vat bi bién dang thi bén trong s& xuit hién tmg suét, mbi quan

hé gitra bién dang va Gmg sut twong tmg thé hién theo d6 thi trén.

a

__ue
Uo

b -

L 14 I oe
% 3

R -

Phan dién tich Up nam duéi duong cong dugc goi la mat d§ nang luong

; luc.dai _ . 4 A
dan hoi c6 thr nguyén: 0 khi d6 nang luong bién dang cua ca vat thé
|
duoc cac dinh nhu sau:
U= [U,dv (2.48)
\%

Néu ta cho mot bién dang kha di d¢ khi do6 ta co:
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AUo = 6.5¢ + %50.68 (2.49)

Bo qua thanh phan budc bac cao ta c6: AUo = 8Uo = 6.8¢
Néu c6 nhiéu thanh phan tmg suat ta c6: cUo = {G}T.{Ba
8Uo: mat d6 nang luong dan hoi kha di.

Ning luong bién dang dan hoéi kha di cta ca vat thé s& 1a:

U = [8U,.dv=[{c} {5e}dv (2.50)

\%

Trong do:

{G}T = [GXX 6,06,0, 0, GZX]

{68}T = [SSXX d¢,, Og,, O, d¢, SSZX]

2.2.4. Nguyén ly cong kha di

Pai lugng kha di 13 dai luong rat nho duoc 1ay bat ky va ky hiéu 1a §
kem theo tén cua dai lugng kha di. Xét vat thé bién dang dudi tac dung cua hé
ngoai lyc, trong vat thé s& xut hién ndi luc va bién dang sao cho:

- Ngoai lyc tadc dung va noi lyc ¢ trang théi can béng.

- Céc bién dang thod man diéu kién lién tuc, con chuyén vi thod man
cac diéu kién tai gdc (diéu kién bién).

Truong hop Gng suit o trong vat thé d6 thoa man diéu kién can b@fmg
tinh, con truong bién dang & thoa man diéu kién hinh hoc theo nguyén 1y
Langrange: "Diéu kién can va dit dé mot vat bién dang o trang thai can bang
1a cong kha di ctia ngoai lyc bang cong kha di cta ndi luc dbi voi mot trudng

bat ky cac bién dang kha di thoa man diéu kién tuong thich".

oW = sU

Tt biéu thirc trén ta co:

[18}" 8ejdv =[{g}" {dujdv+ [ {p}".{du}ds (2.51)
\Y \Y S
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Cong thic trén 13 cong thic co ban dé xay dung 1én phwong phéap phan
tir hitu han. Néu ap dung cong thic ndy cho mot mién rdi rac (phan tir). Khi
do ta s€ tao dugc ma tran d0 cing cua phﬁn tor va céc vecto luc nut (tai trong
trén phan tir quy vé nat). Ghép ndi cac ma tran do cung cta cac phan tir va
cac vecto luyc nut ta xac dinh dugc phuong trinh can béng cua hé. Giai hé
phuong trinh nay xac dinh dugc chuyén vi nut tr d6 xac dinh noi1 luc.

2.3. Phuong phéap phan tir hitu han

Phuong phép phan tir hitu han (PTHH) chia cong trinh thanh nhiing
phﬁn nhé duogc goi 1a phﬁn tr. Viéc tinh toan duogc thuc hién dbi véi mdi phén
ttr, sau d6 két ndi chung lai v&i nhau c6 dugc toan b cong trinh.

Khi dung phuong phap sai phan hiru han, trang thai cua cong trinh (vi
du chuyén vi cia dim, tAm v.v...) dugc tinh tai moi diém cua ludi sai phan,
trang thai cong trinh tai cic diém nam giita cac nat cia ludi sai phan duoc
tinh bang cach noi suy tuyén tinh. T cdch nhin ndy thay rd wu diém cua
phuong phap PTHH so vé1 phuong phéap sai phan hitu han 1a trang théai cac
diém trong mdi phan tir duoc xac dinh theo cac ham noi suy (con goi 1a ham
dang) chon trudc. Do vay, dé co két qua co do chinh xac twong duong nhau,
phuong phap PTHH thudng dung it 4n hon so voi phuong phap sai phan hiru
han. Theo E.Wilson [30], thuat ngt PTHH duoc gido su Ray Clough [22] dua
ra vao ndm 1960 va 6ng xem phuong phip PTHH la kh4a ndng nira
(alternative) cia phuong phép sai phan hiru han.

Céc ham ndi suy duoc viét theo toa do tu nhién (xem phén sau) dugc
dung vira dé mé ta trang thai (vi du chuyén vi caa dam, tdm v.v...) va c6 thé
vira dé mo ta dang hinh hoc (vi du dam cong, vo...) ctia cong trinh cho phép
dé dang lap trinh va tao diéu kién tu dong hoa qua trinh tinh toan (phan tir hiru
han dung ham ndi suy nhu vdy duoc goi 1 phan tor ding thong sd,
(Isoparametric finite element). Cac ham noi suy viét theo toa do tu nhién do

B.Irons va O.Zienkiewicz dua ra nam 1968 [20].
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Do kich thuéc phan tir nho, trang thai (vi du chuyén vi ciia dam, tim...)
cta cac diém trong mdi phan tir khac nhau it cho nén cac ham néi suy dugc
dung 1a cac da thuc bac thép, vi du d6i véi do vong cua dam ham néi suy
thuong dung 1a cac da thirc bac ba theo toa do x, d6i v6i do vong cia tam 13
cac da thic bac ba theo toa d0 x va bac ba theo toa d0 y v.v.. Vi dung cac da
thirc bac thdp cho nén cac luc tac dung trong mdi phan tir ciing nhu lyc quan
tinh (bai toan dong luc hoc) déu phai qui vé cac nut. Vi phuong phap PTHH
xét can bang tai nut nén lyc tic dung trong phan tir cling nhu lyc quan tinh
déu phai quy vé cac lyc tap trung tac dung tai nut.

Ham noi suy dugc chon sao cho két qua tinh 1a 6n dinh: két qua 1a duy
nhat, thay doi bé cua diéu kién bién hoic diéu kién ban ddu khong lam thay
d6i két qua tinh.

Ly thuyét dam xét anh hudng cua bién dang truot ngang duge trinh bay
¢ chuong 3, xem do vong Y luc cat Q cua dam 1a hai ham can xac dinh cho
nén can xac dinh hai ham ndi suy cho hai ham an néi trén.

Dya vao ham ndi suy cd thé tinh dugc truong Gmg sudt va truong
chuyén vi ctia mdi phan tir va do d6 ta thiét 1ap dugc ma tran d6 cimg phan ti.
Duya trén ma tran do cling phén tir xay dung dugc ma tran do cung téng thé
cta cong trinh.

Phuong trinh co ban dé giai bai toan co hoc két cau theo phuong phap
phﬁn to hiru han, c6 dang nhu sau:

[K1{4} = {F} (2.52)

Trong d6: [K] 1a ma trdn do cung tong thé cua toan két cdu, 1a ma tran
vudng c6 kich thudc 1a s6 an ciia toan bo két ciu, nghia 1a sé an cua phuong
phap, {4} 14 véc to chuyén vi nit caa toan két cau (d6i v6i bai toan khong xét
bién dang trugt ngang), 1a véc to chuyén vi nat va luc cét (déi vo1 bai toan co

xét dén bién dang truot ngang), {F} 13 véc to luc nut.
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Giai hé phuong trinh (2.52) ta c6 thé dung cac chwong trinh c6 sin
trong Matlab dé giai. Néu nhu goi r 12 nghiém ciia bai toan thi r = [K]\{F}.
Trong dé tai nay tac gia dung chwong trinh Matlab néi trén dé giai cc bai
toan.
2.3.1. Ham néi suy ciia phan tir
2.3.1.1. Ham néi suy chuyén vi va géc xoay tai hai niit ddu phén ti

Trong khi tinh ddm ta ¢6 thé str dung phan tir chiu ubn hai nat, nhu hinh 2.52.

