BQ GIAO DUC VA PAO TAO
TRUONG PAI HQC DAN LAP HAI PHONG

NGUYEN THANH AN

PHUONG PHAP PHAN TU HUU HAN
pOI VOl BAl TOAN DAM PON
CHIU TAI TRONG TINH TAP TRUNG

Chuyén nganh: Ky thuat Xay dwng Cong trinh Dan dung & Cong nghiép
M4 s6: 60.58.02.08

LUAN VAN THAC SY KY THUAT
NGUOI HUONG DAN KHOA HOC

GS.TSKH. HA HUY CUONG

Hai Phong, 2017



LOI CAM POAN

T6i xin cam doan day 1a cong trinh nghién ctiu cua riéng t6i. Cac sb
liéu, két qua trong luan van 1 trung thuc va chua timg dugc ai ¢ong bé trong
bat ky cong trinh nao khéc.

Tac gia luan van

Nguyén Thanh An



LOI CAM ON

Téc gia luan van xin tran trong bay to 10ng biét on sau sac nhat ddi voi
GS.TSKH Ha Huy Cuong vi nhiing y twdng khoa hoc ddc dao, nhitng chi bao
sau sic vé phuong phap nguyén 1y cuc tri Gauss va nhitng chia sé vé kién
thirc co hoc, toan hoc uyén bac cta Giao su. Giao su da tan tinh giap do va
cho nhiéu chi dan khoa hoc c6 gia tri ciing nhu thuong xuyén dong vién, tao
moi diéu kién thuan loi, giup d& tac gia trong suét qua trinh hoc tap, nghién

ctu hoan thanh luan van.

Tac gia xin chan thanh cam on cac nha khoa hoc, cac chuyén gia trong
va ngoai truong Pai hoc Dan 1ap Hai phong di tao diéu kién giup d&, quan

tdm gop y cho ban luan van dugc hoan thién hon.

Tac gia xin tran trong cam on cac can b, giao vién cua Khoa xay dung,
Phong dao tao Pai hoc va Sau dai hoc - truong DPai hoc Dan lap Hai phong,
va cac dong nghiép da tao diéu kién thuan loi, gitp d& tac gia trong qua trinh
nghién ctru va hoan thanh luan van.

Tac gia luan vin

Nguyén Thanh An
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MO PAU

Bai toan co hoc két ciu c6 tim quan trong dac biét trong linh vuc co
hoc cong trinh, doi hoi phai nghién ctru day du ca vé mat 1y thuyét va thuc
nghiém. Van dé noi luyc va chuyén vi ctia két cAu duoc nhiéu nha khoa hoc
trong va ngoai nudc quan tim nghién ctru theo nhiéu huéng khac nhau. Tyu
chung lai, cac phuong phéap xay dung bai todn gom: Phuong phap xay dung
phuong trinh vi phan cin bang phan t6; Phuong phap ning luong; Phuong
phap nguyén 1y cong 4o va Phuong phap st dung truc tiép Phuong trinh
Lagrange. Cac phuong phéap giai vé co ban gom: Phuong phap luc, phuong
phap chuyén vi, phuong phap hdn hop, lién hop; Cac phuong phap sd gdm:
Phuong phap sai phan, Phuong phap bién phan, phuong phap hdn hop sai
phan - bién phan va phuong phap phan tir hitu han.

Hién nay, két cAu chinh thuong duoc sir dung trong cac cong trinh dan
dung va cong nghiép thuong 1a khung cimg thuan tiy hodc khung két hop véi
16i va vach cung. Véi s6 luong phan tir rat 1on dan dén sb an cta bai toan rat
16n, van dé dit ra 1 v6i nhitg bai toan nhu vy thi dung phuong phap nao dé
tim 101 giai ctia ching mot cach nhanh chong, thuan tién va c6 hiéu qua nhat.
Véi sy phat trién manh mé ctia may tinh dién tir, déng thoi cac phan mém lap
trinh két cau ngay cang hién dai, tic gia nhan thay rang phuong phap phan tir
hitu han 1a mot phuong phap s6 dap tmg duoc cac yéu cau néu trén.

Thuc chat cia phuong phap phan tir hitu han 13 rdi rac hoa ban than két
cau. Cac phan tir lién ké lién hé v6i nhau bang cac phuong trinh can bang va
cac phuong trinh lién tuc. Dé giai quyét bai toan co hoc két ciu, c6 thé tiép
can phuong phap nay bang dudng 16i truc tiép, suy dién vat Iy hodc duong 16i
toan hoc, suy dién bién phan. Tuy nhién bang cach nao di ching nira thi két
qua thu dugc 1a mot ma tran (46 cting hoac do mém). Ma tran d6 dugc xay

dung dya trén co sé cuc tri hda phiém ham biéu dién ning lugng. Trong pham



vi mdi phan tir riéng biét, cac ham chuyén vi duoc xap xi gan ding theo mot
dang nao do, thong thuong la cac da thuec.
Poi twong, phwong phap va pham vi nghién ctru ciia dé tai

Trong ludn vian nay, tac gia sir dung phuong phan tir hitu han néi trén
dé xay dung va giai bai todan dam don chiu tic dung cia tai trong tinh tap
trung.
Muc dich nghién ciru ciia dé tai

“Xac dinh noi luc va chuyén vi ctia dam don chiu tdi trong tinh
tdp trung bang phwong phdp phan tir hivu han”’

Nhiém vu nghién ctru ciia dé tai

1.Tim hiéu va gidi thiéu cac phuong phap xdy dung va cac phuong
phép giai bai toan co hoc két cau hién nay.

2.Trinh bay 1y thuyét dam Euler - Bernoulli

3.Sir dung phuong phép phan tir hitu han dé giai bai toan dam don, chiu
tac dung cua tai trong tinh tap trung.

4.Lap chuong trinh may tinh dién tir cho cac bai todn néu trén.



CHUONG 1. CAC PHUONG PHAP XAY DUNG
VA GIAI BAI TOAN CO HQC KET CAU

Trong chuong nay trinh bay cac phuong phap truyén thong dé xay
dung cac bai toan co hoc ndi chung; gigi thiéu bai toan co hoc két cau (bai
toan tinh) va cac phuong phap giai thuong dung hién nay.

1. Phwong phap xay dung bai toan co hgc

Bén phuong phap chung dé xay dung bai toan co hoc két cau dugc
trinh bay dudi day. Dung 1y thuyét dam chiu udn dé minh hoa.

1.1. Phwong phap xiy dung phwong trinh vi phin cin bang phan té

Phuong trinh vi phin cén bang duoc xay dung truc tiép tir viéc xét cac
diéu kién can bang luc cua phan to dugc tach ra khoi két cau. Trong suc bén
vat liéu khi nghién cau dam chiu uén ngang sir dung cac gia thiét sau:

-Truc dam khong bi bién dang nén khdng c6 ang suat.

-Mit cat thang goc véi truc dam sau khi bién dang van phang va thang
goc vaéi truc dam (gia thiét Euler—Bernoulli).

-Khong xét luc nén gitra cac thd theo chiéu cao caa dam

Véi gia thiét thi ba thi chi c6 tng suat phap o, va cac tng suit tiép oy,
o tac dung I&n phan té dam (hinh 1.3), ang suit phap o, bang khong. Hai gia
thiét thir ba va thir nhat dan dén tryc dam chi ¢ chuyén vi thang ding y(x) va
né duoc goi 1a dudng do vong hay dudng dan hdi cia dam. Gia thiét thir nhat
xem chiéu dai truc dam khong thay d6i khi bi véng doi hoi d6 vong cua dam
la nho so véi chiéu cao dam, Yma/ h < 1/5. Vi gia thiét thi hai thi bién dang
truot do tng suét tiép gay ra khong dugc xét trong tinh 6 véng cia dam nhu
trinh bay dudi ddy. Gia thiét nay chi dang khi ti 18 h/l < 1/5. Chuyén vi

ngang u cia diém nam ¢ do6 cao z so véi truc dam bang
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Bién dang va ung suat xac dinh nhu sau

) dty Hinh 1.2. Phan t6 dim

g, =—ZM; o, =—Ez
dx? dx?

Momen t4c dung Ién truc dam:

h/2 2 3 2
M= | _epr Y g, - _EDM Ay
e dx? 12 dx?

hay M =EJy (1.7)
Ebh’ d?y

trong do: EJ = =

rong do 12 X dxz

EJ duoc goi 1a d6 cang ubn cua dam; y 1a do cong cua duong dan hoi va sé

duoc goi 1a bién dang ubn; b 1a chiéu rong dam. Bé don gian trinh bay, ¢ day
chi dung trudng hop dam c6 tiét dién chir nhat.

Cach tinh ndi luc momen ¢ trén khong xét dén bién dang truot do cac
g suat tiép gay ra. Tong cAc tng Suat tiép oy, trén mat cat s& cho ta luc cat

hi2
Q tac dung Ién truc dim: Q= [o,dz

b2
Biéu thirc cua tng suat tiép o, trong tich phan trén sé trinh bay sau.

Nho cac gia thiét néu trén, thay cho trang thai tng suat trong dam, ta chi can
nghién ctru phuong trinh can bang caa cac noi luc M va Q tac dung Ién truc
dam.

Xét phan t6 dx cua truc dam chiu tac dung cua cac luc M,Q va ngoai luc phan
bé g, hinh 1.3. Chiéu duong ctua M, Q va q trén hinh vé twong tng vai chiéu

duong cta do vong huéng xubng dudi.



Q q(x) M + dM
M 0,
21Q+dQ

o dx
1 1

Hinh 1.3. Xét can bang phan té

L4y tong momen ddi véi diém O,, bo qua cac vd cling bé bac cao ta c6

M 50 (1.8)
dx
L4y tong hinh chiéu céc luc 1én truc thang ding:
Q. 420 (1.9)
dx

Phuong trinh (1.8) 13 phuong trinh lién hé gitra momen udn va luc cat,
phuong trinh (1.9) 1a phuong trinh cin bang lyc cat Q va ngoai luc phan bé g.
D6 1a hai phuong trinh xuét phat (hai phuong trinh dau tién) cua phuong phap
can bang phan té. Ly dao ham phuong trinh (1.8) theo X rdi cong véi phuong
trinh (1.9), ta c6 phuong trinh dan xuat sau

d*M
dx?
Thay M xac dinh theo (1.7) vao (1.10) nhan dugc phuong trinh vi phan

xéc dinh duong dan hoi cua thanh
d'y
dx*

Phuong trinh (1.11) duoc giai véi cac diéu kién bién cua y va cac dao

EJ q (1.11)

ham dén bac ba caa y (4 diéu kién), hai diéu kién bién tai mdi dau cudi thanh.
Céc diéu kién bién thuong dung nhu sau

a) Lién két khop tai x=0:



Chuyén vj bing khong, Y| , =0, momen uén M =0, suy ra i;’ =0
b) Lién két ngam tai x=0: _
Chuyén vi bing khang, Y| , =0, goc xoay bing khong, ? =0
-0
¢) khéng cé gdi tya tai x=0:
Momen uén M =0, suy ra d2¥ =0 ; luc cit Q=0, suy ra d;’ =0

Céc diéu kién tai x=1 ciing lay twong ty nhu trén.
Bay gio tim hiéu su phan b (ng suét tiép o, trén chiéu day h cua

dam. Trudc tién viét phuong trinh can bang ang suat trén tryc x nhu sau

3
~ oo, N oo, _0 hay oo, _ oo, _ 5 d 2/
OX oz 0z OX dx
2 3
Tich phan phuong trinh trén theo z: o, =-— Ezz (; 2/ +C(x)
X
Ham C(x) xac dinh tir diéu kién ung suat tiép bang khong tai mat trén va mat
2 3
dudi dim, z=+" Ta cé: C(x)= Eh" dy
2 8 dx’°

Ung sut tiép phan b trén mat cat dam cé dang
3

, __Edy

8 dx®

D6 12 ham parabol bac hai.Ung suét tiép 16n nhat tai truc dam (z=0) c6 gia tri

(422 —hz)

bang
__Eh*d?y
=08 dx

Tich phan ham g suét tiép theo chiéu cao dam roi nhan véi chiéu rong b ta

o

Xz

c6 luc cit Q tac dung I&n phan trai caa dam



__Ebhd’y
Q= 12 dx°

Eh* d’y

Ung suét tiép trung binh trén chiéu cao dam bang: o® = T 4o
X

Ti & gitra ¢tng suét tiép max tai truc dam va Gng suét trung binh o=1.5.
1.2. Phuwong phap nang luwgng
Ning luong cia co hé bao gdm dong nang T va thé ning I1. Pong ning duoc
xac dinh theo khoi lugng va van téc chuyén dong, con thé nang IT bao gom
thé nang bién dang va cdng cua cac truong luc, phu thugc vao chuyén vi.
Truong luc 1a lyc ¢6 thé nhu lyc trong trudng. Céc luc ngoai tac dung 1én co
hé 1a luc khong thé.
Déi véi hé bao toan, nang luong 1a khong doi
T+ I1 = const (1.12)

Do d6 téc do thay ddi nang lwong phai bang khdng

A rrm=o (1.13)

dt
Ta xét bai toan tinh, T=0, do doI1= const (1.14)
Thé nang IT c6 thé biéu thi qua @ng suat va noi luc ciing co thé biéu thi qua
chuyén vi va bién dang. Vi vay ta c6 hai nguy@n ly bién phan ning luong sau:

Nguyén Iy thé ning bién dang cuc tiéu

Khi phuong trinh can bang dugc biéu thi qua (ng suat hoac noi lyc va do dé
thé nang bién dang ciing biéu thi qua ung suit hoic noi luc ta c6 nguyén ly
thé nang bién dang cuc tiéu, nguyén ly Castiliano (1847-1884). Nguyén ly
phét biéu nhu sau:

Trong tdt cd cac trang thai can bang luc cé thé thi trgng thai can bang thuec
xdy ra khi thé ning bién dang 1a cuc tiéu.

