BOQ GIAO DUC VAPAO TAO
TRUONG PAI HQC DAN LAP HAI PHONG

BUI VAN HUNG

PHUONG PHAP PHAN TU HUU HAN
POl VOI BAI TOAN DAM LIEN TUC CHIU
TAI TRONG PHAN BO PEU

Chuyén nganh: K¥y thuat Xay dwng Céng trinh Dan dung & Céng nghiép
M4 s6: 60.58.02.08

LUAN VAN THAC SY KY THUAT

NGUOI HUONG DAN KHOA HOC

GS.TS. TRAN HUU NGHI

Hai Phong, 2017

i



LOI CAM POAN

T6i xin cam doan déy 1a cong trinh nghién ciru cua riéng tdi. Cac s liéu,
két qua trong luan van 1a trung thuc va chua timg duoc ai cong bd trong bat ky

cong trinh nao khéc.

Tac gia luan van

Bui Van Hung
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LOI CAM ON

Téc gia luan vin xin tran trong bay to 1ong biét on sau sic nhat ddi véi GS.TS.
Tran Hitu Nghida hudng dan va tan tinh giup d& va cho nhiéu chi dan khoa hoc c6
gié tri ciing nhu thudng xuyén dong vién, tao moi diéu kién thuan loi, gitip dd tac

gia trong sudt qué trinh hoc tap, nghién ciu hoan thanh luan van.

Tac gia xin chan thanh cam on cac nha khoa hoc, cac chuyén gia trong
va ngoai truong Pai hoc Dan 1ap Hai phong di tao diéu kién gitp d&, quan tam
gop y cho ban luan van dugc hoan thién hon.

Tac gia xin tran trong cam on cac can b, giao vién cua Khoa xay dung,
Phong dao tao Pai hoc va Sau dai hoc- truong Pai hoc Dan Iap Hai phong, va
cac dong nghiép da tao diéu kién thuan loi, giup d& tac gia trong qué trinh

nghién ctiru va hoan thanh luan van.

Tac gia luan vin

Bui Van Hung
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MO DAU

Bai toan co hoc két ciu hién nay noi chung dugc xdy dung theo bon
duong 16i d6 1a: Xay dung phuong trinh vi phan cén bang phan t6; Phuong
phap nang luong; Phuong phap nguyén 1y cong a0 va Phuong phap st dung
truc tiép Phuong trinh Lagrange. Cac phuong phép giai gdbm c6: Phuong phap
duogc coi 1a chinh x4c nhu, phuong phép luc, phuong phap chuyén vi, phuong
phap hdn hop, phuong phap lién hop va cic phuong phép gan dung nhu:
Phuong phap phan tir hiru han, phuong phap sai phan hiru han, phuong phap
hdn hop sai phan - bién phan.

Phuong phap phan tir hitu han 14 phuong phép duoc xay dung dua trén
¥ tuong roi rac hda cong trinh thanh nhimg phan tir nho. Cac phan tir nho duge
ndi lai v6i nhau thdng qua cac phuong trinh cin bang va cac phuong trinh lién
tuc. Dé giai quyét bai toan co hoc két cau, co thé tiép can phuong phap nay
theoba mé hinh gom:M®6 hinh chuyén vi, xem chuyén vi 1a dai luong can tim
va ham noi suy biéu dién gan dung dang phan b caa chuyén vi trong phan tir;
M6 hinh can bang,ham noi suy biéu dién gan ding dang phan bé cua @ng suat
hay noi luc trong phan tir va mé hinh hdn hop, coi cac dai luong chuyén vi va
g suét 1 hai yéu té doc 1ap riéng biét. Cac ham noi suy biéu dién gan dung
dang phan bé ctia ca chuyén vi lan ang suat trong phan tu.

Poi twong, phwong phap va pham vi nghién ctru ciia dé tai

Trong ludn van ndy, tac gia st dung phuong phan tr hitu hantheo md
hinh chuyén vi dé xay dung va giai bai toan dam lién tuc chiu tac dung cua tai
trong tinhphan bd déu.

Muc dich nghién ciru ciia dé tai
"Phwong phdp phan tir hitu han déi véi bai toan dam lién tuc chiu

tdi trong phdn bé deu"



Nhiém vu nghién ctru cia de tai

1.

Tim hiéu va gioi thiu cac phuong phap giai bai toan co hoc két cau hién

nay.

. Trinh bay phwong phap phan tir hiru han ddi véi dam chiu uén

Trinh bay 1y thuyét dam Euler - Bernoulli, va ap dung Phuong phap phan tir
hitu han dé giai bai toan damlién tuc, chiu tac dung cua tai trong tinhphan
b6 déu.

Lap chuong trinh may tinh dién tir cho céc bai toan néu trén.



CHUONG 1.
BAI TOAN CO HOC KET CAU VA
CAC PHUONG PHAP GIAI

Trong chuong nay, trudc tién trinh bay cac vin dé vé phép tinh bién
phén, & day chi trinh bay cac khai niém co ban; phuong trinh EuLer va bai
toan cuc tri ¢6 rang budc (phuong phap thira s6 lagrange). Pay 1a nhitng van
dé can thiét d6i véi cac bai toan co hoc. Sau d6 gidi thiéu bai toan co hoc két
c4u (bai toan tinh) va cac phuong phap giai thuong dung hién nay.

1.1. Phép tinh bién phan - Cac dinh nghia co ban va phwong trinh Euler
1.1.1.Cac dinh nghia

= Bién phan Sy cia ham y(x) cua bién doc lap x 1a mot ham cua x duoc
xé4c dinh tai mdi gia tri cua x va bang hiéu caa mot ham méi Y(x) va ham da co
y(x): oY =Y (X)—Y(X). 8y gay ra su thay doi quan hé ham giita y va x va khéng
duoc nham 13n vai s gia Ay khi ¢ sé gia Ax.

= Néu cho ham F[ y,(x), Y,(X),-.y,(x);x ]thi s gia ctia ham d6 khi c6 cac

bién phan dy,cua cac ham y, duoc viét nhu sau:

AF =F[Y,+6Y,, Y, + Y500 Yo +6Yni X =F[ Y0 YoreYoi X | (1.1)
= Néu ham y(x) va sy la kha vithi sy’ cioa y'(x)do Sy gay ra duogc Xac

dinhnhu’sau:5y'553—iz%(5y)zY'(x)—y'(x) (1.2)

= Néuchoham F[ v, (%), ¥,(X),..Y, (X); 1 (%), ¥ (X),..y',(x); x ] thi gia s6 cua
nd twong wng Vai cac bién phan sy, la:
AF = F[ Y, +6Y5 Yo+ Va0 Yo+ Vi Vi + Y1 Yo +0Y 50 Yo + Y X |
—F[ Yo Yo Yai Y VoY X ]
(1.3)



= Néu ham F c6 dao ham riéng lién tuc bac 2 thi sé gia cua né dugc xac

dinh theo (1.3) c6 thé viét dudi dang chudi Tay-lo nhu sau:

oS oy | 15

oF ‘ 1 o°F . O°F
5yi | -
= ayi 8)’ i 2 i=1 k=1

SY0Y, +——03Y.0Y, +—— Y0y, | +R( p?
R R T R ()

(1.4)

R(p?)la dai lugng vO cung bé bac cao voi p:\/5y12 +OY 2OV + Y 2. 4Oy 45y
(1.5)
Tong dau tién trong (1.4) twong tng Véi bac mot cua Sy, va Y, dugc goi 1a bién
phan bac mot cia ham F ¢6 ky hiéu 8F, tong thir hai twong Gng vai tich cua
chdng va bang mot nira bién phan bac hai 6°F cua F.
1.1.2. Cuc tri cia phiém ham, phwong trinh Euler. [ 2,3,12,13]
Nhu d4 néi o trén,ddi tugng cua phép tinh bién phan Ia tim nhig ham chua

biét y(x) dé dam bao cyc trj cho tich phan xac dinh sau:

| = ] F [y(x), y (), x].dx (1.6a)

hoac a1 = [ F v, Y200, Yo (0, ¥ (0, ¥ (0, ¥, (), X | lx (1.6b)

x1
[Phép anh xa dit moi ham (hé ham) nao d6 xac dinh trén mot tap nao do
twong @ng V4i mot dai luong vo hudng (scalar) duoc goi 1a phiém ham].
Phiém ham | c6 cyc tiéu (dia phuong ) ddi vai ham y(x) hoic hé ham

yi(X) néu nhu ton tai s6 duong € dé so gia AZ.

