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MO PAU
1. Ly do chon d@ tai:

Trong thyc té, phan 16n cac cong trinh xay dung déu chiu tac dung cua tai
trong dong (dic biét 1a d6i v6i cac cong trinh quan su). Viée tinh toan va thiét ké
cac cong trinh néi chung (nhat 1 cac cong trinh cao tang) khong nhiing phai
dam bao diéu kién bén, ctng, 6n dinh ma khong kém phan quan trong 1a phai
phan tich phan tng cta cong trinh khi chiu cdc nguyén nhan tac dung dong (gi6
bio, dong dat...). Vi du nhu cac cong trinh bién thudng xuyén chiu tac dong cta
song va gio, cac tai trong d6 gy nén trong két cau cac ing suét thay doi theo
tho1 gian. Viéc nghién ctru dong luc hoc cong trinh chinh 1a nghién ctru phan
ung cua cong trinh khi chiu tai trong dong.

Bai toan dong luc hoc cong trinh xac dinh tan s6 dao dong riéng, dang dao
dong riéng, chuyén vi dong, nd1 lyc dong... cua cong trinh. Tur do, kiém tra diéu
kién bén, diéu kién ctmg va kha ning xay ra cong hudng, nghién ciru cac bién phap
giam chén va cac bién phap tranh cong hudng. Ngoai ra, bai toan dong luc hoc
cong trinh con 1a co sd cho viée nghién ctru nhiu linh vuce chuyén sau khac nhu:

+ Panh gia chat lugng cong trinh bang cac phuong phap dong luc hoc
(ngay ca khi cong trinh chiu tai trong tinh).

+ Bai toan danh gia tudi tho cong trinh.

+ Bai toan danh gid kha nang chiu mdi ctia cong trinh.

+ Bai toan 6n dinh dong cong trinh.

C6 nhiéu phuong phép giai bai toan dong luc hoc cong trinh. Trong luan
van nay, tac gia st dung phwong phap nguyén 1y cuc tri Gauss dé giai vi
phuong phap nay c6 wu diém 1a: tim 101 giai cia mot bai toan nay trén co sd so
sanh mot cach c6 diéu kién voi 10i gidi cia mot bai toan khéac nén cach nhin bai
toan don gian hon. Pac biét, nguyén 1y cuc tri Gauss té ra thuan tién khi giai

cac bai todn dong luc hoc cia vat ran bién dang do nguyén ly nay dé cap dén



dong thai.

Mat khac, 1a mdt gido vién mon co hoc cong trinh nén viéc tac gia luan
van tim hiéu nguyén 1y cuc tri Gauss va van dung n6é nhu mot phuong phap
hoan todn méi trong viéc tim 101 giai bai toan dong luc hoc 1a didu can thiét.

2. Muc dich nghién ciru clia dé tai:

- Tim hiéu cac phuong phép giai bai toan dong luc hoc da biét.

- Tim hiéu co s6 1y ludn, dic diém cta phuong phap nguyén 1y cuc tri
Gauss.

- ung dung ctia phuong phap cho bai toan dong luc hoc cong trinh.
3. Giéi han nghién ctu: ap dung phuong phap nguyén 1y cuc tri Gauss dé
giai mot sb bai toan dong luc hoc cong trinh (bai toan dan hoi tuyén tinh, tai
trong tac dong 1a tai trong diéu hoa).
4. Phwong phap nghién ciru:

- Nghién ctru vé mat 1y thuyét.

- Str dung nhiing kién thirc 1y thuyét va phan mém tin hoc dé tinh toan céc

vi du.



CHUONG 1 - BAI TOAN PONG LUC HQC CONG TRINH

Thuat ngit "dong” c6 thé duoc hiéu don gian nhu 1 bién dbi theo thoi gian
[19, tr.1]. Vay tai trong dong 1a bat cir tai trong nao ma do 16m, hudng hoac vi tri
thay d6i theo thoi gian. Trong qua trinh d6, cac khoi lugng trén cong trinh duoc
truyén gia toc nén phat sinh luc quan tinh dit tai cac khdi lugng. Luc quan tinh
tac dung 1én cong trinh gy ra hién tuong dao dong. Dao dong d6 duoc biéu thi
dudi dang chuyén vi cia két ciu. Viéc tinh toan cong trinh c¢6 xét dén luc quan
tinh xuat hién trong qua trinh dao déng duoc goi 1a giai bai toan dao dong cong
trinh [10, tr.7].

Phén tng ctia két cau ddi voi tai trong dong, nghia 13 cac tng suét va do
vong xuét hién khi @0, ciing 13 dong (bién thién theo thoi gian). No6i chung,
phan tmg cua két cdu ddi voi tai trong dong duoc biéu dién thong qua chuyén vi
cua két cu. Cac dai lugng phan tng khac co6 lién quan nhu ndi luc, Gng Sut,
bién dang....déu dugc xac dinh sau khi c6 su phan bo chuyén vi cua hé.

Poi khi, viéc giai quyét bai toan dong luc hoc cong trinh con duge tién
hanh bé‘mg viéc dua vao cac hé sb dong. Khi do, ndi luc, chuyén vi va moi tham
s6 ciia hé déu duoc tinh toan thong qua hé s6 dong véi cac két qua tinh toan
tinh. TAt ca cac dai luong do déu 1a cac gia tri cuc dai rng v&i mot thoi diém
xé4c dinh, khong phai 1a cac ham theo bién thoi gian.

1.1. Pac trung co ban cia bai toan dong luc hoc:

Tai trong thay doi theo thoi gian nén trang thai tng suét - bién dang cua hé
ciing thay doi theo thoi gian. Do d6, bai toan dong s& khong c6 nghiém chung
duy nhat nhu bai toan tinh. Vi viy, bai toan dong phtrc tap va kho khian hon
nhiéu so v&i bai toan tinh. Sy can thiét phai ké dén luc quan tinh 1a diém khac
biét co ban nhit cua bai toan dong luc hoc so vai bai toan tinh. Ngoai ra, viéc

xét dén anh huong cua luc can ciing 13 mot dic trung co ban phan biét hai bai



toan trén.
1.1.1. Lwc can:

Trong tinh toan, d6i khi khong xét dén anh hudng cua luc can nhung lyc
can luon ludn co6 miat va tham gia vao qua trinh chuyén dong cua hé. Luc can
xuat hién do nhiéu nguyén nhan khac nhau va anh hudng cta ching dén qua
trinh dao dong 1a rat phirc tap. Trong tinh toan, dua ra cac gia thiét khac nhau vé
luc can, phu hop véi diéu kién thuc té nhét dinh.

Trong da sb cac bai toan dao dong cong trinh, ta thuong st dung mé hinh
vat lidu bién dang dan nhét (ma sat nhét) do nha co hoc nguoi Puc W.Voigt
kién nghi: xem lyc can ty 1€ bac nhét vai van téc dao dong. Cong thirc cua luc
can: Pc = Cy véi ¢ 1 hé sb tat dan.

Ngoai ra con dua ra mot s6 gia thiét co ban sau:

* Lwec cdn theo gia thiét Xorékin: 14 gia thiét vé luc can trong phi dan hoi.
Luc can trong phi dan hoi 1a luc can tinh dén su tiéu hao ning luong trong hé,
dugc biéu thi trong viéc lam ton that tré ning lugng bién dang trong qua trinh
dao dong. N6 khong phu thude vao tdc do bién dang ma phu thudc vao gia tri
bién dang.Trong d6, quan hé giira cac bién dang chung (d6 vdng, goc xoay) Vi

tai trong ngoai 14 quan hé phi tuyén.

Cong thirc ciia luc can: Pe= i 23 Pq
T

trong do Pq4 1a luc dan hoi; P 1a hé s tiéu hao nang luong.

[Luc dan héi (hay luc phuc hoi) xudt hién khi tach hé khéi vi tri can bang
va ¢6 xu hiedng dira hé vé vi tri can bang ban dau, twong vng va phu thudc vao
chuyén vi dong ciia hé: Py = P(v). O cdc hé dan hoéi tuyén tinh: Pg- ky véi k la
hé s6 citng (lyc g8y chuyén vi bang 1 don vi)].

*Lyc can ma sat kho cia Couiomb (Fr): ty 1€ voi ap luc vuong goc N va

c6 phuong nguoc voi chiéu chuyén dong.



Cong thire cua luc can: Frs = 1N (VOi x 13 hé s6 ma sat).

Luc can sé& 1am cho chu ky dao dong dai hon. Trong thuc té, c6 nhimg
cOng trinh bi cong hudong nhung chua bi pha hoai ngay vi c6 hé sb can khac
khong. Do con a&nh hudng cia luc can nén khi cong hudng, cac noi luc, chuyén
vi dong cta hé khong phai bang « ma c6 tri s6 16n hiru han.

1.1.2. Dic trung dong ciia hé dao dong tuyén tinh:

Dao dong tuyén tinh 1a dao dong ma phuong trinh vi phan mé ta dao dong
la phuong trinh vi phan tuyén tinh. Dic trung dong cta hé dao dong tuyén tinh
bao gom: khoi lwong ctia hé, tinh chat dan héi ciia hé (d6 cing, 36 mém), ngudn
kich dong, tan s6 dao dong (tin s6 dao dong riéng, dang dao dong riéng), hé sb
tat dan...

Bac tu do cua hé dan hoi 1a sb thong s6 hinh hoc doc lap can thiét dé xac
dinh vi tri ctia hé tai mot thoi diém bat ky khi c6 chuyén dong bat ky.

Vén dé x4c dinh cac tan sé dao dong riéng va cac dang dao dong riéng cua
bai toan dao dong hé hiru han bac tu do twong tng vdi bai toan xac dinh céc tri
riéng va vecto riéng cua dai s6 tuyén tinh. Théng thuong, dé danh gia mot cong
trinh chiu tai trong dong, chiing ta thuong danh gia so bo thong qua tan sé dao
dong riéng thir nhat va dang dao dong riéng thtr nhat (tan sé dao dong co ban va
dang dao dong co ban)

1.2. Dao dong tudn hoan - Dao dong dic¢u hoa:

HAau nhu bat ¢t hé két ciu nao cling co thé chiu mét dang tai trong dong
nao dé trong sudt qua trinh sdng ciia no (tai trong tinh dugc xem nhu dang dic
biét cta tai trong dong). Céc tai trong duoc phan thanh: tai trong tuan hoan va
tai trong khong tuan hoan.

Céc tai trong khong tuan hoan c6 thé 1a cac tai trong xung ngan han hoic
c6 thé 13 céc tai trong tong quat dai han, cac dang don gian hoa c6 thé dung

duoc.



MOt tai trong tudn hoan thé hién sy bién thién theo thdi gian gidng nhau
lién tiép d6i voi mot s lugng 16n chu ky. Tai trong tuan hoan don gian nhét co
dang hinh sin (hoic cosin) va dugc goi 1a diéu hoa don gian. Nho ¢6 phan tich
Fourier méa bat ¢t mot tai trong tuan hoan cling c6 thé dugc bidu dién nhu 14
mot chudi cac thanh phan didu hoa don gian. Tai trong tuan hoan giy ra dao
d6ng tuan hoan trong két cau.

1.2.1. Dao déng tuin hoan:

La dao dong dugc 1ap lai sau nhitng khoang thoi gian T nhét dinh. Néu dao
dong duoc biéu dién boi ham sb cua thoi gian y(t) thi bat ky dao dong tuan hoan
nao cling phai théa man: y(t) = y(t+T). Tho1 gian 13p lai dao dong T duoc goi 1a
chu ky ctia dao dong va nghich déo cta né f= 1/T duoc goi 1a tan s6.

Dang don gian nhat ciia dao dong tuan hoan la dao dong diéu hoa.