Trang thai can bang luc c6 thé 1a trang thai ma cac luc tac dung Ién phan t6

thoa min cac phuong trinh can bang. Ta viét nguyén 1y dudi dang sau:



I1(F ) — min
Véi rang budc 1a cac phuong trinh can bang viét duéi dang luc.

Déi voi dam ta co:

l
I 1fM2d J 1.15
= — —_— - .

2) & X min ( )
0
d*M
7z = 4 (1.16)

Noi lyc can tim mémen ubn 12 ham phan bé theo chiéu dai dam M(x) va phai
thoa méan cac diéu kién lién két & hai dau thanh (dwoc xac dinh & hai dau
thanh). Pay 1a bai toan cuc tri cO rang budc. Bang cach dung thua sé

Lagrange A(x) dua vé bai toan khong rang buoc sau:

H:%flg—]zdx+ fxl(x)[
0

0

d*M _
Ix? + q|dx — min (1.17)

A(x) la thira s6 Lagrange va ciing 1a an cua bai toan. Theo phép tinh bién
phan tir phiém ham (1.17) ta nhan duoc hai phuong trinh sau (phuong trinh
Euler— Lagrange).

d*2
d*M
T =4 (1.19)

A(x) c6 thir nguy@n la chuyén vi cho nén phuong trinh (1.18) biéu thi quan hé
gitta M va chuyén vi. Thé (1.18) vao (1.19) ta c6

El—=gq (1.20)

A(x) 1a do vong cia dam va phuong trinh (1.20) 1a phuong trinh vi phan can

bang cua dam viét theo chuyén vi nhan duoc & trén.



Nguyén Iy cong bu cwe dai

Khi diing an 1a cac chuyén vi va bién dang thi c6 nguyén ly cong bu cuc dai.

Trong tat cd cac chuyén vi dng hoc co thé (khd di) thi chuyén vi
theec 1a chuyén vi c6 cong bu cue dai.
Chuyén vi dong hoc cd thé 1a chuyén vi théa man cac phuong trinh lién hé
giita chuyén vi va bién dang va thoa mén cac diéu kién bién. Cong bu bang
tich ciia ngoai luc va chuyén vi trir di nang luong bién dang.

[Cong ngoai luc — thé nang bién dang]—max

Véi rang budc 1a cac phuong trinh lién hé giita chuyén vi va bién dang.

LAy vi du ddi véi dam chiu uén, ta co
l l

1
qudx _Ef E] »* dx - max (1.21)
0 0
Vi rang budc:
d?y

x 1a bién dang uén ciing 1a do cong cta dudng do vdng. Tich phan thir nhat
trong (1.21) 1a cbng toan phan caa ngoai luc (khdng c6 hé sé %), tich phan
thir hai 12 thé nang bién dang biéu thi qua bién dang udn.

Thay x tur (1.22) vao (1.21), ta co

1 : d?y\’
fqydx —Ef EJ] (— W) dx — max (1.23)
0 0
Thay dau cua (1.23) ta c6
1 : d2y\’ l _
EfE] (— W) dx — f qydx — min (1.24)
0 0

Khi y c6 gia tri xac dinh tai hai ddu mat dam thi diéu kién can dé biéu thuc

(1.24) cuc tiéu 1a phuong trinh Euler sau



d*y
EJW =q (1.25)

Phuong trinh (1.25) 1a phuong trinh vi phan can bang cua dam chiu un.
Nguyén Iy cong b cuc dai dudi dang biéu thuc (1.24) dugc sir dung rong rai
trong tinh toan cong trinh theo phuwong phap phan tir hiru han.

1.3. Nguyén ly cong a0

Nguyén 1y cong ao dugc sir dung rat rong réi trong co hoc. Theo K.F. Gauss
(1777-1855) thi moi nguyén 1y trong co hoc hoic truc tiép hodc gian tiép déu
rit ra tir nguyén 1y chuyén vi o.

Xét co hé chat diém o trang thai cin bang ta c6
> X=0, >Y=0, >Z=0,
(1.26)
XD > Z:1a tong hinh chiéu cua tat ca cac luc tac dung 1én ba truc cta
hé toa do Dé cac. Ta viét biéu thtrc sau:
D XM +Y YNV +>.Z6W =0,
(1.27)
& day xem cac SU; oV ; W 1a cac thira sd bat ky.
Tur (1.26) ta c6 (1.27) va nguoc lai tur (1.27) ta s€ nhan dugc (1.26) boi
Vi C4c SU; 8V SW; 1a nhitng thira sd bat ky. Bay gid ta xem &U; 6V W la
cac bién phan cua cac chuyén vi 40 theo ba chiéu cua hé toa do vudng goc.
Chuyén vi 40 1a chuyén vi bé do nguyén nhan bat ky bén ngoai ndo d6 gay ra.
Céc chuyén vi 40 ndy phai thoa méan cac diéu kién lién két ciia hé.
Khi c6 chuyén vi do thi vi tri cia céc lyc tac dung trén hé co thé thay
d6i nhung phuong chiéu va do 1on cta nd van giit nguyén khong doi. Nhu
vay, cac chuyén vi 40 8U; &V ; oW 1a céac dai lugng doc 1ap véi luc tac dung va

tir hai biéu thuc (1.26) va (1.27) ta c¢6 nguyén 1y cong ao:

10



Néu nhw tong céng ciia cdc lwe tic dung cia hé thwe hién trén cdc
chuyén vi o bang khong thi hé & trang thdi cén bang.

Pbi voi hé dan hoi (hé bién dang) thi ngoai ngoai luc con c6 ndi luc.
Van dé datra & day la cach tinh cong cua ndi luc nhu thé nao.
Trudce hét ta can phai dua thém yéu cau dbi voi chuyén vi a0 nhu sau:

Céac chuyén vi 4o phai thoa min cac lién hé giita chuyén vi va bién

ou ov .
dang. Néu nhu cac chuyén vi c6 bién dang &, = 6_ E, = 5; ... thi bién phan
X

cac chuyén vi a0 du; &v; Swiing phai co cac bién dang 4o tuong tng:
LIV

Thong thuong cong cua ndi luc (hodc Gmg suat) duge tinh qua thé nang
bién dang. Khi c6 cac chuyén vi 40 dU; 6V; SW; thi thé nang bién dang IT s&
thay doi bang dai luong bién phan oI1. Do d6 nguyén Iy chuyén vi a0 ddi voi
hé bién dang duoc viét nhu sau:

ST X =X YOV —> ZSW =0,

(1.28)

Céc dai luong bién phén trong (1.28) déu 1a chuyén vi a0 cho nén néu
xem ndi luc (ing suét) trong qua trinh chuyén vi 4o ciing khong ddi thi dau
bién phan trong (1.28) c6 thé viét lai nhu sau:

S[II-3 XU -3 YV -3 ZW]=0

(1.29)

Hai biéu thuc (1.28) va (1.29) duéi dang chi tiét hon duoc trinh bay trong [30,
Tr.261].

I{ (d yj qy}dx Ohayf{ (izlquy}dx:O (1.30)
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d'y

X4

Phuong trinh Euler cta (1.30) nhu sau: EJ

_q:0

1.4. Phwong trinh Lagrange:
Phuong trinh Lagrange 1a phwong trinh vi phan cta chuyén dong duoc

biéu thi qua céc toa d6 téng quét (cac chuyén vi tong quat).

Goi T la dong nang va IT la thé ndng cua h¢, cac g; 1a cac chuyén vi

tong quat va Q; 1a cac luc téng quét thi phuong trinh Lagrange c6 dang:
dfor)_or + oll =Q, (iI=1,2,3......,n) (1.31)
dt\oq,) oq og

J4 . a i \ 4 R A A 7. X A . ~ 4
trong do: ¢, = % la van toc cua chuyén dong. P61 v1 moi chuyén vi q; s€ ¢o

mot phuong trinh Lagrange. Pong ning T trong toa do tong quat 13 ham cua
van tdc va c6 thé 1a ham cua ca chuyén vi tong quat.
Thé nang toan phan cta hé bao gom thé ning bién dang va thé ning cia lyuc
c6 thé (luc trong trudng 1a luc c¢6 thé). Q; 1a luc khong thé c6 thé duoc hiéu 1a
cac luc ngoai tac dung 1én hé (luc tong quat). ap dung phuong trinh Lagrange
dé xay dung phuong trinh chuyén dong cua dam chiu uén nhu sau:

Goi y; 1a chuyén vi (tong quat) cta diém i ctia dim va q; 13 luc tac dung
tai diém i ctia dam va my; 13 khéi luong.

Dong nang cuia dam

T= anlmyizdxtrongdé: y, =— (1.32)
= ot
Thé ning bién dang ctia dAm chiu udn
n1_ (8%, Y
Im=> —EJ| —* 1.33
23 (axz j 439

Dau tong lay cho tat ca cac diém i ciia ddm. Phuong trinh Lagrange d6i véi

dam c6 dang
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0

ot

oT
Y,

or oIl
- + =
o, o

5

(1.34)

Ta tinh hai thanh phan du cta phuong trinh (1.34)

o[ oT 0 52yi 5
~| == =My, =m , =My,
ot\ oy, ot ot

a _y

,

Pé tinh thé nang bién dang c6 thé dung phuong
1.5.

Béi vi do vong y; ciia dam chi c6 mat

trong biéu thirc thé ning bién dang cua ba 2

(1.35)

phap sai phan hiru han, hinh

-1 i+1 +2

diém lién tiép i-1, i va i+1, cho nén chi can
tinh thé nang bién dang cua dam (1.33) cho

[

|

1

ba diém nay, Ax la khoang cach gitra cac
diém.

2

AX L AX L AX L AX
- - 1
Hinh 1.4. Budc sai phan

1

2 . 2
EEJ a y :lEJ yi—l 2yi2+yi+1
2 \ox*) 2 AX

2,\2 . 2
EEJ a y ZEEJ yi—2 2yi—l-i_yi
2 \ox* ), 2 AX?

2:,\? B 2
EEJ a y ZEEJ yi 2yi+12+yi+2j
2 \ox* ), 2 AX
(1.36)

Tong cong ba phuong trinh trén cho ta thé ning cua dam dé tinh y;. Ta tinh

2y_n cua phuong trinh (1.34).

8_1_[ —EJ B 2yi—l + 4yi B 2yi+1 +Y.,— 2yi—l +Y Ty - 2yi+l + VY,
o, AX’
_ EJ(yi—Z _4yi—1 + 6yi _4yi+l + yi+2j: EJA_A?
AX* AX*

|

1.37)
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4

o'y
ox* |

Biéu thtrc (1.37) biéu thi sai phan hiru han ctia EJ

Cong (1.35) va (1.37) nhan dugc phuong trinh Lagrange dbi v6i chuyén vi y;
0%y, o'y
m-—L+EJ——| =q, 1.38
ot’ ox*|. 4 (1.38)

Diém i 1 bat ky nén nhan duogc phuong trinh vi phan can bing ctia dAm

o’y o'y
méY  ggeY_ 1.39
ot? ox* q (1:39)
4
Pi v6i bai toan tinh T=0 ta ¢6: EJ ; Y _q (1.40)
X

Phuong phép st dung phuong trinh Lagrange dé nhan dugc phuong trinh vi
phan cua dudng do vong clia dam trinh bay ¢ day 1a cia tac gia.

& trén trinh bay bon phuong phap chung dé xay dung bai toan co, lay
bai toan dam chiu udn 1am vi du dé biét cach sir dung ching va dé thdy bon
duong 16i d6 1a twong duong nhau nghia 1a déu dan vé phwong trinh vi phan
can bang cua hé.

2. Bai toan co hoc két cé}l Vs?} cac phu’()’ng phap giai 7

Bai toan co hoc két cau nham xac dinh ndi luc va chuyén vi cua hé
thanh, tim, v6 dudi tac dung cua céc loai tai trong, nhiét do, Chuyén vi cudng
burc,...va duoc chia lam hai loai:

- Bai toan tinh dinh: 14 bai todn c6 cau tao hinh hoc bét bién hinh va di lién
két tua v6i dat, cac lién két sip xép hop 1y, chiu cac loai tai trong. Dé xéac
dinh noi luc va chuyén vi chi can dung cac phuong trinh cn bang tinh hoc 1a
du;

- Bai toan siéu tinh: 12 bai toan c6 cAu tao hinh hoc bat bién hinh va thira lién

két (ndi hodc ngoai) chiu cac loai tai trong, nhiét d, chuyén vi cudng
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btec,...Dé xac dinh ndi luc va chuyén vi ngoai cac phuong trinh can bang ta
con phai bd sung cac phuong trinh bién dang.

Néu tinh dén tan ung suat, c¢6 thé noi rﬁng moi bai toan co hoc vat rin
bién dang noi chung va bai toan co hoc két cdu néi riéng déu 1a bai toan siéu
tinh.

D3 c6 nhiéu phuong phap dé giai bai toan siéu tinh. Hai phuong phap
truyén thong co ban 1a phuong phap luc va phuong phap chuyén vi. Khi st
dung chung thuong phai giai hé phuong trinh dai s6 tuyén tinh. S6 luong céac
phuong trinh tity thudc vao phuong phap phan tich. Tir phuong phép chuyén
vi ta c6 hai cach tinh gn dung hay duoc sir dung 1a H. Cross va G. Kani. Tir
khi xuat hién may tinh dién tir, ngudi ta bd sung thém cac phuong phéap sd
khac nhu: Phuong phap phan tir hitu han; Phuong phép sai phan hitu han...
2.1. Phuong phap luc
Trong hé siéu tinh ta thay cac lién két thira bang cac luc chua biét, con gia tri
cac chuyén vi trong hé co ban tuwong tmg véi vi tri va phuong cua céac luc an
s6 do ban than cac luc d6 va do cac nguyén nhan bén ngoai giy ra bang
khong. Tu diéu kién nay ta lap dugc hé cac phuong trinh dai ) tuyén tinh,
giai hé nay ta tim duogc cac an sb va tir 46 suy ra cac dai luong can tim.

