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MO PAU

Bai toan co hoc két cdu c6 tim quan trong dac biét trong linh vuc co
hoc cong trinh, doi hoi phai nghién ciru day di ca vé mat 1y thuyét va thyc
nghi¢m. Van dé ndi luc va chuyén vi cta két ciu duoc nhiéu nha khoa hoc
trong va ngoai nudc quan tim nghién ctru theo nhiéu huéng khac nhau. Tyu
chung lai, cic phuong phap xdy dung bai toan gém: Phuong phap xiy dung
phuong trinh vi phan cén bang phéan t6; Phuong phap ning luong; Phuong
phap nguyén 1y cong a0 va Phuong phap st dung tryc tiép Phuong trinh
Lagrange. Cac phuong phap giai vé co ban géom: Phwong phap luc, phuong
phap chuyén vi, phuong phap hdn hop, lién hop; Cac phuong phap s6 gom:
Phuong phép sai phan, Phuong phap bién phan, phuong phap hdn hop sai
phan - bién phan va phuong phap phan tir hiru han.

Hién nay, két cdu chinh thuong duogc str dung trong cac cong trinh dan
dung va cong nghiép thudng 1 khung cimg thuan tay hoic khung két hop véi
161 va vach cimg. Vi sé lugng phan tir rat 16n dan dén s an cua bai toan rat
16n, vAn dé dat ra 12 voi nhitng bai toan nhu vay thi dung phuong phap nao dé
tim 101 gidi cta chung mot cach nhanh chdéng, thuan tién va cé hiéu qua nhat.
V6i sy phat trién manh mé cua may tinh dién tir, ddng thoi cac phan mém lap
trinh két cdu ngdy cang hién dai, tac gia nhan thiy rang phuong phap phan ttr
hiru han 13 mot phuong phap sé dap img duoc cic yéu cau néu trén.

Thuc chat ctia phwong phap phan tir hitu han 13 roi rac hoa ban than két
ciu. Cac phan tir lién ké lién hé v6i nhau bang cac phuong trinh cin bang va
cac phuong trinh lién tuc. Dé giai quyét bai todn co hoc két cdu, c6 thé tiép
can phuong phap nay bang dudng 16i tryc tiép, suy dién vat 1y hodc duong 16i
toan hoc, suy dién bién phan. Tuy nhién bang cach nao di ching nita thi két
qua thu dugc 1a mdt ma tran (do cing hodc do mém). Ma tran d6 duogc xay

dung dua trén co s cuc tri hoa phiém ham biéu dién nang luong. Trong pham



vi mdi phan tir riéng biét, cac ham chuyén vi dugc x4p xi gan dung theo mot
dang nao do, thong thuong la cac da thic.
Podi twgng, phwong phap va pham vi nghién ctru ciia dé tai
Trong lun vin nay, tic gia st dung phuong phan tir hitu han noi trén dé
xay dung va giai bai toan khung phang chiu uén chiu tac dung ciia tai trong tinh.
Muc dich nghién citu ciia dé tai
“Tinh toan noi luc va chuyén vi cua hé khung
bang phirong phdp phan tir hitu han”
Nhiém vu nghién ctru ciia dé tai
1. Tim hiéu va gi6i thiéu cac phuwong phap xdy dung va cac phuong phap giai
bai toan co hoc két cdu hién nay.
2. Trinh bay phwong phap phan tir hiru han
3. St dung phuong phap phan tir hitu han dé giai bai toan khung phang, chiu
tac dung cua tai trong phan bd déu.

4. Lap chuong trinh may tinh dién tir cho cac bai toan néu trén.



CHUONG 1.
CAC PHUONG PHAP XAY DUNG VA GIAI
BAI TOAN CO HQC KET CAU

Trong chuong nay trinh bay cac phuong phap truyén théng dé xay
dung cic bai todn co hoc ndi chung; gidi thiéu bai toan co hoc két cau (bai
toan tinh) va cac phuong phéap giai thuong dung hién nay.
1.1. Phuwong phap xay dung bai toin co hgc

Bén phuong phap chung dé xay dung bai toan co hoc két ciu duoc
trinh bay dudi day. Dung 1y thuyét dam chiu uén dé minh hoa.
1.1.1. Phuong phap xAy dung phuong trinh vi phin cAn bang phén tb

Phuong trinh vi phan can bang duoc xay dung truc tiép tir viée xét cac
diéu kién can bang lyc cua phan td dugc tach ra khoi két cdu. Trong stic bén
vat liéu khi nghién ctru dim chju udn ngang sir dung céc gia thiét sau:
- Truc dam khong bi bién dang nén khong ¢ tng suét.
- Mt cat thang goc voi truc dam sau khi bién dang van phang va thang goc
v6i truc dam (gia thiét Euler—Bernoulli).
- Khéng xét lyc nén gitta cc thd theo chiéu cao ctia dam
Vi gia thiét thir ba thi chi c6 ing suat phap ox va cac Gng suat tiép oxz, oz tic
dung 18n phan t6 dam (hinh 1.3), Gng suat phap o; bang khong. Hai gia thiét
thir ba va th@ nhat din dén truc ddm chi co chuyén vi th.’fmg dung y(x) va no
duoc goi 1a duong d6 vong hay duong dan hoi cia dam. Gia thiét thir nhat
xem chiéu dai truc dim khong thay d6i khi bi vong doi hoi d6 vong cua dam

12 nho so véi chidu cao dAm, ymax/ h = 1/5. Vi gia thiét thi hai thi bién dang

truot do Uing sudt tiép gay ra khong dugc xét trong tinh d6 vong cua dam nhu

trinh bay dudi day. Gia thiét nay chi dung khi ti 16 h/l = 1/5. Chuyén vi

ngang u cua diém nam ¢ do cao z so voi1 truc dam bang



TTH =
dx /

o
=
<

Bién dang va tmg suit xac dinh nhu S
Hinh 1.2. Phan t6 dam

Sau
2 2
e=29Y1 0, =250
dx gx
Momen tac dung 1én tryuc dam:
h/2 2 3 2
M= [ —Ebz? 8 Ygr- EPM QY
~h/2 dx 12 dx
hay M =EJy (1.7)
Ebh’ d’y
t do: EJ = oy =—
rong do 7 4 e

EJ dugc goi 1a d6 cimg udn cia dam; y 13 d6 cong ciia dudng dan hoi va sé
duoc goi 12 bién dang udn; b 1a chiéu rong dam. Pé don gian trinh bay, & day
chi dung truong hop dam c6 tiét dién chir nhat.

Céch tinh ndi lyc momen ¢ trén khong xét dén bién dang truot do céc

mg suét tiép gay ra. Tong cac tng sudt tiép o, trén mit cat s& cho ta luc cat
hi2
Q tac dung lén truc dam: Q= IGZXdZ
-h/12
Biéu thirc ciia g suét tiép o trong tich phan trén sé& trinh bay sau.
Nho cac gia thiét néu trén, thay cho trang thai (mg suat trong dam, ta chi can
nghién ctru phuong trinh can béng cia cac noi luc M va Q tac dung Ién truc
dam.
Xét phan t6 dx cua truc dam chiju tac dung cua céc luc M,Q va ngoai lyc phan
bb q, hinh 1.3. Chiéu dwong ciia M, Q va q trén hinh v& twong tng véi chiéu

duong cua do vong hudng xudng dudi.



Q a(x) M + dM
M 0,

2yQ+dQ
o dx
1 1

Hinh 1.3. Xét cAn bang phén td

Lay tong momen do6i véi diem Oz, bd qua cac vo cung bé bac cao ta co

M
M _ Q=0 (1.8)
dx
Lay tong hinh chiéu cac lyc Ién truc thang dimg:
aQ +q=0 (1.9)
dx

Phuong trinh (1.8) 12 phwong trinh lién hé gitta momen udn va lyc cit,
phuong trinh (1.9) 14 phuong trinh cAn bang luc cat Q va ngoai luc phan b q.
D6 1a hai phuong trinh xuét phat (hai phuong trinh dau tién) ciia phuong phap
can bang phan t6. Lay dao ham phuong trinh (1.8) theo x rdi cong voi phuong

trinh (1.9), ta c6 phuong trinh din xuét sau

+q=0 (1.10)

Thay M xéc dinh theo (1.7) vao (1.10) nhan dugc phuong trinh vi phan
xac dinh dudong dan hoi cia thanh
d'y

EJ =
dx’

g (1.11)

Phuong trinh (1.11) duoc giai v6i cac diéu kién bién cia y va cac dao
ham dén bac ba cia y (4 diéu kién), hai diéu kién bién tai mdi dau cudi thanh.
Céac diéu kién bién thudng dung nhu sau

a) Lién két khép tai x=0:



=0

x=0 ?

momen uén M =0, suy ra

Chuyén Vi béng khong, Y

d?y

=0
dx2 x=0

b) Lién két ngam tai x=0:

Chuyén vi bing khong, Y| =0, goc xoay bang khong, %
- X

=0

x=0

c) khong c6 gbi tira tai x=0:

2 3
d 2/ =0 ;1uccétQ=O,suyra d’y

Momen uén M =0, suyra S
dx X

x=0 x=0
Cac diéu kién tai x=1 ciing ldy twong tu nhu trén.
Bay giod tim hiéu sy phan bd tng sut tiép o trén chidu day h cua

dam. Trudc tién viét phuong trinh can bang tng suat trén tryc x nhu sau

0 0 :
_ 00, 00, _, hay do, _do, __E d 2/
OX 0z 0z OX dx
2 3
Tich phan phuong trinh trén theo z: o, =— E22 ((jjl Z +C(x)
X

Ham C(x) xac dinh tir diéu kién tg suét tiép bang khong tai mit trén va mat

_Eh*d’y
8 dx°

dudi dam, z = ig. Ta co: C(x)

Ung suat tiép phan b trén mit cit dim co6 dang
3
0, =—c Lz )
D6 1a ham parabol bac hai.Ung sut tiép 16n nhét tai truc dam (z=0) c6 gia tri
bang
_ Eh® d’y
=8 dxX’

Xz

Tich phan ham trng suat tiép theo chiéu cao dam roi nhan véi chiéu rong b ta

cO



luc cat Q tac dung 1én phﬁn trai cua dam

Ebh® d°
Q= y
12 dx
. £, LA \ R A N N + Eh’ dgy
Ung suat tiép trung binh trén chiéu cao dam bang: o, = 1 d
X

Ti 1é gifta Ung sudt tiép max tai truc dam va Gng sudt trung binh a=1.5.
1.1.2. Phwong phap nang lugng

Nang luong cia co hé bao gdm dong niang T va thé niang I1. Pong ning
dugc xac dinh theo khoi luong va van tde chuyén dong, con thé nang IT bao
gbm thé ning bién dang va cong cia cac trudng luc, phu thude vao chuyén vi.
Truong luc 13 luc ¢6 thé nhu luc trong truong. Céc luc ngoai tac dung 1én co
hé 1a luc khong thé.
Dbi v6i hé bao toan, nang luong 13 khong doi

T+ I = const (1.12)

Do d6 tbc d6 thay d6i nang luong phai bang khong

%(T+ M) =0 (1.13)

Ta xét bai toan tinh, T=0, do do
IT = const (1.14)

Thé nang IT c¢6 thé biéu thi qua Gmg suit va ndi luc cling co thé biéu thi
qua chuyén vi va bién dang. Vi vay ta c6 hai nguyén 1y bién phan niang luong
Sau.

Nguyén 1y thé niing bién dang cuec tiéu

Khi phuong trinh can béng duoc biéu thi qua tmg suét hodc ndi luc va
do d6 thé ning bién dang ciing biéu thi qua Gng suat hodc ndi lyc ta co
nguyén 1y thé ning bién dang cyc tiéu, nguyén ly Castiliano (1847-1884).
Nguyén 1y phat biéu nhu sau:



Trong tit cd cdc trang thdi cin bing lwc c6 thé thi trang thdi cdn
bang thwc xdy ra khi thé ning bién dang la cuc tiéu.

Trang théi can béng luc ¢6 thé 1a trang thai ma cac luc tic dung Ién
phan t6 thoa man cac phuong trinh can bang. Ta viét nguyén 1y dudi dang
Sau.

I1(F ) — min
Véi rang budc 13 cac phuong trinh cin bang viét dudi dang luc.
Déi véi dam ta co:
I

I1 = f M d [ 1.15
= — — —* -
2] X min ( )
0
d*M
2z = @ (1.16)

Nbi luc can tim moémen uén 1a ham phéan bé theo chiéu dai dim M(x) va phai
thoa man cac diéu kién lién két ¢ hai dau thanh (dugc xac dinh ¢ hai dau
thanh). Pay 13 bai toan cuc tri co6 rang budc. Bing cach dung thira sb
Lagrange A(x) dua vé bai toan khong rang budc sau:

I I
H—lszd +fi(_ ) d2M+
a * Pl 1
i)

dx — min (1.17)

2] EJ

0
A(x) 1a thira s6 Lagrange va ciing 1a an cua bai toan. Theo phép tinh bién

phan tir phiém ham (1.17) ta nhin dugc hai phuong trinh sau (phwong trinh
Euler— Lagrange).

d2
M=—E]—— (1.18)
d*M
— =4 (1.19)



A(X) ¢ thi nguyén 1a chuyén vi cho nén phuong trinh (1.18) biéu thi quan hé

gitta M va chuyén vi. Thé (1.18) vao (1.19) ta co
d*A
Ej@ =q (1.20)

A(x) 1a d6 vong cua dam va phuong trinh (1.20) 14 phuong trinh vi phan cén

béng ctia dam viét theo chuyén vi nhan duoc & trén.
Nguyén ly cong bu cwe dai
Khi ding 4n 14 cac chuyén vi va bién dang thi c6 nguyén 1y cong bu cuc dai.

Trong tit cd cdc chuyén vi dong hoc co thé (kha di) thi chuyén vi
thuc la chuyé;n vi co cong bu cwc dai.

Chuyén vi dong hoc co thé 1a chuyén vi théa man cac phuong trinh lién
hé giita chuyén vi va bién dang va thoa man céac diéu kién bién. Cong bu bing
tich ctia ngoai luc va chuyén vi trir di nang luong bién dang.

[Cong ngoai luc — thé ning bién dang]—max
Vi rang budc 1a cac phuong trinh lién hé gitra chuyén vi va bién dang.

Lay vi du do6i v6i dam chiu uon, ta co
I l

1
J’qydx—EJ’Ejf dx — max (1.21)
0 o
Vi rang budc:
d?y
dx?

X = (1.22)

% 12 bién dang udn ciing 13 d6 cong cia dudng d6 vong. Tich phan tht nhét

trong (1.21) 13 cong toan phan cia ngoai luc (khong co hé sb 1), tich phan
thir hai 13 thé ning bién dang biéu thi qua bién dang uén.

Thay ¥ tir (1.22) vao (1.21), ta co



) )

1 d?y\’
J‘qydx—EJ’Ej — dx — max (1.23)

dx?
li] li]

Thay dau ctia (1.23) ta co
!

l

1 d2y\’ .

