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MO PAU

Bai toan co hoc két cdu hién nay néi chung dugc xay dung theo bén dudng
16i d6 1a: Phuong phép x4y dung phuong trinh vi phan can bang phan té; Phuong
phép nang lugng; Phuong phap nguyén ly cong a0 va Phuong phép str dung truc
tiép phuong trinh Lagrange. Cac phuong phap giai gdm c6: Phuong phap duoc
coi 14 chinh x4c nhu, phuong phép luc; Phuong phap chuyén vi; Phuong phap hon
hop; Phuong phép lién hop va cac phuong phap gan ding nhu, phuong phap phan
ttr hitu han; phuong phap sai phan hitu han; phuong phap hdn hop sai phén - bién
phan.

Phuong phép phan ti hitu han 12 mot phuong phép s6 dac biét ¢6 higu qua dé
tim dang gan ding ctia mot ham chua biét trong mién xac dinh V caa no. Tuy
nhién phwong phap phan tir hitu han khdng tim dang xap xi ciia ham can tim trén
toan mién V ma chi trong tirng mién con V, (phan tir) thugc mién xac dinh V. Do
d6 phuong phap nay rat thich hop vai hang loat bai toan vat ly va ki thuat trong
d6 ham can tim dugc xac dinh trén cac mién phuc tap gom nhiéu ving nhé c¢é dac
tinh hinh hoc, vat Iy khac nhau, chiu nhitng diéu kién bién khac nhau.

Poi twong, phwong phap va pham vi nghién ciru ciia dé tai

Trong ludn vian ndy, tac gia stt dung phuong phap Phan tir hitu han néi trén
dé xay dung va giai mot sb bai toan dam nhiéu nhip, chiu tdc dung cua tai trong
tinh.

Do su can thiét cua viéc nghién ctru noi lyc va chuyén vi ctia két cAu, muc
dich va nhiém vy nghién ctru cua luén van nay la:
Muc dich nghién ctru ciia dé tai

“Nghién cuu noi lyc va chuyén Vi ciia dam nhiéu nhip
chiu tac dung cua tai trong tinh”
Nhiém vu nghién ctru ciia dé tai
1. Tim hiéu va giéi thiéu cac phuong phap xay dung va cac phuong phap giai bai
toan co hoc két ciu hién nay.

2. Trinh bay Phuong phap Phan tir hitu han d6i véi cac bai toan co hoc két cau.



3. Ap dung Phuong phap Phan tir hitu han dé xay dung va giai cac bai toan dam
nhiéu nhip, chiu tdc dung cua tai trong tinh.
4. Lap chuong trinh may tinh dién tr cho céac bai toan néu trén.
Y nghia khoa hoc va thue tién ciia dé tai nghién ciru
Viéc tim hiéu va tng dung phuong phap Phuong phap Phan tt hitu han c6 y

nghia vé mit khoa hoc va thyc tién tinh toan cong trinh.



CHUONG 1.
CAC PHUONG PHAP XAY DUNG VA CAC PHUONG PHAP
GIAI BAI TOAN CO HQC KET CAU

Trong chuong nay trinh bay cac phuong phap truyén thong dé xay dung céc
bai toan co hoc n6i chung; gidi thiéu bai toan co hoc két cdu (bai toan tinh) va cac
phuong phap giai thuong dung hién nay.
1. Phwong phap xay dung bai toan co hoc

Bdn phuong phap chung dé xay dung bai toan co hoc két ciu dugc trinh
bay dudi day. Dung Iy thuyét dam chiu uén dé minh hoa.
1.1. Phwong phap xiy dwng phwong trinh vi phin cin bang phan t6

Phuong trinh vi phan can bang duoc x4y dung truc tiép tir viéc xét cac diéu
kién can br?lng lyc ctuia phéan td duoc tach ra khoi két cAu. Trong suc bén vt liéu
khi nghién ctru dam chiu ubn ngang st dung céc gia thiét sau:
- Truc dam khéng bi bién dang nén khong c6 tmg suit.
- Mit cit thang goc voi truc dam sau khi bién dang vin phing va thang goc voi
truc dam (gia thiét Euler—Bernoulli).
- Khéng xét luc nén gitra cac thd theo chiéu cao cua dam
Véi gia thiét thir ba thi chi c6 Uing suat phap ox va cic ing suit tiép Oxs, Gz tAC
dung 1én phan t6 dam (hinh 1.3), tng suat phap o, bang khong. Hai gia thiét thir
ba va thtr nhat din dén truc dim chi ¢6 chuyén vi thang dimg y(x) va né dugc goi
la duong do vong hay duong dan hoi cia dam. Gia thiét thir nhat xem chiéu dai
truc ddm khong thay ddi khi bi vong doi hoi do vong cua dam 13 nho so véi chiéu
cao dam, yma/ h = 1/5. V6i gia thiét thir hai thi bién dang truot do g sudt tiép
gay ra khong dugc xét trong tinh d6 vong cia dam nhu trinh bay dudi day. Gia
thiét nay chi dung khi ti 16 /1 = 1/5. Chuyén vi ngang u ctia diém nam ¢ d6 cao z
so véi truc dam bang

dy

* dx

u=—-

Bién dang va Uing suat xac dinh nhu sau
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Momen tac dung 1én truc dam: N /
hi2 2 3 42 '
M:j—Ebzzdgdz:—Ebh dzl s
A2 dx 12 dx Hinh 1.2. Phan t0 dam
hay M =EJy (1.7)
Ebh’® d?y
t d’: E.J = , —
rong do P 7 ™

EJ dugc goi 1a d6 cimg udn cua dam; y 1a d6 cong ctia dudng dan hoi va s& duoc
goi 1 bién dang udn; b 1a chiéu rong dam. Dé don gian trinh bay, & day chi dung
truong hop dam c6 tiét dién chit nhat.
Cach tinh ndi luc momen & trén khong xét dén bién dang truot do cac tmg
sudt tiép gay ra. Tong cac (g sudt tiép o, trén mat cat s& cho ta luc cat Q tac dung
hi2

1én truc dam: Q= _[%dz
-h/2

Biéu thirc cuia rng sut tiép 6.« trong tich phan trén sé& trinh bay sau.

Nho céac gia thiét néu trén, thay cho trang thai ing suit trong dam, ta chi can
nghién ctru phuong trinh can bang cta cac ndi luc M va Q tac dung 1én truc dam.
Xeét phan t6 dx ctia truc dAm chiu tac dung cua cac luc M,Q va ngoai lyc phan bd
q, hinh 1.3. Chiéu dwong caa M, Q va q trén hinh v& twong tng vé6i chiéu duong
ctia 6 vong hudéng xubng dudi.

Q a(x) M + dM
M 0,
21Q+dQ

dx
1 1

Hinh 1.3. Xét can bang phan t6

Lay tong momen doi vai diem O, bd qua cac vo cung bé bac cao ta ¢

am Q=0 (1.8)
dx

Lay tong hinh chiéu cac lyc 1én tryc thang dung:



aQ +q=0 (1.9)
dx

Phuong trinh (1.8) 1a phuong trinh lién hé gitta momen udn va lyc cit,
phuong trinh (1.9) 13 phuong trinh can bang luc cit Q va ngoai luc phan bd q. B6
1a hai phuong trinh xuét phat (hai phuong trinh dau tién) cua phuong phap can
bang phén t6. Liy dao ham phuong trinh (1.8) theo x rdi cong véi phuong trinh
(1.9), ta c6 phuong trinh dan xuat sau

d*M
dx?

+q=0 (1.10)

Thay M xac dinh theo (1.7) vao (1.10) nhan dugc phuong trinh vi phan xac
dinh duong dan hoi cua thanh
d'y

EJ—-=90 (1.11)
dx

Phuong trinh (1.11) dugc giai voi cac diéu kién bién ctia y va cac dao ham
dén bac ba cta y (4 diéu kién), hai diéu kién bién tai mdi dau cubi thanh.
Céc diéu kién bién thuong dung nhu sau

a) Lién két khop tai x=0:

2
Chuyén vi bang khong, y\xzo =0, momenuon M =0, suy ra 2 2’ -0
X x=0
b) Lién két ngam tai x=0:
PO o . 3 A dy
Chuyén vi bang khong, y\x_o =0, gbc xoay bang khong, dx =0
B X x=0
c) khong c6 gbi tua tai x=0:
2 3
Momen uén M =0, suy ra d 2/ =0 ; luc cat Q=0, suy ra d 2/ =0
X x=0 X x=0

Céc diéu kién tai x=1 cling 14y tuong tu nhu trén.
Bay gid tim hiéu sy phan bo tng suat tiép o, trén chiéu day h cia dam.
Trude tién viét phuong trinh cin bang tng suit trén truc x nhu sau

_0do, N oo, ~0 hay do, 0o, _ —EZM
OX 0z 0z OX dx®




) X . . Ez* d’y
Tich phan phuong trinh trén theo z: o, =— > ae + C(x)
X

Ham c(x) xac dinh tr diéu kién ung suét tiép bang khong tai mit trén va mit

C(x)= Eh°d’y

A h ,
dudi dam, z=+—. Ta co: :
2 8 dx

Ung suét tiép phan b trén mit cat dam c6 dang
_Ed’y

O- JR—
“ 8 dx®

(422 —hz)

D6 13 ham parabol bac hai.Ung suat tiép 16n nhét tai truc ddm (z=0) c6 gié tri bang
_EN dy
=8 dx’

Xz

Tich phan ham tng suat ti€p theo chi€u cao dam r61 nhan véi chiéu rong b ta cod

luc cat Q tac dung 1én phan trai ciia dam

Ebh® d°’y
Q= 12 dx®
¢ A, ok \ " ‘X Y 3 th Eh? d3y
Ung suat tiép trung binh trén chiéu cao dam bang: o), = T3 ™
X

Ti 1& gitta Gmg sudt tiép max tai truc dim va Ung suit trung binh a=1.5.
1.2. Phuwong phap nang luwgng

Ning luong cia co hé bao gom dong nang T va thé nang I1. Pong ning
duoc xéac dinh theo khdi luong va van tbe chuyén dong, con thé nang I bao gém
thé ning bién dang va cong clia cac truong luc, phu thudc vao chuyén vi. Truong
luc 1 luc ¢ thé nhu lyc trong truong. Céc luc ngoai tac dung 1én co hé 1a luc
khong thé.
Déi voi hé bao toan, nang lugng 1a khong doi

T+ I1 = const (1.12)

Do d6 toc do thay d6i niang lugng phai bang khong

%(T—I— nm)=o0 (1.13)

Ta xét bai toan tinh, T=0, do do
IT= const (1.14)



Thé nang I c6 thé biéu thi qua img suét va noi luc ciing c6 thé biéu thi qua
chuyén vi va bién dang. Vi vy ta c6 hai nguyén 1y bién phan ning lugng sau:

Nguyén 1y thé niing bién dang cuc tiéu

Khi phuong trinh can bf?mg duoc biéu thi qua ung suat hodc néi lyc va do d6
thé ning bién dang ciing biéu thi qua tng suit hodc ndi luc ta c6 nguyén 1y thé
ning bién dang cuc tiéu, nguyén ly Castiliano (1847-1884). Nguyén 1y phat biéu
nhu sau:

Trong tit cd cdc trang thdi cdan bang lwc c6 thé thi trang thdi cian bang
thire xdy ra khi thé nang bién dang la cwe tiéu.

Trang thai can béng luc c6 thé 1a trang thai ma cac luc tac dung 1€n phan td
thda man cac phuong trinh cAn bang. Ta viét nguyén 1y dudi dang sau:

I1(F ) — min
Véi rang budc 1a cac phuong trinh can bang viét dudi dang luc.