AZ EAT FdeTAFdx>O (1.7)

Déi vai tat ca cac bién phan sy hodc tat ca hé bién phan Sy, thoa man diéu

kign 0<,/oy’+6y? <e

hoac 0<\/5yf+5y'f+5y22+5y'§+...+5y§+5y'ﬁ<g khi x <x<x, .




Cuc dai (dia phuong) cua Z khi AZ <0.
C6 hai phuong phéap dé tim cuc trj cua(1.6): Giai truc tiép trén phiém ham
hodc dua phiém ham vé phuong trinh vi phan.
Khi dwa phiém ham (1.6a) vé phuong trinh vi phén thi tir (1.4) ta ¢ diéu

kién can dé phiém ham c6 cuc tri 1a:

Sl :IxxzaF(y,y', x)dx =0 (a)
Véi 51 1a bién phan bac nhat xac dinh theo (1.4):
o) 8F 8F
ol = —5y+—|5y'}dx=0 b
Loyl ®

Tich phan tirng phan biéu thuc (b) ta s& co:

%,

oF x»|oOF d [ oF
ol =—29y| + ———(—dedx:o C
5 Ly &y ©
Khi cac diém bién Ia cé dinh thi s6 hang thtr nhat caa (c) bang khong
oF _ |
—oy| =0
¥l
Vado JY tly ¥ cho nén tir (c) suy ra diéu kién can dé phiém ham (1.6a) dat cuc
tri la:
ﬁ_i(ﬁ}o (1.8)
oy dx{oy'

Phuong trinh (1.8) duoc goi 1a phuong trinh Euler ctia phiém ham (1.6a).

Trong mét sé tai liéu, phuong trinh Euler thudng dugc suy ra tir bd dé
sau.

B dé: Cho phiém ham tuyén tinh trong khdng gian D1 (Gém c&c ham xac

dinh duwoc trén doan [X1,%2] lién tuc cung véi dao ham cdp 1 cia nob).

Néu T[a(x)éy(x)+b(x)5y'(x)]dx=0



V61 moi ham Sy €D, sao cho dy(x)=45y(x,) =0 thi b(x) vi phan duoc va a(X) -
b’ (x)=0

Nhu vay, bai toan tim cyc tri cua phiém ham(1.6a) dan vé giai phuong trinh
(1.8) V6i cac diéu kién bién di cho.

Khi phiém ham (1.6b) c6 hé ham y;(i=1..n) can tim thi ang v&i mdi y;
sé c6 mot phuong trinh Euler dang (1.8).

Trong trueong hop gia tri cua ham y tai x; hoac X, hoac tai ca hai can x; va
Xokhong xac dinh (truong hop cac bién di dong) thi ang véi mdi truong hop nhu
vay, ngoai phuong trinh Euler (1.8) con phai xét thém cac diéu kién bién.

Trong truong hop ham F dudi dau tich phan chira cac dao ham cap cao
X2 ' , | “ " "
L= [ F Vi Yo Yoo Yoo Yo oo Yoo Yo Yo oo Yo o X X (1.9)
x1

thi sir dung bién phan bac nhat cua F:

SF :Z:zl[%éyi+§;5yi "+ ;F"éyi +j (1.10)

vao diéu kién can (a) va bang cach tich phan tang phan 2 1an, 3 lan ... ta

sé nhan dugc hé phuong trinh Euler:

@_i(ﬁ}d_i(ﬁ}d_s{i}....:o (1.11)
A CPEACE

Hé phuong trinh (1.11) dwoc giai véi cac diéu kién bién cua y; va cac dao
ham dén bac (ri-1) ctua no (r;la bac dao ham cua y;).

Cac cbng thuc trén c6 thé mé rong cho trudng hop ham nhiéu bién doc
lap xi.

ChU ¥ rang cac phuong trinh Euler(1.8) va (1.11) 1a diéu kién can dé cac
phiém ham (1.6)va (1.9) tuong tng vai chiing dat cyc tri.Doi véi cac bai toan
co cac phuong trinh Euler chinh 13 cdc phuong trinh can bang(sé thiy trong phan

tiép theo) nén chung ciing la diéu kién du.



1.1.3. Bai toan cuc tri c6 diéu kién - phwong phap thira sé6 Lagrange

Bai toan dat ra [a: Can tim hé ham Yy, Y,,-- Y, 1am cuc tri cho phiém ham

X2 , . .
I :J'Xl F (Yo Yoo Yoo Y0 Y'o0ees ¥ X)OX (a)
Véi diéu kién rang budc
(Dj(yl’yZ""’yn’X):O (Vé’ijzlaza-'-am;m<n) (b)
n: S6 ham can tim ; m: s6 rang budc

Ta c6 dinh ly sau:

Phiém ham (a) dat cuc tri trén hé ham can tim VY,, Y, Y, véi diéu kién rang

budc (b) thi hé ham dé can thoa man hé phuong trinh Euler sau:

d( oo oD
—|—|-—=0  i=1.2,...
dx(ayi J 3y i=1,2,...n (c)

VoI o=F +iﬂ,,(x).goj duoc goi la phiém ham Lagrange mé rong.

=
Céac ham A (x) duogc goi 14 thira sb Lagrange. Néu bai toan ¢ nghiém thi
(m+n) ham v, (x) , 4 (x) dugc x4c dinh tir phuong trinh (c) va (b) véi céc diéu kign
bién da cho. (c) la diéu kién can chir chua du. ¢, chiraca y; ' van dung dugc.
1.1.4. Phwong phap truc tiép trong bai toan bién phan - phwong phap sai
phan hiru han [ 13]
Tu tudng ctia phuong phap sai phan hitu han [ xét gia tri ctia phiém ham

1[y(x)]

Changhan 1= F(v.y.x)dx; y(x)=2a, y(x)=b

X



Khéng phai trén cac duong cong cd thé nhan bat ky trong mét bai toan bién
phan cho truéc, ma chi xét c4c gia tri cua phiém ham trén cac dudng gy khic

thiét 1ap tir n dinh cho trudc c¢6 hoanh do

y
[a: X, +AX, X, +2AX, ..., X +(n—-1)AX.
, X, — X
O day Ax=—-——"
y(x.) y(x)
Trén cac duong gap khic nay, phiém

X XFAX X+ (n-1) Ax

ham 1] y(x)] tro thanh ham o(y,, ¥,,. ¥os)
cla cac tung dd Y,,Y,....Y,, Cua cac dinh duong gap khc, bai vi dudng gap
khuc hoan toan dugc xac dinh béi cac tung do nay.