E_{Ej — dx—fqydx—}mm (1.24)
0 0

dx?

Khi y c6 gia tri xac dinh tai hai ddu mat dam thi diéu kién can dé biéu thic
(1.24) cyc tiéu 13 phuong trinh Euler sau

d*y
dx*

EJ q (1.25)

Phuong trinh (1.25) 1a phuong trinh vi phan can bang ctia dam chiu uén.
Nguyén 1y cong bu cuc dai dudi dang biéu thic (1.24) duoc str dung rong rai
trong tinh toan cong trinh theo phwong phap phan tir hiru han.

1.1.3. Nguyén ly cong 4o

Nguyén 1y cong a0 duge st dung rat rong rii trong co hoc. Theo K.F.
Gauss (1777-1855) thi moi nguyén 1y trong co hoc hodc tryc tiép hodc gian
tiép déu rat ra tir nguyén 1y chuyén vi do.

Xét co hé chat diém & trang thai can bﬁng ta co
> X=0, >Y=0, >Z=0,

(1.26)
> X;>Y; Y Z: 14 tong hinh chiéu cua tat ca cac luc tac dung 1én ba truc cua
hé toa d0 Dé céc. Ta viét biéu thuc sau:

DX +> YOV +>.Z8W =0,
(1.27)
¢ day xem cac oU; oV ; OW; 1a cac thura s6 bat ky.

10



Tur (1.26) ta c6 (1.27) va ngugc lai tu (1.27) ta s€ nhan dugc (1.26) boi
vi cac SU; OV W 1a nhitng thira s6 bat ky. Bay gio ta xem SU; 6V ; W 1a
cac bién phan ctia cac chuyén vi 4o theo ba chiéu cta hé toa d6 vudng goc.
Chuyén vi 40 14 chuyén vi bé do nguyén nhan bat ky bén ngoai nao d6 giy ra.
Cac chuyén vi 40 ndy phai thoa man cac diéu kién lién két cta hé.

Khi co chuyén vi 4o thi vi tri cua céc luc tdc dung trén hé co thé thay
d6i nhung phuong chiéu va d6 16n cta n6 van giit nguyén khong doi. Nhu
vay, cac chuyén vi a0 SU; 6V ; W 1a cac dai lugng doc 1ap véi luc tac dung va
tir hai biéu thirc (1.26) va (1.27) ta c6 nguyén 1y cong 4o:

Néu nhw tong cong ciia cdc lyc tic dung ciia hé thwe hién trén cdc
chuyén vi do bing khéng thi hé 6 trang thdi can bang.

Pbi voi hé dan hoi (hé bién dang) thi ngoai ngoai luc con c¢6 ndi luc.
Van dé ditra & day la cach tinh cong cua nodi lyc nhu thé nao.

Trudc hét ta cAn phai dua thém yéu cau ddi v6i chuyén vi 4o nhu sau:

Céc chuyén vi 4o phai thoa man cac lién hé giita chuyén vi va bién
dang. Néu nhu cic chuyén vi c6 bién dang g = a—u; g, :@; ... thi bién phéan
cac chuyén vi 40 8u; &v; Swciing phai c6 cac bién dang 4o twong tng:

0 0
&ﬁj; 55\/;

Thong thudng cong cua nodi luc (hodc Gng suit) duoc tinh qua thé ning
bién dang. Khi c6 cac chuyén vi a0 dU; 6V ; SW; thi thé ning bién dang IT s&
thay d6i bang dai luong bién phan J1. Do d6 nguyén 1y chuyén vi a0 dbi véi
hé bién dang dugc viét nhu sau:

STI-D. XU => YoV > Z6W =0,

(1.28)

11



Cac dai luong bién phéan trong (1.28) déu 1a chuyén vi 40 cho nén néu
xem ndi lyc (Gng sudt) trong qué trinh chuyén vi a0 ciing khong ddi thi ddu
bién phan trong (1.28) c6 thé viét lai nhu sau:

S[IT-> XU -3 YV -3 zZW]=0 (1.29)
Hai biéu thtrc (1.28) va (1.29) duéi dang chi tiét hon duoc trinh bay trong [30,
Tr.261].

5[{ (d y] qy}dx Ohayj§|:1(?j;yj2qy:|dx 0 (1.30)

4
Phuong trinh Euler ctia (1.30) nhu sau: EJ dy _ g=0
dx*

1.1.4. Phwong trinh Lagrange:
Phuong trinh Lagrange 1a phuong trinh vi phan cta chuyén dong duoc

biéu thi qua céac toa d6 tong quat (cac chuyén vi tong quat).

Goi T 1a dong nang va IT 1a thé nang cua hé, cac qi 1a cac chuyén vi
téng quat va Qi 1a cac luc tong quat thi phuong trinh Lagrange c6 dang:
d (aT J ot , ol
dt\ogq, ) oq, oq,

=Q, (i=1,2,3......n) (1.31)

o, , , .
trong do: ¢, = E‘ 1a van toc cua chuyén dong. D61 véi1 moi chuyén vi qi s€ co

mot phuong trinh Lagrange. Pong nang T trong toa do tong quat 1a ham cua
van toc va co thé 12 ham cua ca chuyén vi tong quat.

Thé nang toan phan ciia hé bao gdm thé nang bién dang va thé ning cia
luc co thé (luc trong truong 1a luc co thé). Qi 1a lyc khong thé ¢o thé duoc
hiéu 1a cac luc ngoai tac dung 1én hé (luc tong quat). ap dung phuong
trinh Lagrange dé x4y dung phuong trinh chuyén dong ctua dam chiu uén nhu

Sau:
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Goi yi la chuyén vi (tong quat) cua di€m i cia dam va qila luc tac dung
tai di€ém 1 cua dam va m;j la khoi lugng.
Dong ndng cua dam

;

T= ilmyfdx trong d6: Y, = (1.32)
i1 2 ot
Thé nang bién dang ctia dAm chiu udn
n1_ (8% )
[M=)> —BEJ| —+ 1.33
;2 [8x2 ji (1.33)

Dau tong lay cho tat ca cac diém i1 cia dam. Phuong trinh Lagrange d6i voi

dam c6 dang

T T
2(5' j_a SO (1.34)
ot\oy,) oy, oy,
Ta tinh hai thanh phan du ctia phuong trinh (1.34)
0%y,

IOy =m Yiomy (1.35)
ot\oy, ) ot ot

a _y

oy,

Pé tinh thé ning bién dang c6 thé dung phuong phap sai phan hitu han, hinh
1.5.
Boi vi 46 vong yi ciia dam chi c6 mat

trong biéu thirc thé nang bién dang cua ba 2 I-1 i i+l 2

diém lién tiép i-1, i va i+1, cho nén chi can | AX | AX | AX | AX |
tinh thé nang bién dang cua dam (1.33) cho 1 | | | 1

ba diém nay, Ax la khoang cach giita cac Hinh 1.4. Budc sai phan

diem.
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2 2 . 2
EE\] a Zl :EEJLyi—l 2y|2+y|+1j
ox™ ), 2 AX
2 2 _ 2
1gy( oY :LEEJ(%Z 2ﬁ14'%J (1.36)
ox“ )., 2 AX

1e
2

B
<

)
xl\.7

i+1

AX®

:%EJ(yl _zyi+1+yi+2j

Tong cong ba phuong trinh trén cho ta thé ning ctia dam dé tinh yi. Ta tinh

o cua phuong trinh (1.34).

oy,
a_H _ EJ(_ 2yi—1 + 4yi — 2yi+1 Yo~ 2yi—1 TYitYi- 2yi+1 + yi+2j
, A
4 sy _4 A (1.37)
:EJ(Yi-z_ Yia t yL_ yi+1+yi+2j:EJ_i4
AX AX"|,

. . o'y

Biéu thue (1.37) biéu thi sai phan hitu han cua EJ x|
X

Cong (1.35) va (1.37) nhan dugc phuong trinh Lagrange d6i voi chuyén vi yi

2 4
mo Y g0y

1.38
ot? ox* (1.38)

:qi

Piém i 13 bat ky nén nhan dugc phwong trinh vi phan cin bang ctia dim

o’y o'y
m—+EJ— = 1.39
ot’ ox* q (1.39)
Ko ;oo N e e ~ r d4y
D61 voi bai toan tinh T=0 ta c6: EJ—5-=(q (1.40)
X

Phuong phap st dung phuong trinh Lagrange dé nhan duoc phuong trinh vi
phan ciia duong d6 vong cia dam trinh bay ¢ day 1 cia tac gia.
& trén trinh bay bén phuong phap chung dé xiy dung bai toan co, ldy

bai toan dam chiu uon lam vi du dé biét cach st dung chung va dé thay bon
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duong 16i d6 1a tuong duong nhau nghia 1a déu dan vé phuong trinh vi phan
can bang cta hé.
1.2. Bai toan co hoc két ciu va cac phwong phap giai

Bai toan co hoc két cAu nhim xac dinh ndi luc va chuyén vl cia hé
thanh, tdm, vo dudi tac dung cua céc loai tai trong, nhiét do, chuyén vi cudng
buc,...va dugc chia lam hai loai:

- Bai toan tinh dinh: 1a bai todn c6 céu tao hinh hoc bt bién hinh va di lién
két tua voi dit, cac lién két sép xép hop 1y, chiu céc loai tai trong. Pé xac dinh
noi luc va chuyén vi chi can dung cac phuong trinh can bang tinh hoc 1a du;

- Bai toan siéu tinh: 13 bai toan c6 ciu tao hinh hoc bat bién hinh va thira
lien két (nd1 hodc ngoai) chiu cac loai tai trong, nhiét do, chuyén vi cudng
bic,...Dé xac dinh noi luc va chuyén vi ngoai cac phuong trinh cin bang ta con
phai bd sung cac phuong trinh bién dang.

Néu tinh dén tan ung suit, c6 thé noi ré'lng moi bai toan co hoc vét ran bién
dang noi chung va bai toan co hoc két ciu néi riéng déu 13 bai toan siéu tinh.

D3 ¢6 nhiéu phuong phap dé giai bai toan siéu tinh. Hai phuong phap
truyén théng co ban 1a phuong phéap luc va phuwong phap chuyén vi. Khi sir
dung chung thudng phai giai hé phuong trinh dai sb tuyén tinh. S6 luong céac
phuong trinh tiy thudc vao phuong phéap phan tich. Tir phuong phap chuyén
vi ta ¢6 hai cach tinh gan dung hay duoc sir dung 1a H. Cross va G. Kani. Tur
khi xuét hién may tinh dién tir, nguoi ta bd sung thém cac phuong phap sb
khac nhu: Phuong phap phan tir hitu han; Phuong phap sai phan hitu han...
1.2.1. Phwong phap luc

Trong hé siéu tinh ta thay cac lién két thira bang cac luc chua biét, con
gia tri cac chuyén vi trong hé co ban twong tng véi vi tri va phuong cla céc
luc 4n sd do ban than cac luc d6 va do cac nguyén nhan bén ngoai giy ra bang
khong. Tu diéu kién nay ta 1ap dugc hé¢ cac phuong trinh dai $6 tuyén tinh,

giai h¢ nay ta tim dugc cac an s6 va tir do suy ra cac dai lugng can tim.
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1.2.2. Phuong phap chuyén vi

Khac véi phuong phéap luc, phuong phap chuyén vi ldy chuyén vi tai
cac nat 1am an. Nhitng chuyén vi ndy phai c6 gia tri sao cho phan lyc tai cac
lién két dat thém vao hé do ban than ching va do cac nguyén nhan bén ngoai
giy ra bang khong. Lap hé phuong trinh dai s6 tuyén tinh théa man diéu kién
nay va giai hé¢ do ta tim duoc cac an, tir d6 x4ac dinh céc dai lugng con lai. H¢
co ban trong phuong phap chuyén vi 1a duy nhét va giéi han giai cac bai toan
phu thudc vao s cac phan tir miu c6 sin.
1.2.3. Phuong phap hén hep va phwong phap lién hep

Phuong phap hdn hop, phuwong phép lién hop 12 sy két hop song song gitta

phuong phap luc va phuong phap chuyén vi. Trong phuong phéap nay ta ¢ thé
chon hé co ban theo phuong phap liuc nhung khong loai bé hét cac lién két thira
ma chi loai bé céac lién két thudc bd phan thich hop véi phuong phap luc; hoidc
chon hé co ban theo phuong phap chuyén vi nhung khong dit day du cac lién
két phu nham ngan can toan bd cac chuyén vi nat ma chi dit cac lién két phu
tai cac nat thudc bo phan thich hop voi phuong phap chuyén vi. Truong hop
dau hé co ban 13 siéu tinh, con truong hop sau hé co ban 14 siéu dong.

Trong ca hai cach noi trén, bai toan ban dau dugc dua vé hai bai toan
doc 1ap: Mot theo phuong phéap luc va mot theo phwong phap chuyén vi.
1.2.4. Phwong phap phén tir hiru han

Thyc chit cia phuwong phap phan tir hitu han 13 rdi rac hoa ban than két
ciu (chia két cdu thanh mot sé phan tir co kich thudc hiru han). Cac phan tu
lién ké lién hé voi nhau bang cic phwong trinh can bang va cac phuong trinh
lién tuc.

Dé giai quyét bai toan co hoc két ciu, co thé tiép can phuong phap nay
bang dudng 16i truc tiép, suy dién vat 1y hodc duong 16i toan hoc, suy dién
bién phan. Tuy nhién bang cach nao di ching nira thi két qua thu duoc 1a mot

ma tran (d0 cing hodc d0 mém). Ma tran d6 dugc xay dung dua trén co so
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cuc tri hoa phiém ham biéu dién ning luong. Trong pham vi mdi phan
to riéng biét, cac ham chuyén vi duoc xép Xi gﬁn ding theo mot dang nao do,
thong thuong 1a cac da thuec.
1.2.5. Phuwong phap sai phan hiru han

Phuong phap sai phan hitu han ciing 13 thay thé hé lién tuc bang mé hinh
roi rac, song ham can tim (ham mang dén cho phiém ham gia tri dimg), nhan
nhimng gia tri gan ding tai mot sé hiru han diém cta mién tich phan, con gia
tri cac diém trung gian s€ dugc xac dinh nhd mdt phuong phap tich phan nao
d6. Phuong phap nay cho 101 giai s6 ciia phuong trinh vi phan vé chuyén vi va
ndi luc tai cac diém nat. Thong thuong ta phai thay dao ham bang cac sai
phan cua ham tai cdc nat. Phuong trinh vi phan cua chuyén vi hoac nd1 luc
duge viét dudi dang sai phan tai méi nut, biéu thi quan hé cua chuyén V1 tai
mot nat va cac nut 1an can dudi tdc dung cua ngoai luc.
1.2.6. Phuong phap hdn hop sai phan — bién phan

Két hop phuong phap sai phan voi phuong phap bién phéan ta c6 mot

phuong phap linh dong hon: Hodac 1a sai phan cac dao ham trong phuong trinh
bién phan hoic 13 sai phan theo mdt phuong va bién phan theo mot phuong

khac (do1 voi bai toan hai chiéu).
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CHUONG 2
PHUONG PHAP PHAN TU HUU HAN

Trong chuong trinh bay mot sé khai niém co ban cia phuong phap phan
tr hitu han, va st dung n6 dé xay dung va giai bai toan dao déng tu do cua

dam, duoc trinh bay trong chuong 3.