D061 v41 dam ta co:

NIH

1

M j 1.15
JE—x—wnm (1.15)
0

% = —gq (1.16)

Noi luc can tim moémen ubn 1a ham phan b theo chiéu dai dam M(x) va phai thoa
man cac diéu kién lién két ¢ hai d¢au thanh (dugc xac dinh & hai dau thanh). Pay 1a
bai toan cuc tri c¢6 rang budc. Bang cach dung thira s Lagrange A(x) dua vé bai
toan khong rang budc sau:

1 1

I ZEJM—de—I— fﬂ(x} d*
EJ dx?

0

-I—ql dx — min (1.17)

A(x) 1a thira sb Lagrange va ciing 13 4n cta bai toan. Theo phép tinh bién phén tir

phiém ham (1.17) ta nhan dwoc hai phuong trinh sau (phwong trinh Euler—

Lagrange).
d?A
M= _EJE (1.18)
2
M (1.19)



A(x) ¢6 thir nguyén 1 chuyén vi cho nén phuong trinh (1.18) biéu thi quan hé giira
M va chuyén vi. Thé (1.18) vao (1.19) ta co

d*A
Ej@ =q (1.20)

A(x) 1a 6 vong ctia ddm va phuong trinh (1.20) 1a phuong trinh vi phan can bang
ctia dAm viét theo chuyén vi nhan duogc & trén.

Nguyén ly cong bu cuc dai

Khi dung an 13 cac chuyén vi va bién dang thi c6 nguyén 1y cong bu cuc dai.

Trong tit cd cdc chuyén vi dong hoc cé thé (kha di) thi chuyén vi thuc la
chuyén vi cé cong bir cwe dai.

Chuyén vi dong hoc c6 thé 1a chuyén vi thda man cac phuong trinh lién hé
gitta chuyén vi va bién dang va thoa min cac diéu kién bién. Cong bu bang tich
ctia ngoai luc va chuyén vi trir di ning luong bién dang.

[Cong ngoai luc — thé ning bién dang]—max
Véi rang budc 1 cac phuong trinh lién hé gitta chuyén vi va bién dang.

Lay vi du d61 vo1 dam chiu uon, ta co
I I

1 )
[ qydx _E[ E] 7° dx - max (1.21)

0 0
Véi rang budc:
_ 4%
X= " dx?

(1.22)

x 12 bién dang uén ciing 12 d6 cong cua dudng d6 vong. Tich phan thr nhat trong
(1.21) 14 cong toan phan cta ngoai luc (khong c6 hé sé 1), tich phan thi hai 14 thé
nang bién dang biéu thi qua bién dang udn.

Thay x tir (1.22) vao (1.21), ta ¢6

1

I
e 4 (1.23)

Jq;} x—EI ] ~ X2 X — max .

0 0

Thay dau cua (1.23) ta c6

1

1

1 d?y\’ _

E[ EJ 12 dx —qudx — min (1.24)
0

0




Khi y ¢6 gia tri xac dinh tai hai ddu mat dam thi diéu kién can dé biéu thirc (1.24)
cuc tiéu 1a phuong trinh Euler sau

d*y
E]@ —q (1.25)

Phuong trinh (1.25) 1a phwong trinh vi phan cin bang cta dam chiu uén. Nguyén
Iy cong bu cuc dai dudi dang biéu thirc (1.24) dugc sir dung rong rii trong tinh
toan cong trinh theo phuwong phap phan tir hitu han.

1.3. Nguyén ly cong ao

Nguyén 1y cong a0 dugce st dung rat rong rii trong co hoc. Theo K.F. Gauss
(1777-1855) thi moi nguyén Iy trong co hoc hodc tryc tiép hodc gian tiép déu rat
ra tir nguyén 1y chuyén vi o.

Xét co hé chat diém o trang thai can bang ta c6

> X=0, >Y=0, >Z=0 (1.26)
> X;YY; > Z : 14 tong hinh chiéu ciia tat ca cic lyc tac dung 1én ba truc ctia h¢
toa d6 Dé cac. Ta viét biéu thirc sau:

D XM +D YNV +D.ZOW =0, (1.27)
& day xem cac SU; 6V; SW; 1a cac thira s6 bat ky.

Tu (1.26) ta c6 (1.27) va nguoc lai tir (1.27) ta s€ nhan duogc (1.26) béi vi
cac J; &V; SW; 1a nhitng thira s bat ky. Bay gio ta xem oU; oV ; W, la cac
bién phan cta cac chuyén vi 4o theo ba chiéu ctia hé toa d6 vudng goc. Chuyén vi
40 1a chuyén vi bé do nguyén nhéan bat ky bén ngoai nao d6 gay ra. Cac chuyén vi
40 nay phai thoa man cac diéu kién lién két cta hé.

Khi co chuyén vi 4o thi vi tri cta cac luc tac dung trén hé co thé thay doi
nhung phuong chiéu va do 16n cta nd van giit nguyén khong doi. Nhu vay, cac
chuyén vi a0 8U; 8V ; W 1a cac dai luong doc 1ap véi luc tac dung va tir hai biéu
thire (1.26) va (1.27) ta ¢6 nguyén 1y cong do:

Néu nhw tong céng ciia cdc lue tic dung ciia hé thwe hién trén céc
chuyén vi do bang khong thi hé 6 trang thdi cén bang.

Ddi véi hé dan hoi (h¢ bién dang) thi ngoai ngoai luc con ¢6 noi luc. Van dé

dat ra ¢ day la cach tinh cong ctia ndi luc nhu thé nao.



Trudc hét ta can phai dua thém yéu cau doi voi chuyén vi 4o nhu sau:
Céc chuyén vi 4o phai thoda man cac lién hé gitra chuyén vi va bién dang.
ou ov

Néu nhu cac chuyén vi c6 bién dang ¢, :6_; &, =—... thi bién phéan cac
X

chuyén vi a0 &u; &v; Swiing phai co cac bién dang ao twong (mg:
%&J; %&/;

Thong thudng cong ctia ndi luc (hodc g suat) duge tinh qua thé nang bién
dang. Khi c6 cic chuyén vi a0 dU; &V ; SW; thi thé niang bién dang IT s& thay doi
bang dai luong bién phan AT. Do d6 nguyén 1y chuyén vi o ddi v6i hé bién dang
duoc viét nhu sau:

STT-D XU =D Y&V => Z6W =0, (1.28)

Céc dai lugng bién phan trong (1.28) déu 1a chuyén vi 4o cho nén néu xem
ndi luc (g suét) trong qua trinh chuyén vi ao ciing khong doi thi ddu bién phan
trong (1.28) c6 thé viét lai nhu sau:

S[IT->. XU > YV -3 ZW]=0 (1.29)
Hai biéu thire (1.28) va (1.29) dudi dang chi tiét hon duoc trinh bay trong [30,
Tr.261].

H1(d2yY Ll 1(dryY
ol|l = —qy |[dx=0 ha o| = —qy [dx=0
!{2[@2) qy} X y I L[dxzj qy} X

(1.30)

d'y

X4

Phuong trinh Euler cua (1.30) nhu sau: EJ -g=0

1.4. Phuong trinh Lagrange:

Phuong trinh Lagrange 1 phuong trinh vi phan ctia chuyén dong duoc biéu
thi qua cac toa do tong quat (cac chuyén vi tong quat).

Goi T la dong niang va IT 1a thé niang cta hé, cac q; 1a cac chuyén vi tong

quat va Q; 1a céc luc tong quat thi phuong trinh Lagrange c6 dang:



dfor 8T+8H
dt\dg, ) oq, 0q,

Q. (i=1,2,3......,n) (1.31)

. 0], , , L A ,
trong do: q, = a—t' 1a van toc ctia chuyén dong. P61 vo1 moi chuyén vi gi s€ c6 mot

phuong trinh Lagrange. Dong niang T trong toa d6 tong quat 1a ham cua van tdc va
c6 thé 1a ham cua ca chuyén vi tong quat.

Thé ning toan phan ctia hé bao gdm thé ning bién dang va thé ning cta lyuc
c6 thé (luc trong trudng 14 luc c6 thé). Q; 1a luc khong thé c6 thé dugc hiéu 1a cac
luc ngoai tac dung 1én hé (luc tong quat).  Ap dung phuong trinh Lagrange dé
xay dung phuong trinh chuyén dong ciia ddm chiu uén nhu sau:

Goi yi 13 chuyén vi (tong quat) cta diém i ctia dam va q;1a luc tac dung tai
diém i cia dim va m; 1 khéi luong.

bong nang ctia dam

T= ilmyfdx trongdo: Y, = Y, (1.32)
i 2 ot
Thé ning bién dang cua dam chiu udn
2%y,
Im=> -EJ 1.33
255 a2
Dau tong lay cho tat ca cac diém i cua ddm. Phuong trinh Lagrange d6i voi dam
c6 dang
o(adT | oT 8
—[ j Hog, (134
o\ oy, ) o, 6y
Ta tinh hai thanh phan du cta phuong trinh (1.34)
T 0%y,
IOy =m %Yoy, (1.35)
ot\oy, ) ot ot
CLR,
oy,

Pé tinh thé ning bién dang co thé dung phuong phap sai phan hitu han, hinh 1.5.



Boi vi d6 vong yi ctia dam chi c¢6 mit
trong biéu thic thé ning bién dang cua ba| i2 i-1 ' i+1 i+2

| X | X | X | AX |
1 1 R 1 1

Hinh 1.4. Budc sai phan

di€ém lién ti€p i-1, 1 va i+1, cho nén chi can

tinh thé ning bién dang cua dam (1.33) cho ba

diém nay, Ax 1a khodng cach gitra cac diém.

1 82y i 1 yi—1_2yi+yi+l i
—EJ ~| == EJ ;
2 ox™ ), 2 AX
1 a2y 2 1 yi—2 _2yi—1+yi i
E EJ pv = E EJ( o (1.36)
1_ oy 1_(yi=2Yut+V, )
—EJ > =—EJ >
2 ox™ )., 2 AX
olI'l

Tong cong ba phuong trinh trén cho ta thé ning cta dam dé tinh y;. Ta tinh ——

cua phuong trinh (1.34).
oIl _ EJ(_ 2yi—1 + 4yi B 2yi+1 +Y,

- 2yi—1 +YitY - 2yi+l + yi+2j
o,

AX*
(1.37)

A4

— EJ ( yi—2
AX*

Biéu thirc (1.37) biéu thi sai phan hiru han cia EJ

B 4yi—1 + 6yi _4yi+1 + yi+2} EJ—_

AX*

4

o'y
x|

Cong (1.35) va (1.37) nhan dugc phuong trinh Lagrange ddi vdi chuyén vi

0%y,

m——+EJ
ot®

o'y
ox*

=0

(1.38)

Diém i 1a bat ky nén nhan dugc phuong trinh vi phan can bang cia dam

2
may EJ

o'y

=q

ot? ox*

Déi v6i bai toan tinh T=0 ta c6: EJ 3 y
X

4

=q

(1.39)

(1.40)

Phuong phép st dung phuong trinh Lagrange dé nhan duoc phuong trinh vi phan

cua duong do vong cua dam trinh bay & day la cua tac gia.



O trén trinh bay bon phuong phap chung dé xay dung bai toan co, 1y bai
toan dam chiu uén 1am vi du dé biét cach su dung ching va dé théy bon duong 161

d6 1a twong dwong nhau nghia 13 déu dan vé phuong trinh vi phan cin bang cua hé.



CHUONG 2.
PHUONG PHAP PHAN TU HU'U HAN

2.1. Phwong phap phan tir hiru han

Thure chét ciia phuong phap phan tir hiru han 13 roi rac hoa ban than két ciu.
Céac phan tir lién ké lién hé voi nhau bang cic phuong trinh cin bang va cac
phuong trinh lién tyc.

Dé giai quyét bai toan co hoc két cau, co thé tiép can phuong phap nay bang
duong 161 tryc tiép, suy dién vat 1y hodc duong 16i toan hoc, suy dién bién phan.
Tuy nhién bang cach nao di ching nira thi két qua thu dugc 1a mot ma tran (do
cung hodc do mém). Ma tran d6 dugc xay dung dua trén co sd cuc tri hoa phiém
ham biéu dién ning luong. Trong pham vi mdi phan i riéng biét, cac ham chuyén
vi dugc xap xi gan dung theo mot dang nao d6, thong thuong 1a cac da thuc.

