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LOI CAM POAN

T6i xin cam doan ddy 1a cong trinh nghién ctu cua riéng t6i. Cac so liéu, két
qua trong luan van 14 trung thuc va chua timg dugc ai cong bd trong bat ky
cong trinh nao khéc.

Tac gia luan van

Nguyén Vin Truéng



LOI CAM ON

Téc gia luan van xin tran trong bay to 10ng biét on sau sac nhat ddi voi
GS.TSKH Ha Huy Cuong vi nhiing y twdng khoa hoc ddc dao, nhitng chi bao
sau sic vé phuong phap nguyén 1y cuc tri Gauss va nhitng chia sé vé kién
thirc co hoc, toan hoc uyén bac cta Giao su. Giao su da tan tinh giap do va
cho nhiéu chi dan khoa hoc c6 gia tri ciing nhu thuong xuyén dong vién, tao
moi diéu kién thuan loi, giup d& tac gia trong suét qua trinh hoc tap, nghién

ctu hoan thanh luan van.

Tac gia xin chan thanh cam on cac nha khoa hoc, cac chuyén gia trong
va ngoai truong Pai hoc Dan 1ap Hai phong di tao diéu kién giup d&, quan

tdm gop y cho ban luan van dugc hoan thién hon.

Tac gia xin tran trong cam on cac can b, giao vién cua Khoa xay dung,
Phong dao tao Pai hoc va Sau dai hoc - truong DPai hoc Dan lap Hai phong,
va cac dong nghiép da tao diéu kién thuan loi, gitp d& tac gia trong qua trinh
nghién ctru va hoan thanh luan van.

Tac gia luan vin

Nguyén Vin Truwong
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MO PAU

Bai toan co hoc két ciu hién nay noi chung dugc xdy dung theo bon
duong 16i d6 1a: Xay dung phuong trinh vi phan cén bang phan t6; Phuong
phap nang luong; Phuong phap nguyén ly cong a0 va Phuong phép st dung
truc tiép Phuong trinh Lagrange. Cac phuong phép giai gdbm c6: Phuong phap
duoc coi 1 chinh x4ac nhu, phuong phép luc, phuong phap chuyén vi, phuong
phap hdn hop, phuong phap lién hop va cic phuong phép gan dung nhu:
Phuong phap phan tir hiru han, phwong phap sai phan hiru han, phwong phap
hdn hop sai phan - bién phan.

Phuong phap phan tir hitu han 14 phuong phép duoc xay dung dua trén
y tuong rdi rac hda cong trinh thanh nhitng phan tir nhé (sd phan tir 14 hiru
han). Céac phan tir nho dugc ndi lai v6i nhau thdng qua cac phuong trinh can
bang va cac phuong trinh lién tuc. Dé giai quyét bai toan co hoc két ciu, co
thé tiép can phuong phap nay theo ba md hinh gom: Md hinh chuyén vi, xem
chuyén vi 1a dai lwong can tim va ham noi suy biéu dién gan dang dang phan
bd cua chuyén vi trong phan tir; M6 hinh can bang, ham noi suy biéu dién
gan dung dang phan b cua Gng suat hay noi luc trong phan tir va md hinh
hén hop, coi cac dai lwong chuyén vi va tng suat 12 hai yéu té doc l1ap riéng
biét. Cac ham noi suy biéu dién gan dung dang phan b cua ca chuyén vi 1an
{rng suat trong phan tir.
Poi twong, phwong phap va pham vi nghién ctru cia dé tai

Trong luan vin nay, tac gia st dung phuong phan tir hitu han theo md
hinh chuyén vi dé xay dung va giai bai toan dam lién tuc chiu tac dung cua tai
trong tinh tap trung.
Muc dich nghién ciru ciia dé tai

“Xac dinh noi luc va chuyén vi ciia dam lién tuc

chiu tdi trong tinh tdp trung bang phwong phdp phan tir hivu han”



Nhiém vu nghién ctu cia dé tai

1. Tim hiéu va gi6i thiéu cac phuong phép giai bai toan co hoc két cau hién
nay.

2. Trinh bay 1y thuyét dim Euler - Bernoulli

3. Trinh bay phuong phap phan tir hitu han va ap dung dé giai bai toan dam
lién tuc, chiu tac dung cua tai trong tinh tap trung.

4. Lap chuong trinh may tinh dién tir cho cac bai todn néu trén.



CHUONG 1.
BAI TOAN CO HQC KET CAU VA CAC PHUONG PHAP GIAI

Trong chuong nay gidi thidu bai toan co hoc két cau (bai toan tinh) va
cac phuong phap giai thuong dung hién nay.

1.1. Bai toan co hoc két cau

Bai toan co hoc két cAu nham xac dinh néi lyc va chuyén vi cua hé
thanh, tim, v6 dudi tac dung cua céc loai tai trong, nhiét do, chuyén vi cudng
burc,...va duoc chia lam hai loai:

- Bai toan tinh dinh: 13 bai toan c6 ciu tao hinh hoc bat bién hinh va du lién
két tua v6i dat, cac lién két sap xép hop 1y, chiu cac loai tai trong. Dé xac
dinh noi luc va chuyén vi chi can dung cac phuong trinh can bang tinh hoc 1a
du;

- Bai toan siéu tinh: 1a bai toan c6 ciu tao hinh hoc bat bién hinh va thira lién
két (ndi hodc ngoai) chiu cac loai tai trong, nhiét do, chuyén vi cudng
btic,...Dé xac dinh ndi luc va chuyén vi ngoai cic phuong trinh cin bing ta
con phai bd sung cac phuong trinh bién dang.

Néu tinh dén tan ung suét, co thé noi rr:ng moi bai toan co hoc vat ran
bién dang néi chung va bai toan co hoc két cdu noi riéng déu 1a bai toan siéu
tinh.

1.2. Cac phwong phap giai hién nay

D3 ¢6 nhiéu phuong phap dé giai bai toan siéu tinh. Hai phuong phap
truyén thong co ban 1a phuong phap luc va phuong phap chuyén vi. Khi st
dung chung thudng phai giai hé phuong trinh dai s6 tuyén tinh. S6 luong céac
phuong trinh tity thuéc vao phuong phap phan tich. Tir phuong phap chuyén
vi ta c¢6 hai cach tinh gan diing hay dugc sir dung 1a H. Cross va G. Kani. Tur
khi xuit hién mdy tinh dién tir, ngudi ta bd sung thém cac phuong phap sb

khac nhu: Phuong phap phan tir hitu han; Phuong phap sai phan hitu han. ..



1.2.1. Phuwong phap luc

Trong hé siéu tinh ta thay cac lién két thira bang cac luc chua biét, con
gia tri cac chuyén vi trong hé co ban tuong (mg véi vi tri va phuong cua céac
lwc 4n s6 do ban than cac luc d6 va do cac nguyén nhan bén ngoai gy ra bang
khong. Tir diéu kién nay ta lap duoc hé cac phuong trinh dai sé tuyén tinh,
giai hé nay ta tim dugc cac an sb va tir 46 suy ra cac dai luong can tim.
1.2.2. Phwong phap chuyén vi

Khac voi phuong phéap luc, phuong phap chuyén vi ldy chuyén vi tai
cac nat 1am an. Nhitng chuyén vi nay phai co gia tri sao cho phan luc tai cac
lién két dat thém vao hé do ban than chiing va do cac nguyén nhan bén ngoai
gay ra bang khong. Lap hé phuong trinh dai s6 tuyén tinh théa mén diéu kién
nay va giai hé do ta tim dugc cac an, tir d6 xac dinh céac dai luong con lai. H¢
co ban trong phuong phap chuyén vi 13 duy nhat va gii han giai cac bai toan
phu thudc vao s6 cac phﬁn tir mau co san.
1.2.3. Phuwong phap hdn hep va phuong phap lién hop
Phuong phap hdn hop, phuong phap lién hop 1a sy két hop song song giita
phuong phap luc va phuong phap chuyén vi. Trong phuong phap nay ta co
thé chon hé co ban theo phuong phap luc nhung khong loai bo hét cac lién két
thira ma chi loai bo cac lién két thudc bo phan thich hop véi phuwong phap luc;
hodc chon hé co ban theo phuong phap chuyén vi nhung khong dat day du cac
lién két phu nham ngan can toan bd cac chuyén vi nat ma chi dit cac lién két
phu tai cac nat thudc bd phan thich hop v6i phuong phap chuyén vi. Truong
hop dau hé co ban 1a siéu tinh, con truong hop sau hé co ban 1a siéu dong.

Trong ca hai cach ndi trén, bai todn ban dau duoc dua vé hai bai toan

doc 1ap: Mot theo phuong phap luc va mot theo phuong phap chuyén vi.



1.2.4. Phuwong phap sai phan hiru han

Phuong phap sai phan hiru han ciing 1a thay thé hé lién tuc bang mo
hinh roi rac, song ham can tim (ham mang dén cho phiém ham gia tri dimg),
nhan nhing gia tri gﬁn ding tai mdt s6 hiru han diém cta mién tich phan, con
gia tri cac diém trung gian s& duoc xac dinh nho mot phuong phap tich phan
nao do. Phuong phap nay cho 10i gidi s6 ciia phuong trinh vi phan vé
chuyén vi va ndi luc tai cac diém nut. Thong thuong ta phai thay dao ham
bang cac sai phan ctia ham tai cac nat. Phuong trinh vi phan cta chuyén vi
hodc noi luc duoc viét dudi dang sai phan tai mdi nut, biéu thi quan hé cua
chuyén vi tai mQt nit va cac nit lan can dudi tac dung ctia ngoai lyc.
1.2.5. Phwong phap hdn hop sai phan — bién phan

Két hop phuong phap sai phan v&i phuong phép bién phéan ta c6 mot
phuong phap linh dong hon: Hoac 1a sai phan cac dao ham trong phuong trinh
bién phan hoic 13 sai phan theo mdt phuong va bién phan theo mot phuong

khac (d6i voi bai toan hai chiéu).



CHUONG 2
PHUONG PHAP PHAN TU HUU HAN

Trong chuong trinh bay mot s khai niém co ban ctua phuong phap phan
ter hitu han, dé phuc vu cho viéc xay dung cac bai toan xac dinh néi luc va
chuyén vi cho céc dam lién tuc chiu tai trong tinh tap trung theo phuong phap

phan tir hitu han & chuong 3.

2.1. Phwong phap phan tir hitu han

Phuong phap phan tir hitu han 12 mot phuong phép s6 dac bigt c6 hiéu
qua dé tim dang gan ding cua mot ham chua biét trong mién xac dinh V cua
n6. Tuy nhién phuong phap phan tir hitu han khéng tim dang xap xi cua ham
can tim trén toan mién V ma chi trong tirng mién con V/, (phan tir) thuoc mién
xé4c dinh V. Do d6 phuong phap nay rat thich hop vai hang loat bai toan vat Iy
va ky thuat trong d6 ham can tim duoc xac dinh trén cac mién phuc tap gom
nhiéu ving nho ¢ dic tinh hinh hoc, vat Iy khac nhau, chiu nhitng diéu kién
bién khac nhau. Phuong phéap ra doi tir tryc quan phan tich két cau, roi duogc
phét biéu mot cach chat ché va tong quat nhu mot phuong phéap bién phan hay
phuong phép du c6 trong nhung dugc xap xi trén mdi phan tir.

Trong phuong phap phan tir hitu han chia két cdu cong trinh thanh mot
s6 hitu han cac phan tir. Cac phan tir nay duoc néi véi nhau tai cac diém dinh
trude thuong tai dinh phan tar (tham tri tai cac diém trén bién phan ta) goi la
nut. Nhu vay viéc tinh toan két cau cong trinh dugc dua vé tinh toén trén cac
phan tir cua két cau sau do két ndi cac phan tir nay lai véi nhau ta duogc 1oi
giai caa mot két cau cong trinh hoan chinh. Tuong tu nhu phuong phap sai
phan hitu han ciing chia cong trinh thanh cic doan nho (phan tir) va céc trang

thai chuyén vi (truong chuyén vi) v.v... dugce xac dinh tai cac diém nat sai
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phan. Su khac biét cuia hai phuong phap 1la Phuong phap sai phan hitu han sau
khi tim dugc cac chuyén vi tai cac nit cua sai phan con cac diém nam giira
hai ntit dugc xac dinh bang noi suy tuyén tinh, con phwong phap phan tir hitu
han sau khi xac dinh dugc chuyén vj tai cac ndt cua phan tir thi cac diém bén
trong dugc xac dinh bang ham noi suy (ham dang).

Véi bai toan co hoc vat ran bién dang, tuy theo y nghia vat i caa ham
noi suy c6 thé phan tich bai toan theo 3 loai md hinh sau:

- Md hinh chuyén vi: Xem chuyén vi 1a dai lwong can tim va ham noi
suy biéu dién gan dang dang phan bé caa chuyén vi trong phan tir.

- M@ hinh can bang: Ham noi suy biéu dién gan dang dang phan bé cua
g suat hay ndi lyc trong phan tu.