—eX

W|1191 le&

o O

Hinh 2.1. Phén tir dam

Tai moi nut c6 cac thong so 1a chuyén vi W1, 01, Wa, 62, do d6 chuyén

vi trong moi phan tir dugc viét theo cong thirc sau:

W =[fwy fw; fx; fx]X (2.53)
Trong do: X=[w, W, 6 6]
aw aw
91 - Ex=_1192 _E =1

Cac ham fw;, fw,, fxi, fx,, 1a cac ham ndi suy can dugc xac dinh.
Ta viét ham noi suy dang da thirc bac 3, W = ay + a;x + a;x? + azx3 , dudi
dang ma tran ham d¢ vong W duoc viét nhu sau:
W=1[1x x* x3]X, (2.54a)
Trong do: X, =lap a; a, as]’
Bay gio ta tim méi lién hé gitta X va X,

Thay x=-1 vao (2.54a) ta co

w,=[1-1 1 —-1]X, (@)
Thay x=1 vao (2.3a) ta co
wWw,=11 1 1 1]X, (b)

Lay dao ham (2.54) theo x ta c6
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P_10 1 2x 3x2]X,

dx
(2.54b)
Thay x=-1 vao (2.54b) ta ¢
=10 1 -2 3]X, (©)
Thay x=1 vao (2.54b) ta co
=0 1 2 3]X, (d)
Tu a, b, ¢ va d ta nhan duoc
1 -1 1 -1
X=[W, W, 6, 6] = (1) i _12 ; X, = aX, - X, = a~'X
o 1 2 3
1 -1 1 -1
Trong do: a= (1) 1 _12 ;
o 1 2 3

Twr d6 ta tim dugc cac ham néi suy fw,, fw,, fx;, fx,, nhu sau:
fwy = 10— 12 +2)))
fwy == (x +1)?(2 —x) >
fxr =@ =1 (x+1)
fr=7G—1D*+1) )

Cac ham ndi suy (2.55) thudng duoc dung dé tinh phan tir chiu uén va cho

(2.55)

két qua hoi tu.

i(x — 1D2%(x +2) i(x + 1)2(2 — x)
W=l fwe fa faalX= So- 12+ 1) S- 120+ 1)
(2.53a)

Nhu vy, néu biét dugc cac thong s6 W1, 01, Wa, 02 tai hai dau phan tir thi

chuyén vi tai mdi diém bat ky trong phan tir d6 dugc xac dinh theo da thuc

bac 3 sau day

W = fW1W1 + fWZWZ + fx191 + fx2(92 (256)
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2.3.1.2. Ham ndi suy lue cit tai hai nit diu phan tir
Trong trudng hop xét bién dang truot ngang ta viét thém cac ham noi suy

luc ct tai hai dau phﬁn tr hai nit nhu hinh 3.2.

—sr

——

Hinh 2.2. Phén tiv hai niit

Tai nut dau phan tir c6 thong sb 1a luc cit Qu, va tai nat cudi phan tir ¢6
thong s6 luc cat 1a Q2, do do luc cat trong moi phﬁn tir dugc viét theo cong
thirc sau:

V=1[fa fa:1X (2.57)

Trong do: X=[0: Q)]

Cac ham fqq, fq,, 1a cac ham ndi suy can dugc xac dinh

Ta viét ham noi suy dang da thicc bac 1, V = ay + a,x, dudi dang ma trin
ham luc cat V duoc viét nhu sau:

V=[1 x]X, (2.58)

Trong do: X, =lay, aq]

Bay gid ta tim méi lién hé gitra 6 va 6,

Thay x=-1 vao (2.58) ta co

Vi=[1-1]X, (a)
Thay x=1 vao (2.58) ta co
V,=[1 1]x, (b)

Tu a va b ta nhan duoc

1 -1 _
X=lfa fo =|; ~{|¥a=aXe>X,=a"x

Trong do: a= H _ﬂ

T d6 ta tim dugc cac ham noi suy fq,, fq,, nhu sau:
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fa, = ;(1-x)

(2.59)
fa, = (1 +x)

1 1
V=lfa felX=|30-x 50+ |x

Trongdé: X =[0Q; Q,]

Nhu vay, néu biét duoc cac thong $6 Qq, Qo, tai hai dau phﬁn ttr thi luc cét tai
mdi diém bat ky trong phan tir 46 dugc xac dinh theo da thirc bac nhét sau day

V=1,q:01+ fq:0Q: (2.60)

Do vy, trong trudng hop phan tir co xét dén anh huong cia bién dang
truot ngang, chuyén vi tai mot diém bat ky trong phén tir duoc xac dinh nhu
Sau:
W= fw Wy + fw,Wo + fx,6, + fx,0, + fq:01 + fq2Q0, (2.61)
2.3.1.2. Ma tran dé cirng clia phan tir
a. Truwong hop khong xét bién dang truot ngang

Trong truong hop khong xét anh hudng cua bién dang truot ngang, mdi

phan tir ¢6 hai chuyén vi nat W1, W2, va hai goc xoay 0, 0,, tong cong c6 bon
thong s (4 an) can xac dinh.

Goi X la véc to ¢t chtra bon 4n cua ph?m tir theo thur tu sau

X=[Ww W, 6 6] (2.62)
Thi ¢6 thé viét lai biéu thirc (3.5) dudi dang ma tran nhu sau
W=[fw;+ fw, + fx; + fx,]X (2.63)

Sau khi d3 biét cac ham chuyén vi thi d& dang tinh dugc bién dang ubn
Xx» NO1 luc momen udn M,, cua phﬁn tir nhu sau:
da*w 2
X = |- 5587 (2.64)

M, = EJx, (265)

Trong céc cong thirc trén B = 2/ Ay 12 hé S0 dua chicu dai hai don vi cua

phan tir vé chiéu dai thuc Ax cta no.
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Biét duoc ham d6 vong cua phan tir thi dé dang tinh dugc ma tran d6
ctimg phan tir. Theo phuong phéap nguyén Iy cuc tri Gauss ta viét luong cudng
brc d6i voi bai toan tinh nhu sau:

7= f_ll M, [x,]dx - min (2.66)

Trong d6 x, 14 cic biéu thic chtra cac 4n X(i) cho nén diéu kién ding

cta (2.66) dugc viét lai nhu sau:

82 = [1 M8[xyldx =0

hay 57 = %( [2, My | 22| dx) = 0 (2.67)

0X;
hé sb 1/[3 = A%/, 1a hé s6 dé dua tich phan tir (-1) dén (1) v tich phan

theo chiéu dai phan tir. C6 bdn 4n ta c6 dugc boén phuong trinh va co dang
(3.1), viét lai nhu sau:
[Kle{d}e = {Fle (2.68)

Trong d6: [K], 12 ma trin d6 cing phan tir e, {4}, 13 véc to chuyén vi
nut tai hai dau phan tir e, {F}, 1a véc to tai trong tuong tmg voi chuyén vi nut
{4}e.

Céc tich phan trong (2.67) c6 thé tinh chinh xac hodc co thé tinh theo
cac tich phan gin dGng (tich phan sd) cua Gauss. Sau khi tinh (2.67), nhan
duoc ma tran d6 cimg phan tir [K], (4x4).

b. Truwong hop cé xét dén bién dang truwot ngang

Trong truong hop c6 xét dén anh huong cia bién dang truot ngang, mdi
phan tir ¢6 hai chuyén vi nat W1, W», va hai goc xoay 03, 0,, tai hai dau phan
tr, gidng nhu truong hop trén, ngodi ra tai nat dau phan tir con c6 thém an luc
cat Q1 va tai nat cudi phan tir ¢6 thém luc cat Qo, tong cong cd sau thong s (6
an) can xac dinh.