Trong phuong phap phan tir hitu han chia két cdu cong trinh thanh mot sé
hitu han c&c phan tir. Cac phan tir nay duoc néi véi nhau tai cac diém dinh trudc
thuong tai dinh phan tir (tham tri tai cac diém trén bién phan ta) goi 1a nit. Nhu
vay viéc tinh todn két cau cong trinh dugc dua vé tinh toan trén cac phan tor caa
két cau sau d6 két ndi cac phan tir nay lai véi nhau ta duoc 10 giai cia mot két cau
cong trinh hoan chinh. Tuong ty nhu phuong phap sai phan hitu han cling chia
cong trinh thanh cac doan nho (phan tir) va cac trang thai chuyén vi (truong
chuyén vi) v.v... dugc x4c dinh tai cac diém ndt sai phan. Sy khac biét cua hai
phuong phap 1a Phuong phap sai phan hitu han sau khi tim duoc cac chuyén vi tai
cac nUt ciia sai phan con cac diém nam giira hai nut duoc xac dinh bang noi suy
tuyén tinh, con phuong phap phan tir hitu han sau khi xac dinh dugc chuyén vi tai
c4c n(t ciia phan ti thi cac diém bén trong dugc xac dinh bang ham noi suy (ham
dang).

Vi bai toan co hoc vat rin bién dang, tuy theo y nghia vat Ii cua ham noi suy
c6 thé phan tich bai toan theo 3 loai mé hinh sau:

- M6 hinh chuyén vi: Xem chuyén vi 1a dai lugng can tim va ham néi suy

biéu dién gan dang dang phan bé caa chuyén vi trong phan ti.



- M6 hinh c&n bang: Ham noi suy biéu dién gan dung dang phan bd cua tng
suat hay noi luc trong phan tu.

- M6 hinh hdn hop: Coi cac dai lugng chuyén vi va ang suat 1a 2 yéu té doc
lap riéng biét. Cac ham noi suy biéu dién gan ding dang phan b cua ca chuyén vi
lan wng sut trong phan tu.

Hién nay, khi &p dung phuong phap phan tir hitu han dé giai cac bai toan co
hoc thudng sir dung phuong phap phan tir hitu han theo md hinh chuyén vi. Sau
day ludn van trinh bai ndi dung phuong phap phan tir hitu han theo mé hinh
chuyén vi.

2.1.1 Noi dung phwong phap phan tir hira han theo md hinh chuyén vi

Trong phuwong phap phan tir hitu han - md hinh chuyén vi, thanh phan
chuyén vi duoc xem 1a dai lugng can tim. Chuyén vi duoc lay xap xi trong dang
mot ham don gian goi 1a ham noi suy (hay con goi la ham chuyén vi). Trinh ty
phan tich bai toan theo phuong phap phan tir hitu han - mé hinh chuyén vi c6 noi
dung sau:
2.1.1.1. Roi rac hoa két cdu:

Trong phuong phap PTHH, ngudi ta roi rac hod bang cach chon két cau
lien tuc thanh mot sé hitu han cac mién con cé kich thuéc cang nho cang tot
nhung phai hitu han. Cac mién hoac két cdu con dugc goi 1a PTHH, ching c6 thé
c6 dang hinh hoc va kich thuéc khac nhau, tinh chat vat liéu duoc gia thiét khong
thay d6i trong mdi phan tir nhung c6 thé thay doi tir phan tir ndy sang phan ti
khac.

Kich thuéc hinh hoc va sé lugng cac phan tir khéng nhirng phu thudc vao
kich hinh hoc va tinh chat chiu luc cta két cAu ma con phu thudc vao do chinh xéc
cua bai toan.

Véi hé thanh ding cac phuong trinh thanh, két cau tim st dung phuong
trinh tam tam giéc, chir nhat, véi vat thé khoi dung cac phuong trinh hinh chép,
hinh hop...

Khi roi rac hod két cdu lién tuc cac PTHH dugc gia thiét ndi véi nhau tai

mét sé diém quy dinh goi 1a cac nit, toan bo tap hop cac phuong trinh roi rac ludi



PTHH. Lué6i cang mau, nghia 1a sé lugng phuong trinh cang 16n hay kich thudc
phuong trinh cang nho thi mtc d6 chinh xac cua két ciu cang ting.

Khi roi rac can chl y tai nhimg noi chuyén vi bién thién nhanh thi chon céc
phuong trinh ¢6 kich thudc nho, cang ra xa kich thuéc cua phuong trinh c6 thé
tang 1én dé giam s6 luong phuong trinh hay sé an cua bai todn ma van dam bao do
chinh x&c. Mién duoc phan chia phai chon sao cho tai bién cac chuyén vi coi nhu
da tat. Khi chia thanh cac phan tu thi cac kich thudc trong mai mot phan tir khong
chénh léch qua 16n 1am giam d6 chinh xac cua bai toan. Bé xac dinh dugc kich
thude phi hop cho phuong trinh vi mdi bai toan can quy dinh kich thudc ban
dau, sau do lay kich thuéc nho di hai 1an, néu két qua cua bai toan dat do chinh xéac
nhu cil thi kich thudc cua phuong trinh gia dinh coi nhu chap nhan duoc.

Nhung d6i voi hé thanh thi khi chia nho mét thanh (phuwong ndi hai nat) do
chinh xac khong ting. Cho nén véi hé thanh kich thuéc cua phuong trinh 1ay Voi

kich thudc 16n nhét c6 thé tie 1a phuong trinh ni hai nit cua két cau.

P2
; i
Pl | Pl ‘ %

Cha phantd thanh Crua medn din hé

Hinh 2.2.

2.1.1.2. Ham chuyén vi:

Viéc chon trudc cac ham chuyén vi tai mot thoi diém bat ky trong PTHH
nham xac dinh sy lién hé gitra chuyén vi nat véi chuyén vi cua moi diém trong
pham vi caa PTHH.

Goi trudng chuyén vi 1a vecto cac ham chuyén vi tai diém bat ky c6 toa do
(X, Y, z) cia PTHH khéong gian va toa d6 (X, y) cia PTHH phang.

Ux(X, Y, 2); Uy(X, Y, 2); UeX, Y, 2)

va Ux(X, y); Uy(X, y)

Cac ham chuyén vi thuong dugc chon dudi dang ham da thirc. Bac ciia ham
va s thanh phan phu thudc vao hinh dang, bac cua loai PTHH twong @ng.

Vi du trong bai toan phang cua tng suét hay bién dang, d6i véi loai phan tu



tuyén tinh, ham chuyén vi 1a da thic bac nhét va sé thanh phan bang sé nat quy dinh
cta phuong trinh. Péi véi PTHH bac hai, ham chuyén vi 14 da thire bac hai, s6 thanh
phan chira trong mdi ham bang mdi ndt cia phan tir. Dudi day 12 mot sb ham chuyén

vi duoc duing trong Iy thuyét dan hdi.

1. PTHH tuyén tinh:
a. PTHH tam giéc:

Ux (X, Y) = o + a2.X + a3y + 0. X% + ois.XYy + 0p.Y?

Uy (X, y) = o + as. X + a6y

b. PTHH chir nhat:

Ux (X, Y) = o + 02.X + o,y + 0la.Xy

Uy (X, Y) = ast ae.X + a7.y + 0g.Xy

c. PTHH hinh chop:
Ux(X, ¥, 2) = out oX+asy+ og.z

/
Uy(X, Y, Z) = ostoeXtory+oaosZ

UZ(X, Y, Z) = Ogt 0g0.X + 011y + 012.2

d. PTHH hinh hop: @

Ux (X, ¥,2) = out X + a3y + 042 + os.XY + 0e.YZ + 07ZX + 0g.XYyZ

Uy(X, Y, Z) = ogt 10X + 11y + a12.Z + 013.XY + 0l14.YZ + 152X + Ol16.XYZ
UZ(X, Y, Z) = o7t oug X + ooy + 020.Z + 021 XY + 0l2.YZ + 0p3ZX + 0lpa.XYZ

2. PTHH bdc hai

a. PTHH tam giéc:
Ux (X, ) = a1 + 0.X + az.y + a.X? + os.Xy + oe.y?

Uy (X, ¥) = a7 + aig. X + atg.y+ 0l10.X? + 011Xy + 0g2.y?

b. PTHH chit nhat: o

()

Ux (X, y) = o toXtozy+t OL4_X2 + as.Xy + a6-y2 + 4 |

a7X?y + og.Xy?

()
G

Uy (X, y) = ot 0. X+ o1y + (112.X2 + o2 Xy + (114.y2 +

0(15X2y + ()Lle.Xy2



2.1.1.3. Phwong trinh co ban ciia phwong phap phan tie hizu han

Pé thiét 1ap phuong trinh co ban cua phuong phap PTHH c6 thé sir dung
cac nguyén ly khac nhau, tuy nhién thong thuong nguoi ta sir dung nguyén ly
cong kha di.

Theo nguyén ly cong kha di ta c6 céng thuc:

[ o} fockdv=[la}" fuldv-+ [ o} el 2.1

\Y) Vv
Phuong trinh trén biéu thi diéu kién can bang cua hé dan héi tuyén tinh.

Néu chuyén tri cua ca hai vé theo phuong phap thong thudng ta co:
J1oel {ojdv=lou} gldv+ Q{SU}T-{p}dS (2.13)
Theo dinh luan Hooke: {8}=[D}{e}. thay vao vé phai nhan duoc:

[{5¢}" [DHejdv = l {du} {g}dv + ! {du}" {plds (2.14)

v
Trong phuong trinh trén con thiéu diéu kién lién tuc, diéu kién nay dugc
dua vao bang mot truong chuyén vi xap xi (ham chuyén vi) thoa man cac diéu
Kién tuwong thich.
Ta chon mot ham chuyén vi phi hop véi loai va bac cia mot phan tir mau
(PTHH):

- V6i bai toan khéng gian:

{Uxy.2)p=[P(x.y.2)l} (2.15)
- Vi bai toan phang:

U y)i=[P(x,y)He (2.16)
Trong do:

{U - vecto chuyén vj caa mot diém
[P] - ma tran cac bién cua truong chuyén vi.
{o.} - ma tran hé sb caa ham chuyén vi

Vi duy véi phan tir tam giac:



[N

N

(2.17)

~

(9]

2 2 2 2 2 8

(2]

- {u}=[PHo

Néu tinh chuyén vi cia cac nit trong mot phan ti ta co:

u, =[AL{a} (2.18)
{u}, - vecto chuyén vi cua cac nit cua phan tir.

[A]. - matran dugc xac dinh theo [P] va toa d6 cta céc nut.

{o} - matran hé so.