1.2.2. Dao déng diéu hoa: thuong duge mo ta bang hinh chiéu trén mot dudng

thang cia mot diém di chuyén trén mot vong tron véi van tée goc w. Do do

chuyén vi y dugc viét: y = Asinot.

Boi vi dao dong lap lai trong khoang thoi gian 2 7 nén c6 méi lién hé:
w=2rlt =2

Van tdc va gia tc ciing 1a diéu hoa voi cung tan sd cta dao dong nhung
1éch voi d6 dich chuyén lan lugt 13 7/2 va 7

=wAsin(ot+7/2)

= - w?Asinwt

=w?Asin(wt+ )

Vay: = -0t

=> gja toc ty 18 voi do dich chyén.

1.3. Cac phwong phap dé xiy dung phwong trinh chuyén dong:
Phuong trinh chuyén dong cua h¢ co thé xay dung dua trén co sé cua

phuong phap tinh hoic cac nguyén 1y bién phan nang luong. Cac biéu thirc toan



hoc dé xac dinh cac chuyén vi dong duoc goi 1a phuong trinh chuyén dong cua
hé, n6 c¢6 thé duogc biéu thi dudi dang phwong trinh vi phan .
1.3.1. Phwong phap tinh dong hoc:

[NGi dung nguyén 1y D’ Alembert doi véi co hé: trong chuyén déng cia co
hé, cac luc thuc sy tac dung lén chat diém cia hé gém noi lyc va ngogi lyc
cung véi cdc lyc quan tinh Idp thanh hé lee can bang]

Duya trén co so nhimg nguyén tic cin bang cta tinh hoc ¢6 bd sung thém
luc quan tinh viét theo nguyén Iy D’Alember, diéu kién can bang (tinh dong)
ddi vai cac luc téng quat viét cho hé n bac tu do:

(@ +3;).,, =0

trong do:

Qx - luc tong quat cua céac luc da cho.

Jx - luc téng quat cta cac luc quan tinh cta cac khéi lugng, twong tm véi
cac chuyén vi tong quat qt.

Xi, Vi, Zi - luc cac chuyén vi cua khéi luong m; theo phuong céc truc toa do,
biéu dién thong qua cac toa do tong quat qy.

Xi = Xi (01, 02, -----,0n)

Yi =Yi (1, Gz, ----,Gn)

Zi = zi (Q1, 92, -----,0n)

Ciing c6 thé viét: Jx = -MiQk, v6i M 1a khdi luong quy d6i, twong mg
v6i chuyén vi tong quat gk.

1.3.2. Phwong phdp ning luong:

Dua trén dinh luét bao toan nang lugng, trudong hop bo qua cac lyc ngan
can chuyén dong, ta c6: K + U = const.

trong do:

K - dong nang cua h¢:



— miVi2 V(22)
K= Z—+ij(z)dz—
2 2
U - thé ning cua hé, c6 thé dugc biéu thong qua cong cua cac ngoai luc

hodic cong cua cac ndi luc (truong hop hé phang):

U= %Z PiAcos(PiAi)+%ZIdP.Acos(dP,A)

Hoac
_1 M?2ds ¢ N?ds Q?%ds
V=22 e rg

1.3.3. Phwong phadp vng dung nguyén ly cong do:

[NGi dung ciia nguyén y: diéu kién can va dii @é mot co lién hé Iy twéng giir va

dung duoc can bc%ng tai mot vi tri da cho la téng cong ao cua tat ca cdc lue hoat

dong tac dung lén hé déu bang khéng trong di chuyén do bat ky tir vi tri di cho:
Nguyén 1y dugc ap dung nhu sau: sU, +6T, =0 (i=1+n)

trong do: M,

. - cong kha di ctaa noi luc.
ST, - cong kha di ciia ngoai luc (gom luc kich thich, luc can,
luc quén tinh).

Trong ba phuong phap da gioi thi€u & trén, phuong phap tinh dong dua ra
cach giai quyét don gian cho hé mot s6 bac tur do. Su can thiét phai xem xét cac
luc lién két va cac biéu d6 vat thé tu do trong phuong phap nay dan dén nhiing
kho khin dai s6 d6i voi nhitng hé c6 bac tu do cao hon.

Phuong phép nang luong khic phuc duoc nhitng khé khin cia phuong
phép tinh dong. Tuy nhién, nguyén 1y ndng luong cung cac toa do vat ly chi dua
dugc mot phuong trinh ma diéu do6 chi g161 han str dung cho hé mét bac tu do.

Nguyén 1y cong 4o khac phuc duoc nhiing han ché cta ca hai phuong
phap trén va 1a mot cong cu manh dbi v4i hé nhiéu bac tu do. Tuy nhién, day
khéng phai 1a mdt thu tuc hoan toan c6 tinh vé hudng, trong d6 viéc xem xét

vecto luc 1 can thiét trong viéc xac dinh cong 4o [20, tr.215].



1.3.4. Phwong trinh Lagrange (phwong trinh Lagrange logi 2):

Phuong trinh Lagrange 1a mot thil tuc hoan toan cé tinh vo hudng, xuat
phat tir cac dai lugng vo hudng cta dong ning, thé nang va cong duogc biéu dién
thong qua céc toa do suy rong. Uu diém ndi bat cua cac phuong trinh Lagrange
la dang va s6 luong cua chung khong phu thudc vao s6 vat thé thudc co hé va su
chuyén dong cua cac vat thé d6. Hon nita, néu lién két 13 1y tudng thi trong céc
phuong trinh Lagrange khong c6 mat cac phan lyc lién két chua biét.

Gia sir hé c6 n bac tu do va cac toa do suy rong cua h¢ la q1, 9, . ..., On.
Phuong trinh chuyén dong Lagrange duoc viét nhu sau:

d oT or ou
dt (5q1 ) a9, aq @

Trong d6: + T va u lan luot 1a dong nang va thé ning cua hé.

+ Qi 1a cac lyc suy rong tuong tmg voi cac luc khong co thé.
Phuong trinh chuyén dong Lagrange duoc ap dung rong rai trong nhiéu linh
vuc khoa hoc va k¥ thuat, n6 dugc ap dung voi tat ca hé tuyén tinh va phi tuyén.
1.3.5. Phwong phadp wng dung nguyén ly Hamiiton:

[Nguyén ly Hamilton co noi dung nhuw sau: mot hé co hoc chiu tac dong
cia cdc ee da biét sé cé chuyén dong (trong tdt ca cdc chuyén déng cé thé va
cung diéu kién & hai ddu ciia khodng thoi gian) sao cho bién thién déng ndng,
thé ndng va cong co hoc cia cdc lec khéng bdo toan trong khodng thoi gian
dang xét bang khéng].

Noi dung nguyén 1y c6 thé dugce biéu thi: t_f(éT +0U —R)dt =0

t
trong do:
ST,&U - bién phan dong ning va thé ning cta hé.
&R - bién phan cong do cac luc khong bao toan (luc kich thich, luc can) tac

dung Ién h¢.



Tir cac phuong trinh chuyén dong Lagrange s& xdy dung nguyén 1y bién
phan dong hoc Hamilton va nguoc lai. Vi vay c6 thé dung nguyén Iy Hamilton
dé 1am co s& cho dong luc hoc cac hé holonom.

[Theo ngén ngit cia G.Hertz: hé co hoc ndo chi c6 nhitng lién két dwoc
biéu dién dudi dang hitu han (lién két hinh hoc) goi la hé holonom; néu hé dé
chiu nhitng lién két biéu dién bang phwong trinh vi phin khéng kha tich thi goi
la hé khong holonom].

1.4. Dao dong cua hé hiru han bac tu do:
1.4.1. Dao dong tu do:

Khi hé chuyén dong tu do, vi tri cua cac khoi luong x4c dinh dang ctia h¢
tai thoi diém bat ky. D6i véi hé n bac tu do, cac khéi luong co chuyén dong
phtc tap, gom n dao déng véi n tan s . khac nhau. Noi chung, ti s6 giita cac
chuyén vi ctia cac khdi luong riéng biét lién tuc thay doi. Nhung c6 thé chon
diéu kién ban dau sao cho moi khdi luong chi dao dong véi mot tan sb o, NA0
d6 chon tir pho tan sb. Nhitng dang dao dong nhu thé goi 1a dang dao dong
riéng (hay dang dao dong chinh).

So dang chinh bﬁng s6 bac tu do cua hé. Trong cac dang dao dong chinh,
quan hé cac chuyén vi cia cac khdi luong 14 hang sé dbi voi thoi gian. Néu cho
trudc cac dang dao dong chinh thi ta ciing xac dinh duoc tan sb.

Viéc xac dinh cac dang dao dong riéng va tan s6 dao dong riéng dong vai
trd quan trong trong bai toan dao dong ctia hé hiru han bac tu do.
1.4.1.1. CAc tan sé riéng va cdc dang dao ddng riéng:

Phuong trinh vi phan dao dong tu do khdng can cta cac khdi luong:
MY@ +KYq =0 (1.1)

v6i M va K 1a cac ma trdn vudng cip n, thudng 1 ma tran di xtng.

Nghiém cua (1.1) dugc tim dubi dang:

Yo =Asin(at+e) (1.2)
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Thay (1.2) vao (1.1) nhan duogc:

[K-0’'M]JA =0 (1.3)

Pé hé (1.3) c6 nghiém khong tAm thuong (tirc 13 ton tai dao dong) thi:

K-o*M| =0 (1.4)

(1.4) 1a phuong trinh dai s6 bac n ddi voi »?, duoc goi 1a phuong trinh tan
s6 (hay phuong trinh dic trung). Cac nghiém o, (v6ii=1+n) cta (1.4) 1a cac

tan sO riéng. Vecto bao gom tat c4 cac tan s6 dao dong riéng x€p theo thir tu

tang dan (o, <w, <........ <w, duoc goi la vecto tan s6 dao dong riéng (hay phd
tan so:
0,
W,
w =
@,

Thay cac o, vao (1.3), dugc hé phuong trinh dai s6 tuyén tinh thuan nhat
dé xac dinh cac thanh phan cta vecto riéng A;.
[K-w?M A =0 (1.5)

Vi (1.5) 1a hé phuong trinh dai s tuyén tinh thuan nhat c6 det cac hé sb
bang 0 nén cac thanh phan cta vecto A; dugc xac dinh sai khac mot hang sb

nhan, chang han c6 thé chon A tuy ¥.

o, =5 va dé thay: ¢, =1

Ma tran vudng @ biéu thi tat ca cac dang dao dong riéng co thé cua hé,

duoc goi 1a ma tran cac dang riéng (hay ma tran dang chinh):

O X0 PR @y,
| PpPpzrsvvveesne @, (1.6)
[0 YN SR O

M&i mdt trong cac vecto cot cua (1.6) cho ta mot dang dao dong riéng cua hé:
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1.4.1.2. Gidi bai todn riéng (eigen problem):
Khi h¢ dao dong tu do khong can thi bai toan dao dong tu do tré thanh bai
toan riéng tong quat:
[K- o*M]A=0 (1.7)
Céc tan s6 (vong) riéng ctia dao dong (g voi cac tan sd f) 1a cac nghiém
o, (i=1+n) cua phuong trinh dic trung bac n:
[K-o*’M]=0 (1.8)
bat X = 1 =w? (1.8) trd thanh:
[K-A2M]=0 (1.9
Khi phan tich dang dao dong, ta c6 bai toan riéng tong quat:
Kg= Mg
trong do:

Y S R An - céc tri riéng.

Pir Dy wevervareanns ?- c4c vecto riéng tuong ing.

¢=[o..0,]

C6 nhiéu phuong phap dé giai bai toan riéng [17]:
+ Nhom 1: cac phuong phép lap vecto.
Ko, = 4Mg,

+ Nhom 2: cac phuong phap bién doi.