- M@ hinh hén hop: Coi cac dai lugng chuyén vi va tng suat 1a 2 yéu t6
doc 1ap riéng biét. Cac ham noi suy biéu dién gan dung dang phan bé cua ca
chuyén vi 1an Gng suat trong phan tir.

Hién nay, khi 4p dung phuong phap phan ti hitu han dé giai cac bai toan
co hoc thuong st dung phuong phap phan tir hitu han theo mé hinh chuyén
vi. Sau ddy ludn van trinh bai ndi dung phuong phap phan tir hitu han theo mo
hinh chuyén vi.

2.1.1 Ndi dung phwong phap phan tir hira han theo md hinh chuyén vi

Trong phuong phap phan tir hitu han - mé hinh chuyén vi, thanh phan
chuyén vi dugc xem 1a dai lugng can tim. Chuyén vi duoc lay xap xi trong
dang mot ham don gian goi 1a ham ndi suy (hay con goi 1a ham chuyén vi).
Trinh ty phan tich bai toan theo phuong phap phan tir hitu han - md hinh
chuyén vi ¢ noi dung nhu sau:
2.1.1.1. Roi rac hoa mién khdo sat

Mién khao sat (d6i teong nghién ctru) dugc chia thanh cac mién con hay

con goi 1a cac phan tir c6 hinh dang hinh hoc thich hop. Céc phan tir nay duoc



coi 1a lién két véi nhau tai cac ndt nam tai dinh hay bién caa phan ti. S6 nat
cua phan tir khdng lay tuy tién ma phu thuc vao ham chuyén vi dinh chon.

Cac phan ti thuong c6 dang hinh hoc don gian (hinh 2.1)

AN

Hinh 2.1 Dang hinh hoc don gian caa phan ti
2.1.1.2. Chon ham xdp xi

Mot trong nhimg tu tuéng cia phuong phap phan tir hitu han 1a xap xi
hoa dai luong can tim trong m&i mién con. Piéu nay cho phép ta kha ning
thay thé viéc tim nghiém vén phuac tap trong toan mién V bang viéc tim
nghiém tai cac ndt caa phan tir, con nghiém trong cac phan tir dugc tim bang
viéc dua vao ham xap xi don gian.

Gia thiét ham xap xi (ham chuyén vi) sao cho don gian ddi véi viéc tinh
toan nhung phai thoa mén diéu kién hoi tu. Thuong chon dudi dang ham da
thic. Biéu dién ham xap xi theo tap hop gid tri cac thanh phan chuyén vi va
c6 thé ca dao ham cua nd tai cac nit caa phan tir. Ham xap xi nay thuong
duoc chon la ham da thiac vi céce ly do sau:

- Pa thtc khi duge xem nhu mot té hop tuyén tinh cua cac don thic thi
tap hop cac don thuc thoa man yéu cau doc 1ap tuyén tinh nhu yéu cau cua
Ritz, Galerkin.

- Ham x4p xi dang da thirc thuong dé tinh toan, dé thiét lap cong thuc
khi xay dung cac phuong trinh ctia phan tr hitu han va tinh toan bang may

tinh. Dac biét 1 dé tinh dao ham, tich phan.



- C6 kha ning ting d6 chinh xac bang cach ting sb bac cua da thirc xap
xi (V& 1y thuyét da thirc bac vo cling s& cho nghiém chinh xac). Tuy nhién, khi
thuc hanh tinh toan ta thuong ldy da thic xap xi bac thap ma théi.

Tap hop cac ham xap xi s& xay dung nén mot trudng chuyén vi xac dinh
mot trang thai chuyén vi duy nhat bén trong phan tir theo cac thanh phan
chuyén vi nat. Tur truong chuyén vi s& xac dinh mot trang thai bién dang,
trang thai tng suit duy nhat bén trong phan tir theo céc gia tri cua cac thanh
phan chuyén vi n(t caa phan tu.

Khi chon bac ctia ham da thirc Xap Xi can luu ¥ cic yéu cau sau:

- Céc da thtic xap xi can thoa man diéu kién hoi tu. Pay 14 yéu cau quan
trong vi phuong phap phan tir hitu han 1a mét phuong phép s6, do dé phai
dam bao khi kich thudc phan tir giam thi két qua s& hoi tu dén nghiém chinh
Xac.

- Céc da thtic xap xi duoc chon sao cho khong méat tinh dang huéng hinh
hoc.

- S6 tham s6 cua cac da thire xap xi phai bang sé bac tu do cua phan tu,
tac 1a bang sé thanh phan chuyén vi nit cua phan ti. Yéu cau nay cho kha
nang ndi suy da thirc cua ham xap xi theo gia trj dai luong can tim, tic 1a theo
gia tri cac thanh phan chuyén vi tai cac diém nat caa phan tur.
2.1.1.3. Xay dung phwong trinh cén bang trong tang phan ti, thiét lip ma
trgn dj cimng [K] va vecto tdi trong nGt {F}_ciia phan ti thir e.

Thiét 1ap mdi quan hé giira &ng suat va chuyén vi nit phan tir

Can thiét 1ap biéu thuc tinh bién dang va tng sut tai mot diém bat ki

trong phén tir thong qua an co ban la chuyén vi nit phan tir {8} . St dung céc

cong thirc trong Li thuyét dan hdi, mbi quan hé giira bién dang va chuyén vi :

{e} =[V]{u} (2.1)



Ta co: {u} =[N]{8}, (2.2)
trong do: [N] - g(_)j 1a ma tran he‘}m dang, chta céac toa d cua cac diém nat
cua phan tur va cac bién cua diém bat ki dang xét.

Thay (2.2) vao (2.1), ta duoc:

e} =[VIINL{3}, =[B]i8), (23)

trong d6:  [B]=[V][N]- ma trén chira dao ham cua ham dang.
Theo 1y thuyét dan hoi quan hé gitta ing suat va bién dang :

{o}=[D]{¢} (2.4)
Thay (2.3) vao (2.4), taduoc :
{c} = [DI[BK&}- (2.5)

Thé ning toan phan I1. ciia phan tir
Xét truong hop phan tir chiu tai trong tdp trung tai nit {Pn}e (tng voi1
chuyén vi nat {8}, ) va chiu tai trong phan bd trén bé mit phan tr co cudong
oz £ty 9
do tai diem M bat ki 1a {q} = {qx :
y
Thiét 1ap biéu thirc tinh thé ning toan phan I, cta phan tir theo cong

ctia ngoai luc W, va thé niang bién dang U, ctia phan tir do.
He: Ue'We (2.6)

Cong ngoai luc W, (khong xét luc thé tich) duoc tinh:
W, = {8}2 {Pn }e + I{U}T {q}ds
S

Tir (22),tacé: {u}=[N]{8}, = {u}" =([N]{5},) ={8}.[N]'

Thay vao biéu thuc tinh cong ngoai luc W, trén, thu dugc:

W, = {8}, {R.}, +{8}. [[N] {a}ds (2.7)

Thé nang bién dang U, cta PT duoc tinh:
1 T
U, = Ei{g} {c}dV

Thay (2.3) va (2.5) vao biéu thirc tinh thé ning bién dang U, cua phan
tir, ta co:
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Thay (2.7) va (2.8) vao (2.6) thu dugc thé niang toan phan cua phan tir :
1ot T T T T
1,20, 16 T v .| ).+ ]I s 29
pat:  [K], =[[B]'[D][B]dV (2.10)

[K]e g01 13 ma tran do cung phan tir. Vi [D] 1a ma tran dbi xing nén
tich ([B]" [ [B]) cung dbi xing va d0 d6 [KJe 1a ma tran ddi xtng.

pat:  {F}, ={P.}, +[[N] {a}dS={R.}, +{P,} (2.11)

{F}. - 1a vecto tai trong nut cta phan tir; dugc xdy dung boi ngoai luc
dat tai nut phan tir {P,}. va ngoai luc dat trong phan tr qui vé nat {Pq}.

trong do: {P.} =[[N] {a}ds (2.12)
Thay (2.11) va (2.12) vao (2.9), ta dugc :
1,71 T
= E{S}e [K]e {S}e o {S}e {F}e (213)

Thiét 1ap phwong trinh cﬁnrbz‘ing ‘ ‘ ‘ ‘
Theo nguyén li dung thé nang toan phan, di€u kién can bang cua phan tir
tal cac diém nut :
o, _ 0

a {8}8
(2.14)

Tién hanh 1ay dao ham riéng 1an luot véi ting chuyen vi nat va cho bang
0, thu dugc m phuong trinh (cho phan tr c6 m chuyén vi nit):
o1,

08,
o1,

25
o, _]%21_g (2.15)

dl, =0=

ol'l
00

m

11



Thay ITctheo (2.13) vao (2.15) vaap dung phép ldy dao ham riéng ddi

o) [AlX)) a(x)"(8})

v61i ma tran 3] =2[A]{X}; 3X] ={B} |, thu dugc:
[K]. {8}, —{F}.=0 (2.16)
Suyra: [K].{8}, ={F}, (2.17)

trong do:
{F},- vectotai trong nut cta phan ti tha e xét trong hé toa do dia

phuong; ‘
{8},- vecto chuyén vi ndt cua phan tir thir e x€ét trong h¢ toa do dia

phuong; ‘
[K],- ma tran do cting cua phan tir thir e xét trong h¢ toa d6 dia phuong.

Phuong trinh (2.17) chinh 13 phuong trinh can bang caa phan ti thi e.
2.1.1.4. Ghép néi cac phdn tir xay dung phwong trinh cén bang cia toan
hé.

Gia sir hé két cdu duoc roi rac hod thanh m phan tir. Theo (2.17) ta viét
dugc m phuong trinh cin bang cho tat ca m phan tir trong hé toa do riéng cua
ting phﬁn tir. Sau khi chuyén vé hé toa do chung ctia toan két cAu, tién toi gop
cac phuong trinh cin bang cia timg phan tir trong ca hé, thu duogc phuong
trinh can béng cho toan hé két cau trong hé toa do chung:

[K* {8} = {F"} (2.18)

Do thir ty cac thanh phan trong vecto chuyén vi nit {8’}. ctia timg phan
tir khac v6i th tu trong vecto chuyén vi nat {8’} cua toan hé két cdu, nén can
lwu y xép dang vi tri cta timg thanh phan trong [K’]e va {F’}e vao [K’] va
{F’}. Viéc sap xép nay thuong dugc 4p dung phuong phap sé mi, hay sir
dung ma tran dinh vi phén ta [H]e dé thiét lap cac ma tran téng thé va vecto
tai trong nut tong thé cua toan hé két cu.

Ap dung ma trin dinh vi phin tir [H].

12



Gia sir hé két cAu duoc roi rac hoa thanh m phﬁn tir. S6 bac tu do cua toan
hé 1a n. Vécto chuyén vi nat tong thé c6 dang:
1 1 1 1 T
{8 ={8" 8, .. &}
(2.19)
Voi phﬁn tt thtr e, s bac tu do 14 ne, co vécto chuyén vi nut trong hé toa

do chung la {5'} . Cac thanh phan cua {8, nam trong sd cac thanh phan cta
{8'}. Do do co sy biéu dién quan hé giira 2 vecto nay nhu sau:

%, = [HE {8}
(2.20)
(nex1) (nexn) (nx1)
trong d6: [H]. - 1 ma tran dinh vi cia phan tir e, né cho thay hinh anh sap xép

céc thanh phan cua vecto {8'}, trong {5} .

Dua vio (2.13) ta xac dinh duoc thé ning toan phan cho ting phan tu.
Thay (2.20) vao (2.13), sau d6 cong gop cua m phan tir, xac dinh dugc the
nang toan phan cua hé:

L conTr 1T , AT 1T (-

=3 267" (ML (< LML 5 - (3 T (7).
(2.21)

Biéu thire (2.21) biéu dién thé ning toan phan cua hé theo vecto chuyén
vl nut tong thé {8'}. ap dung nguyén li thé nang dung toan phan s€ c¢6 di€u
kién can br:ing ctia toan hé tai diém nut:
an
00",
oIl

85"
oL _ 1%z (2.22)

ol'l
0o

n
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Ap dung phép iy dao ham riéng ddi v6i ma tran thu dugc:

STk o) SIHI 7, - o)

e=1 e=1
(2.23)
Nhén thdy ddy chinh 1a phuong trinh can bang cho toan hé. So sanh véi
(2.18), thu duoc:

Ma tran d¢ ctng tong the: [K']= i[H]: [K'.[H]. (2.24)
e=1
Vecto tai trong nit tong thé: {F} = Z[H]z {F'}e (2.25)
e=1

Vi du 2.1: Xac dinh cac ma tran dinh vi [H]. cua dam véi 4 diém nat, c6 cac
thanh phan chuyén vi nut nhu trén hinh 2.2.