Vi du véi phan ti tam giac:

u4, .

u2

s

= = mya) |
ul _1 X1 yl 0 0 0_ al\
u, 0 0 0 1 x, vy||a,
U 11 %y, 0 0 0o, (2.19)
u, 0 0 0 1 x, vy,||a, |
u, 1 x, vy, 0 0 O ||a,
uJ 10 0 0 1 X5 Yy,

- {ul. =[AL{o (2:20)

Trong cong thuc trén gia tri cua [A], hoan toan xac dinh. Néu biét dwoc
{u}, ta s& xac dinh dugc {a}, ta co:

{of =[AL"{u}, (2.21)

Khi d6 chuyén vi tai mot diém bat ky duoc xac dinh theo chuan vi cua cac



n(t caa phan to:

u}=[PlAL {u}, (2.22)
Mt khéc ta c6 quan hé giira chuyén vi va bién dang:
fe}=[VI{u (2.23)

[V] - ma tran toén tir vi phan;
{e - vecto bién dang

Thay gia trj caa {u ta c6 cong thac bién dang:

{e}=[VIp]AL" {u}, (2.24)
bat:

[N]=[pHAL’ (2.25)
[B]=[VI[N] (2.26)
Trong do:

[N] - ma tran ham dang

[B] - ma tran bién d6i caa ham dang

Nhu vay bién dang c6 thé bién diém lai nhu sau:

{e} =[V][NJ{u}, hoac {e} =[B]{u},, ddng thoi

{fuf=[NHul,

Néu cho cac nat mot chuyén vi kha di khi d6 ta c6 bién dang kha di.
{o¢}=[BJ{sul,

{du}=[N]{su}, (2.27)
Thuc hién phép chuyén tri phuong trinh trén ta co:

{oef" = {ouj; [B]

Bu}" ={su}] [N] (2.28)
Thay {5¢}" vao phuong trinh can bang caa nguyén ly cong kha di ta duogc
J{u}. [B] [D]BJu},dv=]{suf;[N]'{g}dv + [{su};[N]p}ds (2.29)

Ta dung chuyén vi tuong thich duoc chon (Ham CV) khéng nhitng thoa

man diéu kién bén trong va ca trén bién PTHH. Trong cong thuc trén dai luong



{8u}, khong phu thudc vao phép tich phan nén c6 thé dua ra ngoai dau tich phan:
ol [T DTl = ] JINT fje sl [INT s
Do chuyén vi kha di khac 0 nén:
18T T8} = [INT ffev-+ [INT pis 230

Néu ky hiéu:
K] =][BJ'[DIBldv

{Fl. = [INT falav-+ [INT {pjas 231)
Ta co:
[KL{uf, = {Fl. (2.32)

Day 1a phuong trinh co ban cua PTHH, trong do:

[K], - ma tran d6 cing cia PTHH (ma tran d6i xang);

{u}, - vecto chuyén vi nit;

{F}, - vecto lyc ndt cua phan tir, goi 1a lyc nut trong duong ciia PTHH

An cua phuong trinh trén 1 chuyén vi cua cac nat. Con dai luong [K], va
{F}, déu xac dinh dwoc dwa vao dic trung hinh hoc, vét liéu ctia phan tir va tai
trong tac dong vao nd. Tuy nhién phuong trinh trén mai chi la phuong trinh can
bang ctia mot phan ti, trong khi d6 mot két cau bao géom nhiéu phan tir tao nén.
Dua vao phuong trinh can bang cia mot phan tir, thuc hién ghép néi dé tao nén
phuong trinh can bang cua hé két cau, tir d6 xac dinh duoc chuyén vi caa cac nit,
trudc khi ghép ndi doi khi can chuyén hé truc toa do (tir hé toa do cuc bo sang hé
toa do tong thé).
2.1.1.4. Chuyén hé truc tog do

Pé thuan tién cho viéc nhap sé lidu tai trong va xem ndi luc, trén mdi mot
phan tir c6 mot hé toa do riéng goi 1a hé toa do cuc bo. Trong khi d6 toa do cua cac

nat va chuyén vi dugc tinh theo hé toa do chung, goi 1a hé toa do tong thé.



0 % 0
Hé téng thé Hé cuc bd

Khi ghép ndi ma tran do cimg va vecto luc, va chuyén vi can chuyén ca dai
lwong nay tir hé toa o cuc bo vé tong thé, tir phuong trinh cua hé toa do cuc bo:
[K].{u}, = {FL.

Ta co:

[TIKLITT [T Hu}. =[THF

X X
Trong d6 [T] 1a ma tran chuyén truc toa do: {Y + =[Thy
Z y

bat:

K], =[TIKL[T]"* =[TIKL[TT do [T] =[T]" (ma tran truc giao)
{F. =[THF.

fuf, =[THu,

Trong do:

[K], - ma tran d6 cing cta phuong trinh tir trong hé toa d6 tong thé.
{F}, - vecto luc nit trong hé¢ toa do tong thé.

{u}, - vecto chuyén vi n(t trong h¢ toa do tong thé.

Khi x4c dinh dugc cac chuyén vi n(t cua hé trong toa do tong thé thi chuyén
Vi cua c4c nut cua phuong trinh trong hé toa d6 cuc bo la:

{ul, =[T]"{ul. hoac {u}, =[T]" {u},

Phuong trinh c4n bang cua phan tir trong hé toa do tong thé:

[K].{u}, = {F}. (2.33)



2.1.1.5. Ghép néi ma trdn dp cieng va vecto tdi trong nit cia todn hé

Dua vao dac trung hinh hoc va co hoc cua phﬁn tr ta xac dinh duoc [K]e va
{F}, theo so d6 lién két cua cac phan tir thanh 1ap bang lién két sau d6 xac dinh ma
tran d6 cung va vecto tai trong caa hé, cac budc thuc hién nhu sau:

a. Ddnh chi s6 NGt va chuyén vi

Hé c6 ba ndt, 2 phan tir gian va 6 chuyén vi. Nhu vay, ma tran do cang cua
1 phan tir ¢6 kich thudc 4*4.
Bang lién két phan tu

‘ Nut dau NUt cudi
Phan tu
u (1) v (2) u(3) v (4)
1 1 2 3 4
2 3 4 5 6

b. Ma trdgn d¢ cirng
Sau khi di chuyén vé hé toa do tong thé ta c6 ma tran d6 cing cua cac

phuong trinh twong dwong véi cac chuyén vi:

1 2 3 4 3 4 5 6
(% * * %] 1 EES ] 3
. * ok Kk x99 . * Kk ok x4
[K]l Tl % % % 3 [K]2 Tl % % % 5
* Kk ok x4 * Kk Kk *x|g

Do hé c6 6 chuyén vi nén ma tran d6 cing cua hé [k], ¢6 kich thudc 6*6

tuong (ng véi cac chuyén vi:



[K]sz******

* * * * *x *

o O B~ W DN B

* * * * % *J

Céc gid tri duogc xac dinh bang cach cong don tir [K], va [K],. Duyét tirng
gié tri cua [K], chuyén vao [K] theo dung chi sd, tiép tuc voi [K], nhung cong
thém.

c. Vecto luc cua toan hé

Tir s6 chuyén vi cia hé ta ¢6 vecto luc tuong Gng.

* 1

*1 1 * 3 * 2

: *| 2 . *1 4 *1'3
{F}l i P 3 {F}z V& 5 ; {F}s V% 4
* 6

Tir cac vecto luc cia mdi phan tir da duoc x4c dinh, ta duyét ting gia tri caa
{F}, dua vao vi tri cua {F}, sao cho c6 cung chi so. Tiép tuc lam nhur vay véi {F},
nhung phai cong thém vao. Cudi cing ta cd hé phuong trinh cta hé két cau:

[KL{ul, = {F}, (2.34)

d. Trirong hop géi dan hoi tai nt

Véi mot s6 loai két cau tai gbi c6 cac lién két dan hoi, vai mdi lién két ta co
mot 10 X0 vai do cing cho trude, khi do dd cing cua 10 xo sé duoc cdng thém vao

ma tran d6 ciing caa hé tai vi tri trén duong chéo chinh véi s6 chi tuong tng



Vi du: ki thém vao ki1, ko thém vao Ko,.
2.1.1.6. X ly diéu kién bién

Mubn tim chuyén vi cta cac ndt ta can giai hé phuong trinh: [K] {u}, = {F},
tuy nhién ma tran do ctiing cua hé duoc thanh Iap khi chua tinh dén céac lién két cua
két cau voi méi truong, do d6 det[K] = 0 hay néi céch khéc hé suy bién. Dé giai
hé phuong trinh ndy can dua cac diéu kién bién vao. D6 1a chuyén vi bi chan
(chuyén vi = 0) tai cac chuyén vi nay s& ¢ phan lyc.

Vidu:ui=u;=us=ug=0

Cach dua cac diéu kién bién vao nhu sau: véi mot chuyén vi nao déu; =0ta
X04 cot i va dong i cia ma tran [K], va {F}.. Lam nhu vay vai tit ca cac chuyén vi
ta nhan dugc mot hé phuong trinh méi khong suy bién va giai duoc bang cac

phuong phap: khir Gause, Choleski, lap: [K]{u}, = {F}, vi du



| i 0 1)
2 = Y M2
3 E L I H * * 3
4 |1 ¥ ok o A || x| = |*] 4
5 e 0 15
6 et v 16
[kl RIARTGt

Sau khi xoa ta cé hé phuong trinh:

k33 k34 U, . Fa 235
|:k43 k44} u, - F4 ( )

Giai phuong trinh tim us, Ug
3.1.1.7. Tim phdn luc tai cac goi

Phan luc tai cac g6i xuat hién khi chuyén vi tai d6 bi chan (u; = 0). Néu tabo
phan chan va thay vao d6 bang phan luc (theo diing phuong cia chuyén vi) theo

mo hinh sau:

e ’ (o
! 0 o l u

s

Trong d6 Q1, Q; 1a phan lyc, dé tim phai lyc Q; twong tng véi u; = 0 ta lay
dong cua hé phuong trinh.

K] Au, = {F,

Vi du us khi do ta co:
1 2 3 4 56
1 E % % e *
2 F 3 * H {} X *
3 A E * ko H * * *
4 |9 ¥ % & A [ [ k[ = |* ¥ *
5 o 9 *
() L:l 3 * % 0 * *
Kl hd ) )
— Qs = Usksz + UgKss - Fs (2.36)

Trong d6 uz va U, tim dugc tir viéc giai he [K] {u}, = {F}, twong tu nhu vay

d6i voi Q1, Q2, Qs. Chiéu duong cua luc Q; 1a chiéu tring véi chiéu duong cta hé



toa do tong thé.

3.1.1.8. Truwong hep biét truwéc mat sé chuyén vi

Gia sir cho treéc mot s6 chuyén vi {u}, = {a},khi d6 cach khir u; dugc thuc

hién nhu sau: thay u; vao cac dong tai vi tri i chuyén tich cac kiu; sang bén phai va

X04 dong i ta c6 hé phuong trinh méi.

Viduchou,=a

12 3 4 5 6

*
ks

*

*

S O A W DN
*

*

*

*

*

*

*

{uj, {FJ;

Giai hé nay tim duoc cac {u }S

*

*

*

~ X X X x

32

42

52

62

o 01~ W Bk

xoa dongi=2.

Phan luc tai cac chuyén vi cho trude xac dinh nhu sau:

Thay céc chuyén vi tim dugc vao dong i, ta co:

K21U1 + KaoUz + KosUs + KogUs + KasUos + KogUzs = Fo + Q2

= Q2 - KaaUz + KaoUy + Kogus + KagUs + KosUos + KagUs - F2

Tuong tu nhu vay Véi trudng hop cac chuyén vi cho trudc khac.

3.1.2. Cach xay dwng ma tran d cirng ciia phan tir chju uén

Xét phan tr dam c6 hai nat, moi

(2.37)



nat ¢ hai bac tu do 1a chuyén vi va X

goc xoay va dam cé dién tich mat cit Yo, Vo,
| o |

ngang la A; md men quan tinh cia mat Ei (—lD

cit ngang 1a I; moé dun dan hoi cua vat

liéu E (hinh 3.3)

Hinh 3.3. Phan ta hai nat

Pé tinh toan dugc tong quat, chiéu dai phan tir 1ay bang hai don vi, géc toa

d6 nam ¢ giira phan tir. Nhu vay, néu biét duoc cac bac tu do tai cac n(t phan ter 13

v,,0,,v,,0, thi chuyén vi tai diém bat ky trong phan tir tai toa d6 x duoc xac dinh
nhu sau:

v=N,v,+N,.0,+N.v,+N,.0, (2.38)

Trong d6 :N,, N,, N,,N,: la cac ham dang va dugc xac dinh nhu sau:

1

N :%(2—3x+x3); NZ:%(l—x—x2+x3);
N3:1(2+3x—x3); N4=l(—1—x+x2+x3).
4 4
Theo cdng thirc trén ta thay:

dv
— V2 ’—
dx

dv

V| = =0
=t dx

=0.:v

=Y,
x=-1

N (2.39)

x=1

x=1
Nhu vay, méi phan tir c6 4 bac tw do X={v,,0,,v,,6,} can xac dinh. Néu
biét duoc X thi ta c6 biét dugc chuyén vi trong phan tir ciing nhu bién dang uén va

mo men theo cong thurc sau:

dv  [d°N, d'N, d°N, d°N .
- - 1 tfv. 0, v. 0.} ; 2.40a
X dx? {dx2 dx?  dx?  dx? }{ 0V, 0 ( )
d*N. d?’N. d?N, d°N T
M =El.y =—EI L 2 3 A v, O, v, O 2.41a
X {dx2 dx? dx?  dx? }{ C 0 v, 0 )

Cong thire trén 1 tinh toan cho phan tir c6 chiéu dai bang 2, néu phan tir c6

chiéu dai 1a Ax thi bién dang uén va mé men duoc tinh nhu sau:



2 49 ) , )
- dv( j:_(ij {d N, d'N, &N, dN“}{vl 0. v, 0, (2400

dx® dx*  dx* dx® dx?