¢ Kd=n

¢ Ko =1

trong d6: A = diag(4,)
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+ Nhom 3: cac k¥ thuat 1ap da thuc
p(4 )= o trong d6 p(1) = det(K-1 M)
+ Nhom 4: st dung dac tinh sturm cta céac da thuc dac trung

p(A) = det(K — M)
p(r) (;L(r)) — det(K(’) —29M (r))

1.4.1.3. Tinh chit trwc giao ciia cdc dang chinh - Dang chudn:

Tinh chét truc giao ctia cic dang chinh thé hién ¢ chd: cong clia ngoai luc
(hay ndi luc) cia mot dang chinh nay trén chuyén vi (hay bién dang) ctia mot
dang chinh khéac bang 0.

Biéu thirc biéu thi tinh truc giao ctia cac dang chinh c6 thé viét qua ma
tran d§ cung hodc ma tran khoi luong nhu sau:
@ Mo, =0 hodc ¢ Mg, =0 (Vi o, # o, (1.10)

¢ dang giai tich, biéu thirc tinh truc giao viét theo ma tran khoi luong nhu
n
sau: > m,y,y, =0
k=1
hodc c6 thé biéu thi dudi dang cong cua cac noi luc:

MM, N;N, 0.0,
Y[y Y[t ds+ Y[ s =0
Pay 1a tinh chat quan trong trong viéc giai quyét cac bai toan dao dong
cudng birc cling nhu dao dong tu do ctia hé hiru han béc tu do.
* Dang chudn: 13 dang dao dong riéng thoa man biéu thirc: o' Mo, =1
Ky hiéu la ¢, ,

Dicn — =P Vo1 aai2 :a)iTM(Di (1-11)

N |-

Viéc dua cac dang dao dong riéng vé dang chuan goi la chuan hoa céac
dang dao dong riéng. Khi cac dang dao dong riéng da dugc chuan hoa, ta viét

duoc dieu kién truc chuan nhu sau:
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O MD, =E hodc O KD, =O (1.12)

Diéu kién truc chuan c6 y nghia quan trong trong viéc rat gon qua trinh
tinh toan ctia hé dao dong.

1.4.2. Dao dong cwdng birc cia hé hiru han bac tu do:

Phuong trinh vi phan dao dong ciia hé: MYy + CYr) = Py.

Pay 1a bai toan phtc tap va hay gip trong thuc té. C6 nhiéu phuong phap
khac nhau dé giai quyét bai toan nay, trong d6 phuong phéap hay dugc st dung
1a phuong phap cong dang dao dong (phuong phép khai trién theo cac dang
riéng).
1.4.2.1. Phwong phdp khai trién theo cdc dang riéng:

Xeét h¢ hiru han bac tu do chiu luc cudng birc va khong ké dén luc can.

a. Phwong phdp khai trién tdi trong theo cdc dang riéng:

Gia st luc Py(t) véi mot gia tri ndo d6 (bao gom ca gia tri 0) tac dung 1én
khdi luong myg bat ky, luc Py(t) dugc khai trién theo céac dang dao dong chinh
dudi dang cac thanh phan Pii(t)

n n ” Pi (D).0
Pt) = D Pa® =2 Mo H i (O véi H)= 0 (1.13)
k=1 k=1

mk(DZki

[

k=

[N

Tai trong khai trién theo dang chinh thur i viét dudi dang ma tran:

a)iTP

o Mo,

P;= Mo, = o/, PMao, 4, (1.14)

Phuong phéap nay tim dugc n hé luc Pyri) thay cho hé luc Py(t). Tuong
g véi dang chinh c6 tan s6 G)j, ta co cac luc P(t), P2j(t), Pni(t) duoc
thé hién nhu hinh (1.1).
chuyén vi ti 1€ vdi cac chuyén vi dang chinh thtr i. Vi vay, hé chiu tai trong nhu
thé c6 the xem nhu hé vo6i mot bac ty do..

Go1 Py 1a ma tran bao gé)m cac tai trong khai trién theo cac dang chinh:
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b. Phuong phdp toa dé tong qudt:
Chuyén vi ctia hé c6 thé phén tich thanh tong cua cac chuyén vi thanh

phan tmg véi ting dang dao dong chinh:
Y(1) = Yy =Y k=l kel
k=1 k=1

voi: Z (t) = —— fp.(T)sinco.(t-T)dx (1.15)
* M.cOig’"®

Céc dai luong Zi(t) dugce goi l1a toa do téng quat cua h¢, nd chinh 1a cac
bién do tmg voi cac dang chinh.

Ma tran cac toa do téng quat cua hé:
Z(t) = [Z,(1), Z2(t), e Zn(D)]"
1.4.2.2. Trinh tw tinh todan hé dao dong cuwong birc:

Theo [1, tr.150], h¢ hitu han bac tu do dao dong cudng burc dugc tinh toan
theo trinh tu sau:

Néu c6 mét sb lugng bat ki cac luc Pi(t) dugc dat khong phai 1én cac khoi
luong th can phai thay thé chiing bang cac tai trong Pi(t) nhu trén hinh (1.2).

Cac luc P (t) tac dung tai cac khéi lugng sao cho: chuyén vi tinh cia cac
khéi luong do chiing gy ra gidng nhu cac chuyén vi do cac luc Pi(t) da cho gay
ra. Cac tai trong thay thé dua trén co s cac phuong trinh:

*

SuPL 0+ 8,P, O ot 5P ()= Y 6RO

n-n

Goi pkn 12 ma tran bao gdm cac tai trong khai trién theo cac dang chinh.
a. Phwong phdp toa dg tong quat:
Chuyén vi cta hé c6 thé phan tich thanh tong cta cac chuyén vi thanh

phan mg véi timg dang dao dong chinh:

Y(t) = iYi ® :iqﬁizl(t)
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voi: Zi (t) = Mij.Pi(r)sin w,(t—-7)dr

i% 9

Céc dai lugng Zi(t) dugc goi 1a toa do téng quat cua h¢, no chinh la céc
bién dd Uing véi cac dang chinh.

Ma tran cac toa do téng quat cua h¢:
Z(t) = [Z1,(1),Z2(1), oo Zn(D)]"
b. Trinh ty tinh toan hé dao dong cuong burc:

Theo [1, tr.150], hé€ hitu han bac tu do dao dong cudng birc dugc tinh toan
theo trinh tu sau:

+ X&c dinh tan s6 dao dong riéng va cac dang dao dong riéng.

+ Khai trién tai trong theo cic dang dao dong riéng theo (1.14), hoic xac
dinh céc toa d6 tong quat tng vai cac dang riéng theo (1.15).

+ X&c dinh chuyén vi cia hé tir két qua nhan duoc ma tran tai trong khai
trién hodc ma trin céc toa do téng quat.
Y (t) = M-1PyKai(t) (1.16)

trong do: Kai (t) - hé s6 anh huong dong hoc theo thoi gian cta dang

chinh thir i; Kg(t) = wij f(z).sina, (t-7)dr (1.17)
i 0

Hoac: Y(t)=¢.Z(t) (1.18)

+ Pé x4c dinh noi lyc ciia hé, can phai biét luc dan hoi Py(t) twong g voi
qué trinh dao dong cua hé.

Vé6i phuong phap khai trién theo cac dang dao dong riéng:
Pa(t) = Pin (1.19)
trong d6: K;(t) = CD; Jf(T).sincoi(t -x)dx (1.20)
Véi phuong phap toa do tong quat: pa(t) = KY(t)
1.4.2.3. Dao dong ciia hé chiu tdi trong diéu hod

Pa sb truong hop hay gip trong k¥ thuat, nguoi ta thuong dua tai trong
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P(t) vé dang gan dung 1a ham diéu hoa hodc phan tich theo chudi Furie roi ldy
mot vai sb hang dau. Do vay, viéc nghién ctru dao dong véi luc kich thich co
dang Psinrt hay Pcosrt 1a mdt bai toan co ban trong dong luc hoc cong trinh.

. Dao dong cudng buc cua hé dudi dang tong quat bao gdbm hai phan: dao dong
riéng, dao dong véi luc kich thich. Khi dao dong chuyén sang giai doan 6n dinh
thi phan dao dong riéng cua hé khong con, hé s& dao dong c6 chu ky clng voi
chu ky cua lyuc kich thich.

R

2

C A e s Y A \ Pl .. . . .
Khi h¢ chiu tac dung cuia tai trong diéu hoa: p(t) = sin rt thi chuyén vi cua

Pn
hé: Y =GP
r A 9. r —_ ¢ChD¢(;||—’]
Trong do: G - ma tran giai thirc Green: G =
e |
D= diag (Si) v6i Si = ——;
o’ —r

Khi tan s r cta luc kich thich bang mot trong cac tri s cta tan sd dao
dong riéng @, thi déu xay ra hién tugng cong hudng (r = =,).

C6 thé st dung phuong phap tinh dong dé xac dinh cac luc quéan tinh trong
hé. Déi v6i hé d6i xtmg, ¢ thé phan tich tai trong thanh ddi xtmg va phan xtng
dé van dung cach tinh theo ntra h¢ hoac chuyén vi kép.

1.5. Céc phuwong phap tinh gin ding trong dong luc hoc cong trinh:

Céac phuong phap nay dua trén co s& tim tan sd dao dong riéng theo
phuong trinh duong dan hoi duoc gia dinh trudc, hoac thay h¢ co s6 bac tu do
16n bang hé sb c6 bac tu do it hon. Cac phuong phap cho két qua twong d6i
chinh xac ddi véi tan s6 co ban @, . Thuc té, khi tinh toan cac cong trinh, thuong

nguoi ta chi quan tdm dén tan s6 co ban @, d€ kiém tra di¢u kién cong hudng.
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1.5.1. Phwong phdp nang lwong (phwong phdp Rayleigh):

Phuong phap nay gia thiét trudc cac dang dao dong va dua trén co s dinh
luat bao toan ning luong dé xac dinh tan sb va dang dao dong riéng tuong ung.
Khi hé dao dong tu do khong ké dén luc can, trén co sé quy ludt bao toan ning
luong, co thé thiét 1ap duoc mdi quan hé: Upax = Kinax.

DPong ning cua hé tai thoi diém t bat ky:

m, V> m,.v’ 2
K= Zj (22) Ldz+Y (Z : :%[Zszyzk(z,t)dZ+Zmiy2k(z,t)]

Thé nang cua h¢ (khi chi xét téi anh hudéng cua m6é men udn):

2
M 2dz =N] I VA
= = dz
U=x [= = 2{ = (1.12)

Sau khi xac dinh duoc Umax Va Kiax, ta nit ra duge:

i

z.[m(z)y in0Z + M Yot

2
a =

Néu biéu thi chuyén vi cua h¢ khi dao dong tu do dudi dang ma tran:
Y(t) =L.Z(t) = L.Zsin at
trong do: L - vectodang gia dinh, Z(t) - bién d6 dang gia dinh

thi: @2 = LK
L'MI

1.5.2. Phwong phdp Bupnop - Galoockin:

Phuong phap Bupnop - Galoockin dugc xay dung dua trén co sé nguyén
Iy Hamilton hodc nguyén 1y chuyén vi kha di.

Vi bai toan dao dong ti do ctia dAm, phuong trinh vi phan ctia dang dao

dong chinh th j:

0? 82Y'(z,t) 2
@{ij _Zj “TMy Yy =0
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Gia thiét nghiém cua (1.21) d biét va co thé biéu dién nhu sau:

Yi0= 280

Trong d6, a; 1a cc hang s6 chua biét, cac ham ¢, (z) can phai chon sao cho thoa
man toan bd (hodc mot phﬁn) diéu kién bién (dong hoc va tinh hoc) ctia bai toan.
1.5.3. Phwong phdap Lagrange - Ritz.