Goi X 1a véc to cot chira sdu an cia ph::in tir theo thur tu sau

X=[w W, 6 0, Q1 Q2] (2.69)
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Thi ¢6 thé viét lai biéu thirc (3.10) dudi dang ma tran nhu sau
W =[fws+ fw, + fx; + fxo + fq1 + fq.]1X (2.70)
Sau khi di biét cac ham chuyén vi thi dé dang tinh dugc bién dang udn
Xy 001 luc mémen udn M,,, bién dang truot y, , goc xoay ¢ (do mémen giy

ra) cia phan tir nhu sau:

- [_ dx2 GaF ZZB] (2.71)
M, = EJ xx (2.72)
ve=—--[0 0 0 0 fa fqz] (2.73)

o=|-22p+2v| (2.74)

Trong cac cong thuc trén S = 2/ Ax 12 hé s6 dua chiéu dai hai don vi
cua phan tir vé chiéu dai thyc Ax cia no.

Biét duoc ham d vong cua phﬁn tr thi dé dang tinh dugc ma tran do
ctng phan tir. Theo phuong phap nguyén 1y cuc tri Gauss ta viét lugng cudng
btrc d6i v6i bai toan tinh co xét dén anh hudng ciia bién dang truot ngang nhu
Sau:

Z = f_11 M, [x,]dx + f_ll Vé[y,]dx - min (2.75)

Trong d6 x,,¥, 13 cac biéu thirc chira cac an X(i) cho nén diéu kién
dimg cua (2.75) duogc viét lai nhu sau:

82 = [1 M8y ldx + [1 V&[yldx = 0

hay ( /1M, [‘;fj] dx+ [ v [%] dx)=0  (276)

hé sb 1/,3 = Ax/z 1a hé sb dé dua tich phén tir (-1) dén (1) vé tich phan
theo chiéu dai phan tir. Co sau an ta c6 dugc sau phuong trinh va c6 dang
(2.52), viét lai nhu sau:

[Kle{d}e = {F}e (2.77)
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Trong d6: [K], 12 ma trin d6 cimg phan tir e, {4}, 1a véc to chuyén vi
nut va lyc cit tai hai dau phan tir e, {F}, 1a véc to tai trong twong ung véi
chuyén vi nut {4},.

Céc tich phan trong (2.76) c¢6 thé tinh chinh x4c hodc c6 thé tinh theo
céc tich phan gan dGng (tich phan sd) cia Gauss. Sau khi tinh (2.76), nhan
duoc ma tran d6 cimg phan tir [K], (6x6).
2.3.2.3. Ma tran dé cirng tong thé

Biét duogc ma tran do cung phﬁn tir [K]e thi dé dang x4y dung duoc ma
tran do cung toan hé [K]. Gia st thanh chi c6 mét phan tir thi ma tran [K],
chinh 13 ma tran do cing tong thé cuia thanh. Gia sir chuyén vi tai nat (1) bang
khong thi ta bo dong 1, cdt 1 ctia ma tran [K],.

Chu ¥ ngoai cac an chuyén vi, gbc xoay, luc cit ctia hé con phai xét
thém cac an 1a céac thira sb Lagrange A cua cac diéu kién lién két tai dau hoac
cubi cac phan tr. Ngoai ra con can dua thém cac didu kién lién tuc vé goc
xoay tai diém tiép giap giira hai phan ti.

Viéc thanh l4p ma trdn d6 cimg tong thé [K] cua toan két cAu tir cac ma
tran d cing phan tir [KJe c6 thé trinh bay nhu sau:

Hé phuong trinh co ban dé giai bai toan két cau theo phuong phap
chuyén vi c6 dang (2.52), viét lai dudi day.

[KI{A} = {F}

Trong d6: véc to an chuyén vi niit {A} gém céc thanh phan xép theo thu
tu chuyén vi nat cta toan bd két cdu, véc to luc nat {F} va ma tran d6 cimg
toan hé [K] cling 13 cac thanh phan xép theo thtr tu twong Gmg v6i chuyén vi
nat. [K] va {F} ¢ day dugc lap tr cac ma tran d6 cung [K], va luc nat {F},
ctia timg phan tir trong két cdu & hé toa d6 chung.

Pbi voi mdi phan tir e c6 mot hé phuong trinh can bang dang (2.68)

hodc (2.77) & hé toa d0 chung la:
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[KlefA}e = {F}e

Trong d6: {A}, 14 véc to chuyén vi nit c6 cac thanh phan dugc xép theo
thtr tw d3 duoc quy dinh sin cho timg phan tir. CAu trac cia ma tran do cung
phan ttr [K], va véc to luc nat {F}, cling twong tmg v6i chuyén vi ntt {A},.

Do thtr ty cac thanh phan trong véc to chuyén vi nit {A}, cua timg
phan tir n6i chung khac véi tht ty trong véc to chuyén vi niit {A} ctia toan két
ciu, nén can luu y xép dung vi tri ctia timg phan tir trong [K],va {F}, vao [K]
va {F}. Viéc sip xép nay thuong dugc ap dung phuong phap sé mi c6 noi
dung nhu sau:

Mdi chuyén vi nut va lyc nat twong tmg duoc dung hai sé6 ma dé dat
tén:

- 86 mi cuc bé: 13 s6 ma tir 1 dén m (m 14 téng s6 chuyén vi nat caa mdi
phan tir). D6 1a tha tu sip xép trong véc to chuyén vi nit {A}, va véc to luc
nut {F}, ctia mot phan tir. Néu cac phan tir c6 cac chuyén vi nit (m) nhu nhau
thi s6 mé cuc bd ctia chuyén vi nit gidng nhau.

- $6 md toan thé: 13 s6 ma tir 1 dén n (n 13 tong s6 chuyén vi nut ciia toan két
cau). Do 1a tht tu sap xép trong véc to chuyén vi nut {A} va lyc nat {F} cua
toan két cau.

MJi thanh phéan cuia [K], va {F}, tuong tng voi mot s6 mi cuc bd cua
chuyén vi nut cu thé. Can ct vao sb ma toan thé ciia chuyén vi nat cu thé nay
ma sip xép trj cua thanh phan [K],va {F}, vao dang vi tri trong ma tran [K]
va véc to luc {F} cta toan két cAu. Cac thanh phan trong ma trdn d6 ctng cua
tung phan tir dugc xép vao cung mdt vi tri cia ma tran toan hé thi dugc cong
lai v61 nhau.