Ta s& chon céc tung d0 Yy, Yy, ¥,y dé ham @ (Y1, Yoo Yo ) dat cuc tri, tac

) 0 0
la xac dinh y,,¥,,.., ¥, tu h¢ phuong trinh £=O, ﬁzO, .., 92 _0o.Sau
1 2

d6 chuyén qua gigi han khin —o .

Trong pham vi cia mot sé diéu kién nao d6 cua ham F, ta s& nhan duoc
nghiém cua bai toan bién phan. Nhung dé thuan tién hon nita, gia tri cia phiém
ham Idugc tinh gan dung trén cac duong gap khic néu trén, chang han, trong

bai toandon gian nhat, thay tich phan:

n—1 Xo+(k+1)Ax

[Foyyx=Y [ F(x y.%).dx
X

k=0 x,+kAx

bang téng tich phan Z F [xi " %).Ax .

Véi tu cach 1a thi du, ta dua ra phuong trinh Euler d6i vai phiém ham
x1 )
I :jxo F(y.y,x)dx

Trong truong hop nay trén duong gip khic dang xét:



n-1 —_V
LY () = @(¥0 Yars Vou) = D F (xi, yi,%}m
i=0 X
Vi chi ¢ hai s6 hang thi i va thi (i-1) caa tong ndy phu thudc vao y;:

F (Xi’ Vi, y|+lAX Yi jAX Va F (Xil’ Vi Yi nyileX

nén phuong tr1nh ay =0 (i=1,2,..,n-1)cdbdang:

y|+1 y| y|+1 yl 1
F | x,V, AX+F.| X,V | —— |AX
y ( 1 yl AX j y [ 1 yl AX j ( ij

+Fy.(xi_l,yi_1,y yij Ax=0(i=1,2,..(n-1))

AX
i AV/E
FY'(XilyiaIj_Fy'(Xil’yil’ Ilj
Hay Ia: F(X.,y.,Ay'J & X _o

AX

Ay | AF,

. F X, '1_I _—y:O
Hay: y( i Yi ij Ax

Chuyén qua gioi han khi n —oo ta cd6 phuong trinh Euler:

F_dIF ),
oy dx ay

Do 1a phuong trinh ma 4n ham y(x) phai tim can théa mén. Tuong tu, ¢6
thé nhan duoc diéu kién can co ban cua cuc trj trong cac bai toan bién phan

khac.

Néu khong thuc hién qua trinh qua gidi han thi tu hé phuong trinh % =0

c6 thé xac dinh dugc cac tung d6 can tim Y;, Y, Y1, va do d6 nhan duoc
duong gap khac 12 nghiém gan dung cua bai toan bién phan.
Chinh Euler da dung sai phan hitu han néu trén khi dua ra phuong trinh

mang tén 6ng( phuong trinh Euler cua phép tinh bién phan ).



1.2. Bai toan co hoc két cdu

Bai toan co hoc két cAu nham xac dinh ndi luc va chuyén vi cua hé thanh,
tam, vo dudi tac dung cua cac loai tai trong, nhiét do, chuyén vi cuong buc,...va
duoc chia lam hai loai:
- Bai toan tinh dinh: 1a bai toén c6 cau tao hinh hoc bat bién hinh va du lién két twa
véi dat, cac lién két sép Xép hop 1y, chiu céc loai tai trong. Pé xac dinh ndi luc va
chuyén vi chi can ding cac phuong trinh can bang tinh hoc 1a du;
- Bai todn siéu tinh: 12 bai toan ¢6 ciu tao hinh hoc bat bién hinh va thira lién
két (nd1 hodc ngoai) chiu cac loai tai trong, nhiét do, chuyén vi cudng bue,.. bé
xéac dinh noi lyc va chuyén vi ngoai cac phuong trinh cn bang ta con phai bd
sung cac phuong trinh bién dang.

Néu tinh dén tan ung sudt, c6 thé noi rﬁng moi bai toan co hoc vat rin bién
dang ndi chung va bai toan co hoc két cu ndi riéng déu 13 bai toan siéu tinh.
1.3. Cac phwong phap giii hién nay

D3 ¢6 nhiéu phuong phap dé giai bai toan siéu tinh. Hai phuong phap
truyén thdng co ban 1a phuong phap luc va phuong phap chuyén vi. Khi s
dung chung thuong phai giai hé phuong trinh dai sb tuyén tinh. S6 luong céc
phuong trinh tiy thudc vao phwong phéap phan tich. Tir phuong phap chuyén vi
ta ¢6 hai cach tinh gan dtng hay duoc str dung 13 H. Cross va G. Kani. Tir khi
xuat hién may tinh dién ttr, nguoi ta bod sung thém cac phuong phap sé khac
nhu: Phuong phép phan tir hitu han; Phuong phép sai phan hiru han...
1.3.1. Phwong phap luc

Trong hé siéu tinh ta thay céc lién két thira bang cac luc chua biét, con
gia tri cac chuyén vi trong hé co ban twong tng véi vi tri va phuong clia cac
luc 4n s6 do ban than céac lyc d6 va do cac nguyén nhan bén ngoai giy ra bang
khong. Tir diéu kién nay ta 1ap duoc hé cac phuong trinh dai sd tuyén tinh, giai

hé nay ta tim dugc céc an so6 va tir do suy ra cac dai lugng can tim.

10



1.3.2. Phwong phap chuyén vi

Khac véi phuong phap luc, phuong phap chuyén vi lay chuyén vi tai cac
nat 1am an. Nhitng chuyén vi ndy phai c6 gia tri sao cho phan lyc tai cac lién
két dit thém vao hé do ban than ching va do cac nguyén nhan bén ngoai giy ra
bang khong. Lap hé phuong trinh dai s tuyén tinh thoa man diéu kién nay va
giadi hé do ta tim duoc cac an, tir 6 xac dinh céc dai luong con lai. H¢ co ban
trong phuong phap chuyén vi 1a duy nhat va gi6i han gii cac bai toan phy thudc
vao sd cac phan tir miu ¢ san.
1.3.3. Phuwong phap hon hep va phwong phap lién hop
Phuong phap hdn hop, phuong phap lién hop 1a sy két hop song song giita
phuong phap luc va phuong phap chuyén vi. Trong phuong phép nay ta c6 thé
chon hé co ban theo phuong phap luc nhung khong loai bo hét cac lién két thira
ma chi loai bo cac lién két thudc bo phan thich hop véi phuong phap luc; hodc
chon hé co ban theo phuong phap chuyén vi nhung khong dit day du cac lién
két phu nham ngan can toan bo cac chuyén vi nat ma chi dit cac lién két phu
tai cac nut thudc bo phan thich hop véi phuong phap chuyén vi. Truong hop
dau hé co ban 13 siéu tinh, con trudng hop sau hé co ban 13 siéu dong.

Trong ca hai cach noi trén, bai toan ban dau duoc dua vé hai bai toan doc
1ap: Mot theo phuong phap luc va mot theo phuong phap chuyén vi.
1.3.4. Phuwong phap sai phan hiru han

Phuong phap sai phan hitu han ciing 1a thay thé hé lién tuc bang mé hinh
rdi rac, song ham can tim (ham mang dén cho phiém ham gié tri dimg),nhan
nhing gia tri gan dung tai mot s6 hiru han diém cta mién tich phan, con gia tri
cac diém trung gian s& duoc xac dinh nho mot phuong phap tich phan nao do.