2.2. Phwong phap chuyén vi

Khac voi phuong phéap luc, phuong phap chuyén vi ldy chuyén vi tai
cac nat lam an. Nhitng chuyén vi nay phai co gia trj sao cho phan luc tai cac
lién két dat thém vao hé do ban than chiing va do cac nguyén nhan bén ngoai
gay ra bang khong. Lap hé phuong trinh dai sé tuyén tinh thoa mén diéu kién
nay va giai hé do ta tim dugc cac an, tir d6 xac dinh céc dai lugng con lai. HE
co ban trong phuong phap chuyén vi 1a duy nhat va giéi han giai cac bai toan
phu thudc vao s cac phan tir mau co san.

2.3. Phwong phap hén hep va phwong phap lién hop
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Phuong phap hdn hop, phuong phap lién hop 1a su két hop song song giita
phuong phap luc va phuong phap chuyén vi. Trong phuong phap nay ta co
thé chon hé co ban theo phuong phap luc nhung khong loai bo hét cac lién két
thira ma chi loai bo céc lién két thudc bd phén thich hop véi phuong phap luc;
hozc chon hé co ban theo phuong phap chuyén vi nhung khong dat day du cac
lién két phu nham ngdn can toan bd cac chuyén vi nit ma chi dat cac lién két
phu tai cac nat thudc bd phan thich hop v6i phuong phap chuyén vi. Truong
hop dau hé co ban 1a siéu tinh, con truong hop sau hé co ban 1a siéu dong.
Trong ca hai cach noi trén, bai todn ban dau duogc dua vé hai bai toan doc lap:
Mot theo phuong phap luc va mot theo phuong phap chuyén vi.
2.5. Phuwong phap sai phan hiru han

Phuong phap sai phan hiru han ciing 1a thay thé hé lién tuc bang mo
hinh roi rac, song ham can tim (ham mang dén cho phiém ham gia tri dimg),
nhan nhing gia tri gﬁn ding tai mot s6 hitu han diém cua mién tich phan, con
gia tri cac diém trung gian s& duoc xac dinh nhd mot phuong phap tich phan
nao d6. Phuong phap nay cho 10i giai s ctia phuong trinh vi phan vé chuyén
vi va noi luc tai cac diém nut. Thong thudng ta phai thay dao ham bang cac
sai phan cuia ham tai cac nat. Phuong trinh vi phéan cua chuyén vi hoac ndi luc
duoc viét dudi dang sai phan tai mdi nut, biéu thi quan hé cua chuyén vi tai
mot nat va cac nit 1an can dudi tac dung ctia ngoai luc.
2.6. Phwong phap hdn hop sai phan — bién phén
Két hop phuong phap sai phan véi phuong phap bién phan ta c6 mot phuong
phép linh dong hon: Hodc 1a sai phan cac dao ham trong phuong trinh bién
phan hoic 12 sai phan theo mot phuong va bién phan theo mot phuong khéc

(d6i voi bai toan hai chiéu).
CHUONG 2. LY THUYET DAM CHIU UON

2.1.Ly thuyét dam Euler — Bernoulli [ ]
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Dam chiu udn 1a ciu kién c¢6 kich thudce tiét dién nhd hon nhiéu Ian so
véi chiéu dai caa nd, trén mat cat ngang dam tén tai hai thanh phan noi luc 1a
mémen uén M va luc cat Q. Tai trong tac dung Ién dam nam trong mat phang
c6 chira duong trung binh cua dam va thiang gdc véi truc dam. Duéi ddy ta xét
hai trudng hop dam chiu uén thuan tdy phang va udn ngang phang.
2.1.1.Dam chiju udn thuan tdy phing

Dam chiu uén thuan tdy phang 1a dam ma trén moi mat cat ngang dam
chi c6 mot thanh phan noi lec 13 mémen udn nam trong mat phang quan tinh
chinh trung tam.

Ung sudt trén mdt cat ngang

Gia s dam c6 mit cat ngang hinh chir nhat (bxh) chiu uén thuan tay
nhu, hinh 2.1a. Ta tién hanh thi nghiém sau:

Truéc khi dam chju luc ta o Mo 1 » Bt .
vach |én mat ngoai dam nhing P )
duong thang song song va vudng
goc Vvai truc dam tao nén nhiing 6 U .

vudng, hinh 2.1a. Sau khi dam bién b1 V7

dang, hinh 2.1c, ta thay ring nhiing M,
duong song song vai truc dam tro
thanh nhitng duwong cong, nhiing
duong thang vudng goc vai truc
dam van thang va vudng goc véi

tryc dam. Tir d6 nguoi ta dua ra hai 7 B
gia thiét sau day:

Hinh 2.1. Dam chju uén thuén tay
-Mit cat ngang dam ban dau phang va vudng goc voi truc dam, sau bién dang

van phang va vudng gdc vai truc dam (gia thiét vé mat cat ngang, gia thiét
Bernoulli).
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-Trong qué trinh bién dang cé4c thé doc cia dam khong ép 18n nhau va khdng
day xa nhau (gia thiét vé cac thg doc).
Ngoai ra khi tinh toan dam ta con dwa vao cac gid thiét sau:
-Vt liéu co tinh chat lién tuc, dong nhat va dang hudng
-Bién dang cua vat thé 1a bién dang dan hdi va dan hoi tuyét doi.
-Bién dang cua vat thé do ngoai luc gay ra 1a nho so véi kich thuéc cua
ching.
-Tuén theo nguyén 1y doc lap tac dung
Tt hinh 2.1c¢, ta nhan thay rang: khi dam bi udn thi cac thd trén co lai, cac thé
dudi gidn ra. Do vay khi chuyén tir thd co sang thd gidn sé co thg khong co,
khong gién. Tho nay goi la thd trung hoa. Tap hop cac thé trung hoa goi la
I6p trung hoa, giao caa 16p trung hoa véi mat cit ngang goi la duong trung
hoa. Néu ta xét mot mat cat ngang nao dé cua dam thi sau khi bi udn n6 sé
cho hinh dang nhu hinh 2.2.
Puong trung hoa cua mat cat
ngang 14 mot dudng cong. Vi chuyén vi
cia cac diém trén mit cit ngang cua
dam 1a bé, nén ta coi rang hinh dang
mat cat ngang dam khéng thay d6i sau
khi bién dang.

Hinh 2.2. Mt cit ngang ddm

Khi d6 duong trung hda ciia mat cat ngang 1a dudng thang va gia su lay

truc ox trung vai duong trung hoa.

Xét bién dang cua doan dam dz
duoc cit ra khoi dam bang hai mat cat
1-1 va 2-2. Sau bién dang hai mat cat
nay lam véi nhau mot goc de va tho
trung hoa co ban kinh cong la p (hinh
2.3). Theo tinh chat cua thé trung hoa ta
co: Hinh 2.3. Hai mgt cdit sau khi

uén
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dz = pde (2.1)
Ta xét bién dang cua thg ab cach thé trung hoa mot khoang 13y, ta co:

ab, = dz = pdy; abs = dz = (p + y)dg (2.2)
Tur (2.2) ta suy ra:
_ abs—aby _ (p+y)de-pde
T Ta, T pdg (23)

Xét ¢ng suat tai diém bat ky A(x,y) trén mat cat ngang nao d6 cia dam (hinh
2.4a). Trong d6 truc oy la truc ddi xting ctia mat cat ngang, truc ox tring voi
duong trung hda ciia mat cat ngang.

Ta tach ra tai A mot phan té hinh hop bang
caCc mat cat song song v&i cac mit toa do (hinh
2.4b). Khi d6 theo gia thiét thir nhat thi goc cua v
phan té sau bién dang khong dbi, nén ta suy ra /
trén cac mat cua phan té khong co (ng suat tiép. =5 %
M3t khac theo gia thiét tha hai thi trén cac mit Y _FA
cua phan t song song vai truc Z khéng cé @ng %
suat phap, nghia 1a o, = g, = 0. Do vay trén cac &
mat cta phan té chi ¢d ung suat phap o, va theo -
dinh luat Hooke ta c6: RS e

Hinh 2.4. Phan té A

0, =FEe, =E*; (2.4)
Dam chiu udn thuan tdy nén ta co

N,= [, 0,dF =0 (2.5)

M, =, a,ydF =0 (2.6)
Thay (2.4) vao (2.5) ta dugc

N, = |, E%sz%fF ydF =0 =§5x=0 (2.7)
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S, = 0 nghia 13 ox 1a tryc quén tinh chinh trung tdm. Vi y 1a truc d4i xang
nén suy ra oxy la truc quan tinh chinh trung tdm cua mat cit ngang. Thay
(2.4) vao (2.6) ta duoc:

M, = dF =2 EXgF == 2.8
x_fp 02y _;fp ? —;]x (2.8)
S 1_Me
Suy ra: sty (2.9)
EJ, 1a d cang cua dam khi uén. Thay (2.9) vao (2.4) ta co:
My

Tur c6ng thac (2.10) ta cd cac nhan xét:
-Luat phan b cia o, trén mat cat ngang dam |a bac nhat ddi véi y.

-Nhirng diém trén matc it ngang c6 cung tung d6 y (nghia 1 nhiing diém nam
trén duong thang song song véi truc trung hoa x) sé ¢ tri so6 bang nhau va nd

ti I¢ v6i khoang céach tir cac diém d6 tai truc trung hoa.

-Nhirng diém nam trén truc trung hoa y=0 c6 tri s6 ¢, = 0. Nhitng diém xa

truc trung hoa nhat s& ¢ trj s6 tng suat 16n nhat va bé nhat.
2.1.2.Dam chju udn ngang phang

Dam chiu uén ngang phang 1a dam ma cac mit cat ngang cua nd co cac

thanh phan noi luc 1a luc cat Q, va mémen uon M, nam trong mit phang quan

tinh chinh trung tdm cua dam.
Ung sudt trén mdt cdt ngang
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Xét dam chiu uén ngang

P
phang nhu trén hinh 2.5a. Ta quan al ey l{
st thi nghiém sau: ] %hx
Truéc khi ddm chiu luc ta ’
vach 1én mat ngodi dam nhiing 12 .
p el

duong thang song song va vuéng
goc vai truc dam tao. Sau khi dam o) ﬁb 7
bién dang ta thay rang nhiing %, $
duong thang song song Vvéi truc

dam tré thanh nhitng dudng cong @
nhung van con song song vai truc PL
dam, nhitng duodng thang vudng P
goc vai truc dam khong con thang
va vubng goéc voi truc dam nira
hinh2.5c.

~

Hinh 2.5. Dam chju uén ngang phang
Piéu d6 chung té mat cit ngang dam sau bién dang bi vénh di. Néu tai
diém A bat ky cua dam ta tdch ra mot phan té bang cac mit song song véi cac
mit toa do thi sau khi bién dang cac goc vudng cua phan té khéng con vudng
nita, nghia 1a phan t6 c¢6 bién dang goc. Suy ra trén cac mat phan to sé co tng
suat tiép.

Trong ly thuyét dan hoi nguoi ta da chimg minh duoc rang trén cac mat

ctia phan té c6 cac tng suat sau:

Oy, Oz, Tzy, Tyz. Nhung thuc ~

té cho thay rdng ting suat phap o, o || .
rat bé so véi cac thanh phan khac
nén ta bo qua, nghia 1a khi dam
chiu ubn ngang phang thi trén mat

|
cat ngang dam cé hai thanh phan N Ty
T

g suat 1a: tng suat phap o, va o , 9
{ing suét tiép hinh 2.6. Hinh 2.6. Phan to dam chju uon ngang phang

}Nm
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a.Ung sudt phap a,:

Trong muc truéc nho gia thiét Bernoulli vé mat cat ngang phang ta da
dua toi ¢ong thuc tinh Gng suat phap o, trén mat cit ngang dam 1a;

0, =—=Y (2.11)

Trong trudng hop dam bi udn ngang phing thi sau bién dang mit cit
ngang dam bi vénh di, nghia 1a khong con phang nita. Nhu vay moi lap luan
dé dua t6i cong thirc (2.11) dé tinh tng suat phap o, khong phu hop nita. Tuy
nhién trong Iy thuyét dan hoi nguoi ta da ching minh dugc rang d6i véi dam
chiu udn ngang phang ta van c6 thé dung cong thire (2.11) dé tinh tng sut o,
ma sai s6 khdng 16n lam.
b.Ung sudt tiép trén mat cat ngang dam chiu uén ngang phang (cong thac
Durapski):

Gia sir c6 dam mat cat ngang 1a hinh chit nhat hep (b<h) chiu uén
ngang phang hinh 2.7.

Ta xét ung suat tiép tai diém bat ky A(x,y) trén mat cat ngang 1-1 nao
d6 cua dam. Qua diém A ta ké duong thang song song véi truc ox cit bién cua
mat cat tai B va C, cit truc oy tai D. Trudc hét ta xét ung suét tiép tai B,C va
D.

Ung suit tiép tai C 12 7., gia st c0

phuong bat ky trong 1-1. M

Phan 7. thanh hai thanh phan:
5, vats,. Nhung theo dinh luat déi . ny
g cua tng suat tiép thi ta co: 75, = By
¢, =0 (t5, = 0 vi mat bén dam theo Z‘/s o+ é’gc
gia thiét khong co tai trong tic dung) I
hinh 2.7.

Hinh 2.7.