Phuong phap Lagrange - Ritz duoc xdy dung trén co so nghién ctru thé
nang toan phan cia hé
[N6i dung nguyén 1y Lagrange dwegc phdt biéu nhw sau trong tdt cd cdc trang
thdi kha di, trang thdi can bang dudi tdc dung ciia cdc liwe ¢6 thé sé twong img
Véi trang thdi ma theo do, thé ndng toan phan ciia hé sé c¢é gid tri dimg: 8J =0

Thé nang bién dang dugc biéu dién dudi dang cong ngoai luc va cong noi
luc cuia hé khi chuyén tir trang thai bién dang vé trang thai khong bién dang

tEJ 82y 2 1
= () (zt)
U= !T{TJ} dz - .([ q(z,t)y(z,t,dz - Pi(t)ym)

trong do: q 1 VA Pigy bao gom cac luc kich thich va lyc quan tinh do cac
khéi lwong phan bd va tip trung giy ra khi hé dao dong. Voi bai toan dao dong
riéng, gia thiét dang chinh cta dao dong:
yj(Z): Z a,¢,(2)
i=|
Trong d6, cac ham ¢, (z) thoa min diéu kién bién dong hoc (con diéu
kién bién tinh hoc da tu thoa man trong cac biéu thirc thé nang).

Tir diéu kién thé ning cua hé ¢ gia tri dimg, ta co: S?U =0(voik=1.n
k

Ttr d6 nhan dugc n phuong trinh chinh tic chua ay, ap,..., an.
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1.5.4. Phwong phdp thay thé khéi lwong:

Phuong phép ndy dua trén co s& don gian hod so @b khéi luong: thay thé
cac khdi lugng phan b va tap trung trén két cdu thanh cac khdi luong tap trung
v6i s6 luong it hon dit tai mot sb diém dic biét.

C6 thé chia cac khbi lugng phan bd thanh nhiéu khoang, tap trung cac khoi
lwong phan bd trén mdi khoang vé trong tdm cua nd hoic phan bd cac khbi
luong theo nguyén tic don bay: khdi luong phan bd trén mdi doan dugc thay
thé bang hai khdi luong dat ¢ hai dau doan do.

1.5.5. Phwong phdp khéi lwong twong dwong:

Phuong phap nay duoc xdy dung trén gia thiét: “ Hai hé twong duong vé
dong nang thi ciing tuong duwong vé tan s6”. Vai phuong phap nay, ta phai chon
trude duong dan hoi y(z) va chi tinh dugc tan sb thap nhat cia hé thuc
1.5.6. Cdac phwong phdp sé'trong dong iwc hoc cong trinh:

1.5.6. 1. Phuong phap sai phan:

La phuong phap giai gan dang phuong trinh vi phan cua dao dong bang
giai hé phuong trinh sai phan. Chia ho thanh n phan tir, tai mdi diém chia, thay
dao ham bang cac sai phan dé 1ap phuong trinh sai phan tuong tng. Két qua thu
duogc 1a hé phuong trinh dai sé tuyén tinh véi cac 4n sb 1a gia tri nghiém cua
phuong trinh vi phan tai diém chia va cac gia tri nghiém tai mét vai diém chia
1an can. Phuong phéap nay cho phép dé dang giai bai toan dao dong cta hé c6
cac thong $6 thay ddi: tiét dién, khoi luong, tai trong...
1.5.6.2. Phuwong phdp phan tir hivu han:

Hé duoc ro1 rac hoa thanh cac phﬁn tir htru han, sau d6 xem cac phén tr
hitu han duoc nbi lai voi nhau tai mot s6 diém quy dinh (thuong 1a dinh ctia mdi
phén tur) goi la nut va tao thanh luodi phﬁn ttr hitu han. Tinh lién tuc vé bién dang
cta hé duoc thé hién qua chuyén vi, dao ham cua chuyén v1 tai cac nut cua ludi

phan tir hiru han.
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S6 phan tir hiru han (hay s6 luong an sd) 14 cac chuyén vi tai nat cua ludi
phén tir htru han. Ludi phén tur hiru han cang mau thi cang lam vi¢c sat h¢ thuc
va muc d6 cta két qua tinh cang cao.

Vecto chuyén vi niit ciia lu6i phan tir hiru han: {¥} ={y; y2yn}

Hé phuong trinh vi phan biéu thi dao dong ciia ludi phan tir hitu han c6 ké
dén lyc can dan nhét tai thoi diém t bat ky:

MJy®i-+[Chy )+ [K Y 0} = PO)
1.5.6.3. Phuwong phdp tich phén tryc tiép:

Phuong phép tich phén truc tiép khong nhimg cho phép giai cac bai toan
dao dong tuyén tinh ma con cho phép giai cac bai toan dao dong phi tuyén phic
tap. Gom c6 cac phuong phap sau:

+ Phirong phdp gia toc tuyén tinh (Phwong phdp Viison ): phuong phap
nay xem rang: su thay doi ctia gia toc chuyén dong trong mdi budc thoi gian tir
t dén (t+At) 1a tuyén tinh.

+ Phuwong phdp sai phdn trung tdm: thuc chét ciia phuong phap 1 chia
budrc, tich phan truc tiép hé phuong trinh vi phan trong timg khoang chia At
(giai bai toan tinh trong timg budc chia thoi gian At nhung c6 ké dén luc quan
tinh va lyc can, ddng thoi phuong trinh can bang duoc giai nhidu 1an ddi voi cac
diém chia trong khoang thoi gian dao dong).

Gia tri gia téc cta chuyén vi dugc xem 1a khong doi trong pham vi hai
budc chia thoi gian va dugce xac dinh:

O} = Y- at -2+ raeat ]

+ Phwong phdp gia toc trung binh khéng doi (phirong phdp Neimark):
Phuong phap nay gia thiét rang: & mdi budc thoi gian At, gia téc chuyén
dong bang hang sd va dugc tinh bang gia trj trung binh hai gia tri ddu va cudi

cua khoang .
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1.6. Mt s6 nhan xét:

+ Bai toan dong luc hoc cong trinh nghién ctiru phan tng cta hé két cau khi
chiu tai trong dong (ma tai trong tinh chi 1a truong hop dic biét). Cé nhiéu
phuong phap dé giai bai toan dao dong nhung co thé ndi, cac phuong phap déu
xuat phat tir nguyén 1y nang luong.

Xuét phat tir diéu kién dimg ctia phiém ham cta thé ning toan phan cta
hé: 83U =0, néu léy bién phan cua phiém ham theo chuyén vi thi ta nhan duoc
cac phuong trinh cAn bang, néu ldy bién phan cua phiém ham theo luc thi ta
duoc cac phuong trinh bién dang.

+ Viéc xac dinh céc tan sb dao dong riéng va cac dang dao dong riéng
cua bai toan dao dong (twong ing voi1 bai toan xac dinh cac tri riéng va vecto
riéng ciia dai s6 tuyén tinh) 1a mot nhiém vy quan trong cua bai toan dao dong.

Bai toan riéng: [K - AM ] A =0 (voi 1 = & ?) twong ing voi viée tim tri
riéng : [K — AM]. DAy 14 bai toan 16n (da thirc bac n,véi n 1a bac ty do cia h¢), co
nhiéu thuat toan dé giai nhung phirc tap. Viéc thiét 1ap ma tran do cing K va
dua vé dang ma tran duong chéo la tuong ddi kho khan ddi véi hé c6 nhiéu bac

tu do.
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CHUONG 2 - NGUYEN LY CUC TRI GAUSS
(NGUYEN LY CUONG BUC NHO NHAT) - AP DUNG NGUYEN
LY CHO CAC BAI TOAN PONG LUC HQC CONG TRINH

2.1.Nguyén Iy cue tri Gauss (nguyén ly cuwdng birc nhé nhit):

Nguyén 1y nay dugc nha toan hoc nguoi Pac K.F. Gauss phat biéu nim
1829 cho hé chét diém, nguyén vin nhu sau:

Tai méi thoi diém, chuyén déng ciia mét hé chat diém - lién két tuy y va
chiu tac dung bt ky - sé xdy ra rdt gan véi chuyén déng ma cdc chat diém dé cé
trong triwong hop ching dwoc ty do; nghia la chuyén déng dé xay ra véi mét
lirong cudng birc it nhdt cé thé néu nhw ta coi d do cia sw cudng bire la tong
cdc tich s6 giita khoi lwong ciia méi chdt diém véi binh phwong do 1éch ciia vi
tri chdt diem dé so véi vi tri ma né chiém dwoc néu nhw né dwoc tu do [12,
tr.45].

Do 1éch vé vi tri ctia chat diém tha i khdi lugng mj duoc noi dén trong

nguyén Iy Gauss Ia: A, = p- &
|

Trong dé: F; - vécto luc tac dong vao chat diém khi co lién két.

S

- vécto gia téc chuyén dong cua chat diém khi né duoc giai phong
khoi lién két.

Néu hé ¢6 n chét diém, lugng cudng birc cua hé (so voi chuyén dong tu do) la:

7 imiAf =imi£§_%j

Theo nguyén Iy cuc tri Gauss, chuyén dong thuc ctia hé chat diém s& xay ra
g véi luong cudng birc cuc tiéu, nghia 1a voi diéu kién:
Z — min hayZ =0 (2.1)

Bién phén trong (2.1) dugc iy véi gia tdc, hay con goi 14 bién phan theo
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kiéu Gauss.

2.2 Sir dung phuwong phap nguyén 1y cuc tri Gauss dé giai bai toan co hoc két

cau:

GS.TSKH. Ha Huy Cuong 1 nguoi dé xuat phuong phéap st dung nguyén

1y cuc tri Gauss dé giai bai toan co hoc vat ran bién dang.

2.2.1 Bai todn dam chiu uén thuan tuy:

Xét mot dam chiu udn thuan tuy c6 chidu dai 1, d6 cting mit cat 1a EJy. Gia

thiét vat liéu 1am viéc trong gi6i han dan hdi va tuan theo hai gia thiét sau: + Gia

thiét vé mit cat ngang (gia thiét Becnuli): mit cat ngang dam trudc va sau khi

bién dang van phang va vuéng goc vaéi truc dam.

+ Gia thiét vé cac thé doc: trong qua trinh bién dang, cac thé doc khong ép

1én nhau va khong day xa nhau.

Tir d6 ta c6 phuong trinh vi phan gan ding ctia dudng dan hoi:

d’y M

X

dz? EJ

X

MoOmen udn tai mat cat z nao dé dugce xac dinh theo cong thirc:

d2
My(2)= - EJy Fy

Lién tuong dén dinh luat n Newton:
=-ma
Vi vay, mdt cach tuong tu toan hoc, cé thé xem:
+ M6men udn My tai mit cat dang xét 1a luc tac dung.
+ DJ cing mat cat EJ, cia dam khi udn 1a khéi luong.

2

+ dy
dz?

nhu 1a gia toc chuyén dong cua dam.

Chon dam so sanh (c6 thé chiu lién két khac) nhung gidng dam thuc vé do

cirng mat cat va tai trong.
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d?y

Gia toc cua dam so sanh s€ 1a —- voi yo 1a do viing ciia dam so sanh.
z

Luong cudng buc dugc viét nhu sau:

_to(dYy dPy, )
Z—_([EJX[dZZ 5| (2.2)
hay
1 2
Z=|— -M?° 2.
!EJX(MX MY dz (2.3)

trong d6 M°1a momen udn ctia dam so sanh.
Chuyén dong cta dam dang xét rat gan v4i chuyén dong tu do néu
Z—>min hay 6 Z=0.
* Khi hé so sanh khong c6 lién két thi M° = 0, cong thirc (2.3) duoc viét lai

1
nhu sau: Z=I%(M ) dz (2.4)
0

1 q2 2
hay Z=| EJX(—Z) dz (2.5)
0 dz

+ Khi trén dam c6 luc phan bd déu q trén toan bo chiéu dai Z;:
1 2.\?
z=]l e[ 2] -2 e
0

dz?