2 )| d’N, d°N, d°’N, d°’N ]
M =El.y =-El. 2 3 L iv. 6, v, © 2.41b
. ( j {dx dx> dx* dx? }{ C0v, 6, ( )

Xét phan tir ¢6 cc tai trong tap trung F={P,P,,M,,M } tac dung tai cac
nGt caa phan tir. Theo phuong phap nguyén ly cuc tri Gauss, lugng rang budc dbi

vé6i bai toan tinh viét cho phan tir nhu sau:
z——jlvl[x]dx ZFX —> min (2.42)

Piéu kién ding cua (3.42) duoc Viét lai nhu sau:

AX 7 4
== [M3[xJdx — > F8X, =0 (2.43)
-1 i=1
hay:
[1d deNz N, o jdzNgdledX deNA d'N, o
dx dx o dx? dx? 5 dx® dx? 5 dx? dx?
FAPN, AN, o PN, AN, AN PN, rdPN dPN, (W | P
(1)3 EJ For o™ Taeae ™ Tacae & [oc a0 ™o | | |(244)
Ax) | Fd®N, d°N, d®N, d°N, . bd?N,dN, . +dN,d°N, . |[w,| | P,
5 dx?dx? Il dx* dx’ o Il dx’ dx? o Il dx* dx’ o 0, | | M,
La’N, d*N, . Fd®N,d°N, . 1d®N,dN, . td’N, d°N,
,[dx e Il dx? dx® dx ,Ildx2 dx’ x ,Ildx2 dx?
[K]{X}={F} (2.45)

trong d6:[K]: ma tran do cing cua phan tir; {F} : véc to tai trong tac dung nit; {X} :
véc to chuyén vi nit caa phan tu.

Tinh tich phan cac hé s6 trong [K] ta c6 thé tinh bang phuong phép chinh
xéac (bang ham int(fx,a,b) cd sin trong matlab) hoic tinh bang phuong phap tich

phan s6 ciia Gauss va két qua do cang cua phan tir chju udn ngang phang nhu sau:



[ 12EI 6El 12El  6EIl |

AX® A A AX
6El 4EI 6El 2El
[K]: AX2 E _AX2 E (246)
12El 6El 12El 6El
A A AC AX
6El 2El 6El 4EI
L AX® AX A AX

Biét dugc ma tran d6 cing phan tu thi ta d& dang xay dung duwoc ma tran do
ctring cua toan thanh. Néu thanh chi c6 mot phan tir thi ma tran caa phan tir ciing
chinh 1a ma tran do cting caa thanh. Trong phan tir néu bac ty do nao khdng co thi
trong ma tran do ciing ctia phan tir d6 ta bo di hang va cot twong tng véi bac tu do
do.

2.1.3. Cach xay dung ma trdn d¢ ciing téng thé cia két cdu
Dua vao huéng dan tai muc 2.1.1.5, ta ghép néi dugc ma tran cac phan tir

[Ke] Va0 vao ma tran d6 cting cua toan két cau [K].



CHUONG 3.
PHUONG PHAP PHAN TU HUU HAN
pOI VOI MQT SO BAl TOAN DAM NHIEU NHIP
Trong chuong nay St dung phuong phap phan tir hitu han da trinh bay &
chuong 2 dé tinh todn ndi luc va chuyén vi caa mot sé dam nhiéu nhip chiu tac
dung cua tai trong tinh.
3.1. Tinh toan dam don gian
Vidu I1: Dim don giin
Xac dinh nd1 luc va chuyén
vi cia dam don gian chiéu dai nhip @ W
|, d0 ctng udn EJ, chiu tai phan bd ] L
déu q, hinh 3.1a. ® A== n

/'n/Pt l/'npz l/npz l/’npz

Hinh 3.1. Ddm don gidn

Roi rac hoa két cau dam ra thanh n phan tir. Cac nit cua phan ti phai triing
Vi vi tri dat luc tap trung, hay vi tri thay ddi tiét dién, chiéu dai cac phan ta c6 thé
khac nhau. Mdi phan tir ¢6 4 4n vy, v,, 6,6 VAy néu n, phan ti roi rac thi tong
cong c6 4n_ an. Nhung vi can dam bdo lién tuc giita cac chuyen vi la chuyen vi
cua nit cudi phan tir thir e bang chuyeén vi cia nat dau phantw thir (e +1) nén so
bac ty do cua thanh s€ nho hon 4n . Khi giai ta chi can dam bao diéu kién lién tuc

ctia chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao
cac diéu kién rang budc. Vi du dam trong (vi du 3.1a) ta chia thanh 4 phan tir
(hinh 3.1b)

Nhu vay, tong cong sb an 1a 11 an < 4x4=16 an. Goi ma tran n_, 1a ma tran
chuyén vj c6 kich thugc n, (npt , 2) lamatran cé n  hang va 2 cot chira cac an so

1a chuyén vi tai nat caa cac phan tir (hinh 3.1).



ny@L)=[0 1n,2)= 2]in,@3)=[2 3}n,4)=[3 0]
n,=[0 112 2 3 3 0]

Goi ma tran n, 1a ma tran chuyén vi cé kich thuéc ne(nm,Z) la ma tran c6

n,. hang va 2 cot chira cac an so la goc xoay tai nut cta cac phan tir (hinh 3.5).

ne(@)=[4 5Fn,(2)=[6 7];n,(3)=[8 9]n,(4)=[10 11]

n«=[4 5 6 7 8 9 10 11]

Sau khi biét an sé thyuc cua cac thanh ta cd thé xay dung do cang tong thé caa
thanh (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tity vao trinh do lap trinh cua
mdi ngudi nén tac gia khdng trinh bay chi tiét cach ghép ndi cac phan tir lai dé
duoc ma tran d6 ciing cua toan dam va c6 thé xem trong code mé dun chuwong
trinh cua tac gia)

Néu bai toan c6 n_, an s6 chuyén vi va n_an so goc xoay thi ma tran do
ctng cia dam 1a K ¢6 kich thuéc (nxn), K(n,n)véin=(n, +n_ ). Nhu & vi dy
3.1,n=11. Bay gio xét diéu kién lién tuc vé gdc xoay giira cac phan ti.

Diéu kién lién tuc vé goc xoay gitta cac phan tir duoc viét nhu sau:

dyi | N dyi+l| =0 (a)
dx ‘nutz dx ‘nutl

5/11{d}’1| _ dY2| }:O

dx ‘nutz dx ‘nutl

_dy dy,
hay: Ohy| =2 — =0 (b)
L dx nut2 dx nutl_|
S5s % _% =0
L dx nut2 dx nutl_|

Trong d6 A, ciing 13 4n s cua bai toan (co k an s6), do d6 tong sb an sb cua
bai toan luc d6 1a (n+k) do d6 ma tran d6 ctiing ctia phan tir lac nay ciing phai thém
k dong va k cot nhu véy kich thuéc ciia ma tran d6 cing la K(n+k,n+k). Goi
k, 12 g6c xoay tai nat 2 ctia phan tir trude, k, 12 goc xoay tai ndt 1 cia phan tir sau

thi ta c6 cac hé sb trong ma tran d6 cing K:



k(n+i,kl):§; k(n+i,k2):—§ (i=1+k) ©)

i 2 . 2 .
k(ik,n+1)=—:; k(k,,n+i)=———(i=1+k d
(kun+i)=— k(kn+i)=——(i=1+K) (@)
Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, 6 n, phan ti thi c6

(ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi cling ta s&

thiét 1ap dwoc phuong trinh:

[Kla}={F} )
)
T _ 5
: +So—hang=n :
trong d6: {F} = I:)" {A}= i: la an s6 cta bai toan
: ¢S0—hang =k A
0 :
i | N




Trong vi du 3.1 khi chia thanh ra thanh 4 phan ti, ta co:
- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96

[K.] = —768 768 —96 -—96
g 96 —96 16 ]
96 —96 8 16

- Ma tran @9 cieng toan dam [K]:
Ghép ndi cac ma tran do ciing phan tir [Ke] vao hé toa do chung, ta dugc ma

tran d6 ciing tong thé cua toan két cau nhu sau:

1536 -768 0 -9% -9% 9% 96 O 0 0 0 0 0 0 -9% O
-768 1536 -768 O 0 -9% -9 9% 9% O 0 0 0 0 O 0
0 -768 1536 O 0 0 0 % 9% O 0 0 0 0 0 -9
-96 0 0 16 8 0 0 0 0 0 0 0 0 0 16 0

- 96 0 0 8 16 0 0 0 0 0 0 1 0 0 8 0
9% -9 0 0 0 16 8 0 0 0 0 -1 0 0 O 0
9% -9 0 0 0 8 16 O 0 0 0 0 1 0 O 0
[K] _ 0 9% -96 0 0 0 0 16 8§ 0 0 0 -1 0 O 0
0 9% -9 0 0 0 0 8 16 O 0 0 0 1 0 0

0 0 96 0 0 0 0 0 0 16 8 0 0o -1 0 -8

0 0 96 0 0 0 0 0 0 8 16 O 0 0 0 -16

0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 O

0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 O

0 0 0 0 0 0 0 0 1 -1 0 0 0 0 0

- 96 0 0 16 8 0 0 0 0 0 0 0 0 0 0 O

| 0 0 -96 0 0 0 0 0 0 -8 -16 0 0 0 0 0]

- Véc to luc nUt{F}:



-0.2500
-0.2500
-0.2500

o

O O O O O O O O o o o o

Giai phuong trinh (e) ta nhan duoc:

8=

Theo ngdn ngit 1ap trinh Matlab ta co thé viét:

aj=[K]MFS

Két qua chuyén vi, goc xoay tai cac nut:

W,) [-0.0088
W}=1W;, ¢ =1-0.0124 }x ql*
W,| |-0.0088
(p,] [-0.0391
o,| |-0.0273
i=1031=1 0 ixql®
o4 0.0273
(Ps 0.0391
M6Omen uén caa dam:
M, 0
M,| |-0.0937
MI={M;t={ 0125 }xql?
M,| |-0.0937
Ms 0




Ta thay két qua trén: o

- V& momen tring khop voi két qua ... \ /
giai chinh x4c theo phuong phap giai ™ \ /
tich:
2 -0.014 ..L- i
ql R T
M, = —
3 8

Hinh 3.2a. Duwong dj vong
- V& chuyén vi tai giita nhip gan tring Moee=%

khép véi két qua giai chinh xac theo

phuong phap giai tich:

5qlt
W, = 0.0124q1% ~ 04— =
348

Biéu d6 mdmen udn va luc cit cia Hinh 3.2b. Bidu dé M va Q
dam nhw hinh 3.2:

Nhdn xét: Néu ta roi rac hoa dam thanh 6 phan tir két qua sé trang khép voi

két qua chinh x4c nhan duoc bang phuong phap giai tich.