Phan vi du minh hoa dugc trinh bay thong qua cac vi du & phan sau.
2.3.2.4. Xét diéu kién ngoai luc

Do dung ham do vong ctia phan tir 13 da thirc bac ba cho nén cac luc tac
dung 1én phan tr déu phai quy vé nut ké ca luc quan tinh trong bai toan dong.
2.3.2.5. Xac dinh ngi lue

Giai hé phuong trinh [K]{A} = {F} ta s& nhan dugc véc to chuyén vi

cua toan keét cau, tir do xac dinh duoc ndi luc can tim cua toan co hé.
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CHUONG 3
TINH TOAN ON PINH PAN HOI CUA HE THANH
BANG PHUONG PHAP PHAN TU HU'U HAN

Trong chuong trinh bay bai toan 6n dinh cta hé thanh thang dan hoi chiu
ubn doc. St dung phuong phap phan tir hitu han va phuong phap chuyén vi
cudng birc dé nghién ciru bai todn 6n dinh cua hé thanh voi cic diéu kién bién
khéc nhau.
3.1. Bai toan on dinh ciia thanh chiu nén

Phuong phap chung dé danh gia sy mat on dinh cta co hé 1a dua hé ra

khoi vi tri can bang ban ddu cia nd va kiém tra xem nd ¢ ton tai trang thai
can bang méi khong. Néu nhu tim duoc trang thai can bang méi khac véi
trang thai can b'fmg ban dau thi ¢ thé xem hé 1a mat 6n dinh va luc gilr cho hé
O trang thai can béng mo1 nay goi la lyc to1 han, trudong hop nguoc lai hé 1a on
dinh.
Pé don gian trinh bay ma khong mat di tinh

téng quat ciia phuong phap, ta xét thanh chiu 1 “t

<

nén mot dau ngam mot dau tu do, chiu lyc % -~
nhu (hinh 3.1a). Thanh c6 trang thai cén
bang ban dau la trang thai chiu nén thang

dung.Otrang thai can bang nay thanh bi co

X —— Y N o Yy

ngén lai métdoan la A=PI/EF, EF lado ® ®
cung kéo nén cua thanh, E 1a m6 dun dan hoi Hinh 3.1. Thanh ngam — Tu do
cia vat lidu,| 1a chiéu dai ban dau cia
thanh,P 1a luc tac dung.

Pé xét trang thai cin bang nay cia thanh c6 on dinh hay khong ta cho
mot diém bat ky trén thanh léch ra khéi vi tri can béng ban dau mot doan Yo
nao d6. Khi d6 thanh s& bi chuyén vi theo dudng dan hdi y(x) va lyc P ngoai

tac dung nén con gy ra momen uén M, = P(y-Yo). By giod trong thanh c6

115



ndi luc mémen udn M va luc cat Q khac véi trang thai ban dau chi chiu nén
(hinh 3.1b) va momen ngoai lyc Mp. P9 co ngan A cta thanh thudng 1a nhé so
v6i chiéu dai thanh cho nén dé don gian ta xem chiéu dai thanh sau bién dang
van bang | .

Lugng cudng buc theo phuong phip nguyén 1y cuc tri Gauss cua bai

toan nay duoc viét nhu sau:

Z=[(M—-M,)ydx— min (3.3)
|
14 14 2
Bién dang uén y=- xg M =EJy (3.4)

Chu y: momen ndi lyc va momen ngoai luc luén khéc d4u nhau.
Trong (3.3), x dai luong bién phan, do d6 diéu kién can va du dé thanh &
trang thai can bang la

&Z =[(M =M ,)5xdx=0 (3.5)

Hay 6Z=[(M-M p)5(— ‘;;’]dx =0 (3.50)

Str dung phép tinh bién phan dbi voi phuong trinh (3.5a) nhan dugc hai

phuong trinh can bang sau

d*(M -M))
- =0 3.6a
e (3.6a)
d(M-M
[— gj =0 (3.6b)
dx
Thay M xac dinh theo (3.4) vao hai phuong trinh (3.6) ta co
dy d’y
BEJ| — |+P =0 3.7a
( dx* ] e (3.72)
3
EJ(d Zj+ pdY _o (3.7b)
dx dx

Hai phuong trinh (3.7) 13 hai phwong trinh vi phan cin bang cua thanh
chiu uén doc béi luc P dat & dau thanh. D6 14 hai phuong trinh vi phéan tuyén tinh
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thuan nhat (khong c6 vé phai) ma phuong phap giai chiing cung véi cac diéu kién
bién & hai d4u thanh d3 duoc trinh bay & chuong 1.
Dud6i day trinh bay phuong phap chuyén vi cudng burc giai hé phuong trinh (3.7).
3.2. Phuong phap chuyén vi cudng birc
Phuong phéap chuyén vi cudng birc nhim dua phwong trdnh 6n dinh

udn doc cuia thanh (3.7) 1a phuong trdnh con bang gitra ndi luc va ngoai luc
vé phuong trdnh ca vé phai bang coch cho mot diém nao dé trong thanh, vi
du diém x=x1, mot chuyén Vi Yo:

9=Yn— Y =0 (3.8)
Pua bai toan tdm cuc tri cia (3.3) voi diéu kién rang budc (3.8) vé bai toan
cuc tri khong rang budc bang cach xay dung phiém haim mo rong Lagrange F
nhu sau:

F=2Z+Ag —> min

F = [(M = M,) 70X+ (Y, — ¥o) = min (3.9)

Trong d6 A 1a thua s6 Lagrange va cling la an cua bai toan. Tur di€u kién

&F =[(M =M ,)Sxdx+5(Ag) =0

nhan duoc hai phuong trinh sau:

d'y d’y [-4 khi x=x
EJ P = 3.10a
(dx“}r dx? { 0 khi x=x, ( )
3
EJ(d 2’)+ pd _g
dx dx (3.10b)

cung v6i phuong trdnh (3.8). Phuong trinh (3.10a) 1a phuong trinh ¢6 vé phai.
Dé no tro thanh phuong trinh uén doc (3.7a) cia thanh thi
A=0 (3.11)
Vé mit toan hoc, phuong trinh (3.11) 12 phuong trinh da thic xac dinh
cac tri riéng ctia hé (3.7) boi vi nghiém cta nd ciing 1a nghiém cua (3.7). Vé co

hoc, A c6 thit nguyén 1a lyc. 6 13 luc giit dé cho thanh c6 chuyén vi yo tai diém
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x=x1. Luc giit phai bang khong, suy ra phuong trdnh (3.11). Tri riong cta (3.7)
phu thudc vao thung sd P, suy ra A ciing 1a ham ctia P. Cho nén giai phuong
trinh (3.11) theo P, s€ nhan dugc cac luc to1 han cta thanh bi udn doc.
3.5.2. Tinh toan 6n dinh ciia hé thanh bang phwong phap phéan tir hitu han
Bai toan 6n dinh ctia hé thanh thang 13 bai toan phurc tap va kha Iy thu.
Trong [ ] tac gia di xdy dung phuong phap méi dé giai bai toan 6n dinh cua
thanh thang chiu tdc dung cua tai trong tinh c6 xét bién dang truot ngang va
dua ra két qua tinh lyc té1 han ddi v6i cac thanh cé diéu kién bién khac nhau,
v6i viée dung ham xap xi d6 vong va lyc cét 1a cac da thie. Trong muc nay,
tac gia cling dung phuong phap phan tir hitu han dé xay dung va giai cac bai
toan 6n dinh cta hé thanh thing chiu tac dung cua tai trong tinh co xét dén
anh huong ciia bién dang trugt ngang. Khi nghién ctru on dinh cia hé thanh ta
chap nhan céc gia thiét dudi ddy nham don gian hoa viéc xac dinh tai trong
t&1 han:

1. Vat liéu ctaa h¢ thanh Iam viéc trong gidi han dan hoi

2. Cac nut cia h¢ xem nhu tuyét doi cung. Do do, chuyén vi tai cac dau
thanh quy tu vao mdt nut s€ nhu nhau.

3. Cac thanh cta hé xem nhu khong co dan. Trudc va sau bién dang,
khoang cach theo phuong ban dau gitra cic nit ctia hé khong thay doi.

4. Khi xac dinh chuyén vi trong hé, khong nhimg xét dén anh hudéng cua
bién dang uén do mémen ubn gay ra ma con xét dén anh hudng cua bién dang
truot do lyc cat gay ra.

5. Tai trong tac dung trén h¢ chi dit & cac nut. Nhirng tai trong nay chi giy
ra kéo hodc nén ma khong giy ra uén ngang trong cac thanh khi hé chua mat
6n dinh.