+ Khi trén dam c6 lujc tap trung P tai vi tri z; nao do:

1 q2 2
ZZ!EJX(dZZJ dz - 2Py,

+ Khi trén dam c6 moémen tap trung M tai vi tri z, nao do:

_ ot (YY)
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Trong do (pe2) 1a gdc xoay tai tiét dién c6 momen tap trung. Voi gia thiét
chuyén vi bé, ta c6: (P2 = ¥ (z2)-
2.2.2. Bai todn diam phing:

Dam c6 cac thanh phan néi luc 13 My, Qy, N,. Chuyén vi trong truong hop
ubn 1a 46 vong, do cing mit cat 1a EJx. Chuyén vi trong truong hop cit 1a su
truot, d6 ctmg mat cat 1a GF. Chuyén vi trong truong hop kéo (hodc nén) 14 su
dan dai (hoac co ngrfm), do cing mat cat 1a EF. Ké dén tinh chit doc lap tac

dung cua cac dai lugng trén, ta c6 lugng cudng birc dugce viét nhu sau:

=N

X

1
1 1 1
Z= M, -M")?+—(Q, —Q%)? +—==(N, —N?)*
JU g M MY+ 2 @, Q)+ (N, = N)* ]
trong d6 M7, Q7, N? 1a cac thanh phan ndi luc cua dam so sanh.

* Khi hé so sanh khong c6 lién két (cac thanh phan ndi luc ciia hé so sanh bang

khong), cong thure (2.9) trd thanh:
2

_fl 1 SR NP SR
Z—![EJX(MX) Ly lmy (2.10)

Néu tai trong vudng goc vai truc thanh (N= 0) thi (2.10) duoc viét nhu sau:
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CHUONG 3.
TINH TOAN DAO PONG CUA KHUNG BANG
PHUONG PHAP NGUYEN LY CUC TRI GAUSS

3.1. Phwong phap nguyén ly cue tri Gauss dé giai bai toan dong luc hoc:

Xét mot dam chiu tai trong dong, dam c6 chiéu dai 1, khdi lugng cua dam
la mg), d6 cirng mat cat 1a EJx.

Phuong trinh d vong ctia dim c6 dang: y = y(z,t) phai thoa man diéu kién
bién va diéu kién ban dau (néu cb).

khi ddm chiu tai trong dong thi dé xuat hién thém thanh phan lyc quéan tinh

82y(z,t)

nguoc chiéu voi gia téc dd cua hé: F*= — M, e
Coti lyc quén tinh cling nhu ngoai lyc( theo nguyén 1y D' Alembert) ta c6

lugng cudng birc do luc quan tinh gay ra:

Z,= |2F%y,,dz

O ey

Pé thuén tién trong cong thure, ta cé thé viét lai luong cudng buc do luc

quan tinh gay ra nhu sau:

azy(z,t)
ot?

1
Ly = .[Zthy(Z’t)dz vol F'=mg
0

3.1.1. Bai todn ddm chiu uén thudn tay:
Xét dam chiu tai trong dong, dam co khéi luong phan bd m;). Khi bo qua
anh hudéng cua luc cit, ta c6 dAm chju udn thuan tuy.

Chon hé so sanh khong c6 lién két, luong cudng birc duoc viét nhu sau:
1 82 y

Z= J[ EJx(ﬁ)2 +2F "y, Jdz
0

Chuyén dong cua dam dang xét s€ rat gan voi chuyén dong tu do néu nhu

luong cudng birc dat cuc tiéu ( Z—min) hay 5Z = 0.
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3.1.2. Bai todn dim phing:
Xét truong hop tai trong tac dong vudng goc véi truc dam (N,= 0). Khi hé

so sanh khong ¢o lién két, lugng cudng birc dugc viét nhu sau:

il 1 t

Z= [ M)+ Z2 Q)7+ 2F Yy, Yoz (3.1)
0

hay:

Z_l 82y(z,t) 2 1 83y(z,t) qt d 32

3.2. Phwong phap nguyén Iy cuc tri Gauss thiét 1ap phwong trinh vi phan
dao déng cho thanh thang:

Xét thanh thang c6 khéi lugng phan bb m,, do cang mat cat 1a EJ, va co
lien két bat ky. Hé so sanh dugc chon 1a mot thanh khéng cé lién két, co khéi

lwong va do cirng mat cat nhu thanh dang xét. Theo (2.13) ta co:

Chuyén dong thuc caa thanh dang xét rat gan véi chuyén dong tu do néu

lwong cudng buc cyc tiéu (Z— min) hay &z =0 vay:

az—a1 EJ Yuun 2F dz' =0
= I X(82—2)+ Yoo |02 =

0

2 82
Hay: 8—2 2EJ, # +2F" =0
oz 0z

0° 82Y(z,t) a2Y(z,t)
@622{5]{ 7 ||t e =0 (3.3)

(3.3) chinh 1a phuong trinh vi phan cua dao dong riéng khi khong ké luc can.
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* Khi thanh chiu lec phan bé gy

1 82
Z= J'[EJXL%} +2F"Y 0 = 2000 Yy ]dx — min
0

2

0 %Y,
52 = 5{I[E\] X # + 2': qt y(z't) _ Zq(zyt) y(z,t) :|dx} = O
Hay

0

2 02
< 8—2[2EJX SR ]+ 2F ™ -2q,, =0

0z Fork
0? Y 0% Ya
QaZ_ZI:EJX[ atz +m(z) ?:q(z,t) (34)

(3.4) chinh Ia phuong trinh vi phan caa dao dong cudng buc khi khdng ké
luc can.

* Két luan: nhu vay tir phuong phép st dung nguyén Ii cuc tri Gauss, ta c6
thé thiét 1ap duoc phuong trinh vi phan caa hé dao déng giéng nhu viéc ap dung
cac phuong phap khac.

3.3. Cac bwéc thuc hién khi tim tan sé dao dong riéng va dang dao déng
riéng bang phwong phap nguyén lycuc tri Gauss.

Trong qué trinh tinh toan, ta khdng xét dén giai doan chuyén tiép sau khi
bo luc kich thich va bo qua chuyén vi xoay cua cac khéi luong trong qué trinh
ching dao dong.

Bwéc 1: Chon hé so sanh:

Hé "So sanh" 1a hé hoan toan khong c6 lién két nhung c6 cing d6 cing
mat cat va clng tai trong vai hé dang xét (hé dang xét hay con goi 1a hé cho).

Buéc 2: Gia thiét duong do vong cua dam can tim vai biéu thic duong do
vong phai thoa man diéu kién bién.

Chang han, biéu thirc dudng d6 véng co thé viét duéi dang da thic, chud

lwong gi4c don hoic dang sé phuc:
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Dang da thuc:

y=0 a,z")sinat =(a, +a,z+a,2> +a,2° +a,2") +.....)sin at
n=0

Dang chudi lugng giac don: y=(> a, sin %sin at

n=1
Dang s phtc: y = (i a, sin %)e‘“‘t
=1

Bwéc 3: Viét biéu thic luong cudng buc caa hé theo (2.13), (3.1) hoic (3.2).

Buwéc 4: Viét cac diéu kién vé dong hoc thé hién sy sai khac gitra hé cho
va hé so sanh. Diéu kién bién chinh I cac rang budc duéi dang dang thac.

Ngoai ra, ta phai dua thém rang budc, d6 I diéu kién c6 nghiém (tic 1a he
phai c6 dao dong).

Bwéc 5: Cuc tiéu hoa luong cudng bic.

Di véi bai todn cuc tri ¢d cac diéu kién rang budc, ta st dung phuong
phap phan tir Langrange dé dua bai toan cuc tri khéng rang budc.

Goi 4, la nhan tar Langrange dé dua bai toan cuc tri c6 diéu kién rang
budc (d6 1a diéu kién co nghiém, tac 1a c6 dao dong) vé bai toan cuc tri khdng
rang buoc. Sau khi vyc tiéu hoé luong cudng buc theo cac thanh phan co ban,
nhan dugc biéu thac 4, ¢6 chta tan s6 dao dong riéng o

Buwéc 6: Cho 4, = 0, nhan duoc cac gia tri tan s6 dao dong riéng @ . Ung
véi cac gid tri @, ta co cac dang dao dong riéng.

Xét dam don gian c6 do dung EJ =

const, khoi luong tap trung m dat cach géi ﬁ rOc:] = Z
trai mot doan 1a 1; nhu hinh (3.1). Bo qua S | 12 ‘f
khéi luong ciia dam. Tim tan s6 dao dong |
riéng ctia dam Hinh 3.1

Viét biéu thic duwong do véng cho cac doan dudi dang da thic nhu sau:

30



:(iaiz‘)sinzat (Voi 0<z<1)

4
=D b,z")sin at (V6i 0<z<1)
j=0

Chon hé so sanh giéng dam dang xét nhung hoan toan khéng co lién két.
Khi khong ké dén anh huong cua luc cit, luong cudng buc dugc viét nhu

sSau.

2
z :IIEJX((Z?] dz+IEJX(§Z{2 sz+2Fq‘yl(,lyt) (3.5)
Chuyén dong thuc caa dam cho s& rat gan véi chuyén dong tu do néu

lwong cudng bic cyc tiéu (hay 6z =0).

Dam cho khéac dam so sanh & chd cé cac lién két goi tua tai hai dau dam.
Tir d6 ta c6 cac diéu kién rang budc:
Yooty =0 9y = (b + byl +0,17 +b,17 +b,17)sin at =0

2 3 4 -
Yicety = Yooy = 92 = (@l +&,l; + a5l +a,l; —by)sin @t =0

2217 =0 g, =(a, +2a,l, +3a,l7 +4a,l} -b)sin at =0

Ngoai ra, ta phai ké thém diéu kién dé ton tai nghiém (c6 dao dong), nghia
1a khéi legng m phai c6 chuyén vi. Chuyén vi nay c6 thé co gié tri bat ky (khac
0). Cho chuyén vi d6 bang 1, vay ta c6 thém diéu kién rang bugc.

Vit =1 Gy = (b, +byl, +b,17 +b,17 +b,17)sin at =0

Ta dua bai toan tim cuc tri caa (3.5) c6 4 diéu kién rang budc vé bai toan

cuc tri khdng co rang bugc bang cach dua vao cac nhan tir Langrange nhu sau:

h azyl yz qt
Z= jEJ j EJ, dz+2F %y, t)+2/1kgk (3.6)

Z — min (cuc tiéu hoé phiém ham véi cac thanh phan co ban), ta c6 hé
phuong trinh dé xac dinh cac dai lugng can tim, trong d6 c6 4,. Xem luc quan

tinh F% nhu 1a ngoai luc (theo nguyén ly D'Alembert) nén khi cuc tiéu hoa
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phiém ham (3.6) ta khong dao ham ddi véi Fo,

Tuong ty cach giai thich nhu trén, 4, 1 phan luc lién két ciia gdi tai C (vi
tri dat khoi lugng m). Mat khac, tai C khong c6 lién két géi tyanén 4, =0.
3.4. Xac dinh tin s6 dao dong riéng thong qua dang dao dong riéng:

Véi gia thiét duong dan hdi duogce viét
mi=m m2=2m

duéi dang da thire hodic chudi luong giac A el ¢ 3
52 F:=‘1 pz=2
don, ta thay: F = m# Vay, ! l
r 7 2 1A e A Y, y,=ay,
luc quan tinh ti 1¢ vo1 khoi luong : 5
Y2= bY,

\ R ° P=1
m va chuyén vi y. | /N

Hinh 3.2

Tir nhan xét nay, ta c6 thé giai bai toan dong thong qua bai toan tinh. Dua
vao cac dang dao dong riéng ctia hé va tir bai toan tinh, ta tim duogc ti s6 chuyén
vi gira cac khdi luong.