2.1. Phwong phap phan tir hiru han

Phuong phap phan ti hitu han 1 mot phuong phéap sé dac biét co hiéu
qua dé tim dang gan dung ctia mot ham chua biét trong mién xac dinh V caa
n6. Tuy nhién phuong phap phan tir hitu han khong tim dang xap xi ctia ham
can tim trén toan mién V ma chi trong ting mién con V., (phan ti) thudc
mién xac dinh V. Do d6 phuong phap nay rat thich hop voi hang loat bai toan
vat ly va k¥ thuat trong d6 ham can tim dugc xac dinh trén cac mién phuc tap
gom nhiéu ving nho c¢6 dic tinh hinh hoc, vat 1y khac nhau, chiu nhiing diéu
kién bién khac nhau. Phuong phap ra doi tir tryc quan phan tich két cau, roi
dugc phat biéu mot cach chat ché va tong quat nhu mot phuong phap bién
phan hay phuong phap du c6 trong nhung dwoc Xap xi trén mdi phan tu.

Trong phuong phap phan tir hitu han chia két cau cong trinh thanh mot
s6 hitu han cac phén ta. Cac phén tor nay duoc ndi va&i nhau tai cac diém dinh
trude thuong tai dinh phan ti (tham tri tai cac diém trén bién phan tir) goi 1a
nat. Nhu vay viéc tinh toan két cau cong trinh dugc dua vé tinh toan trén céac
phan tir cia két cau sau do két ndi cac phan t nay lai voi nhau ta dugc 1oi
giai caa mot két cau cong trinh hoan chinh. Twong tu nhu phuong phap sai
phan hitu han ciing chia cong trinh thanh cac doan nho (phan tir) va cac trang
thai chuyén vi (truong chuyén vi) v.v... dugc xac dinh tai cac diém nut sai
phan. Su khac biét cua hai phwong phap 1a Phuong phap sai phan hitru han sau

khi tim duoc cac chuyén vi tai cac nat ciia sai phan con cac diém nam gitra
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hai ntt dugce xac dinh bang ndi suy tuyén tinh, con phuong phap phan tir hitu
han sau khi xac dinh dugc chuyén vi tai cac nit cua phan tr thi cac diém bén
trong dugc xac dinh bang ham ndi suy (ham dang).

Vi bai toan co hoc vat ran bién dang, tuy theo y nghia vat 1i cua ham
noi suy c6 thé phan tich bai toan theo 3 loai mé hinh sau:

- M6 hinh chuyén vi: Xem chuyén vi 1a dai luong can tim va ham ndi
suy biéu dién gan dung dang phan bd cua chuyén vi trong phan ti.

- M6 hinh cén bang: Ham noi suy biéu dién gan ding dang phan bd cua
ng suét hay noi luc trong phan tu.

- Mo hinh hén hop: Coi cac dai luong chuyén vi va ang suat 1a 2 yéu té
doc lap riéng biét. Cac ham ndi suy biéu dién gan dung dang phan bd cua ca
chuyén vi 13n &ng suat trong phan tu.

Hién nay, khi ap dung phuong phap phan tir hitu han dé giai cac bai toan
co hoc thudng sir dung phuong phap phan tir hitu han theo mé hinh chuyén
vi. Sau day luan van trinh bai ndi dung phuong phap phan tir hitu han theo mo
hinh chuyén vi.

2.1.1 Ngi dung phuong phap phan tir hira han theo mé hinh chuyén vi

Trong phuong phap phan tir hitu han - mé hinh chuyén vi, thanh phan
chuyén vi duoc xem 1a dai lugng can tim. Chuyén vi dugc lay xap xi trong
dang mot ham don gian goi 1a ham ndi suy (hay con goi 1a ham chuyén vi).
Trinh tu phan tich bai toan theo phwong phap phan tar hitu han - mé hinh
chuyén vi ¢6 nodi dung nhu sau:
2.1.1.1. Roi rac hod mién khdo sdt

Mién khao sat (d6i tuong nghién ctru) duoc chia thanh cac mién con hay
con goi 1 cac phan tir ¢6 hinh dang hinh hoc thich hop. Céc phan tir nay duogc
coi 1a lién két v&i nhau tai cic nat nam tai dinh hay bién cua phan ti. S6 nat
cta phan ti khong 14y tuy tién ma phu thudc vao ham chuyén vi dinh chon.

Céc phan tir thudng c6 dang hinh hoc don gian (hinh 2.1)
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Hinh 2.1 Dang hinh hoc don gian caa phan tir
2.1.1.2. Chon ham xdp xi

Mot trong nhitng tu teéng cta phuong phap phan tir hitu han 13 xap xi
hoa dai luong can tim trong m&i mién con. Piéu nay cho phép ta kha ning
thay thé viéc tim nghiém von phic tap trong toan mién V bang viéc tim
nghiém tai cac nat cua phan ti, con nghiém trong cac phan tir dugc tim bang
viéc dua vao ham xap xi don gian.

Gia thiét ham xap xi (ham chuyén vi) sao cho don gian déi voi viéc tinh
toan nhung phai thoa mén diéu kién hoi ty. Thuong chon dudi dang ham da
thizc. Biéu dién ham xap xi theo tap hop gia tri cac thanh phan chuyén vi va
c6 thé ca dao ham ciia nd tai cac nat cua phan tir. Him xap xi nay thuong
duoc chon la ham da thirc vi cac 1y do sau:

- Pa thtc khi dugc xem nhu mot to hop tuyén tinh cua cac don thuec thi
tap hop cac don thic thoa min yéu ciu doc 1ap tuyén tinh nhu yéu cau caa
Ritz, Galerkin.

- Ham x4p xi dang da thirc thuong d& tinh toan, d& thiét lap cong thic
khi xay dung cac phuong trinh ctia phan tir hitu han va tinh todn bang may
tinh. Dac biét 1a dé tinh dao ham, tich phan.

- C6 kha nang tang d6 chinh xac bang cach ting s6 bac cua da thuc xap
Xi (V& 1y thuyét da thirc bac vo cung s& cho nghiém chinh x4c). Tuy nhién, khi
thuc hanh tinh toan ta thuong lay da thirc Xap xi bac thap ma thoi.

Tap hop cac ham x4p xi s& x4y dung nén mét truong chuyén vi xac dinh

mot trang thai chuyén vi duy nhat bén trong phan tir theo cac thanh phan

20



chuyén vi nat. Tur truong chuyén vi s& xac dinh mot trang thai bién dang,
trang thai ang suat duy nhat bén trong phan tir theo cac gia tri ciia cac thanh
phan chuyén vi nat cia phan ti.

Khi chon bac ciia ham da thtrc xap Xi can luu ¥ cac yéu cau sau:

- Céc da thuc xap xi can thoa man diéu kién hoi tu. Pay 1a yéu cau quan
trong vi phuong phap phan tir hiru han 1a mot phuong phap s, do d6 phai ¢am
bao khi kich thugc phan tir giam thi két qua s& hoi tu d¢én nghiém chinh xAc.

- Cac da thirc xap xi duoc chon sao cho khéng mét tinh ding hudng hinh hoc.

- S6 tham s cua cac da thuc xap xi phai bang s bac tu do cua phan tu,
tire 14 bang s6 thanh phan chuyén vi nit cua phan tir. Yéu cdu nay cho kha
nang ndi suy da thirc cia ham x4p xi theo gié tri dai lugng can tim, tirc 12 theo
gia tri cac thanh phﬁn chuyén vi tai cac diém nut cua phan tu.
2.1.1.3. Xdy dwng phwong trinh cén bing trong tang phan ti, thiét lgp ma
trgn dp cing [K] va vecto tdi trong nit {F}_cia phan ti thir e.

Thiét 1ap moi quan hé giira (ng suat va chuyén vi nit phan ti

Can thiét 1ap biéu thuc tinh bién dang va ung suét tai mot diém bat ki

trong phan tir thong qua 4n co ban 1a chuyén vi nit phéan tir {3} . St dung céc

cong thire trong Li thuyét dan hoi, moi quan hé gitra bién dang va chuyén vi :

{gf =[VI{u} (21)
Ta co: {u}:[N]{S}e (2.2)
trong do: [N] - goi la ma tran ham dang, chira cac toa do cua cac diém nat

ctia phan tr va cac bién ctia diém bét ki dang xét.
Thay (2.2) vao (2.1), ta dugc:

{e} =[V][N]{3}, =[B]{s}, (2.3)
trongdo:  [B]=[V][N]- ma tran chira dao ham ctia ham dang.
Theo Iy thuyét dan hdi quan hé giira tng suét va bién dang :

{oj=[Dliej (24)
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Thay (2.3) vao (2.4), taduoc :
{c} = [DI[BI{3} (2.5)

Thé niing toan phan IT.ciaa phan tir

Xét truong hop phan tir chiu tai trong tip trung tai nat {Pn}e (tng voi
chuyén vi nat {8} ) va chiu tai trong phan bd trén bé mit phan tir c6 cuong
do tai diem M batki 1a {q} ={qx}.

y
Thiét 1ap biéu thtrc tinh thé ning toan phan I1e cta phan tir theo cong

ctia ngoai luc We va thé ning bién dang Ue ctia phan tir d6.
ITe=Ue-We (2.6)

Cong ngoai luc We (khong xét luc thé tich) duoc tinh:
W, = {57 (P}, + [{u}"(a}as
S

Tir 22), taco: {u} =[N](3}, = {u}" =([N]{3},) ={8}/[N]
Thay vao biéu thuc tinh cong ngoai luc Wetrén, thu dugc:
W, = {8}, {P,}, +{8}, [[N] {a}ds 2.7)
S

Thé nang bién dang Ue ctia PT dugc tinh:
1 T
U, :Ei{g} {cldV

Thay (2.3) va (2.5) vao biéu thtic tinh thé ning bién dang Ue cta phan
tu, ta co:
1

0.~ 316/ e ol o 29)

\Y

Thay (2.7) va (2.8) vao (2.6) thu duoc thé ning toan phan cta phan tir :

1
-0, 30| T oy i, {1 ) [ s | 2
\% S
pat:  [K],=[[B] [D][B]dV (2.10)
\Y
[K]e- goi 1a ma tran do cung phan tir. Vi [D] 1a ma tran ddi xing nén
tich ([B]" [D] [B]) ciing ddi xtng va do d6 [K]e 12 ma tran ddi xtimg.

Dit: {F}e={F>n}e+j[N]T{q}o|S={Pn}e+{F>q}e (2.11)
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{FZ}e - 1a vecto tii trong nat ctia phan ti; duoc xay dung boi ngoai luc
dat tai nat phan tor {Pn}e va ngoai lyc dat trong phan tir qui vé nat {Pq}e

trong do: {Pq}e :‘[[N]T {q}dsS (2.12)
Thay (2.11) va (2.12) vao (2.9), ta dugc :
I, = {817 [K], {3}, ~ {81 {F}, @13

Thiét 1ap phwong trinh cin bang i
Theo nguyén li dung thé nang toan phan, di€u kién can bang ctia phan tu
tal cac diém nut :
oll,
018},
Tién hanh ldy dao ham riéng 1an luot v6i timg chuyén vi nat va cho bang
0, thu dugc m phuong trinh (cho phan tir c6 m chuyén vi nut):
oll,
00,
oll,

08
o, _ 1% _g (2.15)

oI, =0= =0 (2.14)

oll,
0%,
Thay ITetheo (2.13) vao (2.15) vaap dung phép liy dao ham riéng ddi

o} [Al(x) o({x}'(8})

v6i ma tran 5IX] =2[A]{X}; 3IX] ={B} |, thu dugc:
[K], {8}, - {F}, =0 (2.16)
Suyra: [K]. {8}, ={F}, (2.17)

trong do:
{F} - vectotai trong nut cua phan tir tha e xét trong hé toa do dia

phuong;
{8}.- vecto chuyén vi nut ctia phan tir thir e xét trong hé toa do dia

phuong;
[K].- matran d6 ciing cua phan tur thir e xét trong hé toa d6 dia phuong.

Phuong trinh (2.17) chinh 13 phwong trinh cin bang caa phan tir thir e.
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2.1.1.4. Ghép néi cic phan tir xdy dung phwong trinh cin bang Ciia toan hé.

Gia st hé két cu dugc roi rac hoa thanh m phﬁn ti. Theo (2.17) ta viét
duoc m phuong trinh can bang cho tit ca m phén tir trong hé toa d6 riéng cia
tirng phan tir. Sau khi chuyén vé hé toa do chung ctia toan két cau, tién téi gdp
cac phuong trinh cin bang ctia ting phan tir trong ca hé, thu dugc phuong
trinh can bﬁng cho toan hé két ciu trong h¢ toa do chung:

[K']{87} = {F’} (2.18)

Do thir tu cic thanh phan trong vecto chuyén vi nat {8’ }e clia timg phan
tor khac véi thir tu trong vecto chuyén vi nat {&’} cua toan hé két cau, nén can
lwu ¥ xép dung vi tri clia ting thanh phan trong [K’]e va {F’}e vao [K’] va
{F’}. Vigc sa"lp Xép nay thuong dugc ap dung phuong phap s6 mi, hay su
dung ma tran dinh vi phén tor [H]e dé thiét 1ap cac ma trén téng thé va vecto
tai trong nat tong thé cua toan hé két cau.

Ap dung ma tran dinh vi phin tir [H],

Gia st hé két cdu dugc roi rac hoa thanh m phén ttr. SO bac tu do cia toan
hé 1a n. Vécto chuyén vi nat tong thé co dang:
(8Y={s, &, .. &} (2.19)
Voi phén tir thit e, s6 bac tu do 1a ne, co vécto chuyén vi nat trong hé toa
do chung la {5'} . Cac thanh phan cua {81, nam trong sb cac thanh phan cia
{8'}. Do d6 c6 su biéu dién quan h¢ giita 2 vecto ndy nhu sau:
{87, = [Hle {8} (2.20)

(Nex1) (nexn) (nx1)
trong do: [H]e - 12 ma tran dinh vi cia phﬁn tr e, né cho théy hinh anh sép xép

cac thanh phén cua vecto {8'}_ trong {3'}.