Loi giai
Vecto chuyén vi nait tong thé cta két cau trong hé toa do chung:

{6l}={61 82 63 64 85 86 87 88 89 810 611}

T

5 (4,5,6) (7.8)C

’ y' A ] (9,10,11)
Xl

Hinh 2.2 Hinh vi du 2.1

Vecto chuyén vi nut cta timg phan tir biéu dién theo vecto chuyén vi nut
tong thé:
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Ma trin do ctng, véc to tai tac dung tai nut cta timg phan ti:
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bll

K1, -

K-
rd,

K.~

[K]=

Vecto tai trong nit tong thé:

[
&
[

13
a22 a23

a33

2 D by by f,
by, by by by f,
iz Dy Dy ’{F'}z =11,
(dX) b, by f,
bes ] fs
C, G Cy Cp 0,
Cp Cp Cy Cyx g,
Cs3 Cy Cgs ;{F'}a =192
(dx) Cus Cus g,
Css g,
d, dj d h,
d, dy dy .{Fl} B h,
) 4 -
(dx) dy, dg, h,
d, a h,
4 T
cimg tong thé:  [K']= > [H], [K'],[H],
e=1
a14 a15 alG 0 0
a24 a25 aZG 0 0
a34 a35 a36 0 0
a44 + bll + dll a45 + b12 + dlZ a45 + b13 b14 b15
a55 + b22 + d22 a56 + b23 b24 b25
aﬁﬁ + b33 b34 b35
b44 + Cll b45 + ClZ
b55 + CZZ
(dx)

[FI= 2 [HI{F,

0
Cis
Cas

c33 + e33

0

Cu

C
Cay + €3
Cut8y

O O O O O o

=
o

O O O O 0O
w N
a a

© 00O N O O~ W N B

[
= o
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1

2

3

e,+f,+h | 4
e.+f,+h,| 5
[F]=1 es+f, ;6
fora |7
fs+0, 8
g,+h, |9
g,+h, |10
g; 11

Vi€c st dung ma trén dinh vi [H], trong (2.24) va (2.25) dé tinh ma tran
d6 cung [K’] va vecto tai trong nit {F’} thuc chét 1a sap x¢€p cac thanh phan
clia ma tran d6 cing phan tir [K’]e va vecto tai trong ndt phan tir {F’ fe vao vi
tri cia no6 trong ma tran do cu’ng tong thé [K’] va vecto tai trong nut tong thé
{F’}. Tuy nhién trong thuc té nguoi ta hay sir dung phuong phéap sé6 ma.

Phuwong phap danh s0 ma

Khi tién hanh ghép n6i ma tran do cung cta két cau va véc to tai trong tac
dung tai nut, ta 1am theo cac budc sau:

- Tién hanh danh s6 ma cua cac thanh phan véc to chuyén vi nt tai cac
nut cua két cau va danh s6 ma cho phan tir.

- Lap bang xac dinh ma cuc bd cua cac phan tir theo ma tong thé cua két
cau.

- Tinh toan xé&c dinh cdc ma tran d§ clrng, véc to tai trong tdc dung tai cac
nUt cua phan tir theo ma cuc b va tuong img vé1 ma tong thé trong hé toa do
chung.

- Tién hanh ghép ndi ma tran d6 cing va vécto tai trong tac dung nit cua
cac phan tir thanh ma tran do ctig va vécto tai trong tac dung nit ctia toan bg
hé keét cau trong hé toa do chung theo cong thirc.

ki =>(K;), (2.26)
trong do:
+ i, j: 12 s6 hiéu ma tong thé cta toan bo két cau trong hé toa do chung;
+ k;j : 12 hé s6 cua trong ma tran do ciing cia toan bd két cau twong tng

véi hang c6 s6 hiéu ma tong thé iva cot ¢6 s6 hiéu ma tong thé j trong hé toa
do chung;

17



+ (kij) : 1a h¢ s6 cua ma ma tran do cting cua phan tir tuong ng voi hang
e
c6 s0 hiéu ma tong thé iva cdt cd so hiéu ma tong thé | trong hé toa d6 chung

Vi du 2.2: Thiét 1ap ma tran d6 cung tong thé [K’] va vecto tai trong nut{F’}
cua toan hé két cau cua hé trén hinh 2.3.

B (4,56) (7,8) g:

y A | (9,10,11)
X

Hinh 2.3 Hinh vi du 2.2

Loi gidi
- Panh s6 ma cua cic thanh phan véc to chuyén vi ntt tai cac nut cua két cau
va danh s6 ma cho céc phan tir nhu hinh.

- Lap bang xac dinh ma cuc bd cua cac phan tir theo ma tong thé cua két cau.

Phan tir Ma cuc bd

) 1 2 3 4 5 6
TT | Loai o - -

SO ma toan thé

1 — 90 1 2 3 6
2 —d 0 4 5 6 7 8
3 —i -90 7 8 9 10 11
4 b—d Lo 4 5 9 10

- Tinh toan xac dinh cac ma tran do cing [K']_, véc to tai trong tac dung tai
cac nat {F'}_ cua phan tir theo ma cuc bg va tuwong tng véi ma tong thé trong
hé toa d6 chung.

cBl1 2 3 4 5 6
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CB1 2 3 4

1 d11 d12 d13 d14 4 hl 4

[Kl] :2 d22 d23 d24 5 ,{F|} — h2 5
473 (dx) dy dy |9 +"Th,[ 9
4| d,, 10 h,|10

4 5 9 10 TT
- Tién hanh ghép n6i ma trdn d6 cing va vécto tai trong tac dung nut clia cac
phan tir thanh ma tran d6 cing [K']va vécto tai trong tic dung nut {F'} cua
toan bo hé két cau trong hé toa d6 chung theo cong thirc.

a,; 8, a5, a,, a; A 0 0 0 0 011

Ay, Ay ay, Ay g 0 0 0 0 0|2

g, a,, g g 0 0 0 0 013

a44 + bll + dll a45 + b12 + dlZ a46 + b13 b14 blS d13 d14 O 4

Ag + 0, +d,, ag+Dy b,, b, 0 0 0|5

[K ] = g + Dy b, b, 0 0 0|6

b44 + Cll b45 + ClZ C13 C14 C15 7

b55 + C22 C23 CZ4 CZS 8

(dx) Cy €y Cyut€y Cy |9

C,+€, Cuk (10

L Css |11
e 1
€, 3
e,+f,+h, |4
e.+f,+h, |5
[F]=| e, +f, |6
f,+0, 7
fo+g, |8
g,+h, |9
g,+h, |10
0: 11
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2.1.1.5: Sir Iy diéu kién bién cia bai toan
Phuong phap phan tir hitu han 1a cudi cung dwa vé giai phuong trinh toan
hoc:

(K37 ={F) (2.27)

Pé phuong trinh nay khong c6 nghiém tim thuong thi diéu kién dinh
thirc ctia ma tran [K’] khac 0 ( det [K’] khac 0 ), khi d6 phuong trinh khong
suy bién. Vi bai toan két cu, diéu ndy chi dat dugc khi diéu kién bién dugc
thoa man (két cau phai bat bién hinh). P6 1a diéu kién cho truéc mot sd
chuyén vi nit nao d6 bang 0 hay bang mot gia tri xac dinh hoic mot so
chuyén vi nat phai lién hé véi nhau. Sau khi ap dat diéu kién bién vao,
phuong trinh can bang caa toan hé két cau trong hé toa do chung c6 dang:

K5 -1F) e

Trong thuc té khi phan tich két ciu thuong gap 2 diéu kién bién sau:

- Bién 1am mét hozc nhiéu thanh phan chuyén vi bang 0.

- Bién 1am mét hozc nhiéu thanh phan chuyén vi ¢ mot gia tri xac dinh

Khi bién c6 thanh phan chuyén vi nao d6 bang 0

Thanh phan chuyén vi tai mot ndt caa phan tir bang 0 do twong ung véi
cac thanh phan chuyén vi nay 1a cac lién két véi dat, ta xu Ii bang cach:

- Khi d¢anh ma chuyén vi cho toan bo hé, nhitng thanh phan chuyén tai
nat ndo d6 bang 0 thi ghi ma caa chuyén vi d6 1a 0. Viéc danh sé ma toan thé
cua chuyén vi nit theo thi ty va vecto chuyén vi nat cia toan hé chi bao gom
cac chuyén vi nat con lai.

- Khi lap ma tran [K'] va vecto {F'} cua tung PT, cac hang va cot tuong

ing v6i s6 ma chuyén vi nat bang khong thi khdng can tinh. Va khi thiét lap

21



ma tran do ctng tong thé [K’] va vecto tai trong nat tong thé {F’} thi nhing

hang va cot nao c6 ma bang 0 thi ta loai bo hang, cot.

Vi du 2.3: Thiét 1ap ma tran d6 ctiing tong thé [K’] va vecto tai trong nit

{F’} ctia toan hé két ciu nhu hinh 2.4 (c6 xét toi diéu kién bién).

B

(1,2,3)

4,5)C

y' A ]
.

Léi giai:

| (0,00)

30" \.D (0,0,0)

Hinh 2.4 Hinh vidu 2.3

Lap bang sé ma khi xét toi diéu kién bién:

Phan tir Ma cuc bd
) 1 2 3 4 5 6
TT | Loai o ; ;
SO ma toan thé
— 90 0 0 0 1 2 3
+—d 0 1 2 3
—i -30 4 5 0 0 0

Ma tran do cting [K'] va vecto tai trong nlt {F'} cua ting phan tir trong

hé truc toa d6 chung:
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cB1 2 3 4 5 6

1fx x x x x x |0 x10

2 X x x x10 X0
[K']lzj X aX aX aX 2 Fh= CT 2

44 45 46 4
5 (dx) Qg Qg |2 d; |2
6 Qg5 |3 ds |3
O 0 1 2 3TT

CBl1 2 3 4 5

1_b11 b12 b13 b14 b15_1 e1 1

2 b22 b23 b24 b25 2 eZ 2
[K',=3 b, b, by |3 {F) =1e,+3

4 (dx) b,, b, |4 e, |4

5 b, |5 e |5

1 2 3 0 O TT

CB1 2 3 45

1fc, ¢, X x x|4 f, |4

2 C, X X XI5 f, |5
[K'],=3 X X x|0 {F},=4x0

4 (dx) x x|0 x |0

Sl X |0 x]0

4 5 0 0 0TT
Can clr vao bang s6 ma, thu dugc ma tran d6 cimg va vecto tai trong nat

tong thé (co xét téi diéu kién bién) nhu sau:
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(a44 + bll) (a45 + b12) (a46 + bl3) bl4 blS l
(ass + bzz) (asa + bzs) b,, b 2
[K*] = (ases + b33) b,, b 3
(dx) (b44 + C11) (b45 + ClZ) 4
i (bgs +¢5,) |5
1 2 3 4 5

(F*1={(d, +e,) (ds+e,) (ds+e)) (e, +f,) (es+f,)

Khi bién c6 thanh phan chuyén vi cho trwéc mot gia tri

Khi thanh phan chuyén vi tai mot nat nao dé cho trudc mot gia tri xac
dinh, thi du Am = a (hay lién két twong ung véi cac thanh phan chuyén vi nit
dm chiu chuyén vi cudng buc co gia tri bang a). Llc nay ta c6 thé giai quyét
bai toan nay theo 2 céach:
Cach 1: Khi danh s6 ma cua bac tu do (cac thanh phan chuyén vi) tong thé
két cau thi thanh phan chuyén vi tai nat c6 chuyén vi bang a ta van danh ma
binh thuong chang han ma 1a m. Sau khi lap duoc ma tran do cing tong thé
[K’] va vecto tai trong ndt tong thé {F’} thay thé s6 hang k_ trong ma tran
thé [K’] bang (k,,, +A) va thay sb hang tai hang m trong ma tran {F’} 1a f,

bang (K, +A)a.

Vi du 2.4: Thiét 1ap ma tran d6 cang téng thé [K’] va vecto tai trong nit
{F’} ctia toan hé két ciu nhu hinh 2.5 (c6 xét toi diéu kién bién).

5 (1,23) (4,5) C

A 3
v 1 (©000) )

Hinh 2.5 Hinh vidu 2.4
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Léi giai

Hé dugc danh sb phan tir va s ma chuyén vi tong thé caa két ciu nhu

hinh 2.5.