Pé thay rd duoc ndi dung ciia phuong phap d6i voi céc bai toan 6n dinh
ctia hé thanh thang dan hoi tuyén tinh, c6 xét dén anh huong ciia bién dang

trugt Nngang tac gia trinh by qua cac bai toan cu thé sau day.

118



Vidu. 3.1: Khung siéu tinh bdc mot
Xac dinh luc téi han Pw cho
khung chiu lyc nhu (hinh 3.2). Biét
d6 cang udn caa cac thanh EJ=const.
Chia thanh 1 va 2 thanh n doan,
hinh 3.3, ta néi cac thanh c6 npt phan
tir. Cac nit ciia cac phan tir nén tring
véi cac diém dat luc tap trung, thanh
c6 tiét dién ngang khong thay doi...

Chiéu dai cac phan tir bang nhau.

’,
ml nu Mwa
% w = ?r
ol el L
= I = = —N_ >
g EoT goT ¢ 3¢
£ = > g
= Q =} Q \ I
Q O~ g~L 8 = =
S S m= 5 = 2 =z —%Z2
o zZ INT < e
o é' o)
o o o o 2
@ ]:D ]: Q ]:D \ 5
o - cwl o P
= = 0o =0 &V
— © é.
HI oI mI I

P
yo
| @)
o —
C
- @
X
A
I
|
1

Hinh 3.2. Khung siéu tinh bdc mot
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Hinh 3.3. Danh so nut, so an

Theo so do tinh & trén, mo1 phan

tr ¢c6 bon an. Vi can phai bao dam

diéu kién lién tuc ctuia chuyén vi gitra cac phan tur va tai cac lién két nén tong

an nho hon hodc bang (4 X npy). Noi chung, & bai toan nay bao dam ca diéu

kién lién tuc vé chuyén vi gilta cac phan tir va di€u kién lién tuc vé géc xoay.

Léy vi du, khi cac thanh c6 4 phén tir thi ta co céc 4n sau, hinh 3.3.

Téng cong ta ¢ 17 an < 4x8 = 32 an.

Cac an duogc dua vao cac ma tran

an chuyén vi nwl, nw2 va ma tran

goc xoay nwx1, nwx2 déu ¢ kich thudc[1x2npt].
nwl = [0 1 1 2 2 3 3 4]
nwxl= [5 6 6 7 7 8 8 9]
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nw2 = [0 10 10 11 11 12 12 O]
nwx2= [13 14 14 15 15 16 16 17]
a) Ma trdn do cimg phan tir:
Pbi v6i chuyén vi tac gia dung cac ham noi suy 1a da thirc bac ba sau:
fi= 1/4(x-1)*(x+2);
fo= 1/4(x-1)%(x+1);
f3= 1/4(x+1)?(—x+2);
fa= 1/4(x+1)?(x-1);
fw=[fl f2 13 f4];
Chuyén vi mdi diém trong phan tir xac dinh nhu sau:
W = [f1 f; f3 fa] [W1 01 W2 02]7
Goc xoay do momen: fwx=diff(fw,x).*2/dx;
Bién dang un:
bdx = —diff(fwx,x)*2/dx;
mx = bdx.*ej;
mp = fw.*p;
Ma tran d6 cimg phan tir ddi v6i thanh 1 duge viét nhu sau

ae (m,:) = % }(mx —mppdx(m)dx; m=(1+4)

Vi vat liéu va kich thudc hinh hoc cua thanh 1 va 2 giéng nhau, trong thanh
2 khong c6 luc doc truc nén ma tran do cling ph?m tir cua thanh 2 duoc viét

nhu sau:
ae,(m,:) = % }(mx)adx(m)dx; m=(1+4)

& day khong can xét momen bang khong tai diém C

Dung tich phan truc tiép, cling c¢6 thé dung tich phan sé ciia Gauss
ta co:

Ma tran do ctng cua phan tir dung dé tinh thanh 1 (thanh dung chiu

nén)
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-48P+768 48P-768 -0.1P+96 -0.1P+96
48P-768 -48P+768 0.1P-96 0.1P-96

-1.1P+96 0.1P-96 -0.03P+16  0.0083P+8

-0.1P+96 1.1P-96 0.0083P+8 -0.03P+16

[a]el =

Ma tran do cing cta phan tir dung dé tinh thanh 2 (thanh ngang)
768 -768 96, 96l
EJ|-768 768 -961 -9¢6l
Bl =5 o on 167 s
96l - 96l 81> 16l°

a) Ma trin d§ ciing tong thé

Biét dugc ma tran [a]e cta thanh dung va [a]e2 cia thanh ngang thi xay
dung dugc ma tran tong thé [A] ctia khung c6 kich thude (17x17) bang cach
dua ma tran phan tir [a]e vao mdi phan tir ctia thanh dimg va ma tran phan tir
[a]e2 vao mdi phan tir ciia thanh ndm ngang (thuat toan cu thé tac gia khong
gidi thiéu & day vi n6 khong c6 tinh tong quat ma néd phy thudc vao kha ning
1ap trinh cua tung nguoi).
b) Cdc diéu kign lién tuc

Thanh 1, 2 déu da théa man diéu kién lién tuc theo hinh 3.3.
¢) Cdc diéu kign bién

Goc xoay do momen tai chan thanh dimg bang khong, gbc xoay cudi
thanh dtg va dau thanh ngang phai bang nhau.
d) Piéu kién chuyén vi cwong birc

Chuyén vi cudng btic tai cudi thanh dig bang y0, ta c¢6

W(npt,2) —yo=0

Nhu vay, ngoai cac an theo so d6 hinh 3.3, ta c6 thém tong cong 3 rang
budc va do d6 c6 thém 3 thira s6 Lagrange A. Ma tran A bay gid ¢ kich thudc
la (20x20) va ma tran B 1a véc to cot ciing c¢o kich thudc 1a (20x1). Véc to B
déu bang khong trir B(20,1) = y0. Giai hé phuong trinh AX = B thi ta nhan
duoc phuong trinh A(4n s6 20) c¢6 dang sau:
A = 3F677.*p 8*I1"16-1452416.*ej*pN7*1"14+1364881408. *ej 2 *p 6 *1"12-
606858117120.%¢j"3*p"\5*1"10+134832763961344.*ej 4 *p"4*|"8-
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14677610499932160.*ej"5*p"3*1"6+721899821098598400.*ej\6*p"2*|"4 -
13299692649578496000.*ej7*p*I1"2+56998682783907840000.*¢j"8)/1"3*y0
Ta thy A 12 ham bac 8 d6i voi P. Giai phuong trinh A=0 ta nhan duoc
8 luc t&1 han nhu sau:
Bang 3.1. Luec téi han khi thanh chia thanh 4 phan tir

Day cac lwe téi han PinXxEJ/I?
P1th Poth Psth Path Psith
PTHH 6,030 27,467 68,512 132,591 248,386

GT 6,030 27,382 67,322 131,367 246,301
Sai 6% 0 0,31 1,77 0,93 0,85
Nhu vay, khi chia thanh thanh bdn phén tr ta nhan dugc mot luc toi

PP

han dau tién hoan toan chinh xac, con cac luc tiép theo c6 sai sb khong dang
ké. Muén tim duoc nhiéu nghiém chinh x4c ta chi can chia thanh thanh nhiéu
phan tir hon.
Vidu. 3.2: Khung siéu tinh bdc hai
Xac dinh luc t6i han Pw cho yo, yo
khung chiu lyc nhu (hinh 3.2). Biét +— } 2
d6 ctiing uén cua cac thanh EJ=const.
Chia thanh 1 va 2 thanh n doan, i
hinh 3.5, ta n6i cac thanh c6 npt phan ;T

tu. C4c nat ctia cac phan tir nén trung

P
—

véi cac diém dat luc tap trung, thanh
c6 tiét dién ngang khong thay d i Hinh 3.4. Khung siéu tinh bdc hai

Chiéu dai cac phan tir bang nhau.
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Hinh 3.5. Danh so nut, so an
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Theo so db tinh & trén, mdi phan tir c6 bén an. Vi can phai bao dam
diéu kién lién tuc cua chuyén vi gitta cac phan tir va tai cac lién két nén tong
an nho hon hoic bang (4 x npt). N6i chung, ¢ bai toan ndy bao dam ca diéu
kién lién tuc vé chuyén vi giita cac phan tir va diéu kién lién tuc vé goc xoay.
Léy vi duy, khi cac thanh c6 4 phﬁn ttr thi ta co céc an sau, hinh 3.5.