Khi xét bai toan tinh, tai vi tri cac khéi lwong m, dat cac luc ti 1€ vdi cac
khéi lugng theo phuong chuyén vi, nhan dugc két qua cac chuyén vi. Céc
chuyén vi nay ti 1& véi nhau theo mot ti sd nao ddy, vi du nhu trén hinh (3.2).
Céc chuyén vi tim dugc ciing chinh 1a cac diéu kién rang budc duoc dua vao
biéu thic luong cudng bure, tir d6 xac dinh dugc cac tan sb dao dong riéng.

Céch 1am nay s& duoc thé hién 16 ¢ cac vi du & muc (3.6).

3.5. Mot so két luin va nhan xét:

+ Nguyén ly cuc tri Gauss khong phai 1a nguyén ly nang lugng. Nguyén
Iy ciing xét diéu kién dimng ctia phiém ham luong cudng biic: 67 = Onhung lay
bién phén theo gia téc.

+ Nguyén 1y cuc tri Gauss ¢ thé hiéu don gian 13 thay vi di xét hé thuc
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(hay goi 14 hé cho), ta di xét mot hé khac (goi 13 hé so sanh) hoan toan giéng hé
cho nhung khong c6 lién két. Hai hé nay s& chuyén dong lai gan nhau khi luong
cudng birc cuc tiéu.

+ T (2.13) va (2.16), nhan thay: khi giai bai toan dong luc hoc cong trinh
theo phuong phap nguyén li cuc tri Gauss, ta giai truc tiép dao ham cap hai cua
duong d6 vong trén luong cudng bire (voi gia thiét da biét duong d6 vong) ma
khong can phai giai phuong trinh vi phan bac 4.

+ Khi ldy cuc tiéu phiém ham biéu dién luong cudng bic dbi véi cac
thanh phan co ban, ta ludn c6 thé dan biéu thic cia nguyén 1y dang xét vé
phuong trinh cén bang.

+ Phuong phap nguyén 1y cuc tri Gauss phat trién tir nguyén 1y cuc tri
Gauss dé dua ra 101 giai cho bai toan co hoc vat ran bién dang. Lic nay, gia toc
trong nguyén 1y cuc tri Gauss chinh 1a dao ham cép hai ciia dudng do vong.

Hé so sanh c6 thé chiu lién két khac vi hé cho nhung phai giong hé cho
vé tai trong va do cirng mat cit.

Luong cudng burc thé hién sy sai khac vé lién két gilta hai hé: h¢ cho va h¢
so sanh.

Pdi véi bai toan dong luc hoc, ta coi lyc quan tinh nhu 1a ngoai lyc va viét
thém luong cudng buc do luc quan tinh gay ra.

+ V&1 cach xay dung bai toan va dua ra 101 gidi cho bai todn dong nhu bai
toan tinh nén sir dung phuong phap nguyén 1y cuc tri Gauss dé giai bai toan
dong luc hoc c6 cach lam va cach nghi don gidn, hoan toan mdi so vdi cac
phuong phap khéc.

3.6. Cac vi du tinh toan
Bai toan xac dinh tan sé dao dgng riéng - dgng dao déng riéng ciia khung co
mét sé bdc tw do:

Trong cac vi du tinh toan déu bo qua anh hudng cia lyc can va khong ké
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dén anh hudng cua luc cat. Cac nit khung duoc xem 1a tuyét déi cimg nén goc
xoay ctia cac thanh quy tu vai nit bang nhau
3.6.1. Vidu 1

Cho khung mang khéi luong m nhu trén hinh (3.1). Cac thanh BC c6 do
cting EJ, cac thanh AB va DC c¢6 d6 ciing 2EJ. Bo qua khdi luong cua thanh.
Tim tan sé dao dong riéng cua khung

B EJ
B @

EJ C
@)

=1 B

3I/2
2E
1)
4)
2EJ

[

Al D).
o I/2 + V2

Hinh 3.3
Loi gidi
Viét biéu thirc d6 vBng cho cac doan dudi dang da thirc nhu sau:

4 4
y =(Za12‘jsin ot (V('Yi OSZS%); yzz(zblzj}in a)t(véi OSZS%);

i=2 =0

4 4
Y, :(chz”jsin at (VoI 0<z< %) - :(deszsin ot (VoI 0<z< %) , (37)

n=0 m=2

Trong d6, cac thanh (1), (2) va (3) c6 gbc toa do lan lugt A,B va F. Con thanh
(4) c6 goc toa d6 tai D. Vi viéc chon géc toa &6 nhu trén, biéu thirc duong do
vBng caa thanh (1) va (4) thoa man diéu kién bién: Tai lién két ngam khong c6
chuyén vi va goc xoay.

Dao dong cua khung xay ra mot trong hai truong hop nhu sau:

* Triong hop 1: Khéi liwong m dao déng theo phurong thang ding (khung dao
dong doi xing) nhue hinh vé (3.4)
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u2

Hinh 3.4
Tai hai nt B va C khong c6 chuyén vi dang va chuyén vi ngang. Ta ¢6 u,=us
Chon dam so sanh gidng dam cho nhung khéng c6 lién két. Cac diéu kién rang
budc dugce viét nhu sau:

9,=Y =0} 0,=Y 4 =

31
1(223) 4(2:?)

93:Y2(z:o):0;g4:y =

1
3(2=3)

AR - L
8y1 8y2 . 8yl ay4
= - =01 = T =0
=% = | 1 " = 5Z| L
2
a5/2 8y3
ey M3 =0
gg az z=0 az | :E
v Go=Y . —1=0 (38)

2(2:5)

Luong cudng buc duoc viét nhu sau:
312 2., \2 12 2 2 12 2 2
2= [2E3{ % | dz+ [E0) 22 | dz+ [Ex 0Ys | g7+
0 oz 5 oz 0 oz

12 azy 2 10
. k=1

(3.9)

0z

Thay (3.7) va (3.8) vao (3.9), nhan duoc biéu thirc luong cudng bic Z.
Cho Z—min, ta c6 hé phuong trinh:
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0Z g 02 _ 02 _ 02 02 _ (3.10)

oa, ~oa, oc, od, oA

(i=2+4; j=0+4; n=0+4;m=2+4;k=1+10)

Sau khi @4 tim cyc tri cua phiém ham Z theo céc hé sé by, thay
F=-ma’y,,,, Vao cac phuong trinh (3.9)

Giai hé phuong trinh tuyén tinh (3.9). Tur két qua tinh toén, cho A1=0 ta

c6: =8 05D _379 [E)
7V ml ml

* Trirong hop 2: Khdi liong m dao déng theo phuong ngang (khung dao déng

doi xieng) nhee trén hinh vé (3.5)

Hinh 3.5

Ta thay tai diém nat B va C c6 chuyén vi ngang va goc xoay bang nhau

(v2=u3;u2=u3) tai vi tri c6 khdi lugng m khdng c6 chuyén vi diing
Chon dam so sénh gién dam cho nhung khéng ¢ lién két. Cac diéu kién
rang budc duoc viét nhu sau:

. 6y 8y
0= Y,3, =05 8= Yo =0 8= T4 =T

g _ Y, 1—%\ =0 gsz% 1_%| ~0:
52 Zzg 62 120 0z =5 0z 3
2
ay2 6y3 .
=S Y3 -0gQ, = =0; 3.11
05 = 0=, | L0 e Y, (3.11)
2
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v O = yl(zz%l) -1=0

Luong cudng buc dugc viét nhu sau:

31/2 2., \2 12 2
Z = IZEJx(a zlj dz+ IEJx(a Y2
5 0z

*Ys
. oz ?

2 1/2 3 2
sz+jEJx£ sz+
0 0z
(3.12)

31/2 a2 2 8
+ IZEJX(@TJJ dz + 2F“ Yo@uagy T Z’Ikgk
k=1

0

Thay (3.7) va (3.10) vao (3.11), nhan duoc biéu thirc lugng cudng bic Z. Cho
Z—min, ta co hé phuong trinh:

o A S N (3.13)
da, ab, ac ad, oA,

(i=2+4; j=0+4; n=0+4;m=2+4;k=1+8)
Sau khi d4 tim cuc tri caa phiém ham Z theo cac hé sb aj, thay
F% =—M’Y,4y,, Vao cac phuong trinh (3.13)

Giai hé phuong trinh tuyén tinh (3.13). Tur két qua tinh toan, cho cho

2420 ta G6: w:g\/E—ngz,esG? [E)
3\Vml ml

3.6.2. Vidu 2
Cho khung mang céac khdi lugng my=m,=m nhu trén hinh (3.12). Khung

c6 do cuang EJ=const. B qua khoi lugng cua cac thanh. Tim cac tan s6 dao

dong riéng cuaa khung va cac dang dao dong riéng tuong tng.

A O E @ B @ f & C
@ <
.3 . 3 4 . 4
D
Hinh 3.6
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Loi gidi

Viét biéu thirc duwong vdng cho cac doan dudi dang da thic nhu sau:

Dao dong caa khung xay ra mot trong hai truong hop nhu sau:

4

yf(iaizijsin ot (VoI 0<2<3); vy, :(Zblz"jsina)t(véi 0<2<3);

i=2 =0

4 4
Ys Z(ZCnZ”]Sm ot (VoI 0<z<4);y, =(dezmjsin ot (V6i 0<z<4);

n=0 m=2

4
Yo = (Zevzvjsin ot (VoI 0<z2<4);

v=l

(3.14)

Trong d6, cac thanh (1), (2) va (4) c6 gbc toa do 1an luot AE va B. Thanh (3) c6

goc toa do tai D va thanh (5) c6 gdc toa d6 tai C. Vi viéc chon gbc toa o nhu

trén, biéu thic duong do véng cua thanh (1), (3)va (5) thoa man diéu kién bién:

Tai ngam D khong c6 chuyén vi va goc xoay, tai goi A va C khong ¢ chuyén vi.

Tai n(t B khdn ¢d chuyén vi, goc xoay cua cac thanh quy tu vao nit déu bing

nhau.

Chon dam so sanh gidng dam cho nhung khéng c6 lién két. Cac diéu kién rang

budc duoc viét nhu sau:

= oy — _ =0; =, 53— :O
0 = Yien ~ Yoy =05 G2 = ia= 7| .
) oy, oYs
= Vorn — Yeuw =050, = 24|+ =
O3 = Yama)y — Y229 94 a2 17 o | »
oy oy ) oy oy
Js = 821 223_6_23| =05 g, :a_z2 Z:3_6_24| =097 = Y5,y =0

=4 z=0

Js = Yoi3) =0 g = Vagre0) =05 G0 =Y 1=0

-
2(2:5)

Luong cudng buc dugc viét nhu sau:

(3.14)
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3 52 2 3 52 2 4 52 2
Z:jEJx( le dz+jEJx£ VZJ dz+jEJx[ y3] dz +
0z° 0z° 0z°
0 0 0 (315)

[ V7% NP ey -7 vy L&
+IZEJX o dz+'(|).2EJx o dz +2F"y, 4, +2F, y4(4")+;/1kgk

Thay (3.32) va (3.33) vao (3.34), nhan dwoc biéu thuc lwgng cudng buc

Z. Cho Z—min, ta c6 hé phuong trinh:
0Z 02 0 02 0z 0 (3.16)

a e Cad, Ve o
(i=2+4; j=0+4; n=0+4; m=2+4;v=1+4; k=1+10)
Sau khi @4 tim cuc tri ciia phiém ham Z theo cac hé s6 aj, va dmthay
F=—mMa’Y, 5y, F" =—Ma’y,y,,, VA0 cac phuong trinh (3.16)

Giai hé phuong trinh tuyén tinh (3.35). Tir két qua tinh toan, cho 110=0 ta

CO: o, = 1 \/ 2E) 5 (4085-+/3139705 =0 0451/ E)

168

L \/ZE‘] (4085-+/3139705 =0 6441/ E)

T
Thay cac giartri a;, bj, ¢, va dn, twong tng véi cac gia tri o vao (3.14) ta co
cac dang dao dong riéng caa hé. Cac dang dao dong riéng cua hé. Cac dang dao

dong riéng duoc thé hién o hinh (3.13).