Phuong phap nay cho 15i gidi s6 cuia phuong trinh vi phan vé chuyén vi
va noi lyc tai cac diém nat. Thong thudng ta phai thay dao ham bang cac sai

phan ctia ham tai cac nat.Phuong trinh vi phan cua chuyén vi hoac noi lyc duoc
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viét dudi dang sai phan tai mdi nut, biéu thi quan h¢ ctua chuyén vi tal mot nut
va cac nut 1an can dudi tac dung ctia ngoai luc.
1.3.5. Phwong phap hén hop sai phan — bién phén

Két hop phuong phap sai phan véi phuong phap bién phan ta c6 mot
phuong phap linh dong hon: Hodc 1a sai phan cac dao ham trong phuong trinh
bién phan hoic 14 sai phan theo mdt phuong va bién phan theo mot phuong

khac (d6i voi bai toan hai chiéu).
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CHUONG 2
PHUONG PHAP PHAN TU HUU HAN
POI VOI DAM CHIU UON

2.1. PHUONG PHAP PHAN TU HUU HAN

Phuong phap phan ti hitu han (PTHH) chia cong trinh thanh nhitng phan
nho dugc goi 1a phan tir. Viée tinh toan duoc thuc hién d6i véi mdi phan tir, sau
d6 két ndi ching lai véi nhau c6 dugc todn bd cong trinh.

Khi dung phuong phap sai phan hitu han, trang thai cua cong trinh (vi du
chuyén vi caa dam, tAim v.v...) dugc tinh tai mdi diém cua ludi sai phan, trang
thai cong trinh tai cac diém nam gitra cac nit cua ludi sai phan duoc tinh bang
cach ndi suy tuyén tinh. Tir cach nhin nay thay rd wu diém cua phuong phap
PTHH so véi phuong phap sai phan hitu han 13 trang thai cac diém trong mdi
phan tir dugc xac dinh theo cac ham nai suy (con goi 1a ham dang) chon trudc.
Do vay, dé c6 két qua c6 do chinh xac twong duong nhau, phuong phap PTHH
thuong dung it 4n hon so voi phuong phap sai phan hitu han. Theo E.Wilson,
thuat ngir PTHH duoc gido su Ray Clough dua ra vao nam 1960 va 6ng xem
phuong phap PTHH Ia kha nang nira (alternative) ctia phuong phap sai phan
htru han.

Cac ham noi suy dugc viét theo toa do tu nhién (xem phan sau) dugc ding vira
dé mo ta trang thai (vi du chuyén vi cia dam, tAm v.v...) va co thé vira dé md
ta dang hinh hoc (vi du dam cong, vo...) cta céng trinh cho phép dé dang lap
trinh va tao diéu kién tu dong héa qua trinh tinh toan (phan tir hitu han ding
ham noi suy nhu vay dugc goi 1a phan tir dang thdng sé, (Isoparametric finite
element). Cac ham noi suy viét theo toa do6 tu nhién do B.lrons va

0O.Zienkiewicz duva ra nam 1968.
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Do kich thuéc phan tir nho, trang thai (vi du chuyén vi cua dam, tim...) cua
cac diém trong mdi phan tir khac nhau it cho nén cac ham nai suy duoc ding
1a cac da thirc bac thap, vi du d6i véi o vdng cia dam ham noi suy thuong
dung 13 cac da thire bac ba theo toa do x, dbi voi do vong cua tim 1a cac da thirc
bac ba theo toa d6 x va bac ba theo toa do y v.v.. Vi dung céc da thirc bac thap
cho nén cac luc tac dung trong mdi phan ti ciing nhu luc quén tinh (bai toan
dong luc hoc) déu phai qui vé cac nat. Vi phuong phap PTHH xét can bang tai
nGt nén lyc tc dung trong phan tir cling nhu luc quan tinh déu phai quy vé cac
luc tap trung tac dung tai nat.
Ham noi suy duoc chon sao cho két qua tinh 1a 6n dinh: két qua 1a duy nhat,
thay doi bé cua diéu kién bién hodc diéu kién ban dau khong 1am thay doi két
qua tinh.,

Duwa vao ham ndi suy c6 thé tinh dugc trudng tng suat va trudng chuyén
vi ctia mdi phan tir va do d6 ta thiét 1ap dugc ma tran do cang phan tir. Dua trén
ma tran do cang phan tir xay dung duoc ma tran do cang tong thé cua cong
trinh,

Phuong trinh co ban dé giai bai toan co hoc két cu theo phuong phap
phan tir hiru han, ¢ dang nhu sau:

[K]{4} = {F} (2.1)

Trong d6: [K] 1a ma tran d cang tong thé cua toan két cu, 1a ma tran vuéng
c6 kich thudc 12 s6 an cua toan bo két cau, nghia 1a s an ctia phuong phap, {4}
1a véc to chuyén vi nt cua toan két cau (d6i vai bai toan khong xét bién dang
truot ngang), 1a véc to chuyén vi nit va luc cét (ddi voi bai toan c6 xét dén bién
dang truot ngang), {F} 1a véc to luc nut.

Giai hé phuong trinh (2.1) ta c6 thé dung cac chwong trinh c6 san trong
Matlab dé giai. Néu nhu goi r 12 nghiém cua bai toan thi r = [K]\{F}.
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Trong dé tai nay tac gia dung chuwong trinh Matlab néi trén dé giai cac
bai toan.
2.1.1. Ham ndi suy caa phan tir
Ham ngi suy chuyén vi va goc xoay tai hai niit dau phan ti

Trong khi tinh dam ta c6 thé st dung phan tir chiu udn hai nat, nhu hinh 2.1.

——eX

o @

Hinh 2.1. Phan t& dim

Tai mdi nGt c6 céc théng s 1a chuyén vi Wi, 01, Wy, 0,, do 6 chuyén vi trong

mdi phan tir duoc viét theo céng thic sau:

W = [fwifw,fx:fx,]X (3.2)
Trong do: X =[w,w,6,6,]
L aw
Yoodx e P dx

Cac ham fwy, fw,, fxi1, fx,, 1a c&c ham noi suy can dugc xac dinh. Ta viét
ham noi suy dang da thirc bac 3, W = ao + a;x + a;x? + azx3 , duéi dang
ma tran ham d6 vong W duoc viét nhu sau:

W=[1x x%x3]X, (2.3a)
Trong do: X, = [apga,a,as]’
Bay gio ta tim mdi lién hé giira X va X,

Thay x=-1 vao (2.3a) ta co

w,=[1-1 1 -1]X, (a)
Thay x=1 vao (3.3a) ta c
w,=[1 1 1 1]%, (b)

L4y dao ham (3.3) theo x ta c6
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C=[0 1 2r 32X, (2.3b)
Thay x=-1 vao (2.3b) ta co
6,=[0 1 -2 3]X, (c)
Thay x=1 vao (2.40b) ta cé
6=[0 1 2 3]X, (d)
Tira, b, ¢c va d ta nhan duogc
1 -1 1-1
X = [W,W,6,6,] = é 1 _12 ; X, = aX, - X, = a~1X
0 2 3
1 -1 1-1
Trong do: a= (1) } _12 é
0 1 2 3