Do vay 7. = 7z, c6 phuong song song v6i oy. Do tinh chat doi xang ta

suyratg =15, = Ty .
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Ciing do tinh chat d6i xing va gia thiét hinh chit nhat hep nén t, =
Ty, =Ty = Tyz .

Do gia thiét hinh chir nhat hep nén CD=Db/2 cang nhé ma &ng suét tiép
tai C va D chi c6 phuong y. Do vay ta suy ra & ¢ng suat tiép tai A chi co
phuong y: 7, = 74,. Dong thoi:

R

Nhu vay tng suit tiép caa cac diém trén duong thang BC qua A chi c6
phuong y va tri s6 bang nhau. Nghia 1a tng suat tiép trén BC phan bo déu véi
cuong do 1a 7,,,. Dé tinh 7, ta cit mot doan dam dz bang hai mat cét 1-1 va
2-2, hinh 2.8.

Sau d6 cat doan dam dz

a) b)

bang mot mat phang qua diém o - )
A song song Vai truc Z. Mat ( ______ qua, | o A
phiang nay chia doan dam dz N zfﬂ; }ﬁ/;; % L

ra lam hai phan. Néu goi BC 1 2N [

= bc va dt (BCEF)=Fc thi tu
. A ‘A A M , A Hinh 2.8.
dicu kién can bang cua phan

dudi cua doan dz hinh...ta
suy ra:
Yz = _odF — [ o{PdF +1,,bcdZ =0
Mat khac ta lai c6

o) =2y (a)

0y =Ty (b)

Thay (b) vao (a) ta duoc:

tyz T lzy = bc.ldz [f J;j = yaF — fF y dF] ]x.lbc d«Zx ch ydF  (c)
5: S = Qy; [, ydF = S§ (d)

S<: goi la momen tinh cua phan dién tich Fc ddi véi truc x. Thay (d) vao (c) ta
suy ra:
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_ _ QyS%
Tyz =Tay =7 5 (2.12)

Trong d6 be goi 1a bé rong cua mit cit ngang qua diém can tinh @ng suat A.
Cong thirc (2.12) goi 1a cdng thirc Durapski. Tir cdng thire nay va theo diéu
kién can bang cta phan thanh & trén ta suy ra 1a 7, cing chiéu véi truc z,

T,y CUNG chiéu voi Q,. Nghia la dau cua Tzy Va @, nhu nhau. Do vay ¢ day
chi can tinh tri s6 cua 7,,, theo (2.12) con dau cua né dwoc xac dinh tir biéu do
luc cat Q,,.
c.Ludt phan bé sing sudt tiép 7, déi véi mdt cat hinh chi nhat:

Gia sir mat cat ngang dam chiu uén

ngang phang la hinh chix nhat bé rong o -
b, chiéu cao h. Ta di tim luat phan bd Rmax
cia ting suat tiép t,,, dbi voi mat cat S I o e el = @
A < P A A B % C
neu luc cat tai rTEat Ca’t nay la Q,,. | / / ?
Ta xét diém bat ky A(X,y) trén y \Fe.
mat cat, ta c6 bc=BC=b. Hinh 2.9.
c—(h_ Th_ N =b(h_ 2
Sx_(z y).b[y+2(2 y)]_2(4 y)
b(hZ
o _QyS£_Qy5(T‘y)_& h 2
SUy ra: Ty, =T, = he— b "L ( s ) (2.13)

T (2.13) ta nhan thay rang: Luat phan bé 7,, trén mat cit 1a parabol
bac hai di véi y. Vi y=0 (nhitng diém nam trén tryc trung hoa ox) thi:

_ _ Qyh? 30
Tzy (0) = Tmax = 8.Jx ~ SF

(2.14)
y =+ thit, =0
Tir d6 ta c6 thé V& duoc biéu d 7,,, cho mat cét nhu, hinh 2.9b.
d.Lugt phan bé g sudt tiép t,,, déi véi mat cat hinh chi 1:
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Xét dam chiu ubén ngang

phang c¢6 mat cit ngang hinh chit | G_)_ ’hlb}j ’ Efb//; C)@ -
hinh 2.10. D¢ don gian ta cd thé coi @/ d Jd %(N
mat cat bao gdm ba hinh chit nhat = i L
ghep lai: Hinh chir nhat long rong d, Cy A §
cao (h-2t) va hai hinh chit nhat dé + =+ ZE
rong b cao t, hinh 2.10b. ’ !

Hinh 2.10.

Thuc té cho thay tng suat tiép do Q, gy ra ¢ phan dé rat bé so véi
phan long. Do vay ¢ déy ta chi xét sy phan bo tng suat tiép 7, & phan long
mat cat chit | ma thoi.

Ta xét diém bat ky A(xy) thuoc long ta co: be=d. S = S, — ~dy?

1,2
_ st 0y(Se—3av?)
Suy ra: t,, = e o (2.15)

T (2.15) ta nhan thay rang: Luat phan b 7,, cta phan long mat cat

chit 1 14 parabol bac hai d6i véi y. V&i y=0 (nhitng diém nam trén truc trung
hoa ox) thi:

QS
Tzy (0) = Tmax = ]:sz

Péi vai diém C tiép gidp gitta long va dé cua chit I, nhung thudc phan long thi

(2.16)

taco:y, = g— t Tu do ta co:
h ) _ QY[Sx‘%d(g‘t)z]

Te =T1 = Tgy (— —t o

2
Bicu do 71, ctia phan long mat cét chit T duoc V& trén, hinh 2.10c.

(2.17)
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e.Lugt phan bé sng sudt tiép ,,, déi véi mdt cat hinh tron:
Xét dam chiu uén ngang

phang c6 mat cat ngang hinh tron Q @)

ban kinh R, va luc cit trén mat ci ’ 0

nay la @y, hinh 2.11. Ta xét tng 5

X
. o N e Ty b
véi truc ox va cach ox mot khoang X 7
bang y. Ta thay rang tai cac diém I ﬂ

bién B,C ing suat tiép t tiép tuyén N\ | /]

suét tiép trén duong BC song song ‘!7 .

Vvéi chu vi hinh tron va do d6i xing
thi ang suat tiép tai D c6 phuong y.

Hinh 2.11.

Ta thira nhan rang (ng suat tiép tai cac diém khac nhau trén BC c6
phuong qua diém K dong thoi thanh phan song song oy cua ching 1a bang
nhau, nghia 1a thanh phan T,y Phan bd déu trén BC, hinh 2.11a. Ta di tim luat
phan b cua 7,,. Ta co:

bc=2R.cosa
5% = [, pdF = f: pbdF = f;/z Rsing. 2Rcos. d(Rsing)

= 2R3 f;/z cos?q.sinpd(p) = —2R3 f;/z cos?pd(cosp) =

2
§R3cos3a
2
Qy=R3cos3a R2%cos3a R%(1-sin?a
Suy ra: t,, =—2= =2 = R )
Jx-2Rcosa 3Jx 3Jx
_ Qy(R?-y?)
Ty =2 (2.18)
Bicu do 7,, dugc V& trén hinh 2.11b, trong do:
_ _ QyR* _ 4Qy _ 4Qy
Tzy (0) = Tmax = 3,  3nR?Z _ 3F (219)

Bicu dd 7,, ctia mat cat hinh tron dugc V& trén, hinh 2.11b.
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CHUONG 3.
PHUONG PHAP PHAN TU HUU HAN

3.1. Phwong phap phan tir hiru han

Trong phuong phap phan ta hitu han chia két cau cong trinh thanh mot s6 hiu
han cé4c phan ta. Céac phan tir nay dugc ndi véi nhau tai cac diém dinh trudc
thuong tai dinh phan tir (tham tri tai cac diém trén bién phan tu) goi la nut.
Nhu vay viéc tinh toan két ciu cong trinh dugc dua vé tinh toan trén cac phan
tir cua két cau sau d6 két ndi cac phan tir nay lai voi nhau ta dugc 10i giai cua
mot két cau cong trinh hoan chinh. Twong tu nhu phwong phap sai phan hitu
han ciing chia cong trinh thanh cac doan nho (phan tir) va cac trang thai
chuyén vi (truong chuyén vi) v.v... dugce xac dinh tai cac diém nGt sai phan.
Su kh&c biét cua hai phuong phap la Phuong phap sai phan hiru han sau khi
tim duoc Ccac chuyén vi tai cac nlt cia sai phan con cac diém nam giira hai
nat dugc xac dinh bang nai suy tuyén tinh, con phuong phap phan tir hitu han
sau khi xac dinh dugc chuyén vi tai cac n(t cua phan tor thi cac diém bén
trong dugc xac dinh bang ham nai suy (ham dang).

Véi bai toan co hoc vat ran bién dang, tuy theo ¥ nghia vat i caa ham
noi suy co thé phan tich bai toan theo 3 loai mé hinh sau:

- M& hinh chuyén vi: Xem chuyén vi 13 dai lwong can tim va ham noi
suy biéu dién gan dung dang phan bé caa chuyén vi trong phan ti.

- M hinh can bang: Ham noi suy biéu dién gan dang dang phan bé cua
rng suat hay noi lyc trong phan ti.

- M@ hinh hén hop: Coi cac dai lugng chuyén vi va tng suat 1a 2 yéu t6
doc lap riéng biét. Cac ham noi suy biéu dién gan dung dang phan bd cua ca
chuyén vi 1an Gng suat trong phan tir.

Hién nay, khi 4p dung phuong phap phan tir hitu han dé giai cac bai toan
co hoc thuong st dung phuong phap phan tir hitu han theo mé hinh chuyén
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vi. Sau day luan van trinh bai ndi dung phuong phap phan tir hitu han theo md

hinh chuyén vi.

3.1.1 Noi dung phwong phap phan tir hira han theo md hinh chuyén vi
Trong phuong phap phan tir hitu han - md hinh chuyén vi, thanh phan

chuyén vi dugc xem 1a dai lwong can tim. Chuyén vi dugc lay xap xi trong

dang mot ham don gian goi 1a ham ndi suy (hay con goi 1a ham chuyén vi).

Trinh ty phan tich bai toan theo phuong phap phan tir hitu han - md hinh

chuyén vi ¢ ndi dung sau:

3.1.1.1. Roi rac hoa két cau:

Trong phuong phap PTHH, ngudi ta roi rac hoé bang cach chon két cau
lién tuc thanh mot s6 hitu han cac mién con c6 kich thudc cang nhé cang tot
nhung phai hitu han. Cac mién hoic két ciu con duoc goi 1a PTHH, ching c6
thé c6 dang hinh hoc va kich thudc khac nhau, tinh chat vat lidu duoc gia thiét
khong thay doi trong mdi phan tir nhung ¢ thé thay doi tir phan tir ndy sang
phan tir khac.

Kich thudc hinh hoc va sé lugng cac phan tir khéng nhitng phu thudc
vao kich hinh hoc va tinh chét chiu luc cua két ciu ma con phu thudc vao do
chinh x&c cua bai toan.

Véi hé thanh dung cac phuong trinh thanh, két cau tdm s dung
phuong trinh tim tam giac, chit nhat, véi vat thé khéi dung cac phuong trinh
hinh chop, hinh hop...

Khi roi rac hoé két cau lién tuc cac PTHH duoc gia thiét ndi véi nhau
tai mot sé diém quy dinh goi 1 cac nat, toan bd tap hop cac phuong trinh roi
rac lugi PTHH. Luéi cang mau, nghia 1a s6 lugng phuong trinh cang 16n hay
kich thudc phuong trinh cang nho thi mic d6 chinh xac cua két ciu cang
tang.

Khi roi rac can chi y tai nhitng noi chuyén vi bién thién nhanh thi chon

cac phuong trinh ¢6 kich thuéc nho, cang ra xa kich thudc ctia phuong trinh

28



c6 thé ting 1én dé giam s lugng phuong trinh hay sd an cua bai toan ma van
dam bao do chinh xac. Mién dugc phan chia phai chon sao cho tai bién céc
chuyén vi coi nhu d3 tit. Khi chia thanh cac phan tir thi cac kich thudc trong
mdi mot phan tir khong chénh léch quéa 16n 1am giam do chinh xac cua bai
toan. Dé xac dinh duoc kich thudc phi hop cho phwong trinh véi mdi bai toan
can quy dinh kich thudc ban dau, sau d6 lay kich thudc nho di hai 1an, néu két
qua cua bai toan dat do chinh xac nhu cii thi kich thudc cua phuong trinh gia
dinh coi nhu chap nhan dugc.

Nhung dbi véi hé thanh thi khi chia nhé mot thanh (phuong noi hai nit)
do chinh xac khong tang. Cho nén véi h¢ thanh kich thudc cua phuong trinh

lay voi kich thuéc 16n nhat cé thé tic 1a phuong trinh ndi hai ndt cua két cau.

P12

| /'//
Pl | Pi3 * ‘///Z

Cha phdntd thanh . Crua ndndin hé

Hinh 3.2.
3.1.1.2. Ham chuyén vi:

Viéc chon trudc cac ham chuyén vi tai mot thoi diém bat ky trong
PTHH nhiam xac dinh sy lién hé giira chuyén vi ndt véi chuyén vi cia moi
diém trong pham vi cuia PTHH.

Goi trudng chuyén vi 1a vecto cac ham chuyén vi tai diém bat ky c6 toa
d6 (X, y, z) cia PTHH khéng gian va toa do (x, y) cia PTHH phang.

Ux(X, Y, 2); Uy(X, Y, 2); UiX, Y, 2)

va Uu(X, y); Uy(X, y)

Cac ham chuyén vi thuong duoc chon dudi dang ham da thic. Bac cua
ham va sé thanh phan phu thudc vao hinh dang, bac cua loai PTHH tuong

ung.