Hinh 3.7
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* Nhan xét: Di vai bai toan khung cang phuc tap thi cach 1am nay to ra
don gian vi ta khdng can xét dén bac siéu tinh cua hé.biéu quan trong la viét
dlng cac diéu kién bién.

Bai toan x&c dinh tan sé dao déng riéng cia dam cé vo sé béc tw do:
3.6.3. Vi du 3

Cho dam khdi lugng m phan bé déu va tiét dién khdng d6i nhu trén hinh
(3.14). Xac dinh cac tan sé dao dong riéng caa dam.

Loi gidi
Viét biéu thirc duong d6 vong cua dam dudi dang chudi luong giac don nhu

Sau.

y= (ian sin rlTﬁstin ot (3.17)

D& dang thay (3.36) thoa man diéu kién bién: Tai cac gbi lién két khong

c6 chuyén vi:

Ta co:

o’y ' ., . nm, .

cr__ n?a_ sin ——)sin ot 3.18
0z° 1 nZ:;' ( " 1 ) ( )

2 )
foo = mé—z =-ma’( ). (na,sin %)sin o
ot ! 1

Chon dam so sanh giéng dam cho nhung khong c6 lién két. Khi khong ké

dén anh huong cua lyc cat, lugng cudng birc dugc viét nhu sau:

1 2.,
Z= J' {EJ{%} 2fqty}dz (3.19)

0

Thay (3.36) vao (3.38):

1 2 o 2 ©
Z= J' {EJX(Z—ZZ(nZan sin nT”ZJsin a)tj +2 fqt(Zan sin %)sim cot}dz
n=1

n=1
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4

L o

—-sin? a)th[n a_ sin —J dz + 2sin a)tj fqt(Za sin %jdz (3.20)
on

Ta thay:

jsm dz——Voln—123 ..... )

(m.sin nz.cosmz.sin mz) _ 0
(n* —m?)
(V61 n£m) (3.22)
Khai trién (3.19) va dua vao két qua (3.20), (3.21), nhan duoc biéu thic sau:

Coona . mm
jsm .sin dz =
0 1 1

4 °e) 1 0
Z= E], 71[—43in ? a)t%Zn“aﬁ +2sin cotj( fo > @y sin %}dz
n=1 0 i=1

=0 Vv6i n= (1-») nhan dugc hé gdm n phuong

Cho Z -> min, hay: oz
oa,
trinh. Ung voi mdi gid tri cua n, ta co6 phuong trinh:
/R I .
EJ, 1—4 sin a)t.EZn a, +2sin a)tj f, S|n Z \4z (3.22)
Thay fqivao (3.42):
. 1 I nnz
EJ, 2 Sin 2cotE.Zn“an—Zma)zsin 2 catj'an sin? sz =0

4
EJ, ”—4 2cotl.Zn“an—Zma)2 sin 2 a)t.lan =0
1 2 2

-=> @, = 12 m

3.7. Tim tdn sé dao déng riéng tir dang dao déng riéng:
3.7.1. Vi du 4

Cho dam don gian c6 do cing EJ=const, hai khéi lwong m;=m; =m dit tai
c4c Vi tri nhu hinh v& (3.15). Bo qua khéi luong caa dam. Tim tan sé dao dong

riéng caa dam.
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AN * *
1/3 | 3 1 113 J‘

=)

Hinh 3.15
Loi giai:

Viét biéu thtre duong d6 vong cho cac doan dudi dang da thic sau:
4 4 .

yi= (Zaiz‘Jsin oty Y2= [ZbiziJSin ot 5 Y= [chz”jsin ot
i=1 j=1 n=0

(V6i 0= 2<) (3.23)

Ttr bai toan tinh ta thay:
+ Truong hop (a):
Dang dong riéng thr nhat duoc thé hién nhu hinh

p=1  P=1

v& (3.8). Cac khéi lwong my va m, ¢6 chuyén vi i
cung chiéu va ¢o tri s6 bang nhau. Vay ti s giita W

cac chuyén vi nay bang

1. Tan s6 dao dong riéng 1 o, Hinh 3.8
Chon dam so sanh giong dam cho nhung khong co lién két. Tir d6 co cac

diéu kién rang budc:

_ ) _ . _ oyl oy?2
- “0; 0=y , ~Yauo =0 Gs= | D2 =
gl ys(z%) ’ 92 yl(z%) y2(z:0) ’ gS oz z:% oz 4
3
3 ay2
4= Ly =05 2 g 3.24
g yz[Z%) Y3(2-0) g o Z:% pe |2—0 ( )

Cac diéu kién rang budc ( 3.24) ciing chinh 1a diéu kién bién cua ( 3.23).
Ngoai ra, ta da biét néu khéi lwong my 6 chuyén vi bang mot khéi lugng m;

cling c6 chuyén vi bang 1.
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7=

Wl

y lJ:1 g6:yl[ j—lzo

)

Luong cudng birc duoc viét nhu sau:

,
£ O R C

7=

SR

1

3 3 oY. . 7
Z= ZI EJ X(GZVZ jdz + 2R Yiass0 + DL A0, (3.25)
v=1 k=1
Cho Z -> min, ta c6 h¢ phuong trinh:
2 g0 o 2
oa, ob; oc, oc, 04,
(i=1+4;j=0+4,n=0+4,k=1+7) (3.26)

Sau khi d4 tim cuc tri ctia phim ham Z theo cac hé s a; va bj, ta thay:

qt _ 2
R =-ma; y1 1
(2:5)

, R'= —ma)fyz(z:1 vao cac phuong trinh (3.26).

Giai hé phuong trinh (3.26). Tur két qua tinh toan c6 duoc:

2.5mw?1® —162E]
A=A = ( L ) (3.27)
- — 162EJ]
BZ0=> o=\

+ Truong hop (b):

Dang dong riéng thir hai dwoc thé hién nhu hinh vé P=1 1
(3.9). Cac khéi lugng my va m, chuyén vi nguoc chiéu " /‘TV\”&
va c6 tri sO bang -1. Tan s6 dao dong riéng 13 ,. W/ P=1

Hinh 3.9

Véi cac bude lam tuong ty nhu & truong hop (a) nhung cac diéu kién rang
budc duoc viét lai nhu sau:

1=0

:1 = —
{ yl(z:%) { gG yl(z:%)
—>
y o =-1 g, =y, , +1=0

1, — 1
1(225) (z:g)
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Tir két qua tinh toan ta co duogc:

213
jo =g = 2] |3_ 486EJ) (3.28)

486EJ
mi®
* Nhan xét: cac biéu thire (3.48) va (3.49) 1a cac phuong trinh bac 2 doi

A=0=w, =

véi o. Trong khi biéu thic (3.7) cua vi du (3.1.1) lai 14 cac phuong trinh bac 4
dbi v6i . Vay, phuong phap nay c6 cach nhin va céch 1am don gian hon.
3.7.2.Vidu 5

Cho dam don gian c6 do cting EJ = const, cac

khéi lugng m; = my = ms = m dit tai cac vi tri AWWB

nhu hinh v& (3.18). Bo qua khdi lugng cua dam. |- V4 | V4 | V4 | V4

-

Tim tan s6 giao dong riéng cua dam Hinh 3.10
Loi giai:

* Xet bai toan tinh.

Viét biéu thirc dan hoi cho cac doan dudi dang da thie sau:
4 . 4 . 4 4

yi=Qaz') v, =Q.bz') v,=Q ") v.=0Q d.2"):  (3.29)
i=1 j=0 n=0 m=1

Trong dd, cac doan 1,2 va doan 3 c6 gbc toa do lan luot tai A,C va D. Con
doan 4 cd gdc toa do tai B. Vi viéc chon gbc toa do nhu trén, duong do vong
cua doan 1 va 4 thoa man diéu kién bién tai gdi lién két: gbi A va B khong c6
chuyén vi dang.

Chon hé so sanh gidng dam cho nhung khéng c6 lién két. Diéu kién bién

viét cho cac doan va diéu kién rang budc nhu sau:

N 71 B 7
9, = yl(z%) Yo =05 Podzlr dzl, ’
4
o _de| W
9, = yz(z%) Yaeo =0 Je = dz |1 dzf, -
4
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L0

i =0 (3.30)

dy
= — =0 =23
0; y3@=%) y4@=%) J6 dz |+

- Truong hop (a):
Dang dao dong cua h¢ nhu ¢ hinh (3.11). Vay, P=1 P=1 P=1

cac luc tap trung P = 1 dat tai cac vi tri c6 cac /h(&‘
- \ ~ 1 1
khoi lugng nhu hinh ve. 1414

Hinh 3.11

Luong cudng buc duogc viét nhu sau:

n 1/4 6

Z= ZIEJ( jdz+2y( i)=2y2(z_n+2 1P 2AD (3.31)

i=1l o Z k=1

Cho Z -> min, ta cé hé phuong trinh:

QZ_:O ;£§i==0; @E_:o ; j?éqzo : 121420 C}32)
da, ob, ac ad oA,

] n m
(i=1+4;j=0+4n=0+4m=1+4k=1+6)
Tir d6 nhan duoc cac két qua:

512 1 —9® 712
‘a,=0a,=—:a,=0b, = b, =
32E) 2 T8 T gy 0 256EJb1 64EJ

a1=

_3
CRRS RPN - L 1

b, = b, = X C, = ¢, =0;c
2 16EJ"° 12B3° ° 384E]" " 4EJ]

o1 ..
* 12837

Phuong trinh dudng dan hoi cua dam:

y,(z)= S L
! 32EJ  4EJ

_oF 71 A, 1 .,
y,(2)= - 7+ 7% + z
256EJ 64EJ 16EJ 12EJ

-9 1 ., 1
L(2)= + 7% - z
384EJ 4EJ 12EJ

Chuyén vi tai cac diém C, D, E:
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—9P? 191° —9P?

Ye = yl[z%] = 256Ey 70 T Y30 T T3gEy” y3(2=1j ~ 256EJ

4

Vay ta c6 ti s chuyén vi gitta cac vi tri dat cac khdi luong. Néu my va ms
c6 chuyén vi = 1 thi m, ¢6 chuyén vi = 1,41. Ta ¢ dang dao dong riéng thi nhat
g véi tan sé dao dong riéng w.

- Trueong hop (b)
Dang dao dong cua hé nhu hinh (3.12). Cac luc tap

trung P = 1 dat tai cac vi tri co khéi luong nhu \L T >
hinh v&. Nhu vay chuyén vi ctia khéi lwong m; va W P=1
m3 la nhu nhau. Hinh 3.12

Con khéi luong m, khong cé chuyén vi.

- Trurong hop ()

Dang dao dong ciia hé nhu trén hinh (3.13). 141

Nhu véy, cac lyc tap trung P duoc dat nhu hinh i¥ /VQ—P l=1

N A
Hinh 3.13

Khi khong ké dén anh huong caa luc cit, lwong cudng bic duoc viét nhu sau:

L (d?y, ) 6 3.33
Z:ZIEJX(FJ dz+2yl[z_lj—2 _yz(z_lJ +2y3(z—i)+;/1kgk (3.33)

i=1l o 4 -
Biéu thirc (3.33) hoan toan giéng (3.31) nén ta co ti s6 chuyén vi giira cac
khdi lwong nhu hinh (3.13).