Vidu 2: Dam dau ngam - diu khop
Xac dinh nd1 luc va chuyén
vi ctia ddm dau ngam - dau khop @ Mﬂmﬁiﬂ
chidu dai nhip |, do cimg uén EJ, ~ l
chiu tai phan bd déu g, hinh 3.3a. ® H—H—F— n

Roi rac hoa két cau dam ra thanh

© A= f gy Ny

n, phan te. Cac nat cua phan tir

\}/npt\,l/mt\,l/npt\,l/nﬂ\/
I B . B

trung, hay vi tri thay doi tiét dién, Hinh 3.3. Ddm ddu ngam - ddu khep
chiéu dai c4c phan tir c6 thé khac

phai trung véi vi tri dat luc tap

nhau.



M&i phan tir 6 4 4n vy, v,, 6, 6 VAy Néu n_ phan ti roi rac thi tong cong co
4n_ 4n. Nhung vi cAn dam bao lién tuc giira cac chuyén vi la chuyén vi cua nt
cudi phan tir thir e bang chuyén vi cua niit dau phantt thir (e +1) nén sb bac tu do
cia thanh s& nhé hon 4n . Khi giai ta chi can ddm bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay dugc xét bang cach cach dua vao cac
diéu kién rang buoc. Vi du dam trong (vi du 3.1a) ta chia thanh 4 phan tir (hinh
3.1b)

Nhu vay, tong cong sb an 1a 11 an < 4x4=16 an. Goi ma tran n_, 1a ma tran

chuyén vi c6 kich thuéc n,,(n,,2) lamatran co n, hang va 2 cot chira cac an s
1a chuyén vi tai nat caa cac phan tir (hinh 3.1).
n,@)=[0 1}n,2)=L 2];n,3)=[2 3}n,(47)=[3 0]

n,=[0 112 2 3 3 0]

Goi ma tran n, la ma tran chuyén vi c6 kich thuéc n,(n,,2) 1a ma tran c6

n,, hang va 2 cot chira cac an so la goc xoay tai nit cua cac phan tir (hinh 3.5).
ne(@)=[4 5fn,(2)=[6 7];n,(3)=[8 9]n,(4)=[10 11]
nx=[4 56 7 8 9 10 11

Sau khi biét an sé thuc cua cac thanh ta cd thé xay dung do cting tong thé caa
thanh (cd rat nhiéu cach ghép ndi phan tir khac nhau, tity vao trinh d6 lap trinh cua
mdi ngudi nén tac gia khdng trinh bay chi tiét cach ghép ndi cac phan tir lai dé
dugc ma tran do ciing cua toan dam va cé thé xem trong code mé dun chuong
trinh cua tac gia)

Néu bai toan c6 n_, an s6 chuyén vi va n_an sb goc xoay thi ma tran do
cing ciia dam 1a K c6 kich thuéc (nxn), K(n,n)veéin=(n,, +n, ). Nhu & vi dy

3.1,n =11. Bay gio xét diéu kién lién tuc vé goc xoay gitra cac phan ti.
Diéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

dy;

M . dYi+1
dx

=0 (a)
nut2 dx

nutl




hay:

5//{1|:dyl| _ dy2|
dx ‘nutz dx ‘nutl
_dY2 dy, |
S| 22| -
L dx nut2 dx nutl_|
_dY3 dy, |
S| —22| -4
L dx nut2 dx nutl_|

}:o

=0

=0

(b)

Trong d6 A, ciing 1a an sb cua bai toan (c6 k an s6), do d6 tong sé an so cua
bai toan luc d6 1a (n+k) do d6 ma tran d6 cing ctia phan tir lac nay ciing phai thém
k dong va k cot nhu véy kich thuéc cia ma tran do cing la K(n +k,n+k). Goi
k, 12 goc xoay tai ndt 2 ctia phan tir truée, k, 14 goc xoay tai ndt 1 cia phan tir sau

thi ta c6 cac hé sb trong ma tran d6 cting K:

k(n+i,kl):§; k(n+i,k2):—§ (i=1+K) ©
k(kl,n+i)=A—2X; k(kz,n+i):_A_2X (i=1:K) (d)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, cd n phan tu thi ¢
(ant —1) diéu kién lién tuc vé goc xoay gitra cac phan tir. Nhu vay cudi cling ta sé

thiét lap dugc phuong trinh:

[KJiaj={F} (e)

o1

e _ 5
so—hang=n :

F N .
trong d6: {F} = . ; {A}= /1: +1a 4n so cua bai toan

: rso—hang =k A
0 ;

L | N




Trong vi du 3.1 khi chia thanh ra thanh 4 phan ti, ta c:
- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96
[K,]= —768 768 —96 -—96
96 —96 16 ]
96 —96 8 16

- Ma tran @9 cieng toan dam [K]:
Ghép ndi cac ma tran do ciing phan tir [Ke] vao hé toa do chung, ta dugc ma

tran do cang tong thé cua toan két ciu nhu sau:

[1536 -768 0 -9% -9% 9% 96 O 0 0 0 0 0 0 0 0
-768 1536 -768 O 0 -9% -9 9% 9% 0 0 0 0 0 0 0
0 -768 1536 0 0 0 0 -9% -9 96 9% O 0 0 0 -96

-96 0 0 16 8 0 0 0 0 0 0 0 0 0 1 0
-96 0 0 8 16 0 0 0 0 0 0 1 0 0 0 0
9% -96 0 0 0 16 8 0 0 0 0 -1 o0 0 O 0
9% -96 0 0 0 8 16 0 0 0 0 0 1 0 0 0
[K]= 0 9% -96 0 0 0 0 16 8 0 0 o -1 0 O 0
0 % -96 0 0 0 0 8 16 0 0 0 0 1 0 0
0 0 96 0 0 0 0 0 0 16 8 0 o -1 0 -8

0 0 96 0 0 0 0 0 0 8 16 0 0 0 0 -16
0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 -1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

| O 0 -9% 0 0 0 0 0 0 -8 -16 0 0 0 0 0]

- Véc to' luc nUt{F}:



-0.2500
-0.2500
-0.2500

o

O O O O O O O o o o o o

Giai phuong trinh (e) ta nhan dugc:

(af=[<T"{F}

Theo ngdn ngit 1ap trinh Matlab ta co thé viét:

aj=[K]MF

Két qua chuyén vi, goc xoay tai cac nut:

M=

Ta thiy két qua trén:

=1 0.0050 ;x gl*; {p}=1

W,) {0.0024
W, | | 0.0042
M;]  [-0.1172
M, | {0.0059
M, b =10.0664
M,| [0.0645
M 0

- V& momen tring khop vai két qua

giai chinh xac theo phuong phap giai

X ql?

%1
%)
?3
Py
s

0.0000
0.0139
0.0049
-0.0115
-0.0195

x ql®



tich:

+ Tai dau ngam: \\ /
M; = —0.1172ql? ~ —0.125q!? ) . /
.. \ s \ ¥ %.00s108

+ Tai gitra dam: ) T~

M, = 0.0664ql? ~ 0.0625ql?

- V& chuyén vi tai giita nhip gan tring

khép véi két qua giai chinh xac theo

phuong phap giai tich:

14 Sal
W5 = 0.005(;{4 e fQ—Z = [].[][]52@14 i all

Biéu do6 mdmen uén va luc cit cia o

A . Hinh 3.4b. Biéu do M va Q

dam nhw hinh 3.4:
Nhdn xét: Néu ta r0i rac hda dam thanh 16 phan tir két qua sé trang khop

v6i két qua chinh x4c nhan duoc bang phuong phap giai tich.

3.2. Tinh toan dam nhiéu nhip

Vidu 3. Ddm nhiéu nhip (hinh 3.5)

Cho dam chiju luc nhu hinh 9 P=ql
, ‘ ® Fﬂmmﬁmﬁ-_l_i
3.5. B§ cing uon cua dam EJ

T i . L e L L2 L
=const. Yéu cau xac dinh chuyén vi i i( i
SO DO DAM
va noi luc cho dam. 1 2 3 4 5 it
. T ® | I Il Il !
Roi rac hda ket cau dam ra <0 50 NUT DA
thanh n, phan tr. Cac nat cua @ P Lk 9,0 212 q N

SO DO AN CHUYEN VI

3 49 8./ 89 19 Nwxa
~ . y A= =L @ I I'I I'I I'I 1
tap trung, hay vi tri thay doi tiét S0/DO AN GOC XOAY

dién, chidu dai cic phan tir c6 thé /npt | i/npt | 1/mpt | 1/mpt
l

phan tir phai triing véi vi tri dat luc

khac nhau. M3i phan tir c6 4 an
Hinh 3.5



vy,v,, 6, 6,

Vay néu npt phan tir roi rac thi tong cong c6 4xnpt an. Nhung vi can dam bao
lién tuc gitta cac chuyén vi 1a chuyén vi caa nat cudi phan ta thi e bang chuyén vi
ciia niit dau phén tu thir (e +1) nén sb bac tu do cua thanh s& nho hon 4npt. Khi
giai ta chi can dam bao diéu kién lién tuc cua chuyén vi thang, con diéu kién lién
tuc vé goc xoay duoc Xét bang cach cach dua vao cac diéu kién rang bugc. Vi du
dam trong (vi du 3.5a) ta chia thanh 4 phan tir (hinh 3.5b)

Nhu vay, tong cong sé an 12 10 an < 4x4=16 an. Goi ma tran nw1 14 ma tran
chuyén vi ¢6 kich thuéc nwl(npt, 2) 1a ma tran cé npt hang va 2 cot chira cac 4n

s6 1a chuyén vi tai nat cua céc phan tir (hinh 3.5c¢).

nwi(l,:)=[0 1} 0 17
nwi(2,:))=[1 0]; 10
wi3,)=[0 2] M=o
nwi(4,:))=[2 0 2 0

Goi ma tran nwx1 1a matran chuyén vi goc cé kich thuéc nwx1(npt, 2) 1a ma
tran ¢ npt hang va 2 cot chira cac an sé 1a gdc xoay tai nit cua cac phan ti (hinh
3.5d).

nwxl(L,:)=[3 4] 3 4
nwx1(2,:) =[5 6]; 5 6
nwx1(3,:))=[7 8] L= 8
nwx1(4,:)=[9 10] 19 10|

Sau khi biét an s6 thyuc cua cac thanh ta cd thé xay dung do ctang tong thé caa
thanh (c6 rat nhiéu cach ghép néi phan tir khac nhau, tity vao trinh do 1ap trinh cua
mdi ngudi nén tac gia khdng trinh bay chi tiét cach ghép ndi cac phan tir lai dé
dugc ma tran d6 ciing cta toan dam va cé thé xem trong code moé dun chuong
trinh cua tac gia).

Néu bai toan c6 nw1 an sé chuyén vi va nwx1 an sb goc xoay thi ma tran do
ctring ctia dam 1a K ¢6 kich thudc (nxn), K(n, n)véi n=(nwl+nwxl) . Nhu & vidu

3.5, n=10. Bay gid xét diéu kién lién tuc vé gdc xoay gitra cac phan tu.



Piéu kién lién tuc vé goc xoay giira cac phan tir dwec viét nhw sau:

dy; | _ in+1| -0 (@)
Xz A% |y

hay: o4, :% o % HJ =0 ®)
2, %2 - %‘j =0

Goi k, 1a gdc xoay tai nit 2 caa phan tir trudc, k,la goc xoay tai nut 1 cua

phan tir sau thi ta c6 cac hé sé trong ma tran do cing K:

k(n+i,kl):§; k(n+i,k2):—§ (i=1+K) ©
k(kl,n+i)=A—2X; k(kz,n+i):_A_2X (i=1:K) (d)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢ npt phan tu thi c6
(2npt-1) diéu kién lién tuc vé goc xoay giita cac phan tu.
Piéu kién bién cia dam dwoc viét nhw sau:

- Pau trai dam 12 ngam nén co6 goc xoay tai d6 bang khong:

5/1{dyu

}:O
X nutl

(e)
- Pau phai dam la khp nén c6 mé men tai d6 bang khong:
d’y
A I VA R
A5|: dXz nut2:|
(f)

Trong d6 A(k=1:5) ciing 13 4n s6 cua bai toan (c6 k an sb), do d6 téng s6 an
s6 cuia bai toan luc d6 1a (n+k) do d6 ma tran do cing cua phan tir lac nay ciing
phai thém k dong va k co6t nhu vay kich thudéc cta ma tran do cang la
K(n+k,n+k). Nhu vay, tong so an cia bai toan la (n+k=10+5=15) an va ma

tran do cang tong thé cua dam 1a K[15x15].