Téng cong ta co 26 an < 4x12 = 48 an.

Cac an duogc dua vao cac ma trn an chuyén vi nwl, nw2, nw3 va ma

tran goc xoay nwx1, nwx2, nwx3 déu c6 kich thudc[1x2npt].

nwl = [0 1 1 2 2 3 3 /4]
nwxl= [5 6 6 7 7 8 8 9]

nw2 = [0 10 10 11 11 12 12 O]
nwx2= [13 14 14 15 15 16 16 17]
nw3 = [0 18 18 19 19 20 20 21]

nwx3= [22 23 23 24 24 25 25 26]
a) Ma trdn do cimg phan tir:

Pbi voi chuyén vi dung cac ham ndi suy 1a da thirc bac ba sau:
fi= 1/4(x-1)?(x+2);
fo= 1/4(x-1)%(x+1);
f3= 1/4(x+1)%(—x+2);
fa= 1/4(x+1)?(x-1);
fw=[fl f2 13 f4];
Chuyén vi mdi diém trong phan tir xac dinh nhu sau:
W = [f1 f2 f3 fa] [W1 01 W2 02]7
Goc xoay do momen: fwx=diff(fw,x).*2/dx;
Bién dang un:
bdx = —diff(fwx,x)*2/dx;
mx = bdx.*ej;
mp = fw.*p;

Ma tran d¢ cung phé“m tir d6i vai thanh 1 duoge viét nhu sau
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ae (m,:) = % }(mx —mp pdx(m)dx; m=(1=+4)

Vi vat liéu va kich thudc hinh hoc cua thanh 2 va 3 giong nhau, trong thanh
2 va 3 khong c6 luc doc truc nén ma tran do cliing phﬁn tir cua thanh 2 va 3

duoc viét nhu sau:
dx !
ae,;(m,}) = ) I(mX)JdX(m)dx; m=(1+4)
1

Dung tich phan truc tiép, ciing co thé dung tich phan sé cia Gauss
ta co:

Ma tran do ctng cua phan tr dung dé tinh thanh 1 (thanh dung chiu
nén)
-4.8P+768 4.8P-768 -0.1P+96 -0.1P+96
48P-768 -4.8P+768 0.1P-96 0.1P-96

-1.1P+96 0.1P-96 -0.03P+16  0.0083P+8
-0.1P+96 1.1P-96 0.0083P+8 -0.03P+16

[a]el =

Ma tran d6 clmg cta phan tir dung dé tinh thanh 2 va 3
768 -768 961, 96l

-768 768 -961 -9¢6l
96l -961  16l° 8l1?
96l - 96l 81> 16l°

EJ
[a]ez,s = |_3

a) Ma trin dj ciing tong thé

Biét duoc ma tran [a]es ctia thanh dtmg va [a]e2s cta thanh 2 va 3 thi
xay dung duoc ma tran tong thé [A] cua khung c6 kich thuéc (26x26) bang
cach dua ma tran phan ti [a]les vdo mdi phan tr cia thanh dimg va ma tran
phan tir [a]e23 vao mdi phan tir cua thanh 2 va 3 (thuat toan cu thé tac gia
khong gi6i thiéu ¢ day vi né khong cé tinh tong quat ma nd phu thudc vio
kha nang lap trinh cua tirng nguon).
b) Cdc diéu kign lién tuc

Thanh 1, 2 va 3 déu da théa man diéu kién lién tuc theo hinh 3.5.

¢) Cac diéu kién bién

124



Goc xoay do momen tai chan thanh dung 1, 3 bang khong, momen cubi
thanh démg 1 va dau thanh ngang 2 phai bing khong, goc xoay cudi thanh
dung 3 va cudi thanh ngang 2 phai bang nhau, chuyén vi ngang tai dau thanh

1 va 3 bang nhau.

d) Diéu kign chuyén vi cuéng birc

Chuyén vi cudng buec tai cudi thanh ding 1 bang y0, ta co

W(npt,2) - yo=0

Nhu vay, ngoai cac an theo so dd hinh 3.3, ta c6 thém tong cong 6 rang
budc va do d6 co thém 6 thira sé Lagrange A. Ma tran A bay gio c¢6 kich thudc
la (32x32) va ma tran B 1a véc to cdt ciing co kich thudce 1a (32x1). Véc to B
déu bang khéng trir B(32,1) = y0. Giai hé phuong trinh AX = B thi ta nhan
duoc phuong trinh A(4n s6 32) c¢6 dang sau:
A = 3.%(4039.%p"8*1"16-12352256.*p"7*ej*1"14+13158835200.*p6*ej"2*1"12-
6300429713408.*p"5*ej"3*1"10+1446010136035328.*p"4*ej4*|"8-
156974086084362240.*p"3*ej"5*1"6+7489368549752832000.*p"2*ej6*1"4 -
133739096844533760000.*p*ej"7*1"2+655484852014940160000.*ej"8)/1"3*y0

Ta thdy A 12 ham bac 8 d6i voi P. Giai phuong trinh A=0 ta nhan duoc
8 luc té1 han, & day dua ra ba luc té1 han dau tién nhu sau:

Bang 3.2. L t6i han khi thanh chia thanh 4 phin tir

op Day cac lwe t6i han PinxEJ/I?
P1th Path P3th
PTHH 7,768 23,106 63,154
GT 7,77 23,041 61,990
Sai $6% 0,025 0,28 1,88
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Nhu vay, khi chia thanh thanh bén phan tir ta nhan dugc luc toi han dau
tién chi sai s6 0,025%, con cac luc tiép theo c6 sai s6 khong dang ké. Mudn tim
duoc nhiéu nghiém chinh xac ta chi can chia thanh thanh nhiéu phan tir hon.
Vidu. 3.3: Khung siéu tinh bdc ba

Xac dinh lyc tgi han Py cho Pyo yo
khung chiu lec nhu (hinh 3.5). Biét 4+ o L2
d6 cting udn cia cac thanh EJ=const.

Chia thanh 1 va 2 thanh n doan, = @ 3
hinh 3.6, ta néi cac thanh c6 npt phan ;T
tir. Cac nut cua cac phan tir nén tring Ty R
véi cac diém dat luc tap trung, thanh | I
c¢6 tiét dién ngang khong thay doi... Hinh 3.5. Khung siéu tinh béc ba

Chiéu dai cac phan tir bang nhau.
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Hinh 3.6. Ddnh s6 nit, sé an

Theo so d6 tinh & trén, mdi phan tir ¢ bdn an. Vi can phai bao dam
diéu kién lién tuc ctia chuyén vi gitta cic phan tir va tai cac lién két nén tong
an nho hon hodc bang (4 x npt). N6i chung, & bai todn nay bao dam ca diéu
kién lién tuc vé chuyén vi giira cic phan tir va diéu kién lién tuc vé goc xoay.
Lay vi dy, khi cac thanh c6 4 phan ti thi ta ¢ cac an sau, hinh 3.6.