Bang s6 ma khi xét téi diéu kién bién:

Phan tir Ma cuc bo
) 1 2 3 4 5
TT | Loal o - -
SO ma toan thé
—t 90 0 0 0 1 2
—d 0 1 2 3 4 5
b—i -30 4 5 0 6 0

Ma tran d6 ciing [K'] va vecto tdi trong nit {F'}_cta ting phan tir trong

hé truc toa d6 chung:

cB1 2 3
1[x x X
2 X X
X
)=,
5 (dx)
6_
0 O
CB 1 2
1_b11 b12
2 b,,
[K']Z :3
4 (dx)
5_
1 2 3

w N PO O O

@

o O T T
w
=

o O T T T
&

o A W N

~

o 0o O
o

[o)]

X X X

o &~ W DN -

w N PO O O
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cB1 2 3 4 5

1[c, ¢, X ¢, X|4 f, )4

2 C,, X Cu, X|5 f, |5
[K'],=3 X X x|0 {F},=1x;0

4 (dx) c,y X |6 £,16

5] X |0 X0

4 5 0 6 O0OTT
Can clr vao bang s6 ma, thu dugc ma tran d6 cimg va vecto tai trong nit
tong thé (co xét téi dieu kién bién) nhu sau:

(a44 + bll) (a45 + b12) (a46 + bl3) bl4 b15 0
(a55 +0,,)  (as +bys) b,, by 0
[K *] _ (85 +bs5) by, by 0
(b44 + Cll) (b45 + 012) Cl4
(dx) (bss +C22) Cos
I (Ca+A)
1 2 3 4 5 6

{F*}:{(d4+el) (ds+e€,) (ds+e;) (e +f,) (&5+f,) (C44+A)a}T

Giai h¢ phuong trinh |K'[{8"}={F} thoa man diéu kién bién vi

phuong trinh thit 6 thu dugc:
K101 + K20, + Kg3ds + Kgads + KgsOs + (Cast A)ds = (Cast A)a

Chia ca 2 vé cho (Cast+ A), thu dugc: 8z =a
Céch 2: Theo cach tht 2 nay thi khi danh ma chuyén vi tong thé cho két cau
thi nhitng thanh phan nao chuyén vi bang khdng hoic ¢ chuyén vi cudng buc
ta danh ma 0, con cac thanh phan chuyén vi con lai ta danh ma theo thur tu tir
1 dén hét. Sau d6 ta 1ap ma tran d6 cing va vécto tai trong tac dung nit cho

toan bo hé nhu bai toan khong c6 chuyén vi cudng btc. Lic nay ta coi chuyén
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vi cudng birc nhu 1a mét dang tai tai trong tac dung Ién két cau, vi vay khi
tinh vécto tai trong tac dung ndt 18n todn bo hé phai ké thém phan tai trong tac
dung nat do chuyén vi cudng buc giy ra. Vecto tai trong ndt ldc nay 1a do
chuyén vi cudng birc cac lién két tua, duoc tdng hop tir cac vecto tai trong nit

{P’,}. cia mdi phan tr c6 lién két twa chuyén vi cudng buc:
{P;} =[T].{P,}.; trong d6:{P,} nhan duoc bing phan luc lién két ndt do
chuyén vi cudng btc géi tua véi dau nguoc lai.

2.1.1.6. Gidi hé phwong trinh cén bang

Vi bai todn tuyén tinh, viéc giai hé phuong trinh dai s6 1a khdng kho.
Két qua tim dugc |a chuyén vi cia cac nit:

5 =[KT{F) (2.29)

2.1.1.7. Xac dinh ngi luc

Tur két qua thu duoc, két hop véi cac diéu kién bién xac dinh duoc vecto
chuyén vi nGt cua ting phan tir trong hé toa do dia phuong. Tir d6 xac dinh
duoc ndi luc trong phan tu.

Phuong phap phan tr c6 wu diém 1 viéc chia két cau ra thanh cac phan
tir nho thi dé dang mo ta duoc hinh dang phuc tap cia cong trinh, dic biét vi
cac phan tar nho nén mé ta trang thai chuyén vi caa phan tir chi can cac da
thire bac thap. Thong thuong dbi véi phan tir dam chiu udn thi ta thuong ding
da thirc bac 3 dé md ta chuyén vi ctia phan tu:

y=a,+ax +a,x’+ax’

(2.30)

Trong phuong trinh md ta chuyén vi ta thiy c6 bon théng sé can xac

dinh. Dé thuan tién ta thay bon théng sb a,,a,,a,,a, bang cac chuyén vi va
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géc xoay tai cac ndt caa phan tirv,,0,,v,,0,.Vi ham chuyén vi bac 3 nén ta

20,5,
cac luc tac dung trén phan tir ta phai quy vé nit caa phan ta.
2.1.2. Cach xay dwng ma tran d cirng ciia phan tir chju uén

Xét phan tr dam c6 hai nat, mdi nat c6 hai bac tu do 1a chuyén vi va géc
xoay va dam c6 dién tich mat cit ngang 1a A; md men quan tinh caa mit cét
ngang 13 I; m6 dun dan hdi cua vat lidu E (hinh 2.6)

X
—

Vo Ve,

& @

Hinh 2.6 Phan tir hai nGt

Pé tinh toan duoc tong quat, chiéu dai phan tir 1y bang hai don vi, géc

toa d6 nam & gitra phan tir. Nhu vay, néu biét dugc cac bac ty do tai cac nit
phan tir 1a v,,0,,v,,0, thi chuyén vi tai diém bat ky trong phan tir tai toa do x
duoc xac dinh nhu sau:

v=N_.v,+N,.6, + N,.v, + N,.0, (2.31)

Trong d6 : N, N,, N,,N,: la cac ham dang va dugc xac dinh nhu sau:

NI:%(2—3x+x3); NZ:%(l—x—XZJFXs);

1 1
N :Z(2+3X_X3); N4:Z(—1—x+x2+x3).

3

A A . dv dv
Theo cong thuc trén ta thay: v|_ =v,; =0,;v]_ =V, e
x=1

17 g - :e
dx x=-1

2

(2.32)
Nhu vay, mdi phan tir ¢6 4 bac tw do X ={v,,0,,v,,0,} can x4c dinh. Néu

biét duoc X thi ta c6 biét dugc chuyén vi trong phan tir cling nhu bién dang

uén va mé men theo cong thuc sau:
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X:—d Vv __ d Nl d N2 d N3 d N4 {Vl 91 V2 9Z}T; (233a)
dx’® dx* dx* dx* dx?
M =Ely =—El dN, dN, dN, dN, v, 6, v, 0,} (2.34a)
dx> dx* dx* dx?

Cong thirc trén 14 tinh todn cho phan tir c6 chiéu dai bang 2, néu phan tu

c6 chiéu dai 1a AX thi bién dang uén va mé men dugc tinh nhu sau:

dv( 2 Y 2 Y[d?N, d°N, d°N, d°N, r
=72\ =7 %o 2 2 2 2 {Vl e1 Vv, 62}
dx” \ AX AX dx dx dx dx

(2.33b)

2 42 2 2 2
M:ELX:_EL(iJ [d N, d°N, d’N, dNél}{V1 0 v, 62}T

Ax) | dx*  dx*  dx*  dx?
(2.34b)

Xét phan tir ¢6 céc tai trong tap trung F={P,P,, Ml,Mz}T tac dung tai
cac n(t cua phan ta. Theo phuong phap nguyén 1y cuc tri Gauss, luong rang
budc d6i véi bai toan tinh viét cho phan tir nhu sau:

1 4
Z= %j M [y Jdx = > FX, — min (2.35)
1 i=1
Piéu kién ding cua (3.25) duoc Vviét lai nhu sau:

57 = %j M[Jix — > F8X, =0 (2.36)

hay:

dx dx dx

X
4odx® dx? %odx? dx? Y odx? dx? %odx® dx?
1 A2N1 A? 1 A2N] A2 1 A2N] A2 1 A2NI A2 w
Id N, d’N, Id N, d NZdX Jd N, d’N, Id N, d NZdX '

[+ d?N, d”N, Ld’N, d°N, Ld’N, d’N, Ld’N, d°N,
J dx | J ]

e
—~
no
w
\l
N

s dx dx
[ 2 J E dx? dx? S odx? dx? Yodx? dx? Yodx? dx? il M,
P

Ax) | Ld?N, d?N Ld’N, d’N Ld’N, d?N Ld?N, d’N w
L= s dx 2= s dx s = s dx e=edx |2

,Ildx2 dx? £ dx? dx? ,Ildx2 dx? £ dx? dx? 0

1 d*N, d°N Ld’N, d°N Ld°N, d*N Ld°N, d*N
1 Adx 2 4 X 3 AdX 4 4

|4 dx® dx? 4 dx? o odx? 5 dx? dx® 4 dx? o dx?

[K{X}={F} (2.38)

dx
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trong d6:[K]: ma tran d¢ cing ctia phan tir; {F} : véc to tai trong tac dung nut;
{X}: véc to chuyén vi nlt cua phan tur.

Tinh tich phan cac h¢ so trong [K] ta c6 thé tinh bang phuong phap
chinh xac (bang ham int(fx,a,b) c6 san trong matlab) hoic tinh bang phuong
phap tich phan sb cua Gauss va két qua d6 cang cua phan ta chiu uén ngang
phang nhu sau:

[ 12EI 6El 12El  6El |

AX® AX? AX®  AX®
6El 4El| 6El 2El
[K]= AX? AX AX?  AX (2.39)

12El 6El 12El 6EIl

A A AXC AX?
6EI  2EI  BEl 4EI
| AXP AX AX? AX |

Biét dugc ma tran do cing phan tir thi ta dé dang xay dung duoc ma tran
d6 cung cua toan thanh.Néu thanh chi c6 mét phan tir thi ma tran cta phan tu
cling chinh 1a ma tran d6 ciing cua thanh. Trong phan tir néu bac tu do nao
khong c6 thi trong ma tran do cang cta phan tir d6 ta bo di hang va cot tuong
urng vai bac tu do do.

2.1.3. Cach xay dwng ma tran d¢ cieng tong thé ciaa két cau

Pé trinh bay cach xay dung ma tran d6 cang tong thé caa két cau trong
phuong phéap phan tir hitu han, luan van xin duoc trinh bay théng qua vi du
giai bai todn dam chiu uén dudi tic dung cua tai trong tinh cu thé sau (con cac
bai toan khac thi cach xay dung ma tran do cang tong thé ciing lam tuong tu):

Vi du 2.5: Tinh toan két cau dam P

chiu lyc nhu (hinh 2.7). Biét dam

c6 dd cung EI=10°(kN.cm?) ”’gg%ﬁ’w(m)l c L 0 .

khong d6i va P=10 (kN). Xac dinh Hinh 2.7 Hinh vi du 2.5

chuyén vi tai gitra dam.
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1 2 3 4 5
A | I
I a=1(m) L o | a | a |
| | | | |
| <2 hiCu nét trong thanh |
| | | | |
0 1 2 3 |
| 1 9, 3 0
} | | | |
<2 hiC bEc t do chuyQi vbnot |
| | | | |
4 5 8 9 |

— \
| 6 7 10 11

S2 hiCu bEc tu do géc xoay nét
Hinh 2.8 Roi rac hda thanh thanh cac phan ta

Chia thanh ra thanh n_phan t.Cac nit cua phan ti phai tring véi vi tri
dat lyc tap trung, chiéu dai cac phan tir cé thé khac nhau. Mdi phan tir c6 4bac
tw do, nhu vay néu n, phan tir roi rac thi tong cong c6 4n bac tw do. Nhung
vi can dam bao lién tuc gitra cac chuyén vi la chuyén vi caa nat cudi phan tu
thir e bang chuyén vi cua nit dau phan tir thir (e +1) nén sb bac tu do cua
thanh s& nho hon 4n . Khi gidi ta chi can dam bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao
cac diéu kién rang budc. Vi du dam trong (vi du 2.5) ta chia thanh 4 phan ti
(hinh 2.8)

Nhu vay, tong cong sé an 1a 11 an < 4x4=16 an. Goi ma tran n_ 1a ma
tran chuyén vi cé kich thudc nw(npt,Z) la ma tran co n hang va 2 ct chta

cac an so la chuyén vi tai n(t caa cac phan ti (hinh 2.8)
n,@)=[0 1];n,(2:)=[1 2];n,B:)=[2 3]; n,(4:)=[3 O]
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i :{o 12 :’T
112 30
Goi ma tran n, la ma tran chuyén vi ¢co kich thuéc ne(npt,Z) la ma tran
co n,, hang va 2 cot chira cac an so la goc xoay tai nit cua cac phan tir (hinh
2.8)
n,L:)=[4 5];n,(2:)=[6 7];n,(3:)=[8 9]; n,(4:)=[10 11]

4 6 8 10
= {5 79 11}

Sau khi biét an sé thuc cua cac thanh ta co thé xay dung do cing tong
thé caa thanh (c6 rat nhiéu cach ghép néi phan tir khac nhau, tiy vao trinh do
lap trinh cuia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi cac
phan ttr lai dé duoc ma tran d6 cang cua toan thanh va c6 thé xem trong code
mo dun chuong trinh ctia tac gia)

Néu bai toan c6 n_, an sb chuyén vi va n_ an s6 goc xoay thi ma tran do
cimg cua thanh 1a K ¢6 kich thuéc (nxn), K(n,n)véin=(n,, +n,, ). Nhu & vi

du 2.5,n =11. Bay gio xét diéu kién lién tuc vé& goc xoay giira cac phan tir.