Tur d6 ta tim dugc cac ham noi suy fw,, fw,, fx;, fx,, nhu sau:
fwy = 7= D2(x +2)))
fwy =+ D@ =20 |
frr =70 —12(x+1)
frr =L@ =1 +1)

Cac ham noi suy (2.4) thuong duge dung dé tinh phan tir chiu uén va cho két

(2.4)

qua hoi tu.
: ) %(x—l)z(x+2) %(x+1)2(2—x)
W = [fwifwyfx fx,]X = X
VR L -+ ) S - D@+ D)
(2.2a)
Nhu vay, néu biét dugc cac thong s6 Wi, 01, Wa, 0 tai hai dau phan ta thi
chuyén vi tai mdi diém bat ky trong phan tir 46 duogc xéac dinh theo da thirc bac
3 sau day
W= fwW; + fw,W, + fx,6, + fx,6, (2.5)

16



2.1.2. Ma tran d¢ cieng caa phan tir

Trwong hep khong xét bién dang truet ngang

Trong truong hop khong xét anh huong caa bién dang truot ngang, mdi phan
tar ¢6 hai chuyén vi nit W1, W2, va hai géc xoay 05, 0,, tong cong ¢ bén thong
s6 (4 an) can xac dinh.

Goi X 1a véc to ¢t chira bdn an cua phan tir theo thir ty sau

X = [W,W,6,6,] (2.6)
Thi c6 thé viét lai biéu thuc (2.5) duéi dang ma tran nhu sau
W =1[fw; + fwy + fx; + fx,]X (2.7)

Sau khi d3 biét cac ham chuyén vi thi d& dang tinh duoc bién dang uén y,, noi

lyc mdmen ubn M,., ctia phan tir nhu sau:

2= [~ 22 57] (2.8)
M, = EJx, (2.9)

Trong céc cong thic trén g = 2/ Ay 12 hé 50 dua chiéu dai hai don vi ctia phan
tr vé chiéu dai thuc Ax cua no.
Biét dugc ham do vong cua phan tur thi dé dang tinh dugc ma tran do cing phan
tr. Theo phwong phap nguyén 1y cuc tri Gauss ta viét luong cudng birc d6i voi
bai todn tinh nhu sau:

Z= [ M[x,ldx > min (2.10)
Trong d6 y, la cac biéu thuc chira cac an X(i) cho nén diéu kién dung cua

(2.10) duoc viét lai nhu sau:

1
87 = f M, 6[x,]dx =0
-1

hay

§Z = %( [} M, [‘% dx) =0 (2.11)
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hé sb 1/ﬂ =A%/, la h¢ s6 dé dua tich phan tir (-1) dén (1) vé tich phan theo

chiéu dai phan tir. C bén an ta c¢6 dugc bén phuong trinh va c6 dang (2.1), viét
lai nhu sau:

[Kle{4}e = {F}e (2.12)
Trong d6: [K], 1a ma tran d6 cang phan tir e, {4}, 1a véc to chuyén vi n(t tai
hai dau phan tir e, {F}, 1a véc to tai trong tuong tng véi chuyén vi nit {4},.
Cac tich phan trong (2.11) c6 thé tinh chinh xac hoic c6 thé tinh theo cac tich
phan gan dung (tich phan s6) cua Gauss. Sau khi tinh (2.11), nhan dugc ma tran
d6 cing phan tir [K], (4x4).
2.1.3. Ma tran @é cirng tong thé

Biét duoc ma tran do ciing phan [K]e tu thi dé dang xay dung dugc ma
tran do ctng toan hé [K]. Gia sir thanh chi c6 mot phan ti thi ma tran [K], chinh
la ma tran d6 ctiing tong thé cua thanh. Gia sir chuyén vi tai nat (1) bang khong
thi ta bo dong 1, cot 1 caa ma tran [K],.

ChU y ngoai cac an chuyén vi, goc xoay, luc cit ciia hé con phai xét thém
cac an 1a cac thira s6 Lagrange A cta cac diéu kién lién két tai dau hoic cudi
cac phan tir. Ngoai ra con can dua thém cac diéu kién lién tuc vé goc xoay tai
diém tiép giap gitra hai phan tir.

Viéc thanh 1ap ma tran d6 cang tong thé [K] cua toan két ciu tir cac ma
tran do cang phan tir [K]e o thé trinh bay nhu sau:

Hé phuong trinh co ban dé giai bai toan két cau theo phwong phap chuyén vi
c6 dang (2.1), viét lai dudi day.

[KI{A} = {F}
Trong d6: véc to an chuyén vi nt {A} gom cac thanh phan xép theo thir tu
chuyén vi n(t cua toan bo két cau, véc to Iyc nat {F} va ma tran d6 ciing toan

hé [K] ciing 1a cac thanh phan xép theo thi tu twong ng vai chuyén vi nit. [K]
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va {F} ¢ day duoc lap tir cAc ma tran do6 cang [K], va luc nat {F}, cua tung
phan ti trong két cau & hé toa d6 chung.

Dbi véi mdi phan tir e c6 mot hé phuong trinh can bang dang (2.12) &
hé toa do chung la:

[Kle{A}e = {F}.
Trong d6: {A}, 1a véc to chuyén vi n(t c6 cac thanh phan duoc xép theo thir tu
d3 dugc quy dinh san cho tiing phan tir. Cau triic cua ma tran d6 cang phan ta
[K], va véc to luc nit {F}, cling twong tng véi chuyén vi nat {A},.

Do thtr ty cac thanh phan trong véc to chuyén vi nit {A}, cua ting phan
tir n6i chung khac véi thtr tu trong vée to chuyén vi nit {A} cua toan két cau,
nén can luu y xép dung vi tri cua tirng phan tir trong [K],va {F}, vao [K] va
{F}. Viéc sap xép nay thuong duoc ap dung phuong phap sé ma c6 noi dung
nhu sau:

MJi chuyén vi n(t va lyc nat twong tmg duoc ding hai s ma dé dat tén:
- S6 md cuc bo: 12 s6 ma tir 1 dén m (m 1a tong sb chuyén vi ndt cia mdi phan
tir). D6 1 thi ty sdp xép trong véc to chuyén vi nlt {A}, va véc to luc nit {F},
ctia mot phan tir. Néu cac phan tir ¢ cac chuyén vi nat (m) nhu nhau thi s ma
cuc bo caa chuyén vi nat gidng nhau.

- S6 ma toan thé: 1a sé ma tir 1 dén n (n 1a tong s6 chuyén vi nut cia toan két
cau). Do 1a thtr ty sap xép trong véc to chuyén vi nit {A} va luc nit {F} cua
toan két cau.

M®i thanh phan cua [K], va {F}, tuong (ng véi mot sé ma cuc bo caa chuyén
vi n(t cy thé. Cin ctr vao sé ma toan thé caa chuyén vi nat cu thé ndy ma sap
xép tri caa thanh phan [K],va {F}, vao dung vi tri trong ma tran [K] va véc to
luc {F} ctia toan két ciu. Cac thanh phan trong ma tran do cang caa tirng phan
tr dugc xép vao cling mot vi tri cia ma tran toan hé thi duoc cong lai véi nhau.

Phan vi du minh hoa duoc trinh bay théng qua cac vi du & phan sau.

19



2.1.4. Xét diéu kién ngoai lwc

Do dung ham d6 vdng caia phan tir 1a da thirc bac ba cho nén cac luc tac dung
Ién phan tir déu phai quy vé nat ké ca luc quan tinh trong bai toan dong.