Dua vao (2.13) ta xac dinh duoc thé ning toan phan cho ting phan tu.
Thay (2.20) vao (2.13), sau do cong gOp cua m phan tu, xac dinh duoc the
nang toan phan cua h¢:
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1= 367 (ML < LML (6} - 37 [H (7Y, | =

Bi@u thire (2.21) biéu dién thé ning toan phan cua hé theo vecto chuyén
vi nat tong theé {&'}. 4p dung nguyén li th¢ ning ding toan phan s& c6 dicu
kién can bﬁng cua toan hé tai diém nut:
oIl
85",
oll,

05"
o _ %zl (2.22)

o1
05"

Ap dung phép ldy dao ham riéng d6i véi ma tran thu duoc:

DENSIENTS I
(2.23)

Nhén thay day chinh 1a phuong trinh cin bang cho toan hé. So sanh voi
(2.18), thu duogc:

Ma tran do clng tong thé: [K']= i[H]: [K'].[H], (2.24)

Vecto tai trong nut tong thé: {F} = Zm:[H]Z {F'}e (2.25)

Vi du 2.1: Xac dinh cdc ma tran dinh vi [H]e cua dam v&i 4 diém nat, c6 cac
thanh phan chuyén vi ntt nhu trén hinh 2.2.

Loi giai
Vecto chuyén vi nat tong thé ctia két cdu trong hé toa d6 chung:

{Sl}:{sl 82 83 84 85 86 87 88 89 610 811}T
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(9,10,11)

A/77777’77777
Xl

v,

Hinh 2.2 Hinh vi dy 2.1

~

Vecto chuyén vi nut cta timg phan tir biéu dién theo vecto chuyén vi nat

tong thé:

11

1 00 0O0O0OOO OO O0]|fo
01 0O0O0OOGOQO OO0 0}]o,

0 0100O0O0OO0OO0O0®O

000100000 0 0}3,
0000100000 0|3,
0000010000 0[5

o — —
S S 5 B WSS B W S
[ 1 T 1
'cC 0o 0o 0o 0o ©O 00 o 4 O o0 o o
O O O 00O OO0 O +d o O© o o
O O O O o O O 4 O O O O +dH O
O O O O - O 4 O O o O o o o
O O O +H O — O O O O o O O O
O O 4 OO OO0 O o o ©o o o o
O 41 O O O o O O O O O d4 O O
— O O O O O O O o o — O O O
O O O O o o O O O o o O O O
O O O O o o O O O O o O O O
o O 0O o o _0 o O O 0_ _O o O O_
L |
I Il I
— —_— I
)y 2o}
20 [Ze)
N _|n._<v L
T I I
L | S | S
I I Il
o — o
I Il Il
N o <
—_ —_ —_
%0 [Ze) [Ze)
—— —— ——
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Ma tran d6 climg, véc to tai tic dung tai nut ciia timg phan ti:

dy; 8 Q3 8 Q5 A €
dy, Ay 8y Ay Ay €,
[K'] _ Ay 8y Az Agg '{F'} _ €,
1 ’ 1=
Ay Ay Ay €,
(dx) Qs Agg e
i Agg | €6
b11 blZ b13 b14 b15 fl
bzz b23 b24 b25 fz
[K ']2 = by; by by ’{Fl}z =1,
(dX) by by f,
i b55 i 1:5
Ch Cp Gy Cy Cp T 0,
Cp Cup Cy Cyp g,
[K l]g = Cs3 Cy Cgs ;{Fl}g =19,
(dX) Cu C4s g,
Cssj g,
d11 d12 d13 d14 h1
[KI] — d22 d23 d24 {Fl} — h2
4 ! 4
(dx) s gy h,
i d44 | h4
9 9 4 T
Ma tran dg cung tong theé: [K] = Z:[H]e [K']e [H]e
e-1
_all a13 a‘l3 a‘l4 alS a16 0 0 0 O
a‘ZZ a'23 a24 a‘ZS a26 0 0 0 O
a33 a34 a35 a36 0 0 O O
a44 + bll + dll a45 + blZ + dlZ a46 + b13 b14 b15 dlS d14
a55 + b22 + dZZ a56 + b23 bZA b25 O 0
[K'] = Age + Dy b,, b 0 0
b44 + cll b45 + ClZ Cl3 C14
b55 + CZZ 023 C24
(dx) Cyyt€33 Cgy 6y
Cp €y
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4
Vecto tai trong nut tong thé: [F] = Z[H]QT {F'}e

e,+f,+h,
e;+f,+h,
[Fl=1 e;+f,
f,+0,
f,+0,

© 0 N o Ol A W NP

g; +h,

[EEN
o

g,+h,
9s 11

Viéc s dung ma tran dinh vi [H]e trong (2.24) va (2.25) dé tinh ma tran
d6 cing [K’] va vecto tai trong nat {F’} thuc chét 1a sap X€p cac thanh phan
ctia ma tran d6 cimg phan tur [K’ Je va vecto tai trong nut phan tir {F’ Je vao vi
tri ciia n6 trong ma tran do cung tong thé [K’] va vecto tai trong nut tong thé
{F’}. Tuy nhién trong thuc té ngudi ta hay sir dung phuong phap sé ma.

Phuong phap danh s0 ma

Khi tién hanh ghép no6i ma tran do clirng cua két cau va véc to tai trong tac
dung tai nut, ta lam theo céc budc sau:

- Tién hanh danh s6 ma cta cac thanh phan véc to chuyén vi nut tai céc
nut cua két cau va danh s6 ma cho phan tu.

- Lap bang xac dinh ma cuc bd cuia cac phan tir theo ma tong thé ctua két
cau.

- Tinh toan xé&c dinh cdc ma tran d§ cing, véc to tai trong tac dung tai céc
nut cua phan tir theo ma cuc bd va tuong ting véi ma tong thé trong hé toa do
chung.

- Tién hanh ghép ndi ma tran do ciing va vécto tai trong tac dung nut ctua
cac phan tir thanh ma tran do cing va vécto tai trong tac dung n1t cta toan bo
hé két cau trong hé toa d§ chung theo cong thirc.

Iy = (k). (2.26)

trong do:

+ i, j: 12 s6 hiéu ma téng thé cta toan bo két ciu trong hé toa d6 chung;
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+ kij: 1a hé s6 cua trong ma tran do ciing cua toan bo két cau tuong Uing
v61 hang ¢6 sO hiéu ma tong thé iva cdt co6 sO hi¢éu ma tong thé j trong hé toa
do chung;

+ (k

c6 s0 hi¢u ma tong thé iva cot co s6 hiéu ma tong thé | trong hé toa do chung

ij) : 1a hé s0 cia ma ma tran do cing ctua phan tr tuong ng voi hang
e

Vi du 2.2: Thiét 1ap ma tran do climg tong thé [K’] va vecto tai trong nit{F’}
cua toan hé két cau cua hé trén hinh 2.3.

B (4,5,6) (7,8) g

T y A ] (9,10,11)
Xl

Hinh 2.3 Hinh vi du 2.2

Loi gidi
- Panh s06 ma cua cac thanh phan véc to chuyén vi nut tai cac nit cua két cau
va danh s6 ma cho céac phan tir nhu hinh.

- Lap bang xac dinh ma cuc bd cua cac phan tir theo ma tong thé cua két cau.

Phan tu Ma cuc bo

) 1 2 3 4 5 6
TT | Loai o ; ;

SO0 ma toan thé

1 — 90 1 2 3 4 5 6
2 +—d 0 4 5 6 7
3 b—1 -90 7 8 9 10 11
4 r—a 0lo 4 5 9 10

- Tinh todn x4c dinh cdc ma tran d¢ ciing [K'] , véc to tai trong tac dung tai
cac nat {F'} cta phan tir theo ma cuc bd va twong tng véi ma tong thé trong

hé toa do chung.
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- Tién hanh ghép ndi ma tran do cling va vécto tai trong tac dung nat ciia cac
phan tir thanh ma tran d6 cimg [K']va vécto tai trong tac dung nut {F'} cua
toan bd hé két cdu trong hé toa d6 chung theo cong thic.

a‘ll a'13 a'13 a14 alS a16 0 0 0 O 0 1
Ay Ay a,, ay g 0 0 0 0 0|2
g a,, Ay g 0 0 0 0 013
a44 + bll + dll a45 + b12 + dlZ a46 + b13 b14 b15 d13 dlA O 4
ag +Db,, +d,, A +by, b,, b, 0 0 0|5
[K'] = 8gg + s by, bys 0 0 0|6
b44 + Cll b45 + CIZ Cl3 Cl4 C15 7
b55 + c22 CZ3 c24 C25 8
(dX) C33 + e33 CS4 + e34 C35 9
C44 + e44 c45 10
i Cos |11
e, 1
e, 2
e, 3
e,+f,+h |4
e +f,+h, |5
[F']=| e;+f, |6
f,+09, |7
fo+9, |8
g;+h; |9
g,+h, |10
95 11

2.1.1.5: Si Iy diéu Kién bién ciia bai todn
Phuong phép phan tir hitu han 1a cudi cing dua vé giai phuong trinh toan

hoc:
[K{8"} ={F" (2.27)

Pé phuong trinh nay khong c6 nghiém tam thuong thi diéu kién dinh
thirc ctia ma tran [K’] khac 0 ( det [K’] khac 0 ), khi d6 phuong trinh khong
suy bién. Véi bai toan két ciu, diéu nay chi dat duoc khi diéu kién bién duogc

thoa man (két cau phai bat bién hinh). D6 1a diéu kién cho trudc mét sd
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chuyén vi nat ndo d6 bang 0 hay bang mot gia tri xac dinh hoic mot so
chuyén vi nat phai lién hé voi nhau. Sau khi ap dat diéu kién bién vao,

phuong trinh can bang cua toan hé két cau trong hé toa do chung c6 dang:
(K8 ={F) (2.28)
Trong thyc té khi phan tich két cau thuong gap 2 diéu kién bién sau:
- Bién lam mot hoac nhiéu thanh phan chuyén vi bang 0.

- Bién 1am mét hoic nhiéu thanh phan chuyén vi c6 mét gia tri xac dinh

Khi bién c6 thanh phan chuyén vi nao dé bang 0
Thanh phan chuyén vi tai mot nat cua phan tr bang 0 do twong tng Voi

cac thanh phan chuyén vi nay 1a cic lién két vai dat, ta xt 1i bang cach:

- Khi danh ma chuyén vi cho toan bd hé, nhimg thanh phan chuyén tai
nat ndao d6 bang 0 thi ghi ma cta chuyén vi d6 1a 0. Viéc danh sb ma toan thé
ctia chuyén vi nat theo tht tu va vecto chuyén vi nut ciia toan hé chi bao gom
cac chuyén vi nut con lai.

- Khi Iap ma tran [K'] va vecto {F'}_cua ting PT, cic hang va cét trong
g voi s6 ma chuyén vi nit bang khong thi khéng can tinh. Va khi thiét 1ap
ma tran do cang tong thé [K’] va vecto tai trong nat tong thé {F’} thi nhiing
hang va cdt nao c6 ma bang 0 thi ta loai bo hang, cot.

Vi du 2.3: Thiét lap ma tran do cang tong thé [K’] va vecto tai trong nut
{F*} ctia toan hé két ciu nhu hinh 2.4 (c6 xét t6i diéu kién bién).

5 (1,2,3) (4,5) C

y' A ] (0,00) 30'\D (0,0,0)
T

Hinh 2.4 Hinh vi du 2.3
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Loi giai:

Lap bang sé ma khi xét toi diéu kién bién:

Phan tur M4 cuc bd
) 1 2 3 4 5 6
TT | Loai o . ;
SO ma toan thé
— 90 0 0 0 1 2 3
—d 0 1 2
b— -30 4 5 0 0

Ma tran d6 cung [K'] va vecto tai trong nut {F'}_cua ting phan ti trong

hé truc toa d6 chung:

cB1 2 3 4 5 6

1fx x x x x x 0 (x]0

2 X x X x x10 x 10

3 X X x x |0 x |0
[Kl]l:4 a44 a45 a46 1 ;{Fl}lz d4 1

5 (dx) Ass g |2 dg |2

6 ags |3 dg |3

O 0 1 2 3 TT

cCBl1 2 3 4 5

l_bll b12 b13 bl4 b15_1 el 1

2 b22 b23 b24 b25 2 e2 2
[K']Z:B b, b, Dby |3 ,{F‘}Z: e ¢3

4 (dx) b,, b, |4 e, |4

5 bss |5 e |5
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llc, ¢, X X x|4 f. |4
2 C, X X XI5 f, 15
[K'],=3 X x|0 {F},=4x¢0
4 (dx) x x|0 x|0
S| X |0 X0

4 5 0 0 OTT

Can cur vao bang s6 ma, thu duoc ma tran do cing va vecto tai trong nit

tong thé (c6 xét téi diéu kién bién) nhu sau:

(a44 + bll) (a45 + blz) (a46 + bl3) by, 15 1
(a55 + bZZ) (a56 + b23) b24 b25 2
[K *] = (a66 + b33) b34 b35 3
(dx) (by+cy) (bg+cy,) |4
I (bgs +¢) |5
1 2 3 4 5

(F¥={(d, +e,) (ds+e,) (dy+e)) (e,+f) (e+F,)}
Khi bién c¢6 thanh phan chuyén vi cho truwéc mét gia tri

Khi thanh phan chuyén vij tai mot nat nao d6 cho trudc mot gia tri xac
dinh, thi du Am = a (hay lién két twong ung vdi cac thanh phan chuyén vi nat
dm chiu chuyén vi cudng birc ¢ gia tri bang a). Luc nay ta ¢ thé giai quyét
bai toan nay theo 2 céch:
Cach 1: Khi danh s6 mi cta bac tu do (cac thanh phan chuyén vi) tong thé
két cau thi thanh phan chuyén vj tai nut co6 chuyén vj bang a ta vin danh ma
binh thudng chang han mi 13 m. Sau khi 1ap dugc ma tran d6 cing tong thé
[K’] va vecto tai trong nut tong thé {F’} thay thé s6 hang Kk, trong ma tran
thé [K’] bang (Kym +A) va thay s6 hang tai hang m trong ma tran {F’} 1a f_

bang (K, +A)a.
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Vi du 2.4: Thiét 1ap ma tran d6 cang tong thé [K’] va vecto tai trong nut
{F*} ctia toan hé két cAu nhu hinh 2.5 (c6 xét t6i diéu kién bién).

5 (1L23) (4,5) C

AL A | (0,00
y

Hinh 2.5 Hinh vi du 2.4

Loi giai
Hé duoc danh sb phan tir va sé ma chuyén vi tong thé cua két cau nhu

hinh 2.5.