Diéu kién lién tuc vé goc xoay gitta cac phan tir duwoc viét nhu sau:

(% j_(dY_ _0 (2.40)
dX nut2 dX nutl
hay: oA, K% J— L% } =0 (2.41a)
dX nut2 dX nutl
AR A R (2.41b)
dX nut2 dX nutl

MSK%
dx

(9.
nut2 dX

H _0 (2.41c)
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Trong d6 2., ciing 1a 4n sb cua bai toan (o k an sb), do d6 tong sb an sb
ctia bai toan lac 1a (n+k) do d6 ma tran d6 ctiing cua phan tir lic nay ciing phai
thém k dong va k cot nhu vay kich thudéc cua ma tran d6 cang la
K(n+k,n+k). Goi k, la goc xoay tai nit 2 cia phan tir truéc, k,la goc

xoay tai ndt 1 ciia phan tir sau thi ta c6 cac hé sé trong ma tran d6 cing K:

k(n +i,k1)=§;k(n +i,k2):_A_2;( (i=1:K) (2.42a)
k(kl,n+i):A—2X; k(kz,n+i):—§ (i=1:K) (2.42b)

Néu c6 hai phan tir thi c6 mot diu kién vé goc xoay, c6 n, phan tu thi
c6 (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cling ta sé& thiét 1ap dugc phuong trinh:

[K]iX}={F}

' _ »
: ¢so—hang=n :
F Xolis 2 o
trong do: {F} = , {X} =] " [laan so cua bai toan
0 Ay
: tso—hang =k :
_O - _kk_
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Trong vi du 2.5 khi chia thanh ra thanh 4 phan ter. Két qua ma tran do cing

cua thanh:
[24 -12 0 -12 -1.2 1.2 1.2 0 0 0 0 0 0 0
-12 24 -1.2 0 0 -1.2 -1.2 1.2 1.2 0 0 0 0 0
0 -12 24 0 0 0 0 -1.2 -1.2 1.2 1.2 0 0 0
-12 0 0 1.6 0.8 0 0 0 0 0 0 0 0 0
-1.2 0 0 0.8 1.6 0 0 0 0 0 0 210° 0 0
1.2 -1.2 0 0 0 1.6 0.8 0 0 0 0 -210° 0 0
[K] _10° 1.2 -1.2 0 0 0 0.8 1.6 0 0 0 0 0 2.10° 0
0 12 -12 0 0 0 0 1.6 0.8 0 0 0 -2.10° 0
0 12 -12 0 0 0 0 0.8 1.6 0 0 0 0 2.10°
0 0 1.2 0 0 0 0 0 0 1.6 0.8 0 0 -2.10°
0 0 1.2 0 0 0 0 0 0 0.8 1.6 0 0 0
0 0 0 0 2.10° -2.10° 0 0 0 0 0 0 0 0
0 0 0 0 0 0 2.10° -2.10° 0 0 0 0 0 0
| 0 0 0 0 0 0 0 0 2.10° -210° O 0 0 0

Két qua chuyén vi, goc xoay tai cac nit;

W, W, W,; 1 0.09166667(cm);0.13333333(cm);0.09166667(cm);
©,59,;0,:0,;0. | | 0.05(rad);0.0375(rad); 0;—0.0375(rad); —0.05(rad)

Ta thay két qua trén so véi két qua giai chinh xac theo phuong phap giai

tich rat ding vi du nhu chuyén vj tai nat 3 tinh theo phuong phap giai tich:

3
W, = Pl _ 0,13333333(cm)
48E|

34



CHUONG 3.
PHUONG PHAP PHAN TU HU'U HAN
POI VOI DAM CHIU UON

3.1. Ly thuyét dAm Euler — Bernoulli [ ]
Dam chiu udn 1a ciu kién c¢6 kich thudce tiét dién nhd hon nhiéu lan so
véi chiéu dai caa nd, trén mat cat ngang dam ton tai hai thanh phan noi luc 1a
mémen uén M va luc cat Q. Tai trong tac dung Ién dam nam trong mat phang
c6 chira duong trung binh cua dam va thang gdc voi truc dam. Duéi ddy ta xét
hai truong hop dam chiu uon thuan tdy phang va uén ngang phang.
3.1.1. Dam chiu udn thuan tdy phiang
Dam chiju udn thuan tdy phang 14 dam ma trén moi mat cat ngang dam
chi c6 mot thanh phan noi lec 13 mémen udn nam trong mat phang quan tinh
chinh trung tam.
Ung sudt trén mdt cdt ngang
Gia s dam c6 mit cat ngang hinh chir nhat (bxh) chiu uén thuan tay
nhu, hinh 2.1a. Ta tién hanh thi nghiém sau:
Truéc khi dam chiu luc ta o Mo s .
\ 1 2 Ovuong
vach Ién mat ngoai dam nhiing F )
duong thang song song va vudng
goc Vvai truc dam tao nén nhiing 6 S .

vudng, hinh 2.1a. Sau khi dam bién b1 V7

dang, hinh 2.1c, ta thay rang nhiing M,
duong song song véi truc dam tro

thanh nhitng duwong cong, nhiing
duong thang vudng goc vai truc
dam van thang va vudng goc véi

tryc dam. Tir d6 nguoi ta dua ra hai 3

gia thiét sau day: ?

Hinh 3.1. Dam chju uén thuén tay
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- Mt cat ngang dam ban dau phang va vudng gdc véi truc dam, sau bién
dang van phiang va vuéng goc vai truc dam (gia thiét vé mat cat ngang, gia
thiét Bernoulli).
- Trong qué trinh bién dang cac th doc cua dam khong ép 1&n nhau va
khong day xa nhau (gia thiét vé cac thé doc).
Ngoai ra khi tinh toan dam ta con dua vao cac gid thiét sau:
- Vit liéu co tinh chét lién tuc, dong nhat va dang hudng
- Bién dang cua vat thé 1a bién dang dan hoi va dan hoi tuyét dbi.
- Bién dang cua vat thé do ngoai luc gay ra 1a nho so véi kich thudc caa
ching.
- Tuan theo nguyén ly doc lap tac dung
Tt hinh 3.1c, ta nhan thay ring: khi dam bi uén thi céc thé trén co lai,
cac thé dudi gidn ra. Do vay khi chuyén tir thé co sang thé gidn s& cé thé
khong co, khong gién. Thd nay goi la thd trung hoa. Tap hop céc thé trung
hoa goi la 16p trung hoa, giao cua lép trung hoa voi mat cat ngang goi la
duong trung hoa. Néu ta xét mot mat cat ngang nao do ciia dam thi sau khi bi
udn nd sé cho hinh dang nhu hinh 3.2.
Puong trung hoa cua mat cét
ngang 1a mot duong cong. Vi chuyén vi
cia cac diém trén mat cat ngang cua
dam 1a bé, nén ta coi riang hinh déang
mat cat ngang dam khong thay d6i sau
khi bién dang.

Hinh 3.2. Mgt cit ngang ddm
Khi d6 duong trung hda ciia mat cat ngang 1a dudng thang va gia su lay
truc ox trung vai duong trung hoa.
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Xét bién dang cua doan dam dz
duoc cit ra khoi dam bang hai mat cét
1-1 va 2-2. Sau bién dang hai mat cat
nay lam véi nhau mot goc de va tho
trung hoa co ban kinh cong la p (hinh
3.3). Theo tinh chat cua thé trung hoa ta

co: Hinh 3.3. Hai mat cdit sau khi
uén
dz = pde (3.1)
Ta xét bién dang cua thd ab cach thé trung hoa mot khoang la y, ta co:
ab, = dz = pdy; abs = dz = (p + y)dg (3.2)
T (3.2) tasuy ra:
abs—ab; (p+y)de-—pd
gzzaa_biltzpypdq:pp (P; (33)

Xét (g suat tai diém bat ky A(x,y) trén mat cit ngang nao d6 caa dam
(hinh 3.4a). Trong d6 truc oy la truc ddi x&ng cta mat cat ngang, truc ox
tring véi dudng trung hoa cua mat cat ngang.
Ta tach ra tai A mot phan té hinh hop bang
c4C mit cat song song v&i cac mit toa do (hinh

3.4b). Khi d6 theo gia thiét thtr nhét thi géc caa v

phan té sau bién dang khong ddi, nén ta suy ra /

trén céc, mit cua .phér! ,té khéng. cé‘ﬁ:ng suét tiép. e =5 2

Mait khac theo gia thiet thir hai thi trén cac mat Y _FA

cua phan tb song song vai truc Z khéng cé tng % !

suat phap, nghia 1a o, = g, = 0. Do vay trén cac &

mat cta phan té chi ¢ ung suat phap o, va theo Ail_

dinh luat Hooke ta co: S Sl

Hinh 3.4. Phan té A

o, = Eg, =E%; (2.4)
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Dam chiu udn thuan tdy nén ta co
N, = fF 0,dF =0 (2.5)
M, = fF o,ydF =0 (2.6)
Thay (3.4) vao (3.5) ta dugc
— y _E -0 ~Ec _
NZ—fF E;dF—;fF de—O —;Sx—O (27)
S, = 0 nghia 13 ox 1a truc quan tinh chinh trung tam. Vi y Ia truc dbi

XUng nén suy ra oxy la truc quan tinh chinh trung tdm caa mat cat ngang.
Thay (3.4) vao (3.6) ta duoc:

M, = dF =5 EXar == 3.8
x_fp 02y _;fp ? —;]x (3.8)
. 1_Me
Suy ra: =T (3.9)
EJ, 1a d cang cua dam khi uén. Thay (2.9) vao (2.4) ta co:
My
0; = E_ny
(3.10)

Tur cOng thtrc (3.10) ta cO cac nhan xét:
- Luat phan b cua o, trén mit cat ngang dam 1a bac nhat déi vai y.
- Nhitng diém trén matc at ngang c6 ciung tung do y (nghia la nhiing
diém nam trén duong thang song song véi truc trung hoa x) sé& co tri s6 bang
nhau va no ti 1& véi khoang céch tir cac diém d6 t6i truc trung hoa.
- Nhitng diém nam trén truc trung hoa y=0 c6 tri s6 o, = 0. Nhiing diém
xa truc trung hoa nhat s& c6 tri s6 (ng suét 16n nhat va bé nhat.
3.1.2. Dam chiu uén ngang phang

Dam chiu uén ngang phang l1a dam ma cac mat cat ngang cua nd co cac
thanh phan ndi luc 1a lyc cat Q, va mémen uén M, nam trong mat phang quan
tinh chinh trung tdm cua dam.
Ung sudt trén mat cidt ngang
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Xét dam chiju ubn ngang
phang nhu trén hinh 3.5a. Ta quan
sat thi nghiém sau:

Truéc khi dam chiju luc ta
vach 18n mat ngoai dam nhiing
duong thang song song va vudng
goc véi truc dam tao. Sau khi dam
bién dang ta thdy rang nhiing
duong thang song song véi truc
dam tr¢ thanh nhitng duong cong
nhung van con song song Véi truc
dam, nhitng duong thang vudng
goc véi truc dam khdng con thang
va vubng goc voi truc dam nia
hinh3.5c.

lP
) 1dz 2
a |Gz h
Z /A X
— l Ao
1 )2 y
7 LA 7
AlIE
A
P
o

Hinh 3.5. Dam chju uén ngang phéng

Piéu d6 chung té mat cit ngang dam sau bién dang bi vénh di. Néu tai
diém A bat ky cua dam ta tach ra mot phan té bang cac mit song song véi cac
mit toa do thi sau khi bién dang cac goc vudng cua phan té khéng con vudng
nita, nghia 1a phan té c¢d bién dang goc. Suy ra trén cac miat phan té s& c6 tng

suit tiép.

Trong ly thuyét dan hoi nguoi ta da chimg minh duoc rang trén cac mat

ctia phén t6 ¢d cac tng suat sau:

Oy, Oz, Tzy, Tyz. Nhung thuc té
cho thay rang ung suét phap o, rat bé
so voi cac thanh phan khac nén ta bo
qua, nghia 1a khi dam chiu uén ngang
phang thi trén mat cit ngang dam co
hai thanh phan tng suat 1a: ¢ng suét
phap o, va ang suat tiép hinh 3.6.

’Ncn

NG

Hinh 3.6. Phan té dam chju uén

ngang phéang
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a.  Ungsudt phép o,:

Trong muc truéc nho gia thiét Bernoulli vé mat cat ngang phang ta da
dua toi ¢ong thuc tinh Gng suat phap o, trén mat cit ngang dam 1a;
0, =—=Y (3.11)

Trong trudng hop dam bi uén ngang phang thi sau bién dang mit cit ngang
dam bj vénh di, nghia 1a khéng con phang nita. Nhu vay moi 1ap luan dé dua
téi cong thic (3.11) dé tinh (ng suat phap o, khdng phi hop nita. Tuy nhién
trong ly thuyét dan hdi nguoi ta da ching minh duoc rang d6i véi dam chiu
uén ngang phang ta van cé thé dung cong thic (3.11) dé tinh tng suat o, ma
sai s6 khong 16n 1am.

b.  Ung sudt tiép trén mgt cdt ngang dam chiu uén ngang phang (céng
tharc Durapski):

Gia sir c6 dam mat cat ngang 1a hinh chit nhat hep (b<h) chiu uén
ngang phang hinh 3.7.

Ta xét ung suat tiép tai diém bat ky A(x,y) trén mat cat ngang 1-1 nao
d6 cua dam. Qua diém A ta ké duong thang song song véi truc ox cit bién cua
mat cat tai B va C, cit truc oy tai D. Trudc hét ta xét ung suét tiép tai B,C va
D.