29



Vi du trong bai todn phang caa ng suat hay bién dang, d6i vai loai phan tir
tuyén tinh, ham chuyén vi 1a da thirc bac nhat va sé thanh phan bang sé nit quy
dinh cta phuong trinh. Di vi PTHH bac hai, ham chuyén vi 1a da thic bac hai,
s6 thanh phan chira trong m&i ham bang mdi nit cua phan tir. Dudi day 1a mot s6

ham chuyén vi duoc diing trong 1y thuyét dan hoi.

1. PTHH tuyén tinh:
a. PTHH tam giéc:

Uy (X, Y) = og + 02X + 03y + 0. X + . XY + 0.y

Uy (X, y) = o + 05, X + 0.y

b. PTHH chir nhat:

Uy (X, Y) = o + a.X + 03,y + 0. Xy

Uy (X, Y) = ast ae.X + 07.y + 0g.XY

c. PTHH hinh chop:
Ud(X, ¥, 2) = out 0.X + agy + 04.2

/
Uy(X, Y, Z) = ostoeXtaorny+osz

U.(X,Y,2) = oot 00X + 011y + 0l12.Z

d. PTHH hinh hop: @

Ux (X, ¥,2) = oyt opX + a3y + 042 + s Xy + 0g.YZ + 072X + 0g.XYZ

Uy(X, Y, Z) = gt ago.X + 01y + 1.2 + 1z Xy + ouayZ + oyszX +
Ol16.XYZ
UZ(X, Y, Z) = o7t Ogg X + Olo.Y + Olpo.Z T 001.XY + 0lp2.YZ + 0lp3ZX + Olp4.XYZ

2. PTHH bdc hai

a. PTHH tam giéc:
Ux (X, Y) = 0 + 0. X + 0.y + 01X + a5 XY + alg.y?



Uy (X, ¥) = 07 + ag. X + atg.y+ 010 X° + 011 XY + 0oy

b. PTHH chit nhat: @

o
—O

Uy (X, Y) = o + ap.X + 0gy + auX? + asXy + agy” + )

X%y + 0ig.Xy”

G

()

Uy (X, ) = oot 00X + gy + 012 X° + Clya. XY + Olga Y
+ 015Xy + Ol XY’
3.1.1.3. Phuwong trinh co ban ciia phwong phdp phan tir hizu han

Pé thiét 1ap phuong trinh co ban cua phuong phap PTHH c6 thé sir
dung c&c nguyén ly khac nhau, tuy nhién thong thuong nguoi ta st dung
nguyén ly céng kha di.

Theo nguyén ly cong kha di ta cé céng thuc:

j{ }" {Sejdv= j 6u}dv+j {8e)ds (3.12)

Phuong trinh trén biéu thi diéu kién can bang caa hé dan hdi tuyén tinh.

Néu chuyén tri cua ca hai vé theo phuong phap thdng thuong ta co:
[{3e}" {5)dv = I{ ul". g}dv+f fsu} {plds (3.13)
\Y%
Theo dinh luan Hooke: {8}=[D}{e}. thay vao vé phai nhan dugc:

J{66]" D) eldv = [5u}fglov+ [ fou]"{pjes (3.14)

v

Trong phuong trinh trén con thiéu diéu kién lién tuc, diéu kién nay
dugc dua vao bang mot truong chuyén vi xap xi (ham chuyén vi) thoa man
cac diéu kién tuong thich.

Ta chon mot ham chuyén vi phu hop véi loai va bac caa mét phan tir
mau (PTHH):

- Vi bai toan khong gian:

{U(x,y,2)}=[P(x,yz){et} (3.15)

- Vi bai toan phang:
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{ulx,y)i=[P(x,y)Her (3.16)
Trong do:

{U - vecto chuyén vi cia mot diém

[P] - ma tran céc bién cua truong chuyén vi.

{a} - ma tran hé s6 cua ham chuyén vi

Vi du véi phan ti tam giac:

iy

N

(3.17)

S

[$3]

e 2 2 2 2

[=2]
-

- {u}=[PHo}

Néu tinh chuyén vi caa cac nit trong mot phan ti ta co:

{u}, =[A], {o} (3.18)
{u}, - vecto chuyén vi ciia cac nit ctia phan ti.

[A]. - ma tran dugc x4c dinh theo [P] va toa do cia céc nut.

{a} - ma tran hé sé.

Vi du véi phan tir tam giac:

U4, -

u2

(lyh (x3,y3)
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ul 1 x, y, 0 0 01,
u, 0 0 0 1 x, vy,||o,
u, _ 1 x, yb 0 0 O | o, (3.19)
u, 0 0 0 1 x, vVv,||la,
U, 1 x, vy, 0 0 O ||a,
u,J) |10 0 0 1 x, vy,|lo,
- {u}, =[Al{o (3.20)

Trong cong thuc trén gia tri cia [A], hoan toan xac dinh. Néu biét dugc
{u}, ta s& xac dinh duoc {a}, ta c6:

faf=[AL"u}, (3.21)

Khi d6 chuyén vi tai mot diém bat ky duoc xac dinh theo chuan vi cia

cac nat caa phan tu:

ut=[PHAL {u}, (3.22)
Mt khéc ta c6 quan hé giira chuyén vi va bién dang:
fet=VHiu (3.23)

[V] - ma tran toan tir vi phan;
{e - vecto bién dang

Thay gia tri caa {u ta 6 cong thic bién dang:

{e=[VIp]AL {u}, (3.24)
Dat:

[N]=[p}[A]’ (3.25)
B]=[V][N] (3.26)
Trong do:

[N] - ma tran ham dang
[B] - ma tran bién ddi cia ham dang

Nhu vay bién dang c6 thé bién diém lai nhu sau:
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{e}=[VINHul, hodc {e} =[B}{u},, dong thoi

fut=[NHul,

Néu cho cac nit mot chuyén vi kha di khi d6 ta c6 bién dang kha di.

{8et=[BH{5u},

{du}=[N]{su}, (3.27)

Thuc hién phép chuyén tri phuong trinh trén ta co:

{oe}" = {oul. [B]

{ouf” = {aul; [NT (3.28)

Thay {8e}' vao phuong trinh can bing cua nguyén Iy cong kha di ta
duoc

[1oul; [B]' [D]BRuj.dv=|{su};[N] {gjdv+ j {du}! [NKplds (3.29)

Vv \Y)

Ta dung chuyén vj tuong thich dugc chon (Ham CV) khong nhitng thoa
mian diéu kién bén trong va ca trén bién PTHH. Trong cong thic trén dai
lwong {3u}, khdng phu thuoc vao phép tich phan nén cé thé dua ra ngoai dau

tich phan:

{Su}”[ ['[D]BJu}. uj, [[NJ {gjdv+{5u} l IN] {p

\Y \

Do chuyén vi kha di khac 0 nén:
j [B]'[D]BJu},dv= j [N] {g}dv+ [[N] {p}ds (3.30)

Néu ky hiéu:

= J[B]T [D]Blav
=] [N] {g}dv+ J [N] {plds (3.31)
Ta co:

[K]{u}. = {F} (3.32)
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bay la phuong trinh co ban caa PTHH, trong doé:

[K], - ma tran do ctiing cia PTHH (ma tran d6i xang);

{u}, - vecto chuyén vi ndt;

{F}, - vecto luc nit cta phan ti, goi la luc nut twong duong cia PTHH

An ciia phuong trinh trén 14 chuyén vi cta cac niit. Con dai luong [K],
va {F}, déu x4c dinh dugc dua vao dic trung hinh hoc, vat ligu ctia phan tr va
tai trong tac dong vao no6. Tuy nhién phuong trinh trén mai chi 1a phuong
trinh can bang cta mot phan ta, trong khi d6 mét két cdu bao gom nhiéu phan
tr tao nén. Dya vao phuong trinh cin bang caa mdt phan tir, thuc hién ghép
néi dé tao nén phuong trinh can bang cua hé két cau, tir d6 xac dinh duoc
chuyén vi cua cac nat, trugc khi ghép ndi doi khi can chuyén hé truc toa do
(tir hé toa do cuc bo sang hé toa do tong thé).
3.1.1.4. Chuyén hé truc toa dé

Pé thuan tién cho viéc nhap so liéu tai trong va xem ndi luc, trén moi
mot phan tir c6 mot hé toa do riéng goi 1a hé toa do cuc bo. Trong khi do toa
d6 cua cac nat va chuyén vi duoc tinh theo hé toa do chung, goi 1a hé toa do
tong thé.

Heé téng thé Hé cucbd

Khi ghép ndi ma tran do cimg va vecto luc, va chuyén vi can chuyén ca
dai lwong nay tir hé toa do cuc bo vé tong thé, tir phuong trinh cua hé toa do cuc
bo:
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K] du}. = {F)

Ta co:

[TIKLITT [T Hu}. =[THF

X X
Trong do [T] la ma tran chuyén truc toa do: {Y ! = [T] y
Z Z

bat:

[K]. = [TIKLIT]" =[TIKLITT do [T]" =[T]" (ma tran truc giao)

{Fl. =[THFL

{ul, =[THul,

Trong do:

[K], - ma tran d6 cimg caa phuong trinh tir trong hé toa do tong thé.

{F}. - vecto luc nit trong hé toa do tong the.

{u}, - vecto chuyén vi nit trong hé toa do tong thé.

Khi xac dinh dugc cac chuyén vi nat caa hé trong toa do tong thé thi
chuyén vi caa c&c nit caa phuong trinh trong hé toa do cuc bo 1a:

{ul, =[T]"{u}, hodc {ul, =[T] {u},

Phuong trinh c&n bang caa phan tir trong hé toa do tong thé:

K] {uf. = {Fh (3.33)
3.1.1.5. Ghép néi ma trdn dp cieng va vecto tdi trong nit cia toan hé

Dua vao dic trung hinh hoc va co hoc cua phan tir ta xac dinh duoc
[K], va {F}, theo so do lién két cua cac phan tir thanh lap bang lién két sau do
xac dinh ma tran do cuing va vecto tai trong cua hé, cac budc thuc hién nhu
sau:

a. Ddnh chi s6 nGt va chuyén vi
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Hé c6 ba nit, 2 phan tir gian va 6 chuyén vi. Nhu vay, ma tran d ctang
cua 1 phan tir c6 kich thugc 4*4.

Bang lién két phan tu

. Nt dau Nt cudi
Phan tu
u(1) v (2) u(3) v (4)
1 1 2 3 4
2 3 4 5 6

b. Ma trgn d¢é cirng
Sau khi da chuyén vé hé toa do tong thé ta c6 ma tran dé cing cua cac
phuong trinh tuong duong véi cac chuyén vi:
1 2 3 4 3

K]

Do hé ¢6 6 chuyén vi nén ma tran d6 cang caa hé [k], c6 kich thusc

*

*

*

* %

*

*

*

*

*

*

*

*

6*6 tuong tng Vi cac chuyén vi:

LN’

A w0 DN B

o O b W




* * * 1

* * X * * * 2

* * * * * * 3
K] =

* * X * * * 4

* * * * * * 5

* * X * * * 6

Céc gié tri dugc xéac dinh bang cach cong don tir [K], va [K],. Duyét
ting gia tri cua [K] chuyén vao [K] theo ding chi s6, tiép tuc véi [K],
nhung cong thém.

c. Vecto lyc cua toan hé

Tir s6 chuyén vi cua hé ta c6 vecto luc twong ung.

*11

*1 1 *1 3 * 2

o F 2 N *1 3
Fi = Fi, = s aFy. =

RSN R S

*| 4 * 6 *| 5

* 6

Tir cac vecto luc cia mdi phan tir da duoc xac dinh, ta duyét tiung gia
tri ctia {F}, dua vao vi tri ciia {F}, sao cho c6 cung chi sé. Tiép tuc lam nhu
vay vai {F}, nhung phai cong thém vao. Cubi ciing ta c6 hé phuong trinh cua
hé két cau:

(K} u}, = {F}. (3.34)
d. Truong hep géi dan héi tai n(t

Véi mot s6 loai két cAu tai gdi co céc lién két dan hdi, vai moi lién két

ta c6 mot 10 xo vai d6 cung cho trudce, khi d6 @6 cung cua 10 xo s€ duoc cong
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thém vao ma tran do ctiing cua hé tai vi tri trén duong chéo chinh véi sé chi

tuong tng

Vi du: k; thém vao Ky, k, thém vao ko,.
3.1.1.6. Xu Iy diéu kign bién

Muén tim chuyén vi cua cac nut ta can giai hé phuong trinh:
[K]{u}, = {F}. tuy nhién ma tran d6 cang cta hé dugc thanh 1ap khi chua tinh
dén cac lién két cia két cau véi moéi truong, do d6 det[K] = 0 hay ndi cach
khac hé suy bién. Dé giai hé phuong trinh ndy can dua cac diéu kién bién vao.
D6 1a chuyén vi bi chan (chuyén vi = 0) tai cac chuyén vi nay s& c6 phan luc.

Vidu:ui=u,=us=ug=0

Cach dua céc diéu kién bién vao nhu sau: véi mot chuyén vi nao do u;
= 0 ta x04 cot i va dong i ciia ma tran [K] va {F},. Lam nhu vay véi tat ca cac
chuyén vi ta nhan dugc mot hé phuong trinh méi khong suy bién va giai dugc

bang cac phuong phéap: khir Gause, Choleski, lap: [K]{u}, = {F}, vi du
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I * o1
) H—e & )
3 1 LIE B I 1R L x| 3
4 |1 T ¥ % o k| = |¥| 4
5 e Y 15
6 | o= I 176
X1 b,
Sau khi xoa ta cé hé phuong trinh:
{kgg kﬂ {U} :{5} (3.35)
k43 k44 u, F4

Giai phuong trinh tim us, uy
3.1.1.7. Tim phdn luc tai cac goi

Phan luc tai cac gdi xuat hién khi chuyén vi tai d6 bi chan (u; = 0). Néu
ta bo phan chan va thay vao dé bang phan lyc (theo diing phuong caa chuyén
vi) theo md hinh sau:

o ‘ (o
! ( o l u

s

Trong d6 Qy, Q, 1a phan lyc, dé tim phai luc Q, tuong (ng voi u; = 0 ta
ldy dong caa hé phuong trinh.