Bang s6 ma khi xét toi diéu kién bién:

Phén tir M3 cuc bod
1 2 3 4 5 6

SO ma toan thé

TT | Loai o

— 90 0 0 0 1 2 3
—d 0 1 2 3
b— -30 4 5 0 6

Ma tran d¢ ctng [K'], va vecto tai trong niit {F'} cua timg phan ti trong

hé truc toa do chung:

CB1 2 3 4 5 6
1[x x x X X 10 x 0
2 X X X 0 X |0
K] :3 X X 0 {F = X |0
o4 a, a, azl|l told, |1
5| (dx) Qss A |2 dg |2
6 Ags |3 ds )3
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o 0 0 1 2 3 TT
CB 1 2 3 4 5
1 _bll blZ b13 bl4 b15 | 1
2 b22 b23 b24 b25 2
[K']2:3 by D Dy |3
4 (dx) b,, b, |4
S| bss |5
1 2 3 0O0TT
cCB1 2 3 4 5
1fc, ¢, X ¢, X|4
2 C,, X Cx XI5
[K'],=3 X x x|0
4 (dx) Cu X6
50 X |0
4 5 0 6 OTT

aa B~ W N -

-

— —
N

(P, =

X

o
o o O o1 b~

X

Can cir vao bang s6 ma, thu duoc ma tran do cang va vecto tai trong nut

tong thé (co xét ti dieu kién bién) nhu sau:

_(a44 + bll) (a45 + blZ) (a46 + b13)
(a55 + b22) (a56 + b23)
[K*]: (a66+b33)
(dx)
) 1 2 3

by, bys
b,, by
by, bys
(byy+cyy) (b45 +012)
(bss TCp )
4 5 6

Cos

(Cou+A)

{F*}:{(d4+el) (ds+e;) (dg+e;) (e,+f) (es+f,) (C44+A)a}T

Giai hé phuong trinh [K*}{S*}

phuong trinh thtr 6 thu dugc:

Ke101 + K202 + K303 + Kesda + Kesds + (Caat A)ds = (Caat A)a
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Chia ca 2 vé cho (Caat+ A), thu dugc:  ds=a

Cich 2: Theo cach thir 2 nay thi khi ddnh ma chuyén vi tong thé cho két cau
thi nhitng thanh phan nao chuyén vi bang khong hoic c¢6 chuyén vi cudng birc
ta danh ma 0, con cac thanh phén Chuyén Vi con lai ta danh ma theo thu tu tur
1 dén hét. Sau d6 ta 1ap ma tran do ctng va vécto tai trong tac dung nat cho
toan bd hé nhu bai toan khong c6 chuyén vi cudng buc. Lic nay ta coi chuyén
Vi cudng bic nhu 1a mot dang tai tai trong tac dung 1én két cau, vi vay khi
tinh vécto tai trong tac dung ntt 1én toan bo h¢ phai ké thém phén tai trong tac
dung nat do chuyén vi cudng bic gy ra. Vecto tai trong nat luc nay 1a do
chuyén vi cudng birc cac lién két tua, dugc tdng hop tir cac vecto tai trong nut
{P’»}e cia mdi phan tr co lien két twa chuyén vi cudng
buc: {P;} =[T]. {P,}.; trong d6:{P,}  nhan duoc bing phan luc lién két nat
do chuyén vi cudng btrc gdi tua voi dau nguoc lai.

2.1.1.6. Gidi h¢ phwong trinh cin bing
V6i bai toan tuyén tinh, viéc giai hé phuong trinh dai s6 1a khéng kho.

Két qua tim duoc 1a chuyén vi caa cac nat:

(=[] {F) (2.29)
2.1.1.7. Xdac dinh ngi luc
Tur két qua thu duoc, két hop véi cac diéu kién bién xac dinh dugc vecto
chuyén vi nat cua ting phan ti trong hé toa do dia phuong. T d6 xac dinh
duoc ndi luc trong phan tu.
Phuong phép phan tir ¢6 wu diém 1a viéc chia két cau ra thanh céc phan
tir Nho thi dé dang md ta dugc hinh dang phuc tap cia cong trinh, dac biét vi
cac phan tir nho nén mo ta trang thai chuyén vi cia phan tir chi can cac da
thire bac thap. Thong thuong ddi véi phan tar dim chiu udn thi ta thuong dung

da thirc bac 3 dé mo ta chuyén vi cia phan tu:
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y=a,+aXx +ax’ +ax’ (2.30)

Trong phuong trinh md ta chuyén vi ta thiy co bon thong sb can xéac
dinh. Dé thuan tién ta thay bén thong sb a,,a,,a,,a, bang cac chuyén vi va
gbc xoay tai cac nut cua phan tirv,,6,,v,,0,.Vi ham chuyén vi bac 3 nén ta
cac lyc tac dung trén phan tir ta phai quy vé nut ctia phan ti,
2.1.2. Cach x4y dwng ma tran dé cing caa phan tir chju udn

Xét phﬁn tir dAm co6 hai nat, mdi nat ¢ hai bac tu do 1a chuyén Vi va goc
xoay va dam c6 dién tich mit cit ngang 13 A; mé men quan tinh cta mat cit

ngang 1a I; mo dun dan hdi cua vat liéu E (hinh 2.6)

Hinh 2.6 Phan tir hai nat
Pé tinh toan duoc tong quat, chidu dai phan tir 1ay bang hai don vi, goc
toa do nam & gitra phén ta. Nhu vay, néu biét dugc cac bac ty do tai cac nat
phan tir 1a v,,0,,v,,0, thi chuyén vi tai diém bat ky trong phan ti tai toa do x
duoc xac dinh nhu sau:
v=N,v,+N,0,+N,v,+N,.0, (2.31)

Trong d6 : N,, N,, N,,N,: la cdc ham dang va duoc xac dinh nhu sau:

1

1 1
N :2(2—3x+x3); szz(l—x—x2+x3);

3

1 1
N :Z(2+3X_X3); N4:Z(—1—x+x2+x3).

Theo cong thic trén ta thay:
dv
=V,; =0,;v

x=-1 17 - Vi
dx|,..,

e = Vo 2 (2.32)
x=1
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Nhu vay, mdi phan ti c6 4 bac ty do X ={v,,0,,v,,0,} can xac dinh. Néu
biét duoc X thi ta ¢ biét dugc chuyén vi trong phan tir ciing nhu bién dang
uén va mé men theo cong thuc sau:

_div :_[dle d®N, d’N, d°N,
dx? dx*  dx* dx®*  dx’®

x= }{vl 6, v, 6,}';(2.33)

d°N, d°N, d°N, d°N,
dx* dx® dx’® dx’®

M:El.X:—El[ }{vl 6, v, 0, (2343)

Cong thirc trén 1a tinh todn cho phan tir co chiéu dai bang 2, néu phan tir

c6 chiéu dai 1a Ax thi bién dang uén va mé men dugce tinh nhu sau:

dv( 2 Y 2 YTdN, d?N, d*N, d°N .
= | = | == — L 2 3 Llhv, 6, v, 6.} (2.33b
t dxz(Ax) (Ax] {dx2 dx*  dx*  dx? }{ L 0w 0 )
2 jz{dle d*N, d°N, dN,

M:EI.X:—EI.[— . . . .
AX dx dx dx dx

}{vl 0, v, 6,  (234b)

Xét phén tir c6 cdc tai trong tap trung F={P,P Ml,MZ}T tac dung tai

111 2
cac nat cua phan ta. Theo phuong phap nguyén 1y cuc tri Gauss, lugng rang

budc ddi voi bai toan tinh viét cho phan tr nhu sau:
1 4
Z:%IM[X]dX—ZFiXi — min (2.35)
-1 i=1
Piéu kién diung cua (3.25) duoc viét lai nhu sau:
AX 7 4
62=7JM6[x]dx—ZFi6Xi =0 (2.36)
-1 i=1

hay:
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_jdle N, deNZ d'N, deNa d°N, deNA d*N, X'

o dx® dx? o dx® dx’ o dx® dx? L odx® dx?

LA™N, O°N, | FOPN, AN, . BN, N, . BOPNL AN, |[Wi| | P
(ljg €] [dx dx? o ,Jldx2 dx’? ,Jldx2 dx’ o deZ dx? o 0.1 | M, (2.37)
ax): 'Jﬂ%x jdzN N, gy [N N,y JEN N, W] P

dx* dx’ dx® dx’ 5 dx®dx? 5 dxtdx? 0, | M,
IdledZNA ) jd N, &N, | Jl-dst N, jd2N4 N,
,dxtdx? Ldx dx? S dxt dx? Lodxtodx’
[KI{X}=1{F} (2.38)

trong d(’):[K]: ma tran d6 cang caa phan tﬁ’;{F}: véc to tal trong tac dung

nat; { X} : véc to chuyén vi nit cua phan tur.

Tinh tich phan cac hé s trong [K] ta c6 thé tinh bing phuong phap

chinh xac (bang ham int(fx,a,b) c6 san trong matlab) hoic tinh bang phuong
phap tich phan sé cia Gauss va két qua do ciing cta phan tir chiu udn ngang

phang nhu sau:

" 12EI 6EIl 12El  6EIl |
AX? A A AXE
6El 4El 6El 2El

[K]: AX2 E _AX2 E (239)

12EI 6El  12El 6El

CAC A A AX
6El 2El 6El 4El

LAY AX A AX

Biét dugc ma tran do cing phan ta thi ta dé dang xdy dung duoc ma tran
d6 ctiing cua toan thanh.Néu thanh chi ¢6 mot phan tir thi ma tran caa phan tir
cling chinh 13 ma tran do cang cua thanh. Trong phan tir néu bac ty do nao
khong c6 thi trong ma tran d¢ cirng ctua phé‘ln tor do ta bo di hang va cot tuong
ung voi bac tu do do.

2.1.3. Cach xay dwng ma tran d cirng tong thé caa két cau

Pé trinh bay cach xay dung ma tran d6 cang téng thé caa két cau trong

phuong phéap phan tir hitu han, luan vin xin duoc trinh bay théng qua vi du
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giai bai toan dam chiu uén dudi tac dung cua tai trong tinh ci thé sau (con cac
bai toan khac thi cach xdy dung ma tran d6 cang tong thé ciing 1am tuong ty):
Vi du 2.5: Tinh toan két ciu dam P
chiu lyc nhu (hinh 2.7). Biét dam
c6 d6 cung EI=10°(kN.cm?) ”’g;%;;é’w(m)

L a | a L a L

khong d6i va P=10 (kN). Xac dinh Hinh 2.7 Hinh vi du 2.5
chuyén vi tai gitta dam.

1 3 4 5

ke

|
|
I
|
|
o | o |

2

| |
\ \
I I
\ \
\ \
| |
| a |

a=1(m)

|

\ | \ \ \
| S2 hiCu nét trong thanh |
| | | | |
0 1 2 3 |
| 1 9| 3 0
} | | | |
. <2 hiQi bEc to do chuyQnvbnét |
| | | | |
4 5 8 9|
|
|

—— ——
\

| 6 7 10 11
<2 hiCu bEc tt do géc xoay not
Hinh 2.8 Rdi rac héa thanh thanh céc phan tir
Chia thanh ra thanh n phan tir.Cac nut cua phan ta phai tring véi vi tri

dat luc tap trung, chiéu dai cac phén ttr c6 thé khac nhau. Mdi phan tir c6 4bac

tu do, nhu vay néu n, phén t roi rac thi téng cong c6 4n  bac ty do. Nhung
vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi ctia nat cudi phan tu
thir e bang chuyén vi cua nat dau phan tr the (e+1) nén s6 bac tu do cua
thanh s& nho hon 4n . Khi giai ta chi cAn dam bao diéu kién lién tuc cua

chuyén vi con diéu kién lién tuc vé goc xoay duge xét bang cach cach dua vao
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cac diéu kién rang budc. Vi dy dam trong (vi du 2.5) ta chia thanh 4 phan ta
(hinh 2.8)

Nhu vay, tong cong sé an 1a 11 an < 4x4=16 an. Goi ma tran n_, la ma

tran chuyén vi c6 kich thuéc n,,(n,,2) 1a ma tran co n, hang va 2 cot chua

cac an s6 1a chuyén vi tai nat cta cac phan tir (hinh 2.8)
n,@)=[0 1];n,2)=[1 2];n,B:)=[2 3];n,(4:)=[3 0]
o123 !
“112 30
Goi ma tran n, 1a ma tran chuyén vi c6 kich thuéc ne(n 2) 13 ma tran co

pt?

n,, hang va 2 cgt chua cac an s6 1a goc xoay tai nat cia cac phan ta (hinh 2.8)

n,(L:)=[4 5];n,(2:)=[6 7];n,(3:)=[8 9]; n,(4,:)=[10 11]

4 6 8 10|
M= {5 79 11}

Sau khi biét an sé thuc cia cac thanh ta c6 thé xay dung do cung tong
thé ciia thanh (co rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh do
lap trinh cia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi céc
phan ti lai dé duoc ma tran d6 cing caa toan thanh va c6 thé xem trong code

mo dun chuong trinh cua tac gia)

Néu bai toan c6 n_, an s6 chuyén vj va n o an s6 goc xoay thi ma tran do
cing cua thanh 1a K c6 kich thuéc (nxn), K(n,n)véin=(n,, +n, ). Nhu & vi

du 2.5,n =11. Bay gio xét dieu kién lién tuc vé goc xoay gitta cac phan ti.