Ung suit tiép tai C 12 7., gia st c0

phuong bat ky trong 1-1. M

Phan 7. thanh hai thanh phan:
5, vats,. Nhung theo dinh luat déi . ny
g cua tng suat tiép thi ta co: 75, = By
15, =0 (t5, = 0 vi mit bén dam theo Z‘/s o+ é’gc
gia thiét khong co tai trong tic dung) I
hinh 3.7.

Hinh 3.7.

Do vay 7. = 7z, c6 phuong song song v6i oy. Do tinh chat doi xang ta

suyratg =15, = Ty .
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Ciing do tinh chat d6i xing va gia thiét hinh chit nhat hep nén t, =
Ty, =Ty = Tyz .

Do gia thiét hinh chir nhat hep nén CD=Db/2 cang nhé ma &ng suét tiép
tai C va D chi c6 phuong y. Do vay ta suy ra & ¢ng suat tiép tai A chi co
phuong y: 7, = 74,. Dong thoi:

R

Nhu vay tng suit tiép caa cac diém trén duodng thang BC qua A chi c6
phuong y va tri s6 bang nhau. Nghia 1a tng suat tiép trén BC phan bo déu véi
cuong do 1a 7,,,. Dé tinh 7, ta cit mot doan dam dz bang hai mat cét 1-1 va
2-2, hinh 2.8.

Sau d6 cat doan dam dz bang

a) b)

moét mit phang qua diém A song M 2kl .
song Vv&i truc Z. Mat phang nay ( ______ aeie, | o F=
chia doan dam dz ra lam hai phan. N fﬂ/; }1/,/;; Z 2
Néu goi BC = bc va dt (BCEF)=Fc 1 T L
thi tir diéu kién can bang cua phan

Hinh 3.8.

dudi cua doan dz hinh...ta suy ra:
XZ=[, oV dF — Joe oD dF + Ty,bcdZ = 0
Mat khéac ta lai co

o) =%y (a)
op) = By (b)
Thay (b) vao (a) ta duoc:
lyz = Tzy = bc.ldz [f ;:Mx dr — fp de]
- ]x.le dxx ch ydF 2
5 = Qi Jp vdF =S5 (d)

S¢: goi 1a méomen tinh cua phan dién tich Fc d6i voi truc x. Thay (d)
vao (c) ta suy ra:
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_ _ 9yS%
Tyz =Tay =7 5 (3.12)

Trong d6 be goi 1a bé rong cua mat cat ngang qua diém can tinh ung
suit A. Cong thirc (3.12) goi la cdng thic Durapski. Tir cong thirc ndy va theo
diéu kién can bing cuia phan thanh ¢ trén ta suy ra la t,,, cting chiéu véi truc

Z, T4y CUNg chiéu véi Q,. Nghia l1a dau cua T,y Va Q@ nhu nhau. Do vay ¢ day
chi can tinh tri s6 cua 7,,, theo (3.12) con dau cua né dwoc xac dinh tir biéu do

luc cat Q.
c.  Ludtphan bé ing sudt tiép ,, déi véi mat cat hinh chi nhat:

Gia sir mat cat ngang dam chiu uén

ngang phang la hinh chix nhat bé rong o -
b, chiéu cao h. Ta di tim luat phan bd Rmax
clia (ng suat tiép 7, dbi voi mat cat S I o e el = @
A < P A A B % C
néu lyc cat tai rTEat Ca’t nay la Q,,. | 7 7 ?
Ta xét diém bat ky A(X,y) trén y \Fe.
mat cat, ta c6 bc=BC=b. Hinh 2.9.
_(h 1 ,h __ b (h? 2
si=(G-v)bly+:G-»|=3(F-»)
b(h? 5
. _ _%%ﬂdrﬂ_&ﬁ_z
Suy ra: Tyz =Tzy =1 . =5~ ( T ) (3.13)

Tur (3.13) ta nhan thay rang: Luat phan bé 7,, trén mat cit 1a parabol
bac hai di véi y. Vi y=0 (nhitng diém nam trén tryc trung hoa ox) thi:

_ _ Qyh* 30
Tzy (O) = Tmax = 8.Jx ~ oF

(3.14)
= +2 thit,, =0

y = _E t l‘L'Zy =

T d6 ta co thé vé duoc biéu do T,y Cho mat cit nhu, hinh 3.9b.

d.  Ludtphan bé #ng sudt tiép t,,, doi véi mat cat hinh cha I
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Xét dam chiu ubén ngang

, , al b b, g c)
phang c6 mat cat ngang hinh chir I %% S— @ z
hinh 2.10. D¢ don gian ta cd thé coi 1 Jd %{
mat cat bao gdm ba hinh chit nhat = i "
ghép lai: Hinh chir nhat long rong d: . Lo A §
cao (h-2t) va hai hinh chix nhat ¢¢ == Z 0
y

rong b cao t, hinh 2.10b.
Hinh 3.10.

Thuc té cho thay tng suat tiép do Q, gy ra ¢ phan dé rat bé so véi
phan long. Do vay ¢ déy ta chi xét sy phan bo tng suat tiép 7, & phan long
mat cat chit | ma thoi.

Ta xét diém bat ky A(xy) thuoc long ta co: be=d. S = S, — ~dy?

1,2
. _ st,f _ Qy(Sx_Edy )
Suy ra: T2y = e Td (3.15)

Tur (3.15) ta nhan thay rang: Luat phan b t,, ciia phan long mat cat chit 1 1

parabol bac hai di véi y. Vi y=0 (nhitng diém nam trén truc trung hoa ox)
thi:

QS
Tzy (0) = Tmax = ]xjsz

Péi vai diém C tiép gidp gitta long va dé cua chit I, nhung thudc phan long thi

(3.16)

. h o .
taco:y. =7 —t T do ta co:

h ) _ Qy[sx‘ad(?t) ] (3.17)

Tec =T1 = Tgy (5 —t o
Bicu do 71, cia phan long mat cét chit T duoc V& trén, hinh 3.10c.

e.  Lugdtphan bé #ng sudt tiép t,,, doi véi mat cat hinh tron:
Xét dam chiu uén ngang

phang c6 mat cat ngang hinh tron

ban kinh R, va luc cit trén mat ca

nay la Q,, hinh 3.11. Ta xét Gng

suat tiép trén duong BC song song
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Vi truc ox va cach ox mot khoang 0y @
bang y. Ta thiy ring tai cac diém ° = .
bién B,C tng sut tiép 7 tiép tuyén o .
v6i chu vi hinh tron va do ddi xung —— % x
thi eng suét tiép tai D c6 phuong y. w}_\\t\w/f LIRS %CW&
bE ‘
R
K
ry
Hinh 2.11.

Ta thira nhan rang (ng suat tiép tai cac diém khac nhau trén BC c6
phuong qua diém K dong thoi thanh phan song song oy cua ching 1a bang
nhau, nghia la thanh phan 7, phan bo déu trén BC, hinh 3.11a. Ta di tim luat
phan b cua 7,,. Ta co:

bc=2R.cosa.

5% = [, pdF = f:pbdF = f;/z Rsing.2Rcos. d(Rsing)

= 2R3 f;/z cos?q.sinpd(p) = —2R3 f;/z cos?pd(cosp) =

2
§R3cos3a
Suv ra: _ Q2R3cos®a _ QR%cos*a _ QyR*(1-sin?a)
yra. Tzy = Jx.2Rcosa 3/, - 3,
_ Qy(R*-y?)
sz = T (218)

Bicu do 7,, dugc V& trén hinh 3.11b, trong do:

2
Tzy (0) = Tmax = BT - = s’ (2.19)

3/,  3mR?  3F
Bicu dd 7,, ctia mat cat hinh tron dugc V& trén, hinh 3.11b.

3.2. Giai bai toan dam lién tuc bang phwong phap phan tir hitu han
3.2.1. Tinh toan dim lién tuc

Vidu 3.1: Dam lién tuc (hinh 3.1)
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Xac dinh noi luc pat

l
. ‘ @lj_
va chuyén vi cia dam hd A
n . N N /4 L/4 /4 /4
lién tuc tong chiéu dai
, SO DO DAM
cac nhip |, do cimg uon 1 2 3 4 5
e ® | I I i |
EJ, chiu tai tap trung P,
SO DO NUT DAM
hinh 3.1a.
e F—aF——3—N
R(‘ﬂ raC héa két Cﬁu SO DO AN CHUYEN VI

damrathanh n, phantr. g B 45 &7 g9  1qn,

SO DO AN GOC XOAY

Céac nut cua phan tir phai

trung vai vi tri dat luc tap 7
trung, hay vi tri thay doi
tiét dién, chiéu dai cac
phan tir c6 thé khac nhau.

L/npt L/npt L/npt /npt
l

Hinh 3.1. Dam lién tuc hai nhip

M&i phan tir ¢6 4 an v, v,, 6;, 6, vy néu n . phan tir roi rac thi tong cong
c6 4xn_ an. Nhung vi can dam bdo lién tuc giita cac chuyen vi la chuyeén vi
ctia ndt cudi phan tir thir e bang chuyén vi ciia nat dau phan ti thir (e +1) nén
s0 an cua thanh s& nho hon 4xn . Khi giai ta chi can dam bao diéu kién lién
tuc caa chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang céch céch
dua vao cac diéu kién rang bugc. Vi du dam trong (vi du 3.1a) ta chia thanh 4
phan tir (hinh 3.1b).

Khi chia dam thanh 4 phan tir thi s6 nit dam s& la 5, tha tu tir tréi sang
phai 1a [1, 2, 3, 4, 5] (hinh 3.1b), s6 an chuyén vi n,=, tha ty tir trai sang phai
la [1, 2] (hinh 3.1c), & day an chuyén vi tai hai dau va vi tri gdi trung gian cua
dam bang khdng, an goc xoay ng,=8, thir tu tir trai sang phai la [3, 4, 5, 6, 7, 8,
9, 10] (hinh 3.1d).

Nhu vay, tong cong s6 an 1a 10 an < 4x4=16 an. Goi ma tran n_ la ma
tran chuyén vi c6 kich thuéc nw(npt,Z) la ma tran c6 n hang va 2 cot chia

cac an so 1a chuyén vi tai n(t caa cac phan ta (hinh 3.1).
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n,@)=[0 1}n,(2,)=1 0];n,(3)=[0 2}n,(4)=[2 0]
n,=[0 110 0 2 2 0]

Goi ma tran ng la ma tran chuyén vi c6 kich thude Ngx(Np,2) 1a ma tran
co n,, hang va 2 cot chira cac an s la goc xoay tai nt cua cac phan tir (hinh
3.5).

Ne@)=[3 4fny(2) =[5 6];n,(B)=[7 8}ny,(4,)=[9 10]

n«=[3 4 56 7 8 9 10]

Sau khi biét an so thyc cia dam ta c6 thé xay dung do cang tong thé cua
dam (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
ctia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép ndi cac phan te
lai ¢ duoc ma tran d6 cung cua toan dam va c6 thé xem trong code mé dun
chuong trinh cua tac gia)

Néu bai toan c6 n,, an s6 chuyén vi va n_an so goc xoay thi ma tran do
cing cua dam 1a K c6 kich thuéc (nxn), K(n,n)véi n=(ny+ng). Nhu & vi du
3.1, n=10 . Bay giod xét diéu kién lién tuc vé gdc xoay gitra cac phan tu.