Tong cong ta c¢o 26 an < 4x12 = 48 an.

Céac an dugce dua vao cac ma tran an chuyén vi nwl, nw2, nw3 va ma
tran goc xoay nwxl, nwx2, nwx3 déu cé kich thudc[1x2npt].

nwl = [0 1 1 2 2 3 3 4]
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nwxl= [5 6 6 7 7 8 8 9]

nw2 = [0 10 10 11 11 12 12 O]
nwx2= [13 14 14 15 15 16 16 17]
nw3 = [0 18 18 19 19 20 20 21]

nwx3= [22 23 23 24 24 25 25 26]
a) Ma trdn d6 cimg phan tir:
Péi voi chuyén vi dung cac ham ndi suy 1a da thirc bac ba sau:
fi= 1/4(x-1)*(x+2);
fo= 1/4(x-1)%(x+1);
f3= 1/4(x+1)?(—x+2);
fa= 1/4(x+1)?(x-1);
fw=[fl 12 13 f4];
Chuyén vi mdi diém trong phan tir xac dinh nhu sau:
W = [f1 f; f3 4] [W1 01 W2 0,]7
Goc xoay do momen: fwx=diff(fw,x).*2/dx;
Bién dang uén:
bdx = —diff(fwx,x)*2/dx;
mx = bdx.*ej;
mp = fw.*p;
Ma tran do cimg phn tir d6i voi thanh 1 duoc viét nhu sau

ae,(m,:) = % }(mx —mppdx(m)dx; m=(1+4)

Vi vat liéu va kich thudc hinh hoc cta thanh 2 va 3 giong nhau, trong thanh
2 va 3 khong c6 luc doc truc nén ma tran do cling phén tir cia thanh 2 va 3

dugc viét nhu sau:
1
ae,,(m,:) = % [(mxpdx(m)dx; m = (1+4)
-1
Dung tich phan truc tiép, ciing co thé dung tich phan sé cia Gauss
ta co:
Ma tran d6 ctmg cua phan tir dung dé tinh thanh 1 (thanh dimg chiu

nén)
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-48P+768 48P-768 -0.1P+96 -0.1P+96
48P-768 -48P+768 0.1P-96 0.1P-96

-1.1P+96 0.1P-96 -0.03P+16  0.0083P+8

-0.1P+96 1.1P-96 0.0083P+8 -0.03P+16

[a]el =

Ma tran do cing cta phan tir dung dé tinh thanh 2 va 3
768 -768 961, 96l
EJ|-768 768 -961 -9l
Bl =T g6 Lo 161 s
96l - 96l 81> 16l°
a) Ma trin d§ ciing tong thé
Biét dugc ma tran [a]er cua thanh dimg va [a]ezs cta thanh 2 va 3 thi
xay dung duoc ma tran tong thé [A] cua khung c6 kich thudc (26x26) bang
cach dua ma tran phan ti [a]es vdo mdi phan tir cua thanh dimg va ma tran
phan tir [a]e23 vao mdi phan tir cua thanh 2 va 3 (thuat toan cu thé tac gia
khong gidi thiéu ¢ day vi n6 khong c6 tinh tong quat ma né phu thudc vao
kha nang lap trinh cta tirng nguoi).
b) Cdc diéu kién lién tuc
Thanh 1, 2 va 3 déu da théa man diéu kién lién tuc theo hinh 3.6.

¢) Cdc diéu kign bién

Goc xoay do momen tai chan thanh dung 1, 3 bang khong, goc xoay
cubi thanh diémg 1 va dau thanh ngang 2 phai bang nhau, goc xoay cudi thanh
dung 3 va cudi thanh ngang 2 phai bang nhau, chuyén vi ngang tai dau thanh
1 va 3 bang nhau.
d) Diéu kign chuyén vi cuwing birc

Chuyén vi cudng buic tai cudi thanh dimg 1 bang y0, ta c6

W(npt,2) —yo=0

Nhu vay, ngoai cac an theo so d hinh 3.6, ta c6 thém tong cong 6 rang
budc va do d6 c6 thém 6 thira s Lagrange A. Ma tran A bay gio c6 kich thuée
la (32x32) va ma tran B la véc to cdt cling c¢o kich thudce 1a (32x1). Véc to B
déu bang khéng trir B(32,1) = y0. Giai hé phwong trinh AX = B thi ta nhan

duoc phuong trinh A(4n s6 32) c6 dang sau:
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A= 24.%(577.*p"8*1N16-1468136.%ej*p 7*I"14+1398383616.%ej 2 *p 6+ 12-
633429229568, *6j3*p 5*1110+144803329212416. %6 4*p"4*|18-
16547602350735360.*6j5*p3*1"6+893283189601075200. *6j 6 *p2*|4-
20187033485967360000.%ejA7*p*1"2+149621542307758080000.*¢j"8)/1"3*y0

Ta thdy A 1a ham bac 8 ddi v6i P. Giai phuong trinh A=0 ta nhan duoc 8 luc

té1 han, ¢ day dua ra ba luc té1 han dau tién nhu sau:

Bang 3.1. L t6i han khi thanh chia thanh 4 phin tir

Day cac lwe téi han PiwXxEJ/I?
o P1th Path P3th
PTHH 14,592 27,877 70,934
GT 14,587 27,780 61,990
Sai $0% 0,034 0,35 14,43

Nhu vay, khi chia thanh thanh bén phan tir ta nhan dugc lyc t6i han dau
tién hoan chi sai s6 0,034%, con céac luc tiép theo c6 sai s6 khong dang ké.
Mubn tim dugc nhiéu nghi¢m chinh xac ta chi can chia thanh thanh nhiéu
phan tir hon.

Vidu. 3.4: Khung siéu tinh bdc ba
Xac dinh luc té1 han Pw cho P P

, 2
khung chiu lyc nhu (hinh 3.7). Biét 1 o——= .

[

d6 cting udn cua cac thanh dung 1, 3

R n . = @ 3
l1a EJ, d6 cing thanh ngang la 2EJ. )

Chia thanh 1 va 3 thanh n

>
x|
o

doan, moi1 doan co6 chiéu dai

dx=113/npt hinh 3.8, ta ndéi cac
N ) Hinh 3.7. Khung siéu tinh bdc ba
thanh 1, 3 c6 npt phan tu, riéng
thanh 2 ciing chia thanh npt phan tir

nhung moi phan tir c6 chiéu dai la
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dx=12/2/npt, trong d6 113=1; 12=21.
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Hinh 3.8. Bdnh s6 mit, s6 an

Cac nut cua cac phén tor nén trung voi1 cac diém dt luc tap trung, thanh
c6 tiét dién ngang khong thay doi... Chiéu dai cac phan tir bang nhau.

Theo so d6 tinh ¢ trén, mdi phan tir ¢ bon an. Vi can phai bao dam
diéu kién lién tuc cua chuyén vi gitta cac phan tir va tai cac lién két nén tong
an nho hon hodc bang (4 x npt). N6i chung, & bai toan nay bao dam ca diéu
kién lién tuc vé chuyén vi giita cac phan tr va diéu kién lién tuc vé goc xoay.
Lay vi dy, khi cac thanh c6 4 phan tir thi ta ¢6 cac an sau, hinh 3.8.

Téng cong ta co 26 an < 4x12 = 48 an.