Diéu kién lién tuc vé goc xoay giira cac phan tir dugc viét nhu sau:

% _ dyi+1
dx | ., dx

j:o (2.40)
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hay: oA, K%

A
nut2 dX

ﬂ =0 (2.41a)

dx
T T Y B (2.41b)
L dX nut2 dX nutl /|
T 1 (2.410)
L dX nut2 dX nutl /|

Trong d6 X, ciing 1a an sb ctia bai toan (co6 k an s6), do do6 téng sb an s6
ctia bai toan luc 1a (n+k) do d6 ma tran d6 cang cta phan tir lac ndy ciing phai
thém k dong va k c¢6t nhu vay kich thuéc cua ma tran d§ cang
1aK(n+k,n+k). Goi k, 1a géc xoay tai nut 2 cua phan tir truéc, k,la goc

xoay tai nut 1 caa phan tir sau thi ta ¢ cac hé sb trong ma tran d6 cung K:

k(n+i,kl):§;k(n+i,k2):—§ (i=1-K)  (2.42a)
k(kl,n+i):§; k(kz,n+i):—§ (i=1:k)  (2.42b)

Néu c6 hai phan tur thi c6 mot didu kién vé& goc xoay, co n, phan tir thi
co (ZH'Dt —1) diéu kién lién tuc vé gboc xoay giita cac phan tir. Nhu vay cudi

cung ta s& thiét 1ap dugc phuong trinh:

[KJ{X}=1F}

F X, |
: tSo—hang=n :
F X | .
trong do: {F} = ; {X} =" [laan so ciia bai toan
0 A,
: rS0—hang =k :
- 0 - _A‘k_
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Trong vi dyu 2.5 khi chia thanh ra thanh 4 phan tir. Két qua ma tran d6 ctng

cua thanh:
(24 -12 0 -12 -12 1.2 1.2 0 0 0 0 0 0
-12 24 -12 0 0 -12 12 12 1.2 0 0 0 0 0
0 -12 24 0 0 0 0 -12 -12 12 12 0 0 0
-12 0 0 16 08 0 0 0 0 0 0 0 0 0
-12 0 0 08 16 0 0 0 0 0 0 210° 0 0
12 -12 0 0 0 1.6 0.8 0 0 0 0 -210° 0 0
[K]-10° 12 -12 0 0 0 0.8 1.6 0 0 0 0 0 2.10° 0
0 12 -12 0 0 0 0 1.6 0.8 0 0 0 -2.10° 0
0 12 -12 0 0 0 0 0.8 1.6 0 0 0 0 2.10°
0 0 12 0 0 0 0 0 0 16 08 0 0 -2.10°
0 0 12 0 0 0 0 0 0 08 16 0 0 0
0 0 0 0 210° -210° O 0 0 0 0 0 0 0
0 0 0 0 0 0 210° -210° 0 0 0 0 0 0
| 0 0 0 0 0 0 0 0 210° -210° 0 0 0 0

Két qua chuyén vi, goc xoay tai cac nat:
|:W2;W3;W4; } B {0.09166667(cm);0.13333333(cm);0.09166667(cm);}
O P, P55 Py s Py 0.05(rad);0.0375(rad);0;—0.0375(rad);—0.05(rad)
Ta thay két qua trén so véi két qua giai chinh xac theo phuong phép giai
tich rat ding vi du nhu chuyén vi tai nut 3 tinh theo phuong phap giai tich:

3
w. = _013333333(cm)
48E|

3
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CHUONG 3.
TINH TOAN KHUNG PHANG CHIU UON
THEO PHUONG PHAP PHAN TU HUU HAN

3.1. Phuong phap phan tir hiru han tinh toan khung phang chju udn
Phuong phap phan tir hitu han chia coéng trinh thanh nhitng phan nho
duoc goi 12 cac phan tu, tinh toan coéng trinh duoc dan vé tinh toan nhiing
phan tir nho sau d6 két ndi cac phan tir d6 lai véi nhau ta lai duoc 1oi giai cua
mot cong trinh hoan chinh. Tuong ty, phuong phap sai phan hitu han cling
chia cong trinh thanh nhitng doan nho va trang thai chuyén vi...dugce xac dinh
tai mdi diém sai phan. Su khéac nhau giira hai phuong phap nam & chd déi voi
sai phan hitu han trang thai chuyén vi cua cac diém thudc doan nam gita hai
nat thudng duoc tinh theo phuong phap ndi suy tuyén tinh con phuong phap
phan tir hiru han cac trang thai chuyén vi giira hai diém duoc xac dinh bing
cac ham dang da cho. Uu diém chu yéu ctua phuong phap phan tir hitu han 1a
nhd chia cong trinh thanh cac doan nho thi dé dang mo ta duoc cac hinh dang
phtc tap cta cong trinh, dac biét 1a vi cac doan nho cho nén mo ta trang thai
chuyén vi bang céc da thirc bac thap. Vi du néu chon ham xap xi 1a da thuc thi
phai chon da thirc bac 9 dé mo ta dudng dd vong ctia ddm nhung khi ding
phan tir hitu han thi ta ¢6 thé dung cac da thirc bac thap 2, 3 hoidc 4 dé mé ta
chuyén vi ctia mdi phan tir. S¢ di nhu vy 1a do trang thai @ng suat trong mdi
phan tir nho thi khac nhau rat it. Thong thuong dbi véi phan tir dam chiu udn
thi dung da thtc bac 3 dé mé ta chuyén vi.
y=ag+ aX + ax?+ asx®

Ta thiy co 4 thong sd can xac dinh. Tuy nhién dé tién dung ta thay 4
thong sb ao, a1, a2, as bang chuyén vi, goc xoay cua phan tir hai nut nhu hinh 3.2.

Do dung ham bac 3 cho nén cac luc tac dung I1én phan tir déu phai quy

vé nut ké ca lyc quan tinh trong bai toan dong.
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Ma tran d9 cirng phan tir

— s
. , W;01 W20,

thuong dung da thirc bac ba dé tinh chuyén vi ' |

U
cua nd, do dé co6 bon thong s6 can xac dinh. @

C6 thé chon phan tr hai nut, moi nut ¢ hai Hinh 3.1. Phin tir hai niit

D61 véi phan tir chiu uén nhu dam

thong s6 1a chuyén vi W va goc xoay O tai
nut do, hinh 3.1.

Pé tinh toan dugc tong quat, chiéu dai phan tir ldy bang hai don vi
(phan tir dang thong s6), gbc toa do dit & gitra. Nhu vay, néu biét dugc cac
thong s6 Wi, 81, Wa, 02 thi chuyén vi mdi diém nam trong phan tir xac dinh
theo da thirc bac ba sau day.

W(X) = fiW1 + 201+ faW, + 1,02 (3.1)
trong do: fi= 1/4(x—1)%(x+2); f.=1/4(x-1)(x+1);
f3=1/4(x+1)4(—x+2); fa=1/4(x+1)*(x-1);
Tir cac cong thire trén ta thdy chuyén vi caa nit 1 (c6 toa d6 x = —1) bang Wi,
chuyén vi tai nat 2 (c6 toa do x=1) bang Wa. Lay dao ham W(x) theo x va ta lai
co goc xoay tai nut 1 (x =—1) 1a 01, goc xoay tai nit 2 (x = 1) 1a 0>.

Nhu viy, mdi phan tir c6 hai chuyén vi nat W1, W2 hai goc xoay 01, 02,

tong cong ¢ sau thong so (4 4n) can xac dinh.

Goi A 1a véc to cdt chtra bdn 4n cua phén tr theo thur tu sau.

A= [Wl, 01, Wo, 92] (3.2)
thi c¢6 thé viét lai biéu thirc (3.1) dudi dang ma tran nhu sau.
W=[fi 2 f3 f4]X; (3.3)

Sau khi d3 biét cac ham chuyén vi thi dé dang tinh duoc bién dang udn

¥, N0 luc mémen udn M, cua phan ta nhu sau:

tx = [- S5 A7 (3:3)
M, =EJy, (3.4)
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Trong cac cong thirc trén f = zf Ax 18 hé s6 dua chiéu dai hai don vi

cta phan tir vé chiéu dai thuc Ax cia no.

Biét dugc ham do vong cta phan tir thi d& dang tinh dugc ma tran do
cting phan tir. Theo phuong phéap nguyén 1y cuc tri Gauss ta viét luong cudng
birc d6i v6i bai toan tinh nhu sau:

7= _,f_ll M, [x,]dx = min (3.5)
Trong d6 ¥, 1a cac biéu thuc chira cac an X(i) cho nén diéu kién ding cua

(3.5) duoc viét lai nhu sau:

82 = [ M,8[x]dx=0
hay =§(f M, [%]d )=0 (3.6)

hé sb 1/ﬁ =AX/, 13 he s6 dé dua tich phan tir (1) dén (1) Vé tich phan

theo chiéu dai phan tr. C6 bdn an ta c6 duoc bén phuong trinh va c¢6 dang
nhu sau:
[KleA=F (3.7)
trong do: F - véc to tai trong.
Céc tich phén trong (3.6) c6 thé tinh chinh x4c hodc ¢6 thé tinh theo cac
tich phan gan dung (tich phan sd) cua Gauss. Sau khi tinh (3.6), nhan dugc
ma tran d6 cang phan tir [K].(4x4) nhu sau:

768 -768 96 96
-768 768 -96 -96
96 -96 16 8
96 -96 8 16

K] =
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Ma tran [K]e goi 1a ma tran d6 climg phan tir, dx 12 46 dai mot phan ti.
Bé&i vi ham d§ vong cua phén tur 1a da thic bac ba nén cac luc tac dung cling
nhu lyc quén tinh ctia céc phan tir déu phai phan bd vé nut cta no.

Néu nhu tai nat (1) ¢6 luc tic dung P thi vé phai F(1)=P...

Biét dugc ma tran do cung phﬁn ttr thi dé dang xay dung duoc ma tran
d6 cung cua toan dam. Gia sir ddm chi c6 mdt phan tir thi ma tran [K]e chinh
13 ma tran d6 cimg tong thé ctia dAm. Gia sir chuyén vi tai nat (1) bang khong
thi ta bé dong 1, cot 1 cia ma tran [K]e.

Cht y ngoai cac an chuyén vi, goc xoay ctia dim con phai xét thém céc an
1 céac thira s6 Lagrange A ctia cac diéu kién lién két ¢ hai dau dam.

Ngoai ra con can dua thém céc diéu kién lién tuc vé goc xoay tai diém
tiép gidp gitra hai phan tt.

Khi biét duoc tt ca cac an chuyén vi, goc xoay, cac diéu kién lién tuc
gilra cac phén tir, cac diéu kién bién tai hai dau dam, ta sé& thanh lap duoc ma
tran do cing téng thé cua dam 1a [K], tur dau bai biét duoc véc to tai trong nut
ciia dam, ta tién hanh giai phwong trinh [K]A=F ta nhan dugc véc to A 13 véc
to chuyén vi tai cac nit dim, sau khi c6 duoc X ta xac dinh duoc ndi luc
trong dam, khung.

Pé lam rd tinh uu viét ciia phuong phap phan tir hitu han d6i véi bai
toan khung ta lam mot s6 vi du cu thé sau day.

3.2. Cac vi du tinh toan khung

Vidu 3.1. Khung siéu tinh bdc 3, hinh 3.2.

Xéc dinh noi luc va chuyén vi lP e
cta khung chiu lyc nhu hinh 3.2, d6 | T
ctrng udn EJ=const. .

ROi rac hoa két cdu dam ra ~
thanh npt phan tir. C4c nat ciia phan
tor phai trung véi vi tri dat luc tap N
trung, hay vi tri thay dbi tiét dién, vz g v )

chiéu dai cic phan tir co thé khac Hinh 3.2. Khung siéu tinh bac 2
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Hinh 3.3. So dé roi rac két cdu
Moi phan tir c6 4 an wy,w,, 8;, 6, vay néu ny: phan ti roi rac thi tong cong

¢ 4xnpt 4n.

Nhung vi can dam bao lién tuc giita cac chuyén vi 1a chuyén vi cia nat
cudi phan tir thu e bang chuyén vi cia nit dau phan tir thr (e+1) nén so an
cua thanh s& nhoé hon 4xng.. Khi giai ta chi can ¢am bao diéu kién lién tuc
cta chuyén vi con diéu kién lién tuc vé gbc xoay duge xét bing cach dua vao
cac diéu kién rang budc. Vi du dam trong (vi du 3.1, hinh 3.3) ta chia thanh 4
phan tir (hinh 3.3).

Khi chia cot thanh 4 phan tir thi s6 nat dam s& 1a 5, tha ty tir trai sang
phai 14 [1, 2, 3, 4, 5] (hinh 3.3b1), s6 an chuyén vi nw=4, thi tu tir trai sang
phai 1a [1, 2, 3, 4] (hinh 3.1c1), & ddy an chuyén vi tai chan cot bang khong,
an goc xoay nwx==8, thir tu tur trai sang phai la [5, 6, 7, 8, 9, 10, 11, 12] (hinh
3.3d1).

Khi chia dam thanh 4 phan tir thi s6 nat dam s& 1a 5, thi tu tir trai sang
phai 1a [1, 2, 3, 4, 5] (hinh 3.3b2), s6 4n chuyén vi nw=3, thi tu tir trdi sang
phai 1a [13, 14, 15] (hinh 3.3c2), & day an chuyén vi tai hai dau dam bang
khong, an goc xoay Nwx=8, thur tu tir trai sang phai la [16, 17, 18, 19, 20, 21,
22, 23] (hinh 3.3d2).
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Nhu vay, tong cong s an 1a 23 an < 2x4x4=32 an. Goi ma tran nw 1a ma
tran chuyén vi c6 kich thudc nw(np, 2) 13 ma tran c6 Ny hang va 2 cot chua
cac an s6 1a chuyén vi tai nat cta cac phan tir (hinh 3.3).

Cic phan tir cot:

nwi(1:)=[0 1} nwi(2,:))=[1 2];nwi(3:)=[2 3} nwi(4,:)=[3 4]

nl=[0 1 1 2 2 3 3 4]

Goi ma tran nwx1 1a ma tran chuyén vi goc xoay c6 kich thudc nwx1(npt,
2) la ma tran c6 n, hang va 2 cot chira cac an sb 1a goc xoay tai nat cta cac
phan tir (hinh 3.3).

nwx1(1,:)=[5 6} nwx1(2,:)=[7 8];nwx1(3,:)=[9 10} nwx1(4,:)=[11 12]

nwl=[5 6 7 8 9 10 11 12]
Cic phan tir dam:
nw2(1:)=[0 13} nw2(2,:)=[13 14];nw2(3;:))=[14 15} nw2(4,:)=[15 0]
m2=[0 13 13 14 14 15 15 O
Goi ma tran nwx2 1a ma tran chuyén vi goc xoay c6 kich thudc nwx2(npt,

2) la ma tran c¢6 n  hang va 2 cgt chira cac an so 1a goc xoay tai nit cua cac

phan tir (hinh 3.3).
nwx2(1,:) =[16 17} nwx2(2,:)=[18 19];nwx2(3,:)=[20 21} nwx2(4,:)=[22 23]
nwx2=[16 17 18 19 20 21 22 23]

Sau khi biét an sé thuc caa dam va cot ta co thé xay dung do ciing tong
thé caa khung.

Néu bai toan c6 nwl, nw2 an sé chuyén vi thang cua dam va cot va
nwx1, nWx2 4n sb goc xoay cua dam va cot thi ma tran 6 cang cta dam la
K ¢6 kich thugc (nxn), K(n,n)vési n=(nwl+nwxl+nw2+nwx2). Nhu ¢ vi du
3.1, n=23. Bay gid xét diéu Kién lién tuc Vé goc xoay giita cac phan tu.