* Xét bai toan dong:

Viét biéu thirc duong do vng cho cac doan dudi dang da thire nhu sau:

4 4 .
Y1 :[Zaizijsin at; Y, :(ijzj}m at: m ms ms
j=0

i1 AR S @p O g @8
L4 Va 14 | 14

Vs =[Z4:cnz”jsin at; Y, =(ZA: mz"‘]sin ot; (3.34)

n=0 m=1
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Chon hé so sanh giéng dam cho nhung khdng c6 lién két. Biéu kién bién
viét cho c4c doan va diéu kién rang budc nhu sau:
_.

) '

01 = Yiz=114) ~ Ya(z=0) = 0.9, = 6_21 1 0L, =
4

_ oy oy .

95 = Yaeva) ~ Yae0) = 0104 = 5_22 =t _6_23 20 -0
4
o O oy ;
gs — y3(2:1/4) _ y4(Z:0) = 0, 96 = 6—23 —6—24 L = O, (3-35)

1
==
4

Khi khong ké anh huong dén luc cat, luong cudng buc duoc viét nhu sau:

(3.36)

0Z?

4 U4 azy 2 , ; « 9
zZ=Y EJX[_J dz + 2F, .yl[%tj +2F, .yz[:tj+2F3 .ys[itj+kz_l:ik.gk

v=l o

Céc diéu kién rang buoc (3.35) ciing chinh 1a diéu kién bién cua (3.34).
Ngoai ra, ta da biét ti 1& chuyén vi caa cac khdi lwgng ma, m,, ms. Tir d6, c6
thém ba diéu kién rang buoc:

* Truong hop (a):
~1=0 ; gy=Y :1)—1,41:0; 9 =Y, 1)—1:0 (3.37)

g, =Yy
2(z 2 (Z:Z

1
1(2:2)

Thay (3.34), (3.35), (3.37) vao (3.36), nhan duoc biéu thic luong cudng

buc Z. Cho Z -> min , ta ¢6 hé phuong trinh:

@ g @ @ @
oa, b, o, od, oA,
(i=1+4; j=0+4; n=0+4; m=1+4 ;, k=1+9) (3.38)

Sau khi da tim cyc tri caa phim ham Z theo céc thanh phan co ban, ta thay:

F* :—ma)zyl[1tj : qut:_ma,zyz(ltj ; qut:—ma)zys[ltj vao cac

4 4

phuong trinh trong (3.38).
Giai hé phuong trinh tuyén (3.38). Tir két qua tinh toan, nhan dugc:

A=A =g
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| EJ
ﬂ’ﬁ :O—>a)=a)lz4,94 W

* Truong hop (b):

g, = yJ.(z:%) -1=0 ; gz= yz( 1) =0 ; Qo= yg{z%J +1=0 (3.39)

Thay (3.34), (3.35), (3.39) vao (3.37) nhan duoc biéu thic luc cudng bic
Z. Cac budc tién hanh gidng truong hop (a) , Tur két qua tinh toan nhan duoc:
A =729y A=0

E

=0 =w, ~19,6
A > 0=0, WE
* Truong hop (C):

g,=Y -1=0 ; 9=V, 1)+1,41=O P Oe=Y 1=0 (3.40)

1 1,
l(Z:Z) (Z:Z 3(2:2)

Thay (3.34), (3.35), (3.39) vao (3.36), nhan dugc biéu thirc legng cudng
birc Z. Tur két qua tinh toan, nhan duoc: 4, = 4, = 4,

[ EJ
%:O—>CUZCU3 z41,6 W

3.8. Bai toan dao dong cwéng bic caa hé hiru han bac tw do:

3.8.1. Vidu: 6

Cho dim dan ho6i mang hai khéi lugng tip trung Psinrt

m; = m = 1800kg ; Mz = 2m (b6 qua khéi lwong Ai 5 ‘e
cua dam). Dam ¢6 EJ = 150.10° Nm?, chiéu dai | ummim e m2|= 2,2 !
= 12(m). Téc dung 1én khéi lvong my lyc didu ! ! -

o ., Hinh 3.22
hoa c6 bién do P=18KN, tan s0 vong =108 (s}).

Hay xac dinh chuyén vi va ndi lyc dong ctia dam.
Loi giai:
* X4c dinh tan sé riéng va dang dao dong riéng:

Viét biéu thirc duong do vong cho cac doan dudi dang da thie nhu sau:
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4 4 4
A =(Zaiz‘]sin ot Y, :[ijzl}sin at Y, =[Zanz”]sin ot (3.41)
i=1 j=1

n=1

Cac diéu kién rang budc:

_ _0 " q. = _ _ N,
9, = y3(z%) =0 ! g,= yl(z%) Yooy = 0, g;= ozl ozl ,
4
_ _ 0 - Nal Nl .4 1=
A AL = (= BRI R Al (3.42)

l\)

Chon hé so sanh giéng dam cho nhung khong c6 lién két. Lugng cudng

buc dugc viét nhu sau:

14 12 14
/= IEJ (Gzylj dZ+J ( azyzj dZ+J [a%] dZ+2F Yian "'ZF Yoo +Z/1kgk (3 43)

0
Cho Z -> min , ta c6 hé phuong trinh:

% _0; Lo Zog; Loy (3.44)
oa, ob; oc 04,

(i=1+4; j=0+4; n=0+4; k=1+6)

Sau khi @4 tim cyc tri cua phim Z theo cac hé sé a; va b;, ta thay:

= :—mla)zyl(l,A]y) = —ma)zyl(l,“) ; Rl = —mza)zyz(l,z’t) = —mezyz(l,z’t)
vao cac phuong trinh (3.35).

Giai hé phuong trinh tuyén tinh (3.35), xac dinh duogc cac hé sb chua biét
ai, bj, ¢, va cac phéan tir Lagrange 4, .

Tir két qua tinh toan ta c6 dugc, cho 4, =0, c¢d két qua nhu sau:

wlz\/emlEJ(27-,/473) RE

ml? ' mi®

. \/6m|EJ(27+,/473 17102 [EL
L ml? N mi®

Thay cac gia tri a;, b, ¢, tim duoc vao (3.41) ta co: khi khéi lugng m; dao

dong véi bién @6 bang 1 thi khdi luong m, dao dong véi bién d6 bing
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i

24E)-me’l®
-108EJ + ma?*I®
Thay céc gia tri EJ, m va | da cho, ta c6:

Vecto tan s6 dao dong riéng: w=[%%| (s1)

18,76

A s p 1 1
Ma tran cac dang chinh: @ =
1,099 -0,455

Chuan hoa céc dang dao dong riéng theo (1.11):

+ Tinh cac hé sb as:

a’= g/ Mg =[1 1,099] m 0l = 3,4156m

P 0 2m|[1099|

— a, =18481/m

2 - Mp=p —o0as5]|™ ° |[* |=141405m
2ore ’ 0 2m||-0455|

= a, =1891/m

+ Dang chuan duoc xac dinh:

1 1] Josa] 1
P =1 8481Jm 1,099 |~ | 0,5946 | Jm

1N o946 ] 1
Pe T 11891Jm | -0.455) | -0,3826 | Jm
Ma tran dang chuan:

0,5411 0,8409 1

P = {0,5946 —0,3826} Jm

* X&c dinh tdi trong khai trién theo cac dang riéng : Dua vao ( 1.14), ta co;

Pl: (Dchh F)'\/|¢1,ch

1 P1[m 0 7[05411] 1 [0,707
= —[0,5411 0,5946 | — = P
Jm 0/l0 2m||05946|/m |0,644

PZ: ¢2T,ch PM¢2,ch
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1 Plm 0 1][0,8409 1 0,707
= —[0,5411 055946 | — = P

Jym 00 2m|[-03826]Vm |-0,644
2 707 |
Vay Pu= [0, 93 0,70 P
0,644 —0,644
Tai trong khai trién theo céc dang riéng dugc thé hién & hinh (3.23).
* X4c dinh chuyén vi déng cia hé; 0,293Psinrt 0,644Psinrt
Céc phan tir cia ma tran céc hé sb anh - m‘i ‘mz -
hudng dong hoc duoc tinh theo (1.17): 0,707Psinrt -0,644Psinrt
t i m m2
Kai (t) = i'[sin rz.sin @, sin a),(t—r)drzg K 1L ‘ =
i 0 2
Hinh 3.23
Ma tran cac hé s6 anh huong dong hoc nhu sau:
9,857
Kai (t) = { 9,85 5}10‘5 sin rt
40,9846

Chuyén vi cta hé dugc tinh theo (1.18):

0,293 0,707 -98575| . .
P 107> sin rt
0,644 -0,644 40,9846

0
1
Y(t)ZM'lthKai(t) = m {0 ] {

N |-

-16,3712

26,0879 . 8,453 | .
= mP.107°sin rt = sin rt (mm)
5,304

* X4c dinh lyc dan hoi:

@’ sin rt
a2 — 12

Theo (1.20) ta ¢6: Ki(t) = o [sin rz.sin o, (t—7)dz = ( 3.45)
0

Thay cac gid tri @, varvao ( 3.45) nhan duoc ma tran:

—14,98
578,04

Ki(t) = [ }10‘Zsin rt

Lyuc dan hoi duoc uéc tinh theo (1.21):

0,293 0,707 } F{—14,98

Pa = PuKi(t) =
4= PiaKi(t {0,644 ~0,644| |578,04

}10‘Zsin rt= {4’043 }P sin rt
—3,819

o1



* Xéc dinh noi luc dong: T biéu d6 trén hinh ( 3.24), Ma do P = 1 dit lan
luot tai A va tai B gay ra la: Ma; = 31/16 va Ma, = 1/16.

Momen udn tai A: Fird
Al B

M =|2=— Psinr
At) {16 16} L 31819} sinrt 31/16 16

L4 _j 12 I
=112,185 sin rt (KNm) Hinh 3.24
Momen uén tai B:
Mag(t) :[i§} {4’043 } P sinrt 100,089
1616 | | —3,819 A e

= - 100,089 sin rt ( KNm) 8

Biéu d6 ménmen dong nhu hinh (3.25) BIEH 355
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KET LUAN VA KIEN NGHI
* Két luan:

Téc gia da xay dung duoc cac budc tién hanh dé xac dinh tan sé dao
dong riéng va dang dao dong riéng cua hé dao dong.

Khi stir dung phuong phap nguyén 1y cuc tri Gauss vao bai toan dong luc
hoc, d tim duoc tan s riéng va dang dao dong riéng cua co hé.

Bang viéc tim hiéu va 4p dung tinh toan cho céc bai toan cu thé cua hé
dam, khung c6 mot s6 bac tu do hozc vo sé bac tu do va cd céc lién két khac
nhau, tac gia di chiing to dugc su dung dan va hiéu qua cua phuong phap nay.
Cac két qua nhan duoc phd hop véi nhiing két qua da c6 khi giai bang céac
phuong phép khac.

Phuong phap nguyén 1y cuc tri Gauss xay dung va dua ra loi giai cho bai
toan dong nhu bai toan tinh, do d6 c¢6 cach nhin don gian va té ra c6 hiéu qua
d6i véi cac bai toan dong luc hoc.

* Kién nghi:

C6 thé str dung phuong phap nguyén 1y cuc tri Gauss nhu mot phuong
phap mai trong giang day va hoc tap, nghién cuu.

Phuong phap nguyén 1y cyc tri Gauss mo ra mot huéng méi vé thyc
nghiém, thay vi thi nghiém trén cau kién nay (hé cho) thi c6 thé tién hanh thi
nghiém trén cau kién khéc (hé so sanh). Viéc cuc tiéu hoa luong cudng birc cho

phép di dén két qua thi nghiém ddi véi cau kién phai xét.
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