Diéu kién lién tuc vé goc xoay gitta cac phan tir dwoc viét nhu sau:

% _ dyi+l =0 (a)
dx nut2 dx nutl
&1{% _dy, }:o
dx nut2 dx nutl
| [dy,|  dys| |
hay: ol —= —— =0 (b)
L dx nut2 dx nutl_|
57 dys _da |-,
L dx nut2 dx nutl_|

Trong d6 A, ciing 1a an s6 cua bai toan (c6 k an s6), do d6 tong so6 an s6
ctia bai todn luc d6 1a (n+k) do d6 ma tran d6 cing cua phan tir lic nay ciing
phai thém k dong va k cot nhu vay kich thudc ctaa ma tran d6 cung la
K(n+k,n+k). Goi k, 1a goc xoay tai nit 2 cia phan tir truéc, k,la goc

xoay tai ndt 1 ctia phan tir sau thi ta c6 cac hé sé trong ma tran d6 cing K:
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k(n+i,kl):§; k(n+i,k2):—§ (i=1:K) ©

i 2 i 2 .
k(k.,n+i)=—: k(k,,n+i)=—— (i=1+k d
(kun+i)=—= k(kyn+i) === (i=1<K) (@)
Néu c6 hai phan tir thi c6 mot diu kién vé goc xoay, c6 n, phan tu thi

co (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cuing ta sé& thiét 1ap dugc phuong trinh:

[KKa}=1{F} e)

51

R | 5
so—hang =n :

14 Fn 5” N A A 5 N z
trong do: {F} = . ; {A}= i la an s6 ctia bai toan

: rso—hang =k A

0 :
) _ Ay )

Trong vi du 3.1 khi chia thanh ra thanh 4 phan tir, ta c:

- Ma tran d cing phan tir [K,], nhw sau:

768 —-768 96 96

K] = —-768 768 —96 -96
€ 96 -96 16 8
96 -96 8 16

- Ma tran @9 cieng toan dam [K]:
Ghép ndi cac ma tran d6 cang phan tir [K] vao hé toa do chung, ta
dugc ma tran do ciing tong thé cua toan két cdu nhu sau:
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(153 0 -9 -9 % 9% 0 0 0 0 0 0 0  -961056 ]
0 153 0 O 0 0 -9% -% % % 0 0 0 0 0
-% 0 16 8 0 o 0 0 0 0 0 0 0 16 -128
%6 0 8 16 0 o0 0 0 0 0 1 0 0 8 -136
% 0 0 0 1 8 0 0 0 0 -1 0 0 0 0
% 0 0 0 8 16 0 0 0 0 0 1 0 0 0
0 -9% 0 0 0 0 16 8 0 0 0o -1 0 0 0
[K]=| 0 -9 © 0 0 0 8 16 0 0 0 0 1 0 0
0 9% 0 0 0 o0 0 0 16 8 0 0 -1 0 0
0 9% 0 0 0 0 0 o 8 16 0 0 0 0 0
0 0 0 1 -1 0 0 o0 0 0 0 0 0 0 0
0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 o 1 -1 0 o 0 0 0 0
%6 0 16 8 0 0 0 0 0 O 0 0 0 0
1056 0 -128 -136 0 0 0 0 0 0 0 0 0 0]

- Véc to luc nUt{F}:

FI-

O O O O O OO o o o o o o -

o

Giai phuong trinh (e) ta nhan duoc:

(a)=[KTF)

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

ui=[K]\F}

Két qua chuyén vi, goc xoay tai cac nit:
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Wie W,| _[ 0.0010]
W, | |-0.0005
» 0.0038
?, 0.0038
{p}=4ps+=1-0.0056 \x PI?
o4 0.0007
s 0.0028 |
Mdmen uén caa dam:
M) [0
M, 0.1083
{M}={M;{=1-0.0333
M, 0.01667
M 0

Ta thay két qua trén:
- Vé momen tring khop voi két
qua giai chinh xac theo phuong
phap giai tich:
M, = 0.1083ql2 ~ 0.1016q!?
- V& chuyén vi tai gitta nhip gan
trung khép vai két qua giai chinh
xac theo phuong phap giai tich:
0.001q1*
2 = —E]
~ 0.0011ql*/EJ
Biéu d6 moémen udn va luc cit
ctia dAm nhw hinh 3.2:

I3;

x Pl

Hinh 3.2. Biéu d0 M

Nhdn xét: Khi dam chiu luc tap trung két qua vé ndi luc va chuyén vi

hoi tu vé két qua chinh x4c nhan duoc bang phuong phép giai tich rat nhanh,

& day chi can chia dim thanh 4 phan ti,

Vidu 3.2: Dam lién tuc (hinh 3.3)
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p . At : X P=ql
Xac dinh noi1 luc va chuyén 9

vi ctia ddm c6 tong chiéu dai céc © A L
nhip |, 6 cimg udén EJ, chiju tai 4 U4 p U4 L 14 )
trong tap trung, hinh 3.3a. S0 DO DAM
.. . 4o 1 2 3 4 5
Roi rac hoa két cau dam ra @ | I I T | i
thanh n phan t. Cac nit cua 50 0O NUT DAV

2 4 9 212 9 n.

phan tir phai tring véi vi tri dat ©
lyc tap trung, hay vi tri thay doi
tiét dien, chiéu dai cac phan ti c6 @
thé khac nhau. Mdi phan tir c6 4

SO DO AN CHUYEN VI
5 7 9 1
A 8 8 9 Ny
SO DO AN GOC XOAY

l/npt I, l/npt I, l/npt Ll/npt
AN vy, v,, 6, 6, vay néu n_ phan tir ! f |

Tw

roi rac thi tong cong ¢ 4n_ an. Hinh 3.3. Ddm hai nhip

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi cua nit
cudi phan tir thir e bang chuyén vi ciia nit dau phantir thir (e +1) nén so bac
tw do cua thanh s& nho hon 4n . Khi giai ta chi can dam bao diéu kién lién
tuc cua chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach céch
dua vao cac diéu kién rang bugc. Vi du dam trong (vi du 3.3a) ta chia thanh 4
phan tir (hinh 3.3b)

Khi chia dam thanh 4 phan tir thi s6 nat dam sé& 1a 5, thr tu tir tréi sang
phai 14 [1, 2, 3, 4, 5] (hinh 3.1b), s6 an chuyén vi n,=, tha ty tir trai sang phai
la [1, 2] (hinh 3.1c), & day an chuyén vi tai hai dau va vi tri gdi trung gian cua
dam bang khdng, an goc xoay ny=8, thir tu tir trai sang phai 1a [3, 4, 5, 6, 7, 8,
9, 10] (hinh 3.1d).

Nhu vay, tong cong s6 an 1a 10 an < 4x4=16 an. Goi ma tran n_ la ma

tran chuyén vi c6 kich thuéc nw(npt,Z) la ma tran c6 n hang va 2 c6t chta
cac an so 1a chuyén vi tai n(t ciia cac phan ta (hinh 3.1).
n,@L)=[0 1fn,2)= 0f;n,B)=[0 2}n,(4)=[2 0]

n,=[0 1100 2 2 0]

50



Goi ma tran ng la ma tran chuyén vi c6 kich thudc Ngx(Npt,2) 12 ma tran
co n,, hang va 2 cot chira cac an s la goc xoay tai nt cua cac phan tir (hinh
3.5).

Ne@)=[3 4fng(2)=[ 6];n,(B)=[7 8fny,(4)=[9 10]

n«=[3 4 56 7 8 9 10]

Sau khi biét an s6 thyc caa dam ta cé thé xay dung do cang téng thé cua
dam (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
ciia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép ndi cac phan ti
lai dé dugc ma tran d6 cing cua toan dam va co thé xem trong code md dun
chuong trinh cua tac gia)

Néu bai toan ¢6 n,, an sb chuyén vi va n_an so goc xoay thi ma tran do

cing cta dam 1a K c6 kich thuéc (nxn), K(n,n)véi n=(ny+ng,). Nhu & vi du

3.2,n=10 . Bay giod xét diéu kién lién tuc vé goc xoay gitra cac phan ti.
Piéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

% _ dyi+1 =0
dx nut2 dx nutl
(a)
%{% _ay, }:0
dx nut2 dx nutl
_dy dy, |
hay: oA =2 - =0 (b)
L dx nut2 dx nutl_|
S5q % _% =0
L dx nut2 dx nutl | )

Trong d6 A, ciing 1a an s6 cua bai toan (c6 k an s6), do d6 tong s an s6
cua bai toan lic d6 1a (n+k) do d6 ma tran d6 ctng caa phan tir lac nay ciing
phai thém k dong va k cot nhu vay kich thudc cuaa ma tran d6 cung la
K(n+k,n+k). Goi k, la goc xoay tai nit 2 ciia phan tir truéc, k,la goc

xoay tai n(t 1 cua phan ta sau thi ta c6 cac hé sé trong ma tran do cang K:
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k(n+i,kl):§; k(n+i,k2):—§ (i=1:K) ©

i 2 i 2 .
k(k.,n+i)=—: k(k,,n+i)=—— (i=1+k d
(kun+i)=—= k(kyn+i) === (i=1<K) (@)
Néu c6 hai phan tir thi c6 mot diu kién vé goc xoay, c6 n, phan tu thi

co (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cuing ta sé& thiét 1ap dugc phuong trinh:

[KKa}=1{F} 0

51

R | 5
so—hang =n :

14 Fn 5“ N A A 5 N z
trong do: {F} = . {A}= i la an s6 ctia bai toan

: rso—hang =k A

0 :
) _ Ay )

Trong vi du 3.2 khi chia thanh ra thanh 4 phan tir, ta c:

- Ma tran d cing phan tir [K,], nhw sau:

768 —-768 96 96

K] = —-768 768 —96 -96
€ 96 -96 16 8
96 -96 8 16

- Ma tran @9 cieng toan dam [K]:
Ghép ndi cac ma tran d6 cang phan tir [K] vao hé toa do chung, ta
dugc ma tran do ciing tong thé cua toan két cdu nhu sau:
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- ] S0t

W,

%1 0

?, 0.0033

{p}=1p3+=1-0.0031"}x PI?
@4 0.0004
?s 0.0015 |
Mdmen uén caa dam:
M, -0.01455
M, 0.02888
M}={M;+=1-0.0185 {xPI

M, -0.0093
MS

Ta thay két qua trén:

- Khi chia dam thanh 4 phan tir nhan
dugc két qua chua trung khop véi két
qua chinh xac tai mét sé mat cat dam.

- Khi chia dam thanh 16 phan ta ta
nhan duoc két qua nhu sau:

+ Vé chuyén vi, hinh 3.4a.

{\N}:{WZ}:{ -0.0009263})( pI3

W, 0.0004177

trung khop vai két qua chinh xac
+ Vé chuyén vi, hinh 3.4a.

M, -0.06739
M, 0.07146
M}=< My t=1{-0.02673 } x PI
M, -0.01337
M, 0

-10
(o]

-4
x 10

2 4 6 8 10 12 14 16

Hinh 3.4a. Puong dé vong ciia dam

Hinh 3.5b. Biéu do M

gan nhu trung khép vai két qua chinh xac theo hinh 3.4b.
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Vidu 3.3: Ddm hai nhip (hinh 3.5)
Xac dinh noi lyc va chuyén vi
ctia dam lién tuc hai nhip c6 téng chiéu
dai cac nhip |, 46 ctmg udn EJ, chiu tai

trong tap trung P tai nhip 2, hinh 3.5a.
Roi rac hoa két cau dam ra thanh n
phan tir. C4c nut cia phan tir phai triing
véi vi tri dat lyc tap trung, hay vi tri
thay d6i tiét dién, chiéu dai cac phan ti
c6 thé khac nhau. M&i phan tir ¢ 4 an
vy, v, 6;, 6, VAY néu n phan ti roi rac

thi tong cong c6 4n_ an.

P=ql
o | !
! X pe
L, L4, V4o, /4, L4,
7 7 7 7 7
SO DO DAM
1 2 3 4 5 ,
I Il | it

®

SO DO NUT DAM

® P T L gn

SO DO AN CHUYEN VI
@ P 4R 81K 8e—19 n«

SO DO AN GOC XOAY

l/npt 'IL l/npt 'IL l/npt ‘IL l/npt
l

Hinh 3.5. Dam hai nhip

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi cua nit
cudi phan tir thir e bang chuyén vi ciia nit dau phantir thir (e +1) nén so bac
tw do cua thanh s& nho hon 4n . Khi giai ta chi can dam bao diéu kién lién
tuc cua chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach céch
dua vao cac diéu kién rang bugc. Vi du dam trong (vi du 3.5a) ta chia thanh 4
phan tir (hinh 3.5b)

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, th tu tir tréi sang
phai 1 [1, 2, 3, 4, 5] (hinh 3.5b), s6 an chuyén vi n,=, tha ty tir tréi sang phai
la [1, 2] (hinh 3.5¢), & day an chuyén vi tai hai dau va vi tri gdi trung gian cua
dam bang khdng, an goc xoay ny=8, thir tu tir trai sang phai 1a [3, 4, 5, 6, 7, 8,
9, 10] (hinh 3.5d).

Nhu vay, tong cong s6 an 1a 10 an < 4x4=16 an. Goi ma tran n_ la ma

tran chuyén vi c6 kich thuéc nw(npt,Z) la ma tran c6 n hang va 2 c6t chta

c4c an s6 1a chuyén vi tai n(t cua cac phan tir (hinh 3.1).
ny@)=[0 1}n,(2)=[ 0];n,(3)=[0 2fn,(4)=[2 O]
n,=[0 1100 2 2 0]
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Goi ma tran ng la ma tran chuyén vi c6 kich thudc Ngx(Npt,2) 12 ma tran
co n,, hang va 2 cot chira cac an s la goc xoay tai nt cua cac phan tir (hinh
3.5).