Picu kién lién tuc vé géc xoay giira cac phan tir dwoc viét nhw sau:

% . dyl +1 =0 (a)
dx nut2 dx nutl

Pdi voi cot trai, ta co:
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_dy,
nut2 dX

dy
SA | 221
ﬂ{ dx

:| ) 0
nutl

5/12_dy12| _ dyl3 | :O
L dX nut2 dX nutl _J
Cdy dy|
oAl =2 = (=0
ﬂa_ dX nut2 dX nutl _|
Pdi voi dam ngang, ta c6:
5&4 _dy21 _ dy22 | — 0

i dx |, dx

nutl _|

| dy dy
S 22 _ Y3 -0
25 L dX nut2 dX

nutl_|

dy dy
S 23 _UYo ~0
/16 L dX nut2 dX

nutl _J

(b)

©)

Goi k, 1a goc xoay tai nut 2 cta phan tir truéc, k,1a goc xoay tai nut 1

cua phén tir sau thi ta c6 cac hé sb trong ma tran do ctng K:

k(n+i,kl):A_2X; k(n+i,k2):_A_2X (i=1+K)

k(kl,n+i):A_2X; k(kz,n+i):_A_2x (i=1+K)

(d)

(€)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, co n, phan tir thi

cod (2npt —1) diéu kién lién tuc vé goc xoay giita cac phan t.
Piéu kién bién dwoc viét nhw sau:

- Tai dau ngam chan ct c6 goc xoay bang khong:

Sh, dy, ~0
nutl phantul

dx
(f)

- Tai dau ngam bén phai dim ngang c6 goc xoay bang khong:
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dy
o )2
ﬂ’{ dx

=0
nut2 phantuthunpt
(9)

Piéu kién géc xoay tai nut giao giira cot va dam dwoc viét nhw sau:
Goc xoay tai nut cudi cua phan tir dau cot bang goc xoay tai nut dau cua
phan tir dau tién cua dam

dy d’y
53| W -0, “0 (h)
( dX nut2 phantunpt dX nutl phantulJ
Picu kién chuyén vi ngang tai dau cét bang khong:
5&10 (y1|nut2 phantu npt): 0 (I)

Trong d6 (k=1+10) ciing 1 an sé caa bai toan (co k an s6 L), do do
téng sé an sé caa bai toan lac d6 1a (n+k), do d6 ma tran d6 cing cua phan ti
luc nay cling phai thém k dong va k c¢ot nhu vay kich thuéc caa ma tran do
cing la K(n +Kk,n+ k). Chang han trong vi du nay, ta ¢6 n=23, k=10 va tong
s6 an cua bai toan 1a n+k=23+10=33 an. Trong truong hop niy ta xac dinh
duoc kich thudc cua ma tran do cang tong thé 1a: K[33x33].

Nhw vy cudi ciing ta sé thiét 1ap dwec phwong trinh:

[Kla}={F} ()

]

F S
so—hang=n :

F, Onl .. 2 _
trong do: {F} = 0 {A}= i la an s6 cua bai toan

: rS0—hang =k A
0 | :

Ay

Trong vi du 3.1 khi chia thanh ra thanh 4 phan ti, ta co:
- Ma tran dd cieng phan tir [Ke], nhwr sau:
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788 788 06 08

K.] = —768 768 Q& 98
=7 98 —96 16 8

i —96 8 16

- Ma tran dé cirng toan dam [K]:

Ghép ndi cic ma tran do cang phﬁn tir [Ke] vao hé toa do chung, ta
duoc ma tran do cing tong thé cua toan két cau [K(33x33)], ¢ diy khong
trinh bay vi kich thudc ma tran qua lon.

- Véce to lwe nat{F}: Trong vi du nay Ia véc to 1 cot 32 dong, nhu sau:

[ 0.2500

0.2500

0.2500

0.1250
o

[F]=<

O0O0O0O00O0O0O0ODO0OO0ODO0OO0OODOODOOODOODOOOOOODO

U J

Giai phuong trinh (e) ta nhan duogc:

{aj=[<T"{F}
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Theo ngdn ngit lap trinh Matlab ta c6 thé viét:

aj=[KF)

K&t qua chuyén vi, géc xoay tai cac nit caa khung:

(2%

W, ?1y

" .
W14 q I 4 (014 q I 3
{\N}: Wi, Xgr{(p}: Ployx 1
W @ EJ

22 o

W, gpzz

W,, #

N

@5

Momen udn caa dam:

=
[N

-
N

-
w

=
~

-
[&;]

x gl?

N
N

N
w

N
S

S <KX

N
o

Dudi day lan 1a duong do vong va biéu d6 mémen udn caa cot va dam

(truong hop chia dam thanh 16 phan tu

54



16

T
X 15

Y: 0.0001453
14
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Hinh 3.2a. Duong d"é véng ctia

cot
E.\ .
%2 SN
> ~ 5
\\ o
\\8
H o
25
&
=21
R
/// )
q |
5 ~
2 5 //
S Z 88 3 § ° § 3
N o d d d d d
o o o o o o o

Hinh 3.2a. Biéu dé mémen cia cot
Nhén xét ket qua trén:

| R /
N/

-6 r

N /

-3
x 10

\
X 8
\ Y:-0.005864
- [

0 2 4 6 8 10 12 14 16

Hinh 3.2a. Puong dé vong ciia dam

X 16
Y:0.1355 ¢
]

AN /

N/

[ ]
-0.15 X8
Y:-0.1302
|
0.2 t
0 2 4 6 8 10 12 14 16

Hinh 3.2a. Bieu do momen cua dam

Khi chia cot va dam thanh 16 phan ta nhan duoc két qua nhu trén, so
sanh v&i két qua theo 101 giai giai tich dd c6 ta nhan duoc sai s6 theo bang

Sau:
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BANG SO SANH MOMEN UON TAI CAC TIET DIEN CQT VA DAM

Cac tiét dién cia | Lo giai so theo | Loi giai giai tich Sai 56 %
cot 1 va dam 2 phuwong phap
PTHH

Chén cot -0,0725 -0,0938 22,7

Gifta cot 0,0367 0,0443 17,15

Dau cot -1,0400 -1,0420 0,19

Pau trai dam -0,1040 -1,0420 0,19

Gitra dam 0,1302 0,1300 0,15

Pau phai dam -0,1355 -0,1354 0,07

Ta thay sai s tang 1én so v6i két qua chinh xéc tai tat ca cac tiét dién,
sai s6 nho nhat tai tiét dién dau ngam bén phai dam (0,07%), sai s6 Ion nhat
tai chan cot (22,7%) va giira cot (17,5%). Mudn ting d6 chinh x4c ta can roi
rac hoa dam va cot thanh nhiéu phan tir hon. Chang han trong vi du nay ta roi
rac hoa két cau dam va cot thanh 32 phan tir ta dd nhan duoc két qua tring
khép vai 1o giai chinh xéac.

Vidu 3.2b: Khung siéu tinh bdc 2, hinh 3.4.

Xac dinh ndi luc va 1

LI AL LI LL
chuyén vi ciia khung chiu luc I S
nhu hinh 2, do cung udn N
EJ=const. - -
R&i rac hoa két ciu S
dim ra thanh nyt phan tir. Céc e e
nat ctua phan tr phai tring "I' l "I'

Hinh 3.4. Khung siéu tinh bdc 3
voi vi tri dat lyc tap trung,

hay vi tri thay dbi tiét dién,
chiéu dai cac phan tir co thé

khac nhau.
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Hinh 3.5. So do roi rac két cdu

M3i phan tir ¢ 4 4n wy, w5, 6;, &, vay néu nye phan tr roi rac thi tong cong

cO 4xNpt an.

Nhung vi can dam bao lién tuc giita cac chuyén vi 1a chuyén vi cua nat
cudi phan tir thir e bang chuyén vi cua nit dau phan tir thir (e+1) nén so an
cua thanh s& nho hon 4xng.. Khi giai ta chi can dam bao diéu Kién lién tuc
ctia chuyén vi con diéu kién lién tuc vé gbc xoay duge xét bing cach dua vao
cac diéu kién rang budc. Vi du dam trong (vi du 3.1b, hinh 3.4) ta chia thanh
4 phan tir (hinh 3.5).

Khi chia cot bén trai va cot bén phai cua khung thanh 4 phan tu thi:

- S6 nat mdi cot s& 1a 5, thit tu tor dudi 1én trén 1a [1, 2, 3, 4, 5] (hinh 3.5b1,
b3).

- S6 an chuyén vi cua cot bén trai khung nwl=4, tht tu tir dudi 1én trén 1a [1,
2,3, 4] (hinh 3.5¢1). S6 4n chuyén vi cia dam ngang 1a nw2=3, thu ty tir dudi
lén trén 1a [13, 14, 15] (hinh 3.5¢3). S6 an chuyén vij cua cot bén phai khung
nw3=4, tht tu tr dudi 1én trén 1a [24, 25, 26, 27] (hinh 3.5¢3).

- An chuyén vj tai chan cot trai va phai bang khong.

- An goc xoay cua cot trai la nwx1=8, thur tu tur trai sang phai la [5, 6, 7, 8, 9,
10, 11, 12] (hinh 3.5d1). An goc xoay ctia dam ngang la nwx2=8, thi ty tir
trai sang phai 1a [16, 17, 18, 19, 20, 21, 22, 23] (hinh 3.5d2). An goc xoay cua
cot phai 1a nwx3=8, thir tu tir dudi 1én trén 1a [28, 29, 30, 31, 32, 33, 34, 35]
(hinh 3.5d3).
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Nhu vay, tong cong s an 1a 35 an < 3x4x4=48 an. Goi ma tran nw 1a ma
tran chuyén vi c6 kich thudc nw(ng, 2) 13 ma tran c6 np hang va 2 cot chua
cac an s6 1a chuyén vi tai nat cta cac phan tir (hinh 3.5).

Cic phan tir cot bén trai:

nwi(1:)=[0 1} nwi(2,:))=[1 2];nwi(3:)=[2 3} nwi(4,:)=[3 4]

nl=[0 1 1 2 2 3 3 4]

Goi ma tran nwx1 1a ma tran chuyén vi goc xoay c¢o kich thuac nwx1(npt,
2) la ma tran c6 n, hang va 2 cot chira cac an sb 1a goc xoay tai nat cta cac
phan tt (hinh 3.5¢1).

nwx1(1,:)=[5 6} nwx1(2,:)=[7 8];nwx1(3,:)=[9 10} nwx1(4,:)=[11 12]

nwl=[5 6 7 8 9 10 11 12]
Cic phan tir dam:
nw2(1:)=[0 13} nw2(2,:)=[13 14];nw2(3;:))=[14 15} nw2(4,:)=[15 0]
m2=[0 13 13 14 14 15 15 O
Goi ma tran nwx2 1a ma tran chuyén vi goc xoay c¢o kich thuac nwx2(npt,

2) la ma tran c¢6 n  hang va 2 cgt chira cac an so 1a goc xoay tai nit cua cac

phan tir (hinh 3.5).

nwx2(1,:) =[16 17} nwx2(2,:)=[18 19];nwx2(3,:)=[20 21} nwx2(4,:)=[22 23]
nwx2=[16 17 18 19 20 21 22 23]

Cic phan tir cot bén phai:
nw3(1,:)=[0 24} nw3(2,:)=[24 25];nw3(3,:)=[25 26} nw3(4,:)=[26 27]

nw3=[0 24 24 25 25 26 26 27|

Goi ma tran nwx3 1a ma tran chuyén vi goc xoay c6 kich thudc nwx3(npt,

2) la ma trn c6 n_ hang va 2 ¢gt chira cac an so 1a goc xoay tai nut cta cac

phan tir (hinh 3.5¢3).
nwx3(1,:) =[28 29] nwx3(2,:)=[30 31]; nwx3(3,:)=[32 33] nwx3(4,:)=[34 35]

nwx3=[28 29 30 31 32 33 34 35
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Sau khi biét an sé thyc caa dam va cot ta co thé xay dung do cing tong
thé ctia khung (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh do
lap trinh cia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép ndi céc
phan tir lai dé duoc ma tran d6 cing cua toan dam va co thé xem trong code
mo dun chuong trinh ctia tac gia)

Néu bai toan c¢6 nwl, nw2, nw3 an sb chuyén vi thang cua dam va cot va
nwxl, nwx2, nwx3 4n sb goc xoay cua dam va cot thi ma tran do cing cua
dim la K c6  kich  thusc  (nxn), K(n,n)voi
n=(nwl+nwxl+nw2+nwx2+nw3+nwx3). Nhu ¢ vi du 3.2b, n=35. Bay gio
xét diéu kién lién tuc vé goc xoay gitta cac phan tu.

Picu kién lién tuc vé géc xoay giira cac phan tir dwoc viét nhuw sau:

% _ dyi +1 =0 (a)
dx nut2 dx nutl
Poi voi cot trai, ta co:
dy dy
SA| =R -2 =0
ﬂl|: dX nut2 dX nutl:|
dy,,| dy,.| |
5 12 _ 13 — O b
ﬂz_ dX |nut2 dX nutl ( )
_dy dy _
S 13 _ Y1a -0
ﬂg_ dX nut2 dX nutl _J

Pdi véi dam ngang, ta cé:

5&4 _dyZl _ dy22 — O

L dX nut2 dX nutl _|
dy dy,,| |
5 22 _ 23 — 0 C
/15_ dX nut2 dX nutl _J ( )

| dy dy
E) 23 _ o -0
16_ dX nut2 dX

nutl _|

Péi véi cot phai, ta co:
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5&_% L) 72 B T

L dX nut2 dX nutl _|

_dy dy -
S 12 _ YJ13 =0 d
ﬂﬁ dX nut2 dX nutl _J ( )

dy dy
S 13 _ Y —0
/19_ dx |, dx

nutl _|

Goi k, 1a goc xoay tai nut 2 cta phan tir truéc, k,1a goc xoay tai nut 1

ctia phan ta sau thi ta c6 cac hé sé trong ma tran d6 ctiing K:

k(n+i,kl):§; k(n+i,k2):—§ (i=1-k) ©
k(kl,n+i):A—2X; k(kz,n+i):-A_2X (i=1+K) M

Néu c6 hai phan ti thi c6 mét diéu kién vé goc xoay, cé n , phan tu thi
co (2npt —1) diéu kién lién tuc vé goc xoay giira cac phan ti.

Piéu kién bién dwoc viét nhw sau:

- Tai dau ngam chan c¢dt trai va phai c6 goc xoay bang khong:

dy.
S| — 0 ()
’ dX nutlphantulJ

dy
oA :
' dX nutl phantulJ

Picu kién hai goc xoay tai niit cirng giao giira cot 3 va dam 2 dwoc

0 (9)

viét nhw sau:
Goc xoay tai nut cudi cua phan tir dau cot phai bang goc xoay tai nat
cudi cua phan tir cudi cung ciia dam

dy dy
Sa | 2z _Hs
ﬂ“( dx dx

]:o (h)

Momen tai ntit cudi cua phan tir dau cot trai 1 va momen tai nat dau caa phan

nut2

tr dau tién ciia dam 2 bang khong
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_ady,

d
5&3(l dx

dx

j:o (i)

Piéu kién chuyén vi ngang tai diu cot trai va phai bing nhau:
6714 (y1|nut2 - y3|nut2): 0 (k)
Trong d6 (k=1+14) ciing 1a an sé caa bai toan (co k an s6 L), do do6

nut2

téng s6 an s cua bai toan luc d6 1a (n+k), do d6 ma tran d6 cing cua phan ti
luc nay cling phai thém k dong va k c¢ot nhu vay kich thudc caa ma tran do
cimg 1a K(n+k,n+k). Chang han trong vi du nay, ta c6 n=35, k=14 va tong
s6 4n cua bai toan la n+k=35+14=49 an. Trong truong hop nay ta xac dinh
duoc kich thudc cua ma tran do cang tong thé 1a: K[49x49].