K] {uf, = {F},

Vi du us khi d6 ta co:

1 23 456

l i G X *

9 k kX L1106 X *

3 L b * ko A * *L *

¢ +

4 E * k% & | |[x[ = |* *

5 X Xk 41140 X *
E E . 0 * *

6 | .
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— Qs = UsKs3 + UgKsy - Fs (3.36)

Trong d6 us va u, tim duoc tir viéc giai hé [K].{u}, = {F}, twong tw nhu
vay déi véi Qq, Q,, Qs Chiéu duong cua lec Q; 12 chiéu tring véi chiéu
dwong cua hé toa do téng thé.
3.1.1.8. Truwong hep biét trwéc mét sé chuyén vi

Gia st cho trusc mot sé chuyén vi {u}, = {a},khi do cach khir u; duoc
thuc hién nhu sau: thay u; vao cac dong tai vi tri i chuyén tich cac k;u; sang
bén phai va xoa dong i ta co6 hé phuong trinh méi.

Viduchou,=a,

1 2 3 4 5 6

2% Ky * * * *||a| |*
* * * * *

j . t32 e s : =: X04 dong i = 2.
42

61 ke ™ * * *J1*) ¥
[K]; ujs {F;
4

e * k12 1

* * * * * * * k32 3

o owow x| Il bl g Ny Ly

* * * * * * * l<52 5

_* o *_ *J * k62 6

K] {ul, {F},
Giai hé nay tim duoc cac {u},
Phan lyuc tai cac chuyén vi cho trudc xac dinh nhu sau:

Thay cac chuyén vi tim duoc vao dong i, ta co:
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Ko1Up + KooUy + KosUs + KogUyg + KosUas + KogUas = Fo + Q; (3.37)
= Q3 - KagUg + Kooy + KogUz + KagUy + KosUos + KogUs - F2
Tuong tu nhu vay véi truang hop cac chuyén vi cho trudc khac.

3.1.2. Cach xay dwng ma tran dé cirng ciia phan tir chju uén
Xét phan tir dam c6 hai nat, moi

nGt c6 hai bac ty do 1a chuyén vi va X

g6c xoay va dam c6 dién tich mat cat Yo, Yo,
ngang la A; mdé men quan tinh cua | 0 |
mat cit ngang 13 I; mo dun dan hdi Q! @
cua vat liéu E (hinh 3.3) Hinh 3.3. Phan ti hai nat

Pé tinh toan duoc tong quat, chiéu dai phan tir 1y bang hai don vi, géc
toa d6 nam & gitra phan tir. Nhu vay, néu biét duoc cac bac ty do tai cac nit
phan tir 12 v,,0,,v,,0, thi chuyén vi tai diém bét ky trong phan tir tai toa do x
duoc xac dinh nhu sau:

v=N,v, +N,.0, +N,v,+N,.0,
(3.38)
Trong d6 : N, N,, N,,N,: la cac ham dang va dugc xac dinh nhu sau:

1 1
N :Z(Z_3X+X3); NZ:Z(l—x—x2+X3);

1

NS:%(2+3x—x3); N4:%(—1—x+x2+x3).
Theo cong thuc trén ta thay:
~dv dv

v =v,; — =V, —
= dx = dx

Nhu vay, mdi phan tir ¢6 4 bac tw do X ={v,,6,,v,,0,} can x4c dinh. Néu

=0

=0,. (3.39)

1V

X=-1 x=1

nA

biét duoc X thi ta ¢ biét dugc chuyén vi trong phan tir cling nhu bién dang

uén va mé men theo cong thuc sau:

_dv _{dle d’N, d’°N, d°N,
dx’ dx* dx®* dx*  dx?

x= }{vl 6, v, 0,}'; (3.40a)
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N, N, N, d*N
dx* dx®* dx*  dx?

Cong thuc trén 1a tinh toan cho phan tir c6 chiéu dai bang 2, néu phan tir
c6 chiéu dai 12 Ax thi bién dang un va mé men dugce tinh nhu sau:

2 2 2 42 2 2 2 7
X:_dv(ij :_(1] N, N, N, N g gy

M=EI.X:—EI[ 4}{% 0, v, 6, (241a)

dx’ Ax) | dx*  dx*  dx®  dx® |
(3.40b)
M:El.xz—El.(ij dN, dN, dN, dN, v, 6, v, 0,}
AX) | dx* dx* dx*  dx®

(3.41h)
Xét phan tir ¢6 cc tai trong tap trung F={P,P,,M,,M } tac dung tai

cac n(t cta phan ti. Theo phuong phap nguyén 1y cuc tri Gauss, luong rang
budc d6i véi bai toan tinh viét cho phan tir nhu sau:

z_—jlvl[x]dx ZFX — min (3.42)

Piéu kién ding cua (3.42) duoc Viét lai nhu sau:

5z_—j|v|8 [xJdx - stx 0 (3.43)
hay:
PENON NN N N N N
Y dx® dx % dx® dx Y dx® dx % odx® dx
1 A2 2 1 42 2 1 A2 2 1 42 2 Y, P
3 ledNde deszzdx de3dN2dx IdN“szdx 1 1
(ij RS Sodx® dx? 4 odx® dx? 4odx® dx? 0, | | M,
Ax) | LN, d’N Ld’N, d’N Lg”N, d°N L’N, d’N w,| | P
1 3 2 3d 3 3d 4 3d 2 2
5 odx? dx? X ,Ildx2 o ,Ildx2 o J.ldx2 o 0, M,
deN szZdl\!“dx jd’\i3d’\!4dx jd’\i“dedx
o dx? e S dx® odx 5 dx® dx 5 dx® odx )
(3.44)
[K]{X} ={F} (3.45)

trong d6:[K]: ma tran do ctng ctia phan tir; {F} : véc to tai trong tac dung nut;

{X}: véc to chuyén vi n(t cua phan tur.
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Tinh tich phan cac h¢ so trong [K] ta c6 thé tinh bang phuong phép
chinh xac (bang ham int(fx,a,b) c6 san trong matlab) hoic tinh bang phuong
phap tich phan sb caa Gauss va két qua do ciing cua phan tir chiu uén ngang
phang nhu sau:

[ 12EI 6El 12El1  6El |
AX® A AP AX
6El 4El 6El 2El

[K] _ AX? E _AX2 E (346)

12EI 6El 12El 6El

AC A AP A
6El 2El 6El 4El
| A AX A AX

Biét dugc ma tran do cing phan tir thi ta dé dang xay dung duoc ma tran
d6 ciing cua toan thanh. Néu thanh chi c6 mot phan tir thi ma tran caa phan ti
cling chinh 1a ma tran d6 ciing cua thanh. Trong phan tir néu bac tu do nao
khong c6 thi trong ma tran d cang caa phan tir d6 ta bo di hang va cot tuong
urng vai bac tu do do.

3.1.3. Cach xay dwng ma tran d¢ cieng tong thé ciaa két cau

Dua vao huéng dan tai muc 3.1.1.5, ta ghép néi dugc ma tran cac phan

tir [Ke] Va0 vao ma tran d6 cang cua toan két cau [K].
3.2. Giai bai toan dam bang phwong phap phan tir hiru han
3.2.1. Tinh toan dim don gian

Vidu 3.1: Dim don giin
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Xac dinh noi1 luc va chuyén

P

/2 L
vi ciia dam don gian chieu dai () ¥
nhip |, d6 cing udén EJ, chiu tai ! A
tap trung P, hinh 3.1a. 5000 DAM

r r N l |2|
Roi rac hoa két cdu ddmra ~ ® i
thanh n_ phan tir. Cac nat cua

3 4
1l I

SO DO NUT DAM

IO 1I I1 2I I2 3I I3
© Il

> i
qn,
phan ta phai tring véi vi tri dat o oo A vy

lyc tap trung, hay vi tri thay doi @ 4 5”:6 7”:8 9”:10 11} Nk

tiét dien, chiéu dai cac phan tir c6 S0 DO AN GOC XOAY
thé khac nhau. Mdi phan tir c6 4 ,||}/m;||,l/m;||,l/m;||,l/m;l|,
an v, vy, 6;, 6, vay néu n_ phan tu CHIEU DAI PHAN TU

_ . ) q Hinh 3.1. Ddm don gian
roi rac thi tong cong co 4xn_ an.

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi cua nit
cudi phan tir thir e bang chuyén vi cua nit dau phan ti thir (e+1) nén s6 an
cua thanh s& nho hon 4xn . Khi giai ta chi can dam bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay duoc Xét bang cach cach dua vao
cac diéu kién rang buoc. Vi dy dam trong (vi du 3.1a) ta chia thanh 4 phan ta
(hinh 3.1b).

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, th tu tir tréi sang
phai 1a [1, 2, 3, 4, 5] (hinh 3.1b), sé an chuyén vi n,=3, tha ty tir trai sang
phai 1a [2, 3, 4] (hinh 3.1c), & ddy an chuyén vi tai hai dau dam bang khéng,
an goc xoay Ng,=8, thir tu tir trai sang phai la [4, 5, 6, 7, 8] (hinh 3.1d).

Nhu vay, tong cong s6 an 1a 11 an < 4x4=16 an. Goi ma tran n_ la ma

tran chuyén vi c6 kich thuéc nw(npt,Z) la ma tran c6 n hang va 2 ct chia

cac an so 1a chuyén vi tai n(t cia cac phan ta (hinh 3.1).
n,(L)=[0 n,2)=L 2in,GE)=[2 3}n,4)=[3 0]
n,=[0 112 2 3 3 0]
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Goi ma tran ng la ma tran chuyén vi c6 kich thudc Ngx(Npt,2) 12 ma tran
co n,, hang va 2 cot chira cac an s la goc xoay tai nt cua cac phan tir (hinh
3.5).

ng(@) =[4 5fn,(2)=[6 7];n,(3)=[8 9fny(4)=[10 11]

nx=[4 56 7 8 9 10 11

Sau khi biét an s6 thyc caa dam ta cé thé xay dung do cang téng thé cua
dam (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
ciia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép ndi cac phan ti
lai dé dugc ma tran d6 cing cta toan dam va co thé xem trong code mo dun
chuong trinh cua tac gia)

Néu bai toan ¢6 n,, an s6 chuyén vi va n_ an so goc xoay thi ma tran do

cing cua dam 1a K c6 kich thuéc (nxn), K(n,n)véi n=(ny+ng). Nhu & vi du

3.1,n =11. Bay gio xét diéu kién lién tuc vé goc xoay giira cac phan tir.
Piéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

% _ dyi+1 -0 (a)
dx nut2 dx nutl
ﬁ{m _d, }:o
dx nut2 dx nutl
_dy | dy _
hay: 6. 2 L3 =0 b
Y 22_ dx ‘nutz dx nutl_| ( )
5/13 dy3| _ dy4 =0
L dx ‘nutz dx nutl_|

Trong d6 A. ciling 1a 4n s cua bai todn (o k an s6), do d6 tong s an s6
cua bai toan luc d6 1a (n+k) do d6 ma trdn d6 cing cua phan tir lic nay ciing
phai thém k dong va k cot nhu vay kich thudc cuaa ma tran d6 cung la
K(n+k,n+k). Goi k, lagéc xoay tai nit 2 ciia phan i truéc, k, 1 goc xoay

tai n(t 1 cua phan tir sau thi ta c6 cac hé sb trong ma tran do cing K:

k(n+i,k1):A_2X; k(n+i,k2):_A_2;( (i=1:K) ©
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) 2 . 2 .
k(k, ,n+i)=—: k(k,,n+1)=—— (i=1+k d
(kun+i)=—: k(k,n+i)=—— (i=1:k) (d)
Néu c6 hai phan tir thi c6 mot diu kién vé goc xoay, c6 n, phan tu thi

c6 (2npt —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cling ta sé& thiét 1ap dugc phuong trinh:

[KRA}=1{F} ©

9]
R | &
so—hang =n :
F 0, _
trong do: {F} =| ; {A}=1 " t1a an sb cua bai toan
0 %
so —hang =k Ay
— O - :
A

Trong vi du 3.1 khi chia thanh ra thanh 4 phan tir, ta c:
- Ma tran @9 cieng phan tir [K], nhu sau:

768 =768 96 96
[K,] = —-768 768 —96 -96
96 —96 16 8
96 -96 8 16

- Ma tran @9 ceng toan dam [K]:
Ghép ndi cac ma tran d6 cang phan tir [K.] vao hé toa do chung, ta dugc ma
tran d6 ciing tong thé cua toan két cau nhu sau:

[ 1536 -768 0 -96-9 9% 9 O 0 0 0 0 0 0 -9% 0 ]
-768 1536 -768 O 0 -9 -9 9% 9% 0 0 0 0 0 0 0
0 -768 1536 O 0 0 0 -9 -9% 9 9% O 0 0 0 -9
-96 0 0 16 8 0 0 0 0 0 0 0 0 0 16 0
-96 0 0 8 16 0 0 0 0 0 0 1 ©0 0 8 0
9% -96 0 0 0 16 8 0 0 0 0o -1 0 0 O 0
9% -96 0 0 0 8 16 0 0 0 0 0 1 0 0 0
[K] _ 0 9% -9% O 0 0 0 16 8 0 0 0 -1 0 O 0
0 9% -9% O 0 0 0 8 16 0 0 0 0 1 0 0
0 0 % 0 0 0 0 0 0 16 8 0 0o -1 0 -8
0 0 % 0 0 0 0 0 0 8 16 0 0 0 0 -16
0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 -1 0 0 0 0 0
-9 0 0 16 8 0 0 0 0 0 0 0 0 0 0
L O 0 -9 0 0 0 0 0 0 -8 -16 0 0 0 0 0]
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- Véc to luc nUt{F}:

FI-

O O O O O O O OO o o o o = o

Giai phuong trinh (e) ta nhan dugc:

a}=[<T )

Theo ngén ngit 1ap trinh Matlab ta co thé viét:

uj=[KM\F)

Két qua chuyén vi, goc xoay tai cac nut:

@ | (0.0625
W,] (0.0143 @, 0.0469
W}=JW,; | =40.0208 tx PI%; {pl={pst=4 0
W, | 0.0143 oa | |-0.0469
¢s| |-0.0625
Momen uén cia dam:
M, 0
M,| ]0.125
{M}={M;zt=1 0.25 x Pl
M,| ]0.125
Mg 0




Ta thiy két qua trén:
- V& mdmen triing khop voi két
qua giai chinh xac theo phuong
phap giai tich:

P

37 4

- Vé chuyén vi tai gita nhip
gan trung khap véi két qua giai
chinh xdc theo phuong phép
giai tich:
3

Pl
= 0.0208PI3 = —
Ws = 0.0208PI° =

Biéu d0 moémen uén va
dwong d6 vong cia dim nhw
hinh 3.2:

/

N\ /

N\ /

AN /

S

000000

o 2

4 6 8 10 12 14 16

Hinh 3.2a. Puong dé vong ciia dam

PlL/4

—

Lo I

Hinh 3.2b. Biéu do M

Nhdn xét: Khi dam chiu luc tap trung két qua vé ndi luc va chuyén vi

hoi tu vé két qua chinh xac nhan duoc bang phuong phap giai tich rat nhanh,

& day chi can chia dam thanh 4 phan ti.