2.1.5. Xac dinh noi luc

Giai hé phuong trinh [K]{A} = {F} ta s& nhan duoc véc to chuyén vi cua toan

két cAu, tir d6 xac dinh duoc ndi luc can tim caa toan co hé.
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CHUONG 3.
PHUONG PHAP PHAN TU HUU HANPOI VOI DAM CHIU UON

3.1. Ly thuyét dam Euler — Bernoulli

Dam chiu udn 1a ciu kién c¢6 kich thudce tiét dién nho hon nhiéu 1an so
véi chiéu dai caa nd, trén mat cat ngang dam tén tai hai thanh phan noi luc 1a
mémen uén M va luc cat Q. Tai trong tac dung Ién dam nam trong mat phang
c6 chira duong trung binh cua dam va thang goc véi truc dam. Duéi ddy ta xét
hai truong hop dam chiu udn thuan tdy phang va uén ngang phang.
3.1.1. Dam chiu udn thuan tay phiang

Dam chiju udn thuan tdy phang 14 dam ma trén moi mat cat ngang dam
chi c6 mot thanh phan noi lec 13 mémen udn nam trong mat phang quan tinh
chinh trung tam.
Ung sudt trén mat cat ngang

Gia s dam c6 mit cat ngang hinh chir nhat (bxh) chiu uén thuan tay
nhu, hinh 2.1a. Ta tién hanh thi nghiém sau:

Truéc khi dam chiu luc ta 4 Mo

1 2 Ovudng ®
vach |én mat ngoai dam nhiing :\

duong thang song song va vuéng

dx

goc véi truc dam tao nén nhiing 6 '
by ¥

vudng, hinh 2.1a. Sau khi dam bién
(1)

dang, hinh 2.1c, ta thiy rang nhiing

duong song song Véi truc dam tro

thanh nhiing duong cong, nhiing

duong thang vuéng goc véi truc

dam van thang va vudng goc voi 1 ; e
truc dam. Tir d6 ngudi ta dwa ra hai

o A Hinh 3.1. Dam chju uén thuén tay
gia thiét sau day: )
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- Mt cat ngang dam ban dau phang va vudng gdc véi truc dam, sau bién
dang van phing va vudng goc véi truc dam (gia thiét vé mat cat ngang, gia thiét
Bernoulli).
- Trong qua trinh bién dang céc thd doc cua dam khéng ép 1én nhau va
khong day xa nhau (gia thiét vé cac thé doc).
Ngoai ra khi tinh toan dam ta con dwa vao cac gid thiét sau:
- Vit liéu c6 tinh chét lién tuc, ddng nhat va dang huéng
- Bién dang cua vat thé 1a bién dang dan hoi va dan hoi tuyét dbi.
- Bién dang cua vat thé do ngoai luc gay ra la nho so véi kich thudc caa
ching.
- Tuan theo nguyén ly doc lap tac dung

T hinh 3.1c, ta nhan thay rang: khi dam bi uén thi céac thé trén co lai,
cac thé dudi gidn ra. Do vay khi chuyén tir thé co sang thé gidn sé c6 thd khdng
co, khong gidn. Tha nay goi la tho trung hoa. Tap hop cac thé trung hoa goi la
I6p trung hoa, giao cua 16p trung hda véi mat cat ngang goi 1a dudng trung hoa.
Néu ta xét mot mat cit ngang nao d6 ctia dam thi sau khi bi udn né sé& cho hinh
dang nhu hinh 3.2.

Puong trung hoa cua mat cat

ngang la mot duong cong. Vi chuyén vi

ciia cac diém trén mat cat ngang cua

X

dam 14 bé, nén ta coi rang hinh dang \Buing trung hod

mat cit ngang dam khong thay doi sau
khi bién dang. Hinh 3.2. M4t cit ngang dam

Khi d6 duong trung hda ciia mat cat ngang 1a dudng thang va gia su lay

truc ox trung vai duong trung hoa.
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Xét bién dang cua doan dam dz
duoc cit ra khoi dam bang hai mat cat
1-1 va 2-2. Sau bién dang hai mat cat

nay lam véi nhau mot goc de va tho

trung hoa cd ban kinh cong la p (hinh
3.3). Theo tinh chét cua thd trung hoa . _ , _
Hinh 3.3. Hai mat cat sau khi

ta co: P
uon

dz = pde(3.1)
Ta xét bién dang cua thd ab cach thé trung hoa mot khoang 1a y, ta co:
ab, = dz = pde; abs = dz = (p + y)dp(3.2)
Tu (3.2) ta suy ra:

e = abs—ab; _ (p+y)do—pdy (3.3)
d ab; pde T

Xét g suat tai diém bat ky A(x,y) trén mat cat ngang nao d6 ctua dam
(hinh 3.4a). Trong d6 truc oy Ia truc ddi xang ctia mat cat ngang, truc ox tring
véi duong trung hda ciia mat cat ngang.
Ta tach ra tai A mot phan té hinh hop bang

c4C mit cat song song V&i cac mit toa do (hinh

3.4b). Khi do theo gia thiét tha nhat thi géc cua M/
phan té sau bién dang khong doi, nén ta suy ra trén =5 %
cac mat cua phén to khéng co6 tng suat tiep. Mat 6, Y 1A
khac theo gia thiét thir hai thi trén cac mat cua y 6,
phan t6 song song véi truc Z khéng ¢ tng suét ,I

AlL|_ _
phap, nghia 1a 6, = g, = 0. Do vay trén cac mat =~ %A~

caa phan té chi c6 Gng suét phép o, va theo dinh Hinh 3.4. Phanté A

luat Hooke ta co:
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o, =Ee, = E%; (2.4)
Dam chiu udn thuan tdy nén ta co
N, = fF o,dF = 0(2.5)
M, = [, o,ydF =0 (2.6)
Thay (3.4) vao (3.5) ta dugc
N, = [, E%dF = %fF ydF =0 = %sx = 0(2.7)
S, = 0 nghia 13 ox 1a truc quan tinh chinh trung tam. Vi y Ia truc dbi

XUNg Nén suy ra oxy la truc quén tinh chinh trung tdm cta mat cat ngang. Thay
(3.4) vao (3.6) ta duoc:

_ _E y? _E
Mx = fF O'Zde _;fF E;dF _;]x(38)

1_ My
p Ex
EJ, 1a do cang cua dam khi uén. Thay (2.9) vao (2.4) ta co:

Suy ra: (3.9)

Tur cong thac (3.10) ta cd cac nhan xét:
- Luat phan bo cua o, trén mat cat ngang dam 1a bac nhat d6i vai y.
- Nhitng diém trén matc at ngang c6 cung tung do y (nghia 1 nhiing diém
nam trén dudng thang song song vai truc trung hda x) sé co tri sé bang nhau va
no ti 18 vai khoang céch tir cac diém do téi truc trung hoa.
- Nhitng diém nam trén truc trung hoa y=0 c6 tri s6 o, = 0. Nhiing diém
xa truc trung hoa nhat s& c6 tri sb (ng suét 16n nhat va bé nhat.
3.1.2. Dam chiu uén ngang phang

Dam chiu ubn ngang phang la ddm ma cac mit cat ngang cia né ¢ cac
thanh phan ni luc 1a lyc cit Q, va mdmen uén My nam trong mat phang quan

tinh chinh trung tm cua dam.
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Ung sudt trén mat cdt ngang

Xét dam chiu uén ngang

P
phang nhu trén hinh 3.5a. Ta quan 1 dz 2 L
e - al <0z L o
sat thi nghiém sau: i X
Truée khi dam chiu lyc ta ik 4o
vach 1én mat ngoadi dam nhiing L/2 ‘ I B

duong thang song song va vuéng

7
goc véi truc dam tao. Sau khi dam ’ E‘) ‘ 2 C_P
()

7

bién dang ta thay rang nhiing

duong thang song song véi truc
dam tro thanh nhitng duong cong Pl

nhung van con song song véi truc 9

dam, nhitng duong thang vuéng
goc vai truc dam khdng con thang
va vudng géc véi truc dam nira Hinh 3.5. Dam chju uén ngang phdang
hinh3.5c.