Nhu vay cudi cling ta sé& thiét lap duoc phuong trinh:

[KKa}={F} (@)
o1
T _ 5
so—hang=n :
trong d6: {F} = I:)" ; {A}= i: +12 an s6 ciia bai toan
: rs0o—hang =k A
0 :
i i N




Trong vi du 3.5 khi chia thanh ra thanh 4 phan tir, ta c:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96

[K.] = —768 768 —96 -—96
g 96 —96 16 ]
96 —96 8 16

- Ma tran @9 cieng toan dam [K]:

Ghép ndi cac ma tran do ciing phan tir [Ke] vao hé toa do chung, ta dugc ma

tran do cang tong thé cua toan két ciu nhu sau:

K]-

[ 1536 0 -96 - 96 96 96 0 0
0 1536 0 0 0 - 96 - 96
-9 0 16 8 0 0 0
-96 0 8 16 0 0 0 0
96 0 0 0 16 8 0 0
96 0 0 0 8 16 0 0
0 - 96 0 0 0 0 16 8
0 - 96 0 0 0 0 8 16
0 96 0 0 0 0 0 0
0 96 0 0 0 0 0 0
0 0 0 1 -1 0 0 0
0 0 0 0 0 1 -1 0
0 0 0 0 0 0 0 1
0 0 1 0 0 0 0
96 0 -8 -16 0 0 0

- Véc to luc nUt{F}:
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Giai phuong trinh (e) ta nhan dugc:

0= KT F)

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

aj=[K]\FS

Két qua chuyén vi, goc xoay tai cac nit:

Momen uén ciaa dam:

Mj=

< LKL

[

N

w

N

[$3]

-0.0002

0.0000}x ql*; {p}=

0.0017

0.0050
0,0025

=4-0.0600

0.0950
0.0000

x gl°

?,
?,
?s
?,
P

0.0000
-0.0012
0.0056
0.0012
-0.0106

x gl®



Ta thay két qua trén: 10"

Nhan xét két qua trén: N
Khi chia cot va dam thanh 4
phan ta nhan duoc két qua nhu trén, ’ \ /
so sénh véi két qua theo 10 giai giai = A——A
tich dd co ta nhan duoc sai s6 theo . \\//
bang sau:
Hinh 3.6a. Puwong dj vong
0:02 /// \\

- /
-0.06 \ /
-0.08 \ /

-0.1
0

0.5 1 1.5 2 25 3 3.5 4

Hinh 3.6b. Biéu do M
BANG SO SANH MOMEN UON TAI CAC TIET DIEN DAM

CAc tiét dién caa | Lo giai s6 theo | Lai giai chinh xac Sai s0 %
cot 1 va dam 2 phwong phap
PTHH
Pau trai dam 0,0050 0,0000 0,50
Giita nhip 1 0,0025 0,0000 0,25
G6i trung gian -0,0600 -0,0625 4,00
Giira nhip 2 0,0950 0,0937 1,38

Ta thay sai s tang 1én so véi két qua chinh xAc tai tat ca céc tiét dién, sai sb
nhé nhat tai tiét dién gitta nhip 1 (0,25%), sai s6 1on nhat tai nat goi trung gian
(4,00%). Muén ting d6 chinh xé&c ta can roi rac hda dam thanh nhiéu phan ta hon.
Chang han trong vi du nay ta chi can roi rac hoa két cau dam thanh 32 phan tu ta
d3 nhan duoc két qua tring khép véi 16i giai chinh xac.



Ta thay két qua trén:
Nhan xét két qua trén:

Khi chia dam thanh 32 phan
ttr ta nhan duoc két qua chinh xac.
Puong d6 vdng va biéu dd

moomen nhu hinh 3.6¢d.

4
x 10
5 x 10 T
Y:0.0002374 |
/. \
_5 \
-10 \ //
-15
7/
\-
| x 25
| Y:-0.001624
20 L ;
0 5 10 15 20 25 30 35

0.08

Hinh 3.6c. Duong do vong

F
u |
0.06 / X 16
Y:0.06251
/A
0021 o x8 7/
Y:0 Y:0
(M= /I \ /
-0.02 \ /
-0.04 \ /
-0.06 /
-0.08 \ X 24
\ v:-0.00875
[ B |
-0.1 . £
0 5 10 15 20 25 30 35

Vidu 4. Ddm nhiéu nhip (hinh 3.7)

Cho dam chju lyc nhu
hinh 3.7. P6 cing ubn ciia dam
EJ =const. Yéu cau xac dinh
chuyén vi va ndi lye cho dam.

Roi rac hoa két ciu dam
ra thanh n  phén ti. Cac nit cua
phan tir phai trang véi vi tri dat
lyc tap trung, hay vi tri thay doi
tiét dién, chiéu dai cac phan tir c6
thé khac nhau. Mdi phan tir c6 4

ﬁn V1, V3, 61) 82

Hinh 3.6d. Biéu do M

P=ql q

© by

L, /4 L, /4, /4y, U4,
1 ( 1 1 1

SO DO DAM
1 2 3 4 5 .,
® | I I I |
SO DO NUT DAM
® P Lk 9 2 9 Mu1
SO DO AN CHUYEN VI
@ P—AF—F—HPF—3 Mwa

SO DO AN GOC XOAY

lL/npt 'IL lL/npt ‘IL L/npt 'IL L/npt
l

Hinh 3.7. So' dé roi rac héa dim



Vay néu npt phan ti roi rac thi tong cong c6 4xnpt an. Nhung vi can dam bao
lién tyuc gitta cac chuyén vi 1a chuyén vi caa nat cudi phan ta thi e bang chuyén vi
ciia nt dau phan tir thir (e +1) nén s6 bac tu do ctia thanh s& nho hon 4npt. Khi
giai ta chi can dam bao diéu kién lién tuc cua chuyén vi thang, con diéu kién lién
tuc vé goc xoay duoc Xét bang cach cach dua vao cac diéu kién rang buoc. Vi du
dam trong (vi du 3.7a) ta chia thanh 4 phan tt (hinh 3.7b)

Nhu vay, téng cong s an 1a 10 an < 4x4=16 an. Goi ma tran nw1 la ma tran
chuyén vi ¢6 kich thuéc nwl(npt, 2) 1a ma tran cé npt hang va 2 cot chira cac an

s6 1a chuyén vi tai nat cua céc phan tir (hinh 3.7c¢).

nwi(l:)=[0 1} 0 17
nwi(2,:)=[1 0]; 10
wi(3)=[0 2] W=l
nwi(4,:))=[2 0 2 0

Goi ma tran nwx1 1a matran chuyén vi goc cé kich thuéc nwx1(npt, 2) la ma
tran ¢ npt hang va 2 cot chira cac an sd 1a gdc xoay tai nt cua cac phan ti (hinh
3.7d).

nwx1(1,:)=[3 4] 3 4
nwx1(2,:) =[5 6]; 5 6
nwx1(3,:))=[7 8] L= 8
nwx1(4,:)=[9 10] 19 10|

Sau khi biét an s6 thuc cua céc thanh ta c6 thé xay dung dé ciing tong thé cua
thanh (cd rat nhiéu cach ghép ndi phan tir khac nhau, tiiy vao trinh d6 lap trinh cua
mdi ngudi nén tac gia khdng trinh bay chi tiét cach ghép ndi cac phan tir lai dé
dugc ma tran d6 ciing cta toan dam va cé thé xem trong code moé dun chuong
trinh cua tac gia).

Néu bai todn c6 nw1 an sb chuyén vi va nwx1 an s goc xoay thi ma tran do
ctmg cua dam 1a K ¢6 kich thuée (nxn), K(n,n)véi n=(nwl+nwxl) . Nhu & vi du

3.5, n=10. Bay gio xét diéu kién lién tuc vé gdc xoay gitra cac phan tur.



Piéu kién lién tuc vé goc xoay giira cac phan tir dwec viét nhw sau:

dy;|  d¥ia| 0 (@)
dx ‘nutz dx ‘nutl
hay: o4, :% o % nuj =0 ®

Goi k, 1a gdc xoay tai nit 2 caa phan tir trudc, k,la goc xoay tai nut 1 cua

phan tir sau thi ta c6 cac hé sé trong ma tran do cing K:

k(n+i,kl):§; k(n+i,k2):_A_2X (i=1:K) ©
k(kl,n+i)=A—2X; k(kz,n+i):—§(i:1+k) (d)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢ npt phan tu thi c6
(2npt-1) diéu kién lién tuc vé goc xoay gitra cac phan tu.
Piéu kién bién cia dam dwoc viét nhw sau:

- Pau trai dam 1a khop nén c6 mémen tai d6 bang khong:

2
&{d Yu }: 0
nutl
(e)
- Pau phai dam la khdp nén c6 md men tai d6 bang khong:
d’y
or| Sl |20
AS{ dx2 nut2:|

(f)

Trong d6 A(k=1:5) ciing 13 4n s6 cua bai toan (c6 k an sb), do d6 téng s6 an
s6 cuia bai toan luc d6 1a (n+k) do d6 ma tran do cing cua phan tir lac nay ciing

phai thém k dong va k c6t nhu vay kich thudéc cta ma tran do cung la



K(n+k,n+k). Nhu vay, tong so an cia bai toan la (n+k=10+5=15) an va ma

tran do cang tong thé cua dam 1a K[15x15].

Nhu vay cudi cling ta sé& thiét 1ap duoc phuong trinh:

[KKa}=1{F} ©
B}
e _ 5
: +so—hang=n :
trong d6: {F} = I;” ; {A}=1 i: 2 an s6 ctia bai toan
: rs0o—hang =k A
0 :
L i "




Trong vi du 3.5 khi chia thanh ra thanh 4 phan ti, ta co:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96
[K,]= —768 768 —96 -—96
96 —96 16 ]
96 —96 8 16

- Ma tran @9 cieng toan dam [K]:

Ghép ndi cac ma tran do ciing phan tir [Ke] vao hé toa do chung, ta dugc ma

tran d6 ciing tong thé cua toan két cau nhu sau:

[K)-

[ 1536 0 - 96 -96 96 96 0 0
0 1536 0 0 0 0 -9 - 96
-96 0 16 8 0 0 0 0
- 96 0 8 16 0 0 0 0
96 0 0 0 16 8 0 0
96 0 0 0 8 16 0 0
0 - 96 0 0 0 0 16 8
0 - 96 0 0 0 0 8 16
0 96 0 0 0 0 0 0
0 96 0 0 0 0 0 0
0 0 0 1 -1 0 0 0
0 0 0 0 0 1 -1 0
0 0 0 0 0 0 0 1
0 0 1 0 0 0 0
96 0 -8 -16 0 0 0

- Véc to' luc nUt{F}:
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Giai phuong trinh (e) ta nhan dugc:

{ah=[KTF}

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

aj=[K]MFS

Két qua chuyén vi, goc xoay tai cac nut:

@, 0.0033
W, 0.0008 , 0.0033
Wh=4W, =< 0.0000}x ql*; {p}=4¢, =1 -0.0037
W,| |-0.0001 , 0.0010

@ -0.0001

Momen uén ciaa dam:

0.0000
0.0510
-0.0458 L x ql?
-0.0083

0.0000

=

N

)=

w

~

< << < <L
[

(&)