Céac an dugce dua vao cidc ma tran an chuyén vi nwl, nw2, nw3 va ma

tran goc xoay nwx1, nwx2, nwx3 déu c6 kich thudc[1x2npt].

nwl = [0 1 1 2 2 3 3 4]
nwxl= [5 6 6 7 7 8 8 9]

nw2 = [0 10 10 11 11 12 12 O]
nwx2= [13 14 14 15 15 16 16 17]
nw3 = [0 18 18 19 19 20 20 21]

nwx3= [22 23 23 24 24 25 25 26]

a) Ma tran do cd’ngphfin ti:

Dbi voi chuyén vi dung cac ham ndi suy 1a da thirc bac ba sau:
113=I; 12=2*1; dx13=113/npt; dx2=12/2/npt;
fl=(x-1)"2*(x+2)/4,
f2=(x+1)"2*(-x+2)/4;
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f3=(x-1)"2*(x+1)/4*dx13/2;
fA=(x+1)"2*(x-1)/4*dx13/2;
fw=[f1 f2 f3 f4];

Chuyén vi mdi diém trong phan tir xac dinh nhu sau:
W = [f1 f; f3 f4] [W1 01 W2 02]7
Goc xoay do momen: fwx=diff(fw,x).*2/dx13;
Bién dang un:
bdx=-diff(fwx,x).*2/dx13;
mx13=bdx.*ej;
mp = fw.*p;
Ma tran dg cung phan tir do1 voi thanh 1 dugce viét nhu sau
z1=int((mx13-fw.*p).*s1,x,-1,1).*dx13/2;

ae (m,?) = %’ }(mx —mppdx(m)dx; m=(1+4)

Vi vat liéu va kich thudc hinh hoc cta thanh 2 va 3 giong nhau, trong thanh
2 va 3 khong c6 luc doc truc nén ma tran do cing phén tir cia thanh 2 va 3
dugc viét nhu sau:
ae, ,(m,:) = %’ }(mx13)3dx(m)dx; m = (1+4)
1
Dung tich phan truc tiép, ciing c6 thé dung tich phan sé cia Gauss
ta co:
Ma tran d6 ctmg cua phan tir dung dé tinh thanh 1 (thanh dung chiu
nén)
-48P+768 48P-768 -0.1P+96 -0.1P+96
48P-768 -4.8P+768 0.1P-96 0.1P-96

-1.1P+96 0.1P-96 -0.03P+16  0.0083P+8
-0.1P+96 1.1P-96 0.0083P+8 -0.03P+16

[a]el =

Ma tran d6 climg cta phan tir dung dé tinh thanh 2 va 3
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768 -768 96, 96l
EJ|-768 768 -961 -9l
Bles =T 06 Lo 161 s
96l - 96l 81> 16l°

a) Ma trin dj ciing tong thé

Biét dugc ma tran [a]er cua thanh dimg va [a]ezs cua thanh 2 va 3 thi
xay dung dugc ma tran tong thé [A] cua khung co kich thudc (26x26) bang
cach dua ma tran phan tir [aler vdo mdi phan tir cua thanh ding va ma tran
phan tir [a]ez3 vao mdi phan tir cuia thanh 2 va 3 (thudt toan cy thé tac gia
khong gi6i thiéu ¢ day vi né khong co tinh tong quat ma nd phu thudc vao
kha nang lap trinh cua tirng nguon).
b) Cdc diéu kign lién tuc

Thanh 1, 2 va 3 déu da théa man dicu kién lién tuc theo hinh 3.8.
¢) Cdc diéu kign bién

Goc xoay do momen tai chin thanh dung 1, 3 bang khong, goc xoay
cudi thanh ding 1 va dau thanh ngang 2 phai bang nhau, goc xoay cudi thanh
dung 3 va cudi thanh ngang 2 phai bang nhau, chuyén vi ngang tai dau thanh
1 va 3 bang nhau.
d) Diéu kign chuyén vi cuéng birc

Chuyén vi cudng buic tai cudi thanh dtmg 1 bang y0, ta co

W(npt,2) —yo=0

Nhu vy, ngodi cic an theo so dd hinh 3.8, ta ¢6 thém tong cong 6 rang
budc va do d6 co thém 6 thira sé Lagrange A. Ma tran A bay gio ¢6 kich thudc
la (32x32) va ma tran B 1a véc to cdt ciing co kich thudce 1a (32x1). Véc to B
déu bang khéng trir B(32,1) = y0. Giai hé phuong trinh AX = B thi ta nhan

duoc phuong trinh A(an sb 32) c¢6 dang sau:
A = 384.%(60585.*1"30*p"15-308083328.*ej*1"28*p" 14+
683462074368.*¢j"2*1"26*p"13-872375424385024 . *ej"3*|"24*p" 12+

712067951531917312.*ej4*|1"22*p"11-
91107601956700422144 *ej"5*1"20*p™10
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+148278583953114527694848.*ej"6*|1"18*p"9-
9213537913680213116452864. *ej"7*I1"16*p"8+

7233786327698639643067023360.*ej8*"14*p7 -
922534485375860420546396160000.*¢j*9*I"12*p"6+798735276413314067501
39547648000.*¢j*10*|"10*p"5-
4557e34*ej"11*1"8*p"4+.16349e36*ejA12*|"6*p"3-
.34136e37*ej"13*1"M4*p2+.35957322437961838469120734003200e38*ej A 14|/
2*p-.1332e39*ej*15)*y0

Ta thay A 1a ham bac 14 d6i véi P. Giai phuong trinh A=0 ta nhan duogc 14

luc t&1 han, & day dua ra ba luc té1 han dAu tién nhu sau:

Bang 3.1. L t6i han khi thanh chia thanh 4 phin tir

op Day cac lwe t6i han PinxEJ/I?
P1th P2th Psth
PTHH 7.380 25.247 63.618
GT 7,379 30,672 71,709
Sai s6% 0,013 17,69 11,28

Nhu vay, khi chia thanh thanh bon phﬁn ttr ta nhan duoc lyc t&i han dau
tién hoan chi sai s6 0,013%, con cac luc tiép theo co sai b dang ké. Mudn tim

duoc nhiéu nghiém chinh xac ta chi can chia thanh thanh nhiéu phan tir hon.
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KET LUAN VA KIEN NGHI
Két luén:

- Pi st dung dugc phuwong phap phan tir hitu han va phuong phap
chuyén vi cudng bac dé xiy dung bai toan on dinh udn doc cta hé thanh
thang dan hoi chiu tac dung cua tai trong tinh.

- Phuong phap chuyén vi cudng burc cho bai toan 6n dinh dan hdi cua
hé thanh chiu uén doc c6 xét dén bién dang truot ngang. Bang phép tinh bién
phan dua phuong trinh vi phan khong c¢6 vé phai vé phuong trinh vi phan c6
vé phai béng cach cho mot diém nao do trong thanh, vi du diém x=x1, mot
chuyén vi yo:
tir d6 chimg minh dugc rang phuong trinh A=0 (phuong trinh vé phai) 13
phuong trinh xac dinh tri riéng. P4i v6i bai toan on dinh tinh thi céc tri riéng
tim duoc 13 cac lyc toi han Pw. Dung phuong phap chuyén vi cudng buc dé
giai bai toan 6n dinh cta thanh cho ta ngay phuong trinh da thire xac dinh lyc
t61 han cta thanh ma khong phai thong qua cac phép bién doi phirc tap dé dua
ma tran vé ma tran dudng chéo.

- Dung phuong phap phén tir hitu han dé xac dinh luc t&i han cua cac
thanh chiu nén c6 cac diéu kién bién khac nhau. Két qua nhan dugc hoan toan
triung khdp v6i két qua nhan duoc bang cac phuong phap khac (Dung phan
mém Matlab 7.0 hd trg tinh toan).

Kién nghi:
C6 thé st dung phuong phap phan tir hitu han trong giang day, hoc tap

va nghién ctru khi phan tich 6n dinh cho két cau.
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