Piéu d6 chung té mat cit ngang dam sau bién dang bi vénh di. Néu tai
diém A bat ky cua dam ta tdch ra mot phan té bang cac mit song song véi cac
mit toa do thi sau khi bién dang cac goc vudng cua phan té khéng con vudng
nita, nghia 1a phan té c¢6 bién dang goc. Suy ra trén cac mat phan té sé c6 tng
suat tiép.

Trong ly thuyét dan hoi nguoi ta da chimg minh duoc rang trén cac mat

ctia phan t ¢6 cac tng suat sau:
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Oy, Oz, Tzy Ty, Nhung thuc té ~

S
cho thay rang tng suat phap o, rat % ,f— _____ —
bé so véi cac thanh phan khéc nén ta i

bo qua, nghia 1a khi dam chiu ubn

ngang phing thi trén mat cit ngang \“‘J ”
dam c6 hai thanh phan ung suat 1a: Tz

ing suat phap o,, va tng suat tiép  Hinh 3.6. Phan té ddm chju uén

hinh 3.6. ngang phdang
a.  Ungsudt phap o,:
Trong muc trudc nho gia thiét Bernoulli vé mat cat ngang phang ta da
dua t6i cdng thuc tinh ¢ng suat phap o, trén mat cat ngang dam la:

0, = 2%y (3.11)

EJx

Trong truong hop dam bi udn ngang phang thi sau bién dang mat cat
ngang dam bj vénh di, nghia 1a khong con phang nita. Nhu vay moi 1ap luan dé
dua toi cong thuc (3.11) dé tinh tng suat phap o, khéng phu hop nita. Tuy
nhién trong Iy thuyét dan hoi ngudi ta da ching minh dugc rang d6i véi dam
chiu uén ngang phang ta van c6 thé dung cong thac (3.11) dé tinh ang suit o,
ma sai s6 khong I6n lam.
b.  Uhg sudt tiép trén mgt cdt ngang dam chiu uén ngang phang (céng
tharc Durapski):

Gia st c6 dam mit cat ngang 1a hinh chix nhat hep (b<h) chiu uén ngang
phang hinh 3.7.

Ta xét (g suat tiép tai diém bat ky A(X,y) trén mat cit ngang 1-1 nao do
cua dam. Qua diém A ta ké duong thang song song véi truc ox cat bién cia mat

cét tai B va C, cét truc oy tai D. Trudc hét ta xét (g suét tiép tai B,C va D.
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Ung suét tiép tai C 1a 7. gia st 6 .
phuong bat ky trong 1-1. /

Phan 7. thanh hai thanh phan:

5, va 1, . Nhung theo dinh luat doi ing i | x
cuia tng suat tiép thi ta co: 75, =15, =0 Z‘/s ! ébjgyc
(tS, = 0 vi mat bén dam theo gia thiét 5 3
khdng c0 tai trong tac dung) hinh 3.7. Hinh 3.7.

Do vay 7. = 7z, c6 phuong song song v6i oy. Do tinh chat doi xang ta
suyratg =15, =15 .

Ciing do tinh chat dbi xang va gia thiét hinh chir nhat hep nén 7, =

C
yz:

Ty, =Ty, =T

Do gia thiét hinh chir nhat hep nén CD=Db/2 cang nhé ma ng suat tiép
tai C va D chi c6 phuong y. Do vay ta suy ra la ¢ing suat tiép tai A chi c6 phuong
y: T4 = T}, DOng thoi:

C D
A _TyZ+TyZ_TC _ D
yz = 2 — tyz T tyz

Nhu vay @ng suat tiép cua cac diém trén duong thang BC qua A chi c6
phuong y va tri s6 bang nhau. Nghia 13 ung suit tiép trén BC phan b déu voi
cuong do 1a 7,,. DE tinh 7,,, ta cit mot doan dam dz bang hai mat cat 1-1 va 2-
2, hinh 2.8.

Sau d6 cit doan dam dz bang

a) b)

mét mat phang qua diém A song g ] o
song véi truc Z. Mat phang nay chia ( —————— ety f://if_
doan dam dz ra lam hai phan. Néu  o/L__J! SE/::: =9
goi BC = bc va dt (BCEF)=Fc thi tir ’ *

diéu kién can bang cua phan dudi cua Hinh 3.8.

doan dz hinh.. .ta suy ra:
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22 = f oV dF — f 0P dF +1,,bcdZ = 0
Fc Fc
Mait khac ta lai c6
1 Mx
oy =" y(a)

My +dM,
0, = =2y (b)

Jx
Thay (b) vao (a) ta duoc:
1 My +d M, M, _
Ty, =Tz = — [fFC 7 ydF — fFCKde] =
1 dM,
" Jebc dz ch yar )
dM,

Taco: —= = Qy; Joo yAF = S5(d)
S¢: goi 1a mémen tinh cta phan dién tich Fc dbi voi truc x. Thay (d) vao
(c) tasuy ra:

QySx
Ty, =Tyy =
vz Y Jpbc

(3.12)

Trong d6 be goi 1a bé rong ciia mat cit ngang qua diém can tinh ang suat A.
Cong thirc (3.12) goi la cong thie Durapski. Tir cong thirc nay va theo diéu kién can
bang cua phan thanh ¢ tréntasuy rala t,,, cling chiéu véi truc z, 7, cting chiéu véi
Q,. Nghia 1a dau cua 7,,, va Q, nhu nhau. Do vay & day chi can tinh tri s6 cia
T,y theo (3.12) con diu ciia né duoc xac dinh tir biéu do luc cat Q.
c.  Ludtphan bé ing sudt tiép t,,, déi véi mat cat hinh chi nhat:

Gia sar mat cit ngang dam chiu udn

ngang phang | hinh chir nhat bé rong b, T .
\ , a
chiéu cao h. Ta di tim luat phan bo cua

ol A== =X X Je
rng suat tiep 7,,, doi véi mat cat neu luc @
cat tai mat cit nay 1a Q,,. \ vy ;

y \Fe

Hinh 2.9.
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Ta xét diém bat ky A(x,y) trén mat

cit, ta c6 bc=BC=b.
SC—(h )b[+1h ]_b h? 5

0,58 ng(h_z_yz) 00 /12
. _ Yy x __ 2\ 4 — Yy (= _ 2
Suy ra: Tyz =Ty =7 =" 5 a5 ( T )(3.13)

Tur (3.13) ta nhan thay rang: Luat phan bd 7, trén mat cit 1a parabol bac

hai ddi véi y. Voi y=0 (nhimg diém nam trén truc trung hoa ox) thi:

Qyh? _ 3Q
Tzy (0) = Typax = 8}-1]3( = Z_Fy (3.14)
y = iE thisz =0

Tir d6 ta c6 thé V& duoc biéu dd ., cho mat cét nhu, hinh 3.9b.
d.  Ludtphan bé #ng sudt tiép t,,, doi véi mt cat hinh cha I:
Xét dam chiu udn ngang

a) b b) b c)
phang c6 mit cat ngang hinh chir | — %@ﬁ | ' @ %

d

hinh 2.10. Bé don gian ta c6 thé coi /e 7

L

T
mit cit bao gdom ba hinh chit nhat by g -
ghép lai: Hinh chr nhat long rong N d&# é/,; “\'ﬁ

d, cao (h-2t) va hai hinh chit nhat g ks
dé rong b cao t, hinh 2.10b. Hinh 3.10.