-4
x 10

2 X 3
Y: 6.51e-005
0 — ——
-2
-4

.\ /
IRV

X1
Y:-0.0008247
-10 r

o o5 1 15 2 25 3 35 4

Hinh 3.8a. Puwong dj vong

0.06

X2
Y:0.04583

. /\
[\

m
7
-0.02 \ / Y:-0.008333
-0.04 \ X1
\ Y: -0.05104
u |
-0.06 : :

Hinh 3.8b. Biéu do M
Nhan xét két qua trén:
Khi chia cot va dam thanh 4 phan ta nhan dugc két qua nhu trén, so sanh
véi két qua theo 1o giai giai tich di c6 ta nhan dugc sai s6 theo bang sau:



BANG SO SANH MOMEN UON TAI CAC TIET DIEN DAM

Cé4c tiét dién cia | Lo giai s6 theo | Lai giai chinh xac Sai s6 %
cot 1 va dam 2 phwong phap
PTHH
Gitra nhip 1 0,0510 0,0937 45,57
Goi trung gian -0,0458 -0,0625 26,72
Gitra nhip 2 0,0083 0,0000 0,83

Ta thay khi chia dam thanh 4 phan tt, sai s6 rat 16n so véi két qua chinh xac
tai cac tiét dién gitra nhip 1 va géi trung gian, lan luot 12 45,57% va 26,72%, sai $6
nhé nhét tai tiét dién gitra nhip 2 (0,83%). Mubn ting d6 chinh xéc ta can roi rac
hoa dam thanh nhiéu phan tir hon. Chang han trong vi du nay ta roi rac hoa két cau
dam thanh 32 phan tir ta ¢a nhan duogc két qua tring khap véi 1oi giai chinh xac.
Khi chia dam thanh 32 phén tiv nhin dwoc két qui nhw sau:

-4
x 10

X 24

Y: 0.000164
/ Bt
0

A/
\ /

-15 /
\.p
X 8
Y:-0.001627
-20 :
0 5 10 15 20 25 30 35

Hinh 3.9a. Puwong dj vong




0.08 .
Y:0.06242

- \
0.02 \

N / NI
N\ /

-0.06 /
-0.08 X 8
\  Y:-0.00379
0.1 ..
"0 5 10 15 20 25 30 35

Hinh 3.9b. Biéu do M

Vi du 5. Ddm nhiéu nhip (hinh 3.10)

Cho dam chiu lyc nhu hinh y ?

3.10. P ctng ubn cua dim EJ © XL :f i

, 1, /1, /2y, U4y,
| 7 | 7 |

=const. Yéu cau xac dinh chuyén vi
SO DO DAM

va néi luc cho dam. 1 2 3 4 5
. e LA A ® | i Il I , nu
Roi rac hoa két cau dam ra
SO DO NUT DAM
thanh n . phan tu. Cac nat cia phan © P L 0,2 22 Q Nut
tor phai trung vai vi tri dat luc tap SO DO AN CHUYEN VI

@ F—AP—A—3p—3 Mwa
SO DO AN GOC XOAY

Chiéu dai cac ph@in tr co thé khac l/npt 'IL l/npt 'IL l/npt 'IL l/npt

l

trung, hay vi tri thay doi tiét dién,

nhau. Mdi phan tdr c6 4 4an

Ve, vy, 61, 6, Hinh 3.10. So d6 roi rac héa dam

Vay néu npt phan ti roi rac thi tong cong c6 4xnpt an. Nhung vi can dam bao

lién tuc gitra cac chuyén vi 1a chuyén vi caa nat cudi phan ta thi e bang chuyén vi



cia niit dau phén tir thir (e +1) nén sb bac tu do cua thanh s& nho hon 4npt. Khi
giai ta chi can dam bao diéu kién lién tuc cua chuyén vi thang, con diéu kién lién
tuc vé goc xoay duoc xét bang cach cach dwa vao cac diéu kién rang bugc. Vi du
dam trong (vi du 3.7a) ta chia thanh 4 phan tir (hinh 3.7b)

Nhu vay, tong cong sé 4n 12 10 4n < 4x4=16 an. Goi ma tran nw1 14 ma tran
chuyén vi ¢6 kich thuéc nwl(npt, 2) 1a ma tran cé npt hang va 2 cot chira cac an

s6 1a chuyén vi tai nat cua céc phan tir (hinh 3.7¢).

nwi(l,:)=[0 1] 0 1]
nwi(2,:))=[1 0]; 10
wi(3)=[0 2] M=o 2
nwi(4,)=[2 0] 2 0]

Goi ma tran nwx1 1a matran chuyén vi goc cé kich thuéc nwx1(npt, 2) 1a ma
tran c6 npt hang va 2 cot chira cac an so la goc xoay tai nit caa cac phan ti (hinh
3.7d).

nwx1(1,:)=[3 4] 3 4]
nwx1(2,:))=[5 6]; 5 6
nwx1(3,:))=[7 8} L= 8
nwx1(4,:)=[9 10] 19 10|

Sau khi biét an sé thyc cua cac thanh ta cd thé xay dung do cang tong thé caa
thanh (cd rat nhiéu cach ghép ndi phan tir khac nhau, tiry vao trinh d6 lap trinh cua
mdi ngudi nén tac gia khdng trinh bay chi tiét cach ghép ndi cac phan tir lai dé
dugc ma tran d6 ciing cta toan dam va cé thé xem trong code moé dun chuong
trinh cua tac gia).

Néu bai toan c6 nw1 an sé chuyén vi va nwx1 an sb goc xoay thi ma tran do
cing cua dam 1a K ¢6 kich thuée (nxn), K(n,n)véi n=(nwl+nwxl) . Nhu & vi du

3.5, n=10. Bay gid xét diéu kién lién tuc vé gdc xoay gitta cac phan tu.

Piéu kién lién tuc vé goc xoay giira cac phan tir dwec viét nhu sau:



dyi | i dyi+1| =0 (a)
dx ‘nutz dx ‘nutl

dy dy
ﬂ‘l{ dX nut2 dX nut1:|
dy dy
hay: oA | 2% -2 =0 b
y ﬂz_ dX nut2 dX nut1:| ( )
dy dy
oA, =2 24 =0
/13_ dX nut2 dX nutl:|

Goi k, la goc xoay tai nut 2 cia phan tir truée, k,1a goc xoay tai ndt 1 cua

phan tir sau thi ta c6 cac hé sé trong ma tran do cing K:

k(n+i,kl):§; k(n+i,k2):—§ (i=1+k) ©)
(ko +1) = k(K0 +i) == (1=1+K) (d)

Néu c6 hai phan tar thi c6 mot didu kién vé goc xoay, ¢ npt phan tir thi cé
(2npt-1) diéu kién lién tuc vé goc xoay giita cac phan tu.
Piéu kién bién cia dam dwoc viét nhw sau:

- PAu trai dam 1a khép nén c6 mémen tai d6 bang khong:

2
5/1{—0' I }: 0
dX nutl
(e)
- Bau phai dam la khp nén c6 mé men tai d6 bang khong:
d’y
oi| =Le =0
As{ dxz nut2:|
(f)

Trong d6 A(k=1:5) ciing 1a 4n s6 cuia bai toan (c6 k an sb), do d6 tong s6 an
s6 cuia bai toan luc d6 1a (n+k) do d6 ma tran do cing cua phan tir lac nay ciing
phai thém k dong va k cot nhu vay kich thudéc cta ma tran do cung la
K(n+k,n+k). Nhu vay, tong s6 an cua bai toan 1 (n+k=10+5=15) an va ma

tran do cang tong thé cua dam 1a K[15x15].



Nhu vay cudi cling ta sé thiét lap duoc phuong trinh:

[KJiaj=1{F}

trong do: {F} =

F
: tso—hang=n
I:n
0
: #so—hang =k
0

14 4n sd cua bai toan

(@)



Trong vi du 3.5 khi chia thanh ra thanh 4 phan ti, ta co:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96
[K,]= —768 768 —96 -—96
96 —96 16 ]
96 —96 8 16

- Ma tran @9 cieng toan dam [K]:

Ghép ndi cac ma tran do ciing phan tir [Ke] vao hé toa do chung, ta dugc ma

tran d6 ciing tong thé cua toan két cau nhu sau:

[K)-

[ 1536 0 - 96 -96 96 96 0 0
0 1536 0 0 0 0 -9 - 96
-96 0 16 8 0 0 0 0
- 96 0 8 16 0 0 0 0
96 0 0 0 16 8 0 0
96 0 0 0 8 16 0 0
0 - 96 0 0 0 0 16 8
0 - 96 0 0 0 0 8 16
0 96 0 0 0 0 0 0
0 96 0 0 0 0 0 0
0 0 0 1 -1 0 0 0
0 0 0 0 0 1 -1 0
0 0 0 0 0 0 0 1
0 0 1 0 0 0 0
96 0 -8 -16 0 0 0

- Véc to' luc nUt{F}:
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Giai phuong trinh (e) ta nhan duoc:

=K}
Theo ngdn ngit 1ap trinh Matlab ta co thé viét:
{aj=[K]\F}
Khi chia dam thanh 160 phan tir nhan dwoc biéu dé dwong d vong va

biéu d mémen trang khép véi két qua giai tich nhw sau:



2.5

1.5

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

x 10

/\

X 26
Y:0.002901

\

\

X 104
Y: 0.0005005
\ X 59
\ Y: -0.0008858
) +
20 40 60 80 100 120 140 160
Hinh 3.8a. Puwong dj vong
X 39
Y: 0.5256
A
/ x &
Y:0.07812
[
L
1%
X 41
Y: -0.4475
20 40 60 80 100 120 140 160

Hinh 3.8b. Biéu do M



Nhan xét két qua trén:

Ta thay trong truong hop dam c6 mdmen tap trung két qua hoi tu vé két qua
chinh xé&c rit cham, phai chia dam t&i 160 phan ti méi nhan dugc két qua chinh
Xac.



KET LUAN VA KIEN NGHI

KET LUAN

Vi noi dung nghién ctu tir chuong 1 dén chuong 3 tac gia rat ra két luan
sau:
- Pa trinh bay cac phuong phap xay dung va cac phuong phép giai bai toan co hoc
két cau hién nay.
- 3 trinh bay ndi dung co ban cua phuong phap phan ti hitu han theo mé hinh
chuyén vi
- D3 ap dung dugc phuong phap phan tir hitu han d6i véi mot sé bai toan dam mot
nhip, nhiéu nhip chiu tac dung cua tai trong tinh. Két qua nhan duoc tiém can véi
két qua giai bang phuong phéap hién cé.
- P vai dam mot nhip chiu tai trong phan bd déu ta chi can roi rac hoa dam thanh
6 phan tir két qua s& trung khép véi két qua chinh xac nhan dugc bang phuong
phap giai tich.
- Pbi v6i dam hai nhip chiu tai trong tap trung va tai trong phan bd déu, ta thay khi
chia dam thanh 4 phan tu, sai s6 rat 16n so véi két qua chinh xac tai cac tiét dien
gitra nhip 1 va gdi trung gian, lan luot 1a 45,57% va 26,72%, sai s6 nho nhit tai
tiét dién gitta nhip 2 (0,83%). Mudn ting d6 chinh xac ta can roi rac hda dam
thanh nhiéu phan t hon. Chang han trong vi du nay ta roi rac hda két ciu dam
thanh 32 phan tir ta da nhan dugc két qua tring khép vai 1oi giai chinh xac.
- Trong truong hop dam hai nhip c6 mdmen tap trung két qua hoi tu vé két qua
chinh xac rat cham, phai chia dam ti 160 phan tir mai nhan duoc két qua chinh
Xac.
KET LUAN

Pay 1a phuong phap kha phd bién va phu hop véi nhimg bai toan 6 s an
16n va can lap trinh trén may tinh, do d6 nén dung phwong phap phan tir hiru han

doi céac bai toan két cau Dam, dan, khung, tam va vo.
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