Vidu 3.2: Dim dau ngam - diu khép

Xac dinh nd1 luc va chuyén
vi ciia ddm dau ngam - dau khop
chiéu dai nhip |, do cing uén EJ,
chiu tai phan b6 déu q, hinh 3.3a.

Roi rac hda két cau dam ra
thanh n, phan ti. Cac nit cua
phan ta phai tring véi vi tri dat
luc tap trung, hay vi tri thay doi
tiét dién, chiéu dai cac phan tir co
thé khac nhau. Mdi phan tir c6 4
an vy, v,, 6, 6, vy néu n_ phan tir

roi rac thi tong cong cé 4n_ an.

©)

®
©
@

& /2 |:

P

l e

SO DO DAM

3
1

d

nu
N,

1 2 4 5
|11 |11 |

f 1L 1l 1
SO DO NUT DAM

o 11 22 3 3 Q
1L 1l 1l 1

SO DO AN CHUYEN VI

4 56 7.8 910 1
A=~ Nk

SO DO AN GOC XOAY

|}/m:|,l/m=|,l/w|,l/m|,
(O S O

CHIEU DAI PHAN TU

Hinh 3.3. Ddam ddu ngam - dau khép
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Nhung vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi cua nit
cudi phan tir thir e bang chuyén vi ciia nat dau phanti thir (e +1) nén so bac
tu do cua thanh s& nho hon 4n . Khi giai ta chi can dam béo diéu kién lién
tuc caa chuyén vi con diéu kién lién tuc vé goc xoay duoc Xxét biang cach céch
dua vao cac diéu kién rang budc. Vi du dam trong (vi du 3.3a) ta chia thanh 4
phan tir (hinh 3.3b)

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, thir tu tir trai sang
phai 1a [1, 2, 3, 4, 5] (hinh 3.3b), s6 4n chuyén vi n,=3, thi tu tir trai sang
phai 1a [2, 3, 4] (hinh 3.3c), & day an chuyén vi tai hai dau dam bang khéng,
an goc xoay Ng=8, thir tu tir tréi sang phai la [4, 5, 6, 7, 8] (hinh 3.3d).

Nhu vay, tong cong sé an la 11 4n < 4x4=16 an. Goi ma tran n_ 1a ma

tran chuyén vi cé kich thudc nw(npt,Z) la ma tran c6 n hang va 2 ct chua

cac an so la chuyén vi tai n(t cia cac phan ta (hinh 3.1).
n,@)=[0 1}n,2=1 2];n,3)=[2 3}n,4:)=[3 0]
n,=[0 112 2 3 3 0]

Goi ma tran ng la ma tran chuyén vi c6 kich thuéc Ngx(Np,2) 12 ma tran
c6 n, hang va 2 cot chira cac an so 1a goc xoay tai nlt cia cac phan tir (hinh
3.5).

Ne(@L)=[4 5fn,(2)=[6 7];n,(3)=[8 9fny(4)=[10 11]

nx=[4 56 7 8 9 10 11

Sau khi biét an sé thuc cua cac thanh ta c6 thé xay dung do cing tong
thé caa thanh (cd rat nhiéu cach ghép néi phan tir khac nhau, ty vao trinh do
lap trinh cuia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi cac
phan tir lai dé dugc ma tran d6 ciing caa toan dam va co thé xem trong code
mo dun chuong trinh cua tac gia)

Néu bai toan ¢6 n,, an s6 chuyén vi va n_ an so goc xoay thi ma tran do
cing cua dam 1a K c6 kich thuéc (nxn), K(n,n)véi n=(ny+ng). Nhu & vi du
3.2,n=11. Bay gio xét diéu kién lién tuc vé gdc xoay giira cac phan tu.

Diéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:
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il _Wial g (a)
dx nut2 dx nutl

hay:
%{m _dy, }:0

dx nut2 dx nutl

dy, dys| |
S| =22 -3 =0 (b)

L dx nut2 dx nutl |
5 dys  _da |-

L dx nut2 dx nutl_|

Trong d6 A ciling 1a an s cua bai todn (c6 k an s6), do d6 tong s6 an s6
cua bai toan lic d6 1a (n+k) do d6 ma tran d6 cing caa phan ti lac nay ciing
phai thém k dong va k cot nhu vay kich thudéc cia ma tran d6 cung la
K(n+k,n+k). Goi k, lagéc xoay tai nit 2 ciia phan i truéc, k, 1a goc xoay

tai Nt 1 caa phan tir sau thi ta ¢ cac hé sb trong ma tran d6 cung K:

k(n+i,k1):A—2X; k(n+i,k2)=—§ (i=1+k) (©)
(koD +i)=; (ko +) == =1k (d)

Néu c6 hai phan tir thi c6 mot diu kién vé goc xoay, c6 n, phan tu thi
c6 (2n, —1) diéu kién lién tuc vé géc xoay gitra cAc phan tir. Nhu vay cudi

cuing ta sé& thiét 1ap dugc phuong trinh:
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o1
L | 5
: ¢so0—hang=n :
F 0 .
trong do: {F} =| ; {A}=1" " t1a an sb cua bai toan
0 Zl
so—hang =k A
— O - :
A

Trong vi du 3.2 khi chia thanh ra thanh 4 phan tu, ta co:

- Ma tran @9 cieng phan tir [K], nhu sau:

768 —768 96 96

[K,] = —-768 768 —-96 -96
€ 96 —96 16 8
96 -96 8 16

- Ma tran @9 ceng toan dam [K]:
Ghép ndi cac ma tran d6 cang phan tir [K] vao hé toa d6 chung, ta dugc ma
tran do cang tong thé cua toan két ciu nhu sau:

[ 1536 -768 0 -9% -9% 9% 9% O 0 0 0 0 0 0 0 0]
-768 1536 -768 O 0 -9% -9 9% 96 O 0 0 0 0 0 0
0 -768 1536 0 0 0 0 -9% -9 9% 9% O 0 0 0 -9%
- 96 0 0 16 8 0 0 0 0 0 0 0 0 0 1 0
- 96 0 0 8 16 0 0 0 0 0 0 1 0 0 0 0
% -9% 0 0 0 16 8 0 0 0 0o -1 o 0 O 0
9% -96 0 0 0 8 16 0 0 0 0 0 1 0 0 0
[K]- 0 9% -96 0 0 0 0 16 8 0 0 0O -1 0 © 0
0 9% -96 0 0 0 0 8 16 0 0 0 0 1 0 0
0 0 96 0 0 0 0 0 0 16 8 0 0o -1 0 -8
0 0 96 0 0 0 0 0 0 8 16 0 0 0 0 -16
0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 -1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
| 0 0 -9 0 0 0 0 0 0 -8 -16 0 0 0 0 0]
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- Véc to luc nUt{F}:

FI-

O O O O O O O O O O O o o o k+r o

Giai phuong trinh (e) ta nhan dugc:

a}=[<T )

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

uj=[KNF)

Két qua chuyén vi, goc xoay tai cac nut:

1 0 ]
W,) (0.0041 @,| 0.0254
W }=JW, L =40.0091 bx PI3; {pl=14 g, +=40.0078 tx PI?
W, | [0.0070 o, |-0.0215
os| |-0.0313
Momen uén cia dam:
M, 0.1875
M,| |-0.0156
M}={M;}=40.1562 } x PI
M,| |0.0781
Mg 0
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Ta thiy két qua trén:

- Vé moémen trang khop véi két N /
qua giai chinh xac theo phuong . p 7
phap giai tich: 'Z;ZZZ -

M; = 0.1562P1 oo —

- V& chuyén vi tai gitra nhip gan . ‘
y Hial g P d Hinh 3.4b. Puong do vong cua dam

trung khop véi két qua giai chinh 3PL/16 L
xac theo phuong phap giai tich: —

W, = 0.0091P[ | T ——
Biéu d6 moémen uén va dwong !

dd vong cia dam nhw hinh 3.4:
‘ Hinh 3.4b. Biéu do M 7
Nhan xét: Khi dam chiu luc tap trung két qua vé ndi luc va chuyén vi

hoi tu vé két qua chinh xac nhan duoc bang phuong phap giai tich rat nhanh,
& ddy chi can chia dAm thanh 4 phan tir.

Vidu 3.3: Dim hai ddu ngam

Xac dinh ndi luc va chuyén Ve |'p
vi cua dam dau ngam - dau khép @ 1 v
chiéu dai nhip |, do cing uén EJ, !
chiu tai phan b6 déu q, hinh 3.5a. S0 DO DAM

—i

® i

3
Il

SO DO NUT DAM

' it
n,

IO 1I Il 2I I2 3I I3 q
@ ! I|I I|I I|I 1

SO DO AN CHUYEN VI

4 5 6 7.8 9 10 1
@ A=y E=2R~E Ny

SO DO AN GOC XOAY

|}/m:|,l/n¢z|,l/nm|,l/m:|,
4 4 1 1

CHIEU DAI PHAN TU

Hinh 3.5. Dam hai dau ngam
Roi rac hda ket cau dam ra thanh n phan tir. Cac nit cua phan tir phai

tring vai vi tri dat lec tap trung, hay vi tri thay doi tiét dién, chiéu dai céac
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phan tir c6 the khac nhau. M3i phan tir 6 4 an vy, v,, 6, 6, vay néu n_ phan tu
roi rac thi tong cong c6 4n_ an. Nhung vi can dam bao lién tuc giita cac
chuyén vi 1a chuyén vi caa nat cudi phan tir thir e bang chuyén vi cua nat dau
phantir thir (e +1) nén so bc ty do ciia thanh s& nhé hon 4n . Khi gidi ta chi
can dam bao diéu kién lién tuc caa chuyén vi con diéu kién lién tuc vé goc
xoay duoC Xét bang cach cach dua vao cac diéu kién rang buoc. Vi du dam
trong (vi du 3.1a) ta chia thanh 4 phan tir (hinh 3.1b)

Nhu vay, tong cong s6 an 1a 11 an < 4x4=16 an. Goi ma tran n_ la ma

tran chuyén vi c6 kich thudc nw(npt,Z) la ma tran c6 n hang va 2 cét chia

cac an so la chuyén vi tai n(t cia cac phan ta (hinh 3.1).
n,L)=[0 1}n,2=1 2];n,32)=[2 3}n,4:)=[3 0]
n,=[0 112 2 3 3 0]

Goi ma tran n_ la ma tran chuyén vi ¢o kich thuéc ne(npt,Z) la ma tran

co n,, hang va 2 cot chira cac an so la goc xoay tai nit cua cac phan tir (hinh
3.5).

ne(@)=[4 5Fn,(2)=[6 7];n,(3)=[B 9]n,(4)=[10 11]

nx=[4 56 7 8 9 10 11

Sau khi biét an s6 thuc cua cac thanh ta c6 thé xay dyng do cing tong
thé caa thanh (cd rat nhiéu cach ghép néi phan tir khac nhau, tiy vao trinh do
lap trinh cuia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép ndi cac
phan tur lai dé dugc ma tran do ciing cua toan dam va co thé xem trong code
mo dun chuong trinh cua tac gia)

Néu bai toan c6 n_, an s6 chuyeén vi va n_ an s6 goc xoay thi ma tran do

cing caa dam 1a K c¢o kich thudc (nxn), K(n,n)véin= (ncv + ngx). Nhu & vi

du 3.1,n =11. Bay gio xét diéu kién lién tyc vé goc xoay gitra cac phan tir.
Diéu kién lién tuc vé goc xoay gitra cac phan tir duoc viét nhu sau:

dyi | _ dyi+l| -0 (8.)
dx ‘nut2 dx ‘nutl
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%{% _dy }:o
dx nut2 dx nutl
_dy | dy _
hay: & 2l 3 =0 b
Y ;{2_ dx ‘nutz dx nutl | ( )
5&3 dy3| _ dy4 =0
L dx ‘nutz dx nutl_|