Nhw vy cudi cling ta sé thiét 1ap dwoc phwong trinh:

[KKa}={F} (€)

0y

e _ 5
so—hang=n :

F 0, s
trong do: {F} = On L {A}= ﬂ: la an so cua bai toan

: $S0 —hang =k A
0 E

L i "

Trong vi du 3.4 khi chia thanh ra thanh 4 phan ti, ta co:
- Ma tran dé cirng phan tir [Ke], nhw sau:
768 —768 96 06
_|-768 768 -96 —96

KJ=1T06 Zo6 16 8
9 -96 8 16

- Ma tran dé cirng toan dam [K]:

Ghép nbdi cac ma tran d6 cing phan tir [Ke] vao hé toa do chung, ta
duoc ma tran do cing tong thé cia toan két cau [K(49x49)], ¢ diy khong
trinh bay vi kich thudc ma tran qua lon.
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- Vée to lwe nat{F}: Trong vi du nay la véc to 1 cOt 49 dong, nhu sau:

0
1.0000

O O O O O O o o o

o

0.2500
0.2500
0.2500

(@)

O O O O O O O O O O OO 0O O o o o o o o o o
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Giai phuong trinh (e) ta nhan duoc:

{aj=[<T{F}

Theo ngdn ngi lap trinh Matlab ta c6 thé viét:

=K

Két qua chuyén vi, géc xoay tai cac nut:

21

%P

P13

P14

P15

P

P22

{(Z)}: Pa3 X PI*

P24

W s

Wg P35

Wy P34

Wig P33

Wa, P32

{W}: W x PI7; Pay
W,,
W,
Wi,
W,

=2

35

Mémen udn caa dam:
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Duéi day 1an 1a dudng d6 vong va biéu dd moomen uén cua cot va dam

3.8a. Puong do vong

cua cot trai

-0.005 \\
-0.01 \
\ X8
Y:-0.01564
-0.015 .\
-0.02 ] a
X 16
Y:-0.02088
|
-0.025 ,
0 2 4 6 8 10 12 14 16 Hinh
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0

-1

-2

-6
0

x 10

—

\ /

\ /

A4

\\/T; 3
| Y:-0.005178
2 4 6 8 10 12 14
Hinh 3.8b. Puong do vong
cua dam
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X0

0.3
[ Y:0.2501

0.2tm

0.2

0.15

0.1

0.05 \\

0

-0.05

x8 —

Y:-0.1249

v

-0.1

T
‘r
10

-0.15

0 2 4 6 8
Hinh 3.9a. Biéu do momen cua cot

trai

12 14 16

0

\\
N\

-0.005

.,

-0.01

-0.015

-0.02
0.0 -

X 16
Y:-0.02088
I

-0.025

t
0 2 4 6 8 10 12 14 16

Hinh 3.6¢. Puong do vong
cua cot phai
Nhén xét két qua trén:

-0.05

-0.15

0.15 X 16 I
Y:0.1248
| |
0.1 //
0.05 /
0
N /
-0.05 N -
e X8
Y:-0.06258
-0.1 t
0 2 4 6 8 10 12 14 16

Hinh 3.9b. Biéu do momen cua dam

0.15¢ :
" 1
0.1

X0
Y:0.125

N

0.05

0

.
~

X 16
Y:-0.1248
I

|
|
L

14

-0.1

-0.2

0 2 4 6 8

Hinh 3.9¢. Biéu d6 mémen
cua cot phai

10 12 16

Khi chia cot va dam thanh 16 phén ta nhan duoc két qua nhu trén, so sanh véi

két qua chinh xéac theo 1oi giai giai tich ta nhan duoc sai s6 theo bang sau:
BANG SO SANH MOMEN UON TAI CAC TIET DIEN COT VA DAM

Cac tiét dién ciia | Lo giai sotheo | Lai giai chinh Sai s6 %
cot 1,3 va dam 2 phuong phap xac
PTHH
Chan cot 1 -0,2501 -0,2500 0,04
Giita cot 1 0,1249 0,1250 0,08
Gifra dam 2 0,0625 0,0625 0
Pau phai dam 2 -0,1248 -0,1250 0,16
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Pau cot 3

-0,1248

-0,1250

0,16

Chan c6t 3

0,1250

0,1250

Ta thay két qua nhan duoc gan nhu tring khép véi 101 giai chinh xac.
Vidu 3.3: Khung siéu tinh bdc 6, hinh 3.10.

Xac dinh noi1 luc va chuyén vi cua khung chiu lyc nhu hinh 3.10, do

cung uon EJ=const.

o

Il

Hinh 3.10. Khung siéu tinh bdc 6

Roi rac hoa két cau dim ra thanh npe phan tir. Cac nut ciia phan tir phai tring

v6i vi tri dat lyc tap trung, hay vi tri thay d6i tiét dién, chiéu dai cac phan tu

c6 thé khac nhau.
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Hinh 3.11. So do roi rac ket cau
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M3i phan tir ¢6 4 4n wy, w5, 8;, & vay néu nye phan tir rai rac thi tong cong

¢ 4xNpt AN,
Khi chia mdi thanh cua khung thanh 4 phan tir thi: ta c6 cac an chuyén vi

nwi, géc xoay nmx; nhu sau:
nwi=[0 1 1 2 2 3 3 /4]
nwxl=[5 6 7 8 9 10 11 12]
nw2=[0 13 13 14 14 15 15 O]
nwx2=[16 17 18 19 20 21 22 23]
nw3=[0 24 24 25 25 26 26 27]
nwx3=[28 29 30 31 32 33 34 35]
nw4d=[0 36 36 37 37 38 38 O]
nwx4 =[39 40 41 42 43 44 45 46]
nwb=[0 47 47 48 48 49 49 50]
nwx5=[51 52 53 54 55 56 57 58]

Sau khi biét an sb thuc cua dam va cot ta co thé xay dung do cing tong
thé caa khung c6 kich thuéc K(nxn), & vi du nay 1a K(58X58).

Bay gid xét diéu Kién lién tuc vé goc xoay giita cac phan ta.

Piéu kién lién tuc vé géc xoay giira cac phan tir dwoc viét nhw sau:

54[%

_dy
dx

=0 i=5(npt-1) (@)
nutlphantu sau

nut2 phantutruoc
Trong bai toan nay ta chia thanh thanh 4 phan tir nén i=5(4-1)=15 diéu
kién lién tuc vé goc xoay giita cac phan ti
Piéu kién bién dwgc viét nhu sau:
- Tai dau ngam chan cot trai, cot gitra va cot phai phai c6 goc xoay bang
khong:

dy
o ~J1
ﬂls( ™

=0 (b)
nutl phantul
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dy
S| =22 =0 (c)
7( dX nutl phantul]
dy,
S| 2 =0 (d)
8( dX nutl phantul]

Piéu kién hai géc xoay tai nit cirng giao giira cot 3 va dam 2 dwoc
viét nhu sau:
Goc xoay tai nut cudi cua phan tir dau cot 1 phai bang goc xoay tai nit
dau cua phan tir 1 cua dam 2
R ©
nutl

d
%(i
Goc xoay tai nut cudi cia phan tar dau cot 5 phai bang goc xoay tai nut cudi

dx
J-c (0

Goc xoay tai nat 2 cua phan tir cudi cing ctia dam 2 phai bang goc xoay tai

_ay,
dx

nut2

cta phan ta cudi cung cta dam 4

dy dy
oA | =24 _fs
220( dx |, dx

nat 2 cta phan tir dau cot 3 va Goc xoay tai nit 2 cta phan tir cudi cung cua

cot 3 phai bang goc xoay tai nut 1 ctia phan dau tién cia dam 4.

dy dy
0. 2 == =0
/121( dX nut2 dX nut2j (g)
dy dy
S| 22| =2 |=0 h
122( dX nut2 dX nutlj ( )

biéu kién chuyén vi ngang tai dau cét trai 1, cot giira 2 va cot phai 3
bang nhau:
sVl r = Yol ) =0 (i)
oa(Valoz = Yolna )= 0 (K
Trong d6 (k=1+24) ciing 1a an sé caa bai toan (co k an s6 L), do do
téng sé an sé cua bai toan lac d6 1a (n+k), do d6 ma tran d6 cing cua phan ti
luc nay cling phai thém k dong va k c¢ot nhu vay kich thuéc caa ma tran do
ctiing téng thé 1a K(n +Kk,n+ k). Chang han trong vi du nay, ta c6 n=58, k=24
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va tong s6 4n cua bai toan 13 n+k=58+24=82 an. Trong truong hop nay ta xac
dinh duoc kich thudc caa ma tran do cang tong thé 1a: K[82x82].
Nhw vy cudi cling ta sé thiét 1ap dwoc phwong trinh:

[KHA}={F} (1)

01
F 2
: +so—hang=n :
F, Sl o
trong do: {F} = ; {A}=1 " }1a an s6 clia bai toan
0 %
: rs0—hang =k A
0 | :
Ay

Trong vi du 3.3 khi chia thanh ra thanh 4 phan ti, ta co:
- Ma tran dé cirng phan tir [Ke], nhw sau:
768 —7883 06 06
K.]= —-7868 788 -9 -96

06 ] 16 8
96 —96 8 16

- Ma tran dé cirng toan dam [K]:

Ghép ndi cac ma tran d6 cang phan tir [Ke] vao hé toa do chung, ta
dugc ma tran do cing tong thé cua toan két cau [K(82x82)], & day khong
trinh bay vi kich thuéc ma tran qua 1on.

- Véc to lwe nat{F}: Trong vi du nay 1a véc to 1 cot 82 dong, nhu sau:

Sau khi c¢6 [K] va {F}: ta thanh lap dwoc hé phwong trinh co ban
ciia phwong phap phan tir hitu han, nhu sau:

[K]{4}={F}

Giai phuong trinh (e) ta nhan dugc:

al=[KIHF}
Theo ngon ngir lap trinh Matlab ta c6 thé viét:

aj=[KF;
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Két qua chuyén vi, géc xoay tai cic nut va

Mémen udn cua dam:

Dué6i day 1an 12 dudng d6 vong va biéu dd moomen udn cua cot va dam

-4
x 10
0 10 i i i
| m | |
| —
-0.002 AN e / x 1
8 v:0.0007257 | // Y: 0.0008139
-0.004 [ |

/

-0.006 \ 6 /

N\ | Y:-0.01098
u

-0.008 \ /
N\ e s
-0.01

-0.012 \\ 2
-0.014 \
\ X 16 0

-0.016 SN Y2 -0.01604
.

|
|
'

-0.018
0

2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
Hinh 3.12a. Puong do vong Hinh 3.12b. Puong do vong
cua cot trai 1 cua dam 2
0.25 ; 0.03 ; ;
| I L |
X 0 0.025 X 16
0.2} v:0.1832 Y:0.02742
L] 0.02 //
0.15 \\ 0.015 //
0.1 0.01 é 2.005806
\ 0.005 L
0.05 \\ o
o < -0.005
\ " 0.01
X 16 -V .
-0.05 - 8.\ ¥:-0.01581 é; !-)0.01581
Y:-0.04129 i 0.01'm ;
01 ! : -0.02 "
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
Hinh 3.13a. Biéu dé6 moémen Hinh 3.13b. Biéu do momen
cua cot trai 1 cua dam 2
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Hinh 3.12c. Duong do vong

cua cot gita 3

f f

0.08

0.06

0.04

0.02

-0.02

-0.04

X0
Y: 0.0886

N\

-0.06

X 16

Y:-0.07559

I
!
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0
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12 14

Hinh 3.13c. Biéu d6 mémen

cua cot giita 3
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Hinh 3.12d. Buong dé vong

cua dam 4
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X 16
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0
-0.002 \
-0.004 \
\\\\ X8
-0.006 N\ | Y:-0.007083
| |
-0.008 \
-0.01
-0.012 N\
-0.014 \\
X 16
-0.016 Y:-0.01694
} | |
-0.018 ) L
0 2 4 6 8 10 12 14 16

Hinh 3.12e. Duong do vong
cua cot phai 5

Nhén xét két qua trén:
Khi chia cot va dAm thanh 16 phén tir ta nhan duoc két qua nhu trén, so sanh
véi két qua chinh xac theo 10i giai giai tich ta nhan duoc sai s6 theo bang sau:
BANG SO SANH MOMEN UON TAI CAC TIET DIEN CQT VA DAM

0.0¢em

Y: 0.07946

0.06 \

0.04 AN

0.02

-0.02

-0.04

\\
X 16

Y:-0.05731

-0.06
0

F
10 12 14 16

Hinh 3.13e. Biéu d6 mémen
cua cot phai 5

Cic tiét dién caa | Loi giai sotheo | Loi giai chinh Sai s0 %
cot 1,3 va dam 2 phuwong phap xac
PTHH
Chén cot 1 -0,1832 -0,1835 0,16
Pau cot 1 0,0158 0,0156 1,28
Dau phai dam 2 -0,0274 -0,0274 0
Pau cot 3 0,0756 0,0756 0
Chén cot 3 -0,0886 -0,0885 0,11
Pau dam 4 0,0482 0,0482 0
Pau phai dam 4 -0,0573 -0,0573 0
Chén c6t 5 0,0795 0,0794 0,12

Ta thay két qua nhan dugc gan nhu trang khép véi 1oi giai chinh xac.
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KET LUAN

Qua két qua nghién ctru tir cac chuong, chuong 1 dén chuong 3 dbi véi
bai toan khung chiu udn. Téac gia rt ra cac két luan sau:

Tac gia da ap dung duoc phuong phap phan tir hiru han d6i véi bai toan
khung phang chiu udn chiu tai trong tinh. Nhan duogc két qua hoan toan chinh
xac khi roi rac hoa két cdu ¢én mot sé luong phan tir nhat dinh.

Do chinh xac caa loi gial phu thudc vao tung bai toan, loal tai trong, vi
tri va cach dat tai co d6i xang hay bat ky. Chang han trong vi du 3.1, bang
3.1, ta thay sai s6 tang 1én so véi két qua chinh xac tai tat ca cac tiét dién, sai
s6 nho nhat tai tiét dién dau ngam bén phai dam (0,07%), sai s6 16n nhat tai
chan cot (22,7%) va gitra cot (17,5%). Mudn ting d6 chinh xac ta can roi rac
héa dam va cot thanh nhiéu phan tr hon. Chang han trong vi du 3.1 ta phai roi
rac hoa két cau dim va cot 1én téi 32 phan ta ta méi nhan duogc két qua trung
khép véi 10i giai chinh xac. Nhung trong vi du 3.2 va 3.3 két qua & bang 3.2
va 3.3 cho thiy khi chia cac thanh trong khung thanh 16 phan tir thi da nhan
duoc két qua hoan toan chinh xac ¢ da s tiét dién, cac tiét dién con lai ¢ sai
s6 khong dang ké.

Qua két qua nghién ctru thdy rang, véi viéc st dung phwong phap phan

ttr hitu han c6 thé xay dung bai toan co hoc két cAu mot cach dé dang.

KIEN NGHI VE NHUNG NGHIEN CUU TIEP THEO
1. Dung phuong phap phan ttr hitu han 1am co sé dé xdy dung va giai cac bai
toan két cau chiu udn khac nhu két cu tAm, vo.
2. Dung cac két qua tinh toan néi luc va chuyén vi, dé dua vao thiét ké cac

cong trinh.
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