Ne@)=[3 4fng(2)=[ 6];n,(B)=[7 8fny,(4)=[9 10]

n«=[3 4 56 7 8 9 10]

Sau khi biét an s6 thyc caa dam ta cé thé xay dung do cang téng thé cua
dam (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
ciia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép ndi cac phan ti
lai dé dugc ma tran d6 cing cua toan dam va co thé xem trong code md dun
chuong trinh cua tac gia)

Néu bai toan ¢6 n,, an sb chuyén vi va n_an so goc xoay thi ma tran do

cing cta dam 1a K c6 kich thuéc (nxn), K(n,n)véi n=(ny+ng,). Nhu & vi du

3.3,n=10 . Bay gio xét diéu kién lién tuc vé goc xoay gitta cac phan ti.
Piéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

% _ dyi+1 =0 (a)
dx nut2 dx nutl
%{m _dy }:0
dx nut2 dx nutl
_dy dy _
hay: o4 =22 -=3 |=0 b
Y ﬂ?_ dx nut2 dx nutl_| ( )
Sy dys)  _dys| |_g
L dx nut2 dx nutl_|

Trong d6 A, ciing 1a an s6 cua bai toan (c6 k an s6), do d6 tong so6 an s6
cua bai toan luc d6 1a (n+k) do d6 ma tran d6 cing cua phan tir lic nay ciing
phai thém k dong va k cot nhu vay kich thudc cuaa ma tran d6 cung la
K(n+k,n+k). Goi k, 1a goc xoay tai nit 2 cia phan tir truéc, k,la goc

xoay tai n(t 1 cua phan tar sau thi ta c6 cac hé sé trong ma tran do cang K:

k(n+i,kl):§; k(n+i,k2):_A_2X (i=1:K) ©
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i 2 i 2 .
k(k.,n+i)=—: k(k,,n+i)=—— (i=1+k d
(kun+i) = k(k,n+i)=—— (i=1-K) (d)
Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, c6 n, phan ti thi
c6 (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cling ta sé& thiét 1ap dugc phuong trinh:

[KKa}=1{F} 0
51
R | 5
: ¢So—hang=n :
1 Fn 5“ N A A 5 N z
trong do: {F} = . {A}= i la an s6 ctia bai toan
: rso—hang =k A
0 :
) _ Ay )

Trong vi du 3.3 khi chia thanh ra thanh 4 phan tir, ta co:

- Ma tran @ cieng phan tir [K], nhu sau:

768 —-768 96 96
[K,] = -768 768 —96 -96
96 -96 16 8
96 -96 8 16

- Ma tran @9 cieng toan dam [K]:
Ghép ndi cac ma tran do cang phan tir [Ke] vao hé toa do chung, ta
dugc ma tran do ciing tong thé cua toan két cdu nhu sau:

S7



96
0

-9%6 -9 96

0
16

0

1536

1536

96 96

-96

- 96

0
-96
-96

16

16

96
96

-96
-96

96
96

0 -128 -136 0

1056

[]

O 1 O O O O O O O O o o o o o

I
L,

Ut{F}:

- Véc to luc n

Giai phuong trinh (e) ta nhan duoc:

(A= [KI{F}

Theo ngdn ngtr lap trinh Matlab ta cé thé viét:

7

9

ui=[K]\F}

Ot:

al cac nu

t

7

, gOC xoay

n vi

e

14

Ket qua chuy
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{W}:{xj}:{ 020017})( P o= s

{M}: Mj =

Ta thay két qua trén:
- Vé moémen gan tring khap voi két
qua giai chinh xac theo phuong phap
giai tich:
+ Tai gdi trung gian:
M; = 0.0557PL ~ 0.0536

+ Tai gitra dam:

M, = 0.0971Pl

~ 0.9821PI

- V& chuyén vi tai gitra nhip tring
khép vai két qua giai chinh xéac theo
phuong phap giai tich:

W, = 0.0017PI3

@) [ 0.0000)
@,| |-0.0022
=] 0.0063 ‘x PI?

@4 0.0012
os| |-0.0110

-0.0130)

-0.0297

-0.0557 L x PI

0.0971

0

T

-5

-10

-15

-20

N

o 2 4

6

8

10 12

14

Hinh 3.6a. Puong dé véng ciia dim
0.0536ql*

Hinh 3.6a. Biéu do M

Nhdn xét: Néu ta roi rac hoa dam thanh 16 phan tir két qua s& tring

khép vé6i két qua chinh xac nhan duoc bang phuong phap giai tich. Khi do

biéu @6 mémen uén va duong d6 vong cua dim nhu hinh 3.6:
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Vidu 3.4: Dam hai nhip (hinh 3.7)
Xac dinh ndi luc va chuyén Vi
ctia ddm hai nhip chiéu dai nhip |, do
ctmg ubn EJ, chiu mémen tip trung M
tai nhip 1 va lyc tap trung P tai nhip 2,
hinh 3.7a.
Roi rac hda két cau dam ra thanh n
phan tir. C4c nut cua phan tir phai tring
véi vi tri dat luc tap trung, hay vi tri
thay doi tiét dién, chiéu dai cac phan ta
c6 thé khac nhau.

®

P=ql

| M
{ [ _z_
y L4 ), L4 oy, /4, L4y,
i i i i i

SO DO DAM
1 2 3 4 5 ,
| T T I |

SO DO NUT DAM

P 41 92 212 9 n

SO DO AN CHUYEN VI
F—————3F—

SO DO AN GOC XOAY

/npt 'IL /npt 'IL /npt 'IL /npt
L

Hinh 3.7. D@m hai nhip

M&i phan tir 6 4 an v, v,, 6, 6, vay néu n . phan ti roi rac thi tong cong

c6 4n_ an. Nhung vi can dam bao lién tyc giira cac chuyén vi Ia chuyeén vi cua

nat cudi phan tir thr e bang chuyén vi ciia nat dau phantw thi (e +1) nén so

bac tw do cua thanh s& nho hon 4n . Khi gidi ta chi can dam béo diéu kién

lién tuc cta chuyén vi con diéu kién lién tuc vé goc xoay dugc xét bang cach
cach dua vao cac diéu kién rang buoc. Vi du dam trong (vi du 3.1a) ta chia

thanh 4 phan ti (hinh 3.1b)

Nhu vay, tong cong sé an la 11 an < 4x4=16 an. Goi ma tran n_ 1a ma

pt!

tran chuyén vi c6 kich thudc nw(n 2) la ma tran co n hang va 2 ct chia

c4c an s6 1a chuyén vi tai n(t cua cac phan tir (hinh 3.1).
n(@)=[0 1fng(2)=[1 2];in,(3)=[2 3fng(4)=[3 4]
n,=[0 1 1 2 2 3 3 4]

Goi ma tran n, la ma tran chuyén vi ¢o kich thuéc ne(n 2) la ma tran

pt?

c6 n, hang va 2 cot chira cac an so 1a goc xoay tai ndt cia cac phan tir (hinh

3.5).
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Ne(L) =[5 6fny,(2)=[7 8];in,(3)=[9 10]ny,(4,)=[1 12]
n«=[ 6 7 8 9 10 11 12]

Sau khi biét 4n sé thuc cua cac thanh ta c6 thé xay dung do cing tong
thé caa thanh (cd rat nhiéu cach ghép néi phan tir khac nhau, tiy vao trinh do
lap trinh ctia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép ndi cac
phan tur lai dé dugc ma tran do ciing cua toan dam va co thé xem trong code
mo dun chuong trinh ctia tac gia)

Néu bai toan c6 n_, an s6 chuyeén vi va n_ an s6 goc xoay thi ma tran do

cing cua dim 1a K ¢6 kich thuge (nxn), K(n,n)véin=(n, +n, ). Nhu ¢ vi

du 3.3,n =11. Bay gio xét diéu kién lién tuc vé& goc xoay giira cac phan tir.
Diéu kién lién tuc vé goc xoay gitta cac phan tir duoc viét nhu sau:

% _ dyi+1 =0 (a)
dx nut2 dx nutl
&l{m _dy, }:o
dx nut2 dx nutl
| [dy,|  dys| ]
hay: o == ——= =0 (b)
L dx nut2 dx nutl_|
Sy dys)  _dys| |_g
L dx nut2 dx nutl_|

Trong d6 A, ciing 1a an s6 cua bai toan (c6 k an s6), do d6 tong so6 an s6
ctia bai todn luc d6 1a (n+k) do d6 ma tran d6 cing cua phan tir lic nay ciing
phai thém k dong va k cot nhu vay kich thudc cuaa ma tran d6 cung la
K(n+k,n+k). Goi k, 1a goc xoay tai nit 2 cia phan tir truéc, k,la goc

xoay tai ndt 1 ctia phan tir sau thi ta c6 cac hé sé trong ma tran d6 cing K:

k(n+i,kl):§; k(n+i,k2):—§ (i=1:Kk) ©

k(kl,n+i):§; k(kz,n+i):—§ (i=1:K) (d)

61



Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, c6 n, phan tu thi
c6 (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cuing ta sé thiét 1ap dugc phuong trinh:

[KKa}=1{F} 0

61

L | 8
so—hang=n :

, F, N Y ST
trong do: {F} = . ; {A}= i 14 an s6 cua bai toan

so—hang =k Ay
0 .

L | N

Trong vi du 3.1 khi chia thanh ra thanh 4 phan tir, ta co:

- Ma tran @9 cieng phan tir [Kc], nhu sau:
768 —768 96 96

K] = —-768 768 —96 -96
€ 96 -96 16 8
96 -96 8 16

- Ma tran @9 ceng toan dam [K]:
Ghép ndi cac ma tran do ctng phan tir [K¢] vao hé toa do chung, ta
duoc ma tran d6 cing tong thé cua toan két cau nhu sau:

- Vé
(153 0 -9% -9 9% 9% 0 0 0 0 0 0 0 0 0]
0 15% O 0 0 0 -9% -9% 9% 9% 0 0 0 0 0
-9% 0 16 8 0 0 0 0 0 0 0 0 0 0
-9%6 0 8 16 0 0 0 0 0 0 0 0 0 0
% 0 0 0 16 8 0 0 0 0 0 0 0 0
% 0 0 0 8 16 0 0 0 0 0 0 0 0
0 -% 0 0 0 0 16 8 0 0 0 0 0 0 0
[K]=] 0 -9 0 0 0 0 16 0 0 0 0 0 0 0
0 % 0 0 0 0 0 16 8 0 0 0 0 0
0 % 0 0 0 0 0 8 16 0 0 0 0 0
0 o 0 1 0 0 0 0 0 0 0 0 0
0 o0 0 0 0 | 0 0 0 0 0 0 0 0
0 o0 0 0 0 0 0 1 0 0 0 0 0 0
0 o0 1 0 0 0 0 0 0 0 0 0 0 0 0
1056 0 -128 -136 O 0 0 0 0 0 0 0 0 0o 0]

(2]
N



¢ to’ luc nUt{F}:

FI-

O O O O OO O o0 o o ok ok o

Giai phuong trinh (e) ta nhan duoc:

W=IKTHE)
Theo ngdn ngir lap trinh Matlab ta c6 thé viét:
, - {ak=lKMFEE ‘ ‘
Ket qua chuyen vi va mo men uon khi chia dam thanh 160 phan ti
nhu sau:

W,, 0.0007733 )
W, -0.001984
Wi=q % L= x gl?;

Wy, 0.0004531
| Wigs -0.0002352

M, -0.2144 )

M 0.4606

v Pha -0.5052

M=) = 0.1607 L

Mgo '

M 150 -0.04464

Mo | 0.0000

Ta thiy két qua trén:

- VVé mbémen tai gdi trung gian va tai
gitta nhip tht 2 tring khop véi két
qua giai chinh xac theo phuong phap
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giai tich: L2100

- Momen tai ngam va gitra nhip the VA

nhit gan trang khép voi két qua ) \ \

chinh xac W ™~

- V& chuyén vi két qua trung khép ) /

véi két qua giai chinh xac theo \ /

phuong phap giai tich: - \/

Biéu d6 mémen uén va dwong do AR *
véng ctia dAm nhu hinh 3.8: Hinh 3.8a. Duong do vong ciia dam

Hinh 3.8a. Biéu do M
Nhdn xét: Qua vi duy trén thay rang, khi dam chiu tai trong 12 Momen

tap trung dé nhan dugc két qua chinh xac ta phai chia ddm thanh rat nhiéu

phan tur.
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KET LUAN VA KIEN NGHI
KET LUAN
Qua két qua nghién ctru tir cac chuong, chwong 1 dén chuong 3 ddi véi

bai toan dam lién tuc chiu tac dung cta tai trong tinh tap trung. Tac gia rat ra
cac két luan sau:
1. Trinh bay duoc cac phuong phap giai bai toan co hoc két ciu. Trinh bay
phuong phéap phan tir hitu han d6i véi bai toan co hoc két cau.
2. D4 trinh bay dugc bai toan dim chiu udn theo 1y thuyét dim Euler -
Bernoulli.
3. Bang phuong phap phan tir hitu han, tac gia d& xéac dinh duoc ndi luc va
chuyén vi ctia cac dam lién tuc chiu tai trong tinh tap trung co cac diéu kién
bién khac nhau. Két qua vé noi luc va chuyén vi déu tring khép voi két qua
nhan duoc khi giai bang cac phuwong phap hién co6.
4. Xhi rdi rac hoa két cau voi sé phan tir cang nhiéu thi két qua cang tiém
can t6i két qua chinh xac nhan duoc tir phuong phap giai tich. Poi véi bai
toan dam lién tuc chiju tai trong tinh tap trung (luc tap trung) thi dé dat duoc
chuyén vi chinh x4c chi can chia ddm thanh tr 4 dén 6 ph?m tir, dé tim ndi luc
chinh xé&c can chia dam thanh tir 4 dén 16 phan ttr. D6i v6i dam chiu mdomen
tap trung can chia dam thanh 100 dén 160 phan tir mdi nhan dugc két qua
chinh x4c nhu khi giai bang phuong phép giai tich.
KIEN NGHI

Str dung phuong phap phan tir hitu han dé giai cac bai toan khac nhu:

Dam, khung, dan, tam, vo....
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