Trong d6 A, ciling 14 an s6 cua bai todn (c6 k an s6), do d6 tong so6 an s6
cua bai toan lic d6 1a (n+k) do d6 ma tran d6 cung caa phan tir lac nay ciing
phai thém k dong va k cdt nhu vay kich thudc cia ma tran d6 cung la
K(n+k,n+k). Goi k, la géc xoay tai niit 2 cia phan tir truéc, k,la goc xoay

tai N0t 1 ctia phan tir sau thi ta c6 cac hé sé trong ma tran d6 cing K:

k(n+i,k1):§; k(n+i,k2)=—A—2X (i=1+k) ©

: 2 . 2 .
k(k, ,n+i)=—: k(k,,n+1)=—— (i=1+k d
(kun+i)=—: k(k,n+i)=—— (i=1:k) (d)
Néu c6 hai phan tir thi c6 mét diéu kién vé goc xoay, c6 n , phan tir thi
c6 (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cling ta sé& thiét 1ap dugc phuong trinh:

[KHiaj=1{F} (&)

51

R ] 5
: rso—hang=n E

, F On | (s 2 £ o bxs s
trong do:{F} = A ; {A}= i la an s6 ctia bai toan

: vs0—hang =k A
0 :

L | N

Trong vi du 3.1 khi chia thanh ra thanh 4 phén tu, ta co:
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- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768
_|—768 768
(K] = 96 -96
96 —-96

- Ma tran @9 cieng toan dam [K]:
Ghép ndi cac ma tran d6 cang phan tir [K] vao hé toa d6 chung, ta dugc ma

tran do cung tong thé cua toan két ciu nhu sau:
(153 -768 0 -9% -9% 9% 9% 0

-768 1536 -768 O 0 -9% -96 9%
0 -768 1536 O 0 0 0 -9

-96 0 0 16 8 0 0 0
-96 0 0 8 16 0 0 0
9% -96 0 0 0 16 8 0
9% -9 0 0 0 8 16 O
0 96 -%6 0 0 0 0 16
0 96 -9%6 0 0 0 0 8
0 0 % 0 0 0 0 0
0 0 % 0 0 0 0 0
0 0 0 0 1 -1 0 0
0 0 0 0 0 o 1 -1
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0

- Véc to luc nut{F}:

o

O O O O O O O OO o o o o o =

Giai phuong trinh (e) ta nhan duoc:

96
-96
16

0

96

©

6

o © © o o

o © r O O o o

96
-96

o

o o © © oo

16

o

O O OO0 0o o0 oo ook P O o oo

I P ©O O 0o oo o

O O oo o © o o

1
P oo oo oo oo

O O o o o ©

o © OO0 O © OO0 O O O O Fr o o o

O O O O O pbr OO0 OO0 O o o O o o
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(a}=[KI{F

Theo ngén ngit 1ap trinh Matlab ta c6 thé viét:

ui=[K]\F}

Két qua chuyén vi, goc xoay tai cac nut:

o1 0.0000
W,) {0.0026 ?, 0.0156

W =W, t =1 0.0052 {x PI%; {pl={p; b =4 0.0000 }x PI
W,| |0.0026 o, | -0.0156
os] | 0.0000

Momen udn ciaa dam:

M, 0.1250
M, 0
{(M}=<Mj3t=1{ 0.1250 {x PI
M, 0
Mg | [-0.1250]

Ta thay két qua trén:

- Vé moémen gan tring khép Véi
két qua giai chinh xac theo
phuong phap giai tich:

+ Tai hai dau ngam:

Pl
Mys = £0.125P1 = -
+ Tai gitta dam:

Pl
My = 0.125Pl = —

- V& chuyén vi tai gitra nhip tring
khop véi két qua giai chinh xéac
theo phuong phap giai tich:

W5 = 0.0052P13
Biéu d6 moémen uén va dwong
d¢ véng cia dam nhw hinh 3.6:

LN /

-3
x 10

\ ;
002604

10 12 14 16

Hinh 3.6a. Puong dé vong ciia dam

PL/8 PL/8
§ R |

Hinh 3.6b. Biéu do M
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Nhdn xét: Néu ta roi rac hoa dim thanh 16 phan tir két qua s& tring
khdp véi két qua chinh xac nhan dugc bang phuong phap giai tich.

Vidu 3.4: Dam dau ngam - dau tw do

Xac dinh noi luc va chuyén lP
vi ciia dim dau ngam - dau tu do @
A ‘s . A J l
chiéu dai nhip |, d6 cing uon EJ, '||'
, . . SO DO DAM
chiu tai phﬁl’l bo déu q, hinh 3.7a. @ 1 2 3 4 5 n:t
: L 4 . i {| = |
Roi rac héa két cau dam ra thanh S0 56 NUT DA
an tt. Cac nat cu an tu 0 1,1 2,2 33
n, phan te. Cac nut cua phan tu © =HE2=2— N

phal trL‘Jng Vvoi Vi tri dﬁt |u’C tﬁp SO DO AN CHUYEN VI
. 7 A= gt A = A |5 6| |7 8| |9 1q |11 12 rb(
trung, hay vi tri thay doi tiet dién, @ | |1 .

N ., \ , . B SO DO AN GOC XOAY
chiéu dai c&c phan tr co thé khac |} |, |, |, |,

x. \ o, 5 /Mt L, L/ Tt |, L/t |, L/ T
nhau. Moi phan td co 4 an 7 /

I
1, v, 61, 6, VAY néu n, phanteroi Hinh 3.7. Dam dau ngam - dau tu do
rac thi tong cong c6 4n_ an.

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi cua nt
cudi phan tir thir e bang chuyén vi ciia nat dau phantw thir (e +1) nén so bac
tw do cua thanh s& nho hon 4n . Khi giai ta chi can dam bao diéu kién lién
tuc caa chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang céach céch
dua vao cac diéu kién rang budc. Vi du dam trong (vi du 3.1a) ta chia thanh 4
phan tu (hinh 3.1b)

Nhu vay, tong cong s6 an 1a 11 an < 4x4=16 an. Goi ma tran n_ la ma
tran chuyén vi c6 kich thuéc nw(npt,Z) la ma tran c6 n hang va 2 cét chia
cac an so 1a chuyén vi tai n(t cia cac phan ta (hinh 3.1).

n@)=[0 1fng(29=[ 2];in,(B)=[2 3}ny,4)=[3 4]

n,=[0 1 1 2 2 3 3 4]
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Goi ma tran n_ la ma tran chuyén vi co kich thuéc ne(npt,Z) la ma tran

co n,, hang va 2 cot chira cac an s la goc xoay tai nt cua cac phan tir (hinh
3.5).
Ng(@L) =[5 6Fng(2)=[7 8];ng(3)=[9 10} ng,(4)=[11 12]
nx=[B 6 7 8 9 10 11 12]

Sau khi biét an sé thuc cua cac thanh ta c6 thé xay dung do cing tong
thé caa thanh (cd rat nhiéu cach ghép néi phan tir khac nhau, tiy vao trinh do
lap trinh ctia mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi cac
phan tur lai dé dugc ma tran do ciing cua toan dam va co thé xem trong code
mo dun chuong trinh ctia tac gia)

Néu bai todn c6 n_, an sb chuyén vi va n_an s6 goc xoay thi ma tran do

ctng caa dam 1a K c6 kich thudéc (nxn), K(n,n)véin= (ncv + ngx). Nhu & vi

du 3.3,n =11. Bay gio xét diéu kién lién tuc vé& goc xoay giira cac phan tir.
Diéu kién lién tuc vé goc xoay gitta cac phan tir duoc viét nhu sau:

dyi % _ dyi+l% =0 (a)
dx nut2 dx nutl
51{% _dy }: 0
dx nut2 dx nutl

o |dys|  dy
hay: &. 2 — =23 =0 b
d /12_ dx ‘nutz dx nutl_| ( )

5% _dy3| _ dy4 =0
L dx ‘nutz dx nutl |

Trong d6 A, ciling 1a an s6 cua bai todn (cd k an s6), do d6 tong so6 an s6
ctia bai todn luc d6 1a (n+k) do d6 ma tran d6 cing cua phan tir lic nay ciing
phai thém k dong va k cot nhu vay kich thudc ctaa ma tran d6 cung la
K(n+k,n+k). Goi k, lagoc xoay tai niit 2 cia phan tir truéc, k,1a goc xoay

tai NGt 1 caa phan tir sau thi ta ¢ cac hé sb trong ma tran d6 cang K:

60



k(n+i,k1):A—2X; k(n+i,k2):—§ (i=1+k) ©

. 2 i 2 .
k(k,n+i)=—: k(k,,n+1)=—— (i=1=+k d
(kun+i)=—= k(k,n+i)=—— (i=1+k) (d)
Néu c6 hai phan tir thi c6 mot diu kién vé goc xoay, c6 n, phan tu thi
co (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cuing ta sé& thiét 1ap dugc phuong trinh:

[KKA}=1{F} @)

]

R | &
so—hang=n :

F 0, _
trong do: {F} =| ; {A}=1" " t1a an sb cua bai toan

0 %

: #s0—hang =k A
0 | :

A

Trong vi du 3.1 khi chia thanh ra thanh 4 phan tir, ta co:

- Ma tran @9 cieng phan tir [Kc], nhu sau:

768 —-768 96 96

K] = —-768 768 —96 -96
€ 96 -96 16 8
96 -96 8 16

- Ma tran @9 cieng toan dam [K]:
Ghép ndi cac ma tran d6 cang phan tir [K.] vao hé toa d6 chung, ta dugc ma
tran do cang tong thé cua toan két ciu nhu sau:
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- Véc to luc nut{F}:

[F]

[ 1536 -768

-768 1536
0 -768
0 0
-96 0
-96 0
9% -96
9% -9
0 9%
0 9%
0 ©
0 O
0 ©
0 O
0 O
0 ©
0 O
0 O

o

O O O O O 0O O O o o o ok oo

Giai phuong trinh (e) ta nhan duoc:

(a}=[KI{F

0 0
-768 0
1536 - 768
-768 768

0 O

0 ©

0 O

0 ©
-9%6 0
-9%6 0

9% -96

9% -96
0 ©
0 ©
0 O
0 ©
-96 96
-768 768

9% -96
0 0
0 0
0 0
16 8
8 16
0 0
0 0
0 0
0 0
0 0
0 0
0 1
0 0
0 0
1 0
0 0
0 0

9% 9%
-96 -96
0 0
0 0
0 ©
0 ©
16 8
8 16
0 0
0 0
0 0
0 0

-10
0 1
0 0
0 0
0 0
0 O

O O o ©

0 0 O
% 0 O
-96 9% 96
0 -9 -9
0 0 O
0 0 O
0o 0 O
o 0 O
8§ 0 O
16 0 0
0 16 8
0 8 16
0 O 0
0 0 0
1 -1
0 0
0 -8 -16
0 -9 -96

Theo ngén ngit 1ap trinh Matlab ta c6 thé viét:

ui=[K]\F}

r o © © © o

[
[EEY

O o0 © 0O oo © © o o o

LNk o O o OO oo

©O 0o 0o O 0o © oo

R O O O 0o © o ©o o o

© 0o 0o 00 oo b

oooooooooooool—‘oooo

0 0
0 0
-9% -768
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Két qua chuyén vi, goc xoay tai cac nit:

W,) (0.0283 i ggggg
T N e T {(,)}=<Z2 _ | 03705 P12
W, | ]0.2084 ’ 3 '
Wy | [0.3319 @a| | 0402
@5 0.5098 |
Modmen uén caa dam:
(M;] (-0.9896 )
M,| |-0.2813
M}={ M, t=14-0.4924 ;x Pl
M,| |-0.3110
Ms| |-0.0000
Ta thay két qua trén:
- V& mémen trung khop voi két
qua giai chinh xac theo phuong
phap giai tich:
+ Tai hai dau ngam: 0
T~
M, = Pl NG

- V& chuyén vi tai dau tuy do
trung khop véi két qua giai
chinh xac theo phuong phap giai
tich:
P 3

Ws = 0.03319P1° = —
Biéu d6 mémen udn va luc cit
céia dAm nhw hinh 3.8:

-0.1

-0.15

-0.2

-0.25

-0.3

-0.35
0

AN

N\

N\

N\

X 16
Y:-0.3333

\ [ ]
: ¢

2 4 6 8 10 12 14 16

Hinh 3.8a. Puong do véng ciia dam

Pl

e

Hinh 3.8b. Biéu do M
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KET LUAN VA KIEN NGHI

KET LUAN

Qua két qua nghién ctru tir cac chuong, chuong 1 dén chuong 3 dbi véi
bai todn dam chiu udn (bai toan tinh). Tac gia rat ra cac két luan sau:

1.Trinh bay dugc cac duong 16i xdy dung bai toan co hoc néi chung
trong d6 c6 bai toan co hoc két cau. Trinh bay phuong phap phan tir hitu han
doi véi bai toan co hoc két cau.

2.D4 trinh bay duoc bai toan dam chiu udn theo 1y thuyét dam Euler -
Bernoulli. X4y dung dugc phuong trinh vi phan can bang ctia dam chiju tai
trong phan bo déu.

3.Bang phuong phap phan tir hitu han, tac gia d& xac dinh duoc ndi luc
va chuyén vi cua cac dAm don chiu tai trong tinh tip trung co cac diéu kién
bién khac nhau. Két qua vé noi luc va chuyén vi déu tring khép voi két qua
nhan duoc khi giai bang cac phuwong phap hién co.

4. Khi r0i rac hoa két cdu voi sé phan tir cang nhiéu thi két qua cang
tiém can t&i két qua chinh xac nhan duoc tir phuong phép giai tich. Déi véi
bai toan dam chiu tai trong phan bd déu thi dé dat duoc chuyén vi chinh xac
chi can chia dam thanh tir 4 dén 6 phan tt, dé tim noi luc chinh X4c can chia
dam thanh tir 4 ¢én 16 phan ti.

KIEN NGHI
Str dung phuong phap phan tir hitu han dé giai cac bai toan khac nhu:

Dam, khung, dan, tam, vo....
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