Thuc té cho thay Gng suat tiép do Q,, gay ra & phan dé rat bé so véi phan
long. Do vay & day ta chi Xét su phan b6 tng suat tiép 7,,, & phan long mat cét
cht I ma thoi.

Ta xét diém bat ky A(x,y) thuoc long ta c6: be=d.S¢ = S, — > dy?

1
. QyS% Qy(sx__dy2>
Suy ra: Ty = ];b’; = ]x_; (3.15)

29



Tur (3.15) ta nhan thay rang: Luat phan b 7,, cta phan long mat cat
chit 1 12 parabol bac hai d6i véi y. V&i y=0 (nhitng diém nam trén truc trung

hoa ox) thi:
QySx
Tzy (0) = Trax = ;?(3-16)
Péi vai diém C tiép gidp gitra long va dé cua chit I, nhung thudc phan long thi

, h < 4 .
ta co: y, =5t T do ta co:

h ) _ Qy[sx‘%d(g‘t)z]

Bicu d6 73, cua phan long mt cat chit I duoc V& trén, hinh 3.10c.
e.  Ludtphan bé #ng sudt tiép t,,, déi véi mat cit hinh tron:
Xét dam chiu udn ngang
phang c6 mit cat ngang hinh tron Q, @)

al b)

ban kinh R, va luc cat trén mat ci "
ax

nay la @y, hinh 3.11. Ta xeét {(ing

0 X
sut tiép trén duong BC songsong  w| \ErrT ot fuy fq}:k
Véi truc ox va cach ox mot khoang s,

N L, S . . X - —jﬁ‘
bang y. Ta thay rang tai cac diem b

bién B,C (g suat tiép T tiép tuyén I/
V6i chu vi hinh tron va do d6i .

xang thi ung suat tiép tai D co Hinh 2.11.
phuong y.

Ta thira nhan rang (ng suat tiép tai cac diém khac nhau trén BC c6
phuong qua diém K ddng thai thanh phan song song oy cua ching 1a bang nhau,
nghia 1a thanh phan 7,,, phan b6 déu trén BC, hinh 3.11a. Ta di tim lut phan
b cua . Ta co:

bc=2R.cosa
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R /2
S =f pdF =J pbdF =f Rsing.2Rcos@.d(Rsing)
Fc (04

/2
— 2R3J cos?q. sinpd (@)
a

/2 2
= —2R3f cos?pd(cosp) = §R3cos3a
a

2
_ QyzR3cos’a _ QyR%*cos®a _ QyR?*(1-sin’a)

Suy ra: Tzy = Jx.2Rcosa 3/ 3]
_ Qy(R*-y?)
v =5 (2.18)

Biéu d6 T,y dugc VE trén hinh 3.11b, trong do:

QyR*  4Q 4Q
T (O) =T = = Y — Y(
zy max 3],  3mRZ  3F '

2.19)

Bicu d0 7,, cua mat cit hinh tron dugc V& trén, hinh 3.11b.
3.2. Giai bai toan dam lién tuc bang phwong phap phan tir hitu han
3.2.1. Tinh toan dim lién tuc

Vidu 3.1: Dam lién tuc (hinh 3.1)
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Xac dinh no1 luc

3
\ 2 . A @ |° i i z
va chuyén vi cua dam

 n 2 A .. ], /2 |, /2 L
lién tuc tong chiéu dai 7 7 |
i ) ; SO DO DAM
cac nhip |, do cung uon 1 5 3 4 5
. ). R X x | ||| ||| ||| ] ru
EJ, chiu tai phan bo déu ®© | : : . '
SO DO NUT DAM
, hinh 3.1a.
| S @ P3N
Roi rac hoa ket cau SO DO AN CHUYEN VI

dam ra thanh n phan @ F—HF——FE—2 N

SO DO AN GOC XOAY

tir.Cac nit caa phan tir Lnpt ‘I|' Lnpt ‘I|' L/t 'I|' L/t
phai trung vai vi tri dat L
luc tap trung, hay vi tri Hinh 3.1. Ddam lién tuc hai nhip

thay doi tiét dién, chiéu
dai cac phan ta co thé
khac nhau.

M3i phan tir ¢6 4 4n vy, v,, 6, 6, vay néu n phan tir roi rac thi tong cong
c6 4xn_ an. Nhung vi can dam bao lién tuc giira cdc chuyén vi la chuyén vi cua
nt cudi phan tir thir e bang chuyén vi clia nit dau phantir thir (e +1) nén sé an
cua thanh s& nho hon 4xn  .Khi giai ta chi can dam bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao
cac diéu kién rang buoc. Vi dy dam trong (vi du 3.1a) ta chia thanh 4 phan ti
(hinh 3.1b).

Khi chia dam thanh 4 phan tir thi s6 nit dam s& la 5, tha tu tir tréi sang
phai 1a [1, 2, 3, 4, 5] (hinh 3.1b), s6 an chuyén vi ny=, tha ty tir trai sang phai
12 [1, 2] (hinh 3.1c), & day an chuyén vi tai hai dau va vi tri gdi trung gian cua
dam bang khong, an goc xoay ng=8, thu ty tir trai sang phai 12 [3, 4,5, 6, 7, 8,
9, 10] (hinh 3.1d).
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Nhu vay, tong cong sé an 1a 10 an < 4x4=16 an. Goi ma tran n_ la ma

tran chuyén vi c6 kich thudc nw(npt,Z) la ma tran c6 n , hang va 2 cot chira

cac an s6 1a chuyén vi tai nGt caa cac phan ta (hinh 3.1).
n,@)=[0 1n,2)= 0];n,(3)=[0 2}n,(4)=[2 0]
n,=[0 110 0 2 2 0]

Gol ma tran ngda ma tran chuyén vi c6 kich thudc Ngx(Npt,2) la ma tranco n
hang va 2 cot chira cac an sb 1a goc xoay tai nit cua cac phan tir (hinh 3.5).

Ne(@) =[8 4l ng (29 =[5 6];ng(3)=[7 8fny(4)=[9 10]

nx=[3 4 5 6 7 8 9 10]

Sau khi biét an s6 thuc ctia dam ta cd thé xay dung do cung tong thé cua
dam (c6 rat nhiéu cach ghép noi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
cuia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép néi cac phan ta
lai dé duoc ma tran d6 cung cua toan dam va c6 thé xem trong code mé dun
chuong trinh cua tac gia)

Néu bai toan c6 n,, an s6 chuyén vi va n_ an s6 goc xoay thi ma tran do
cing cua dam 1a K c6 kich thuoc (nxn), K(n,n)véi n=(nuw+ng). Nhu & vi du
3.1, n=10. Bay gio xét diéu kién lién tuc vé gdc xoay gitra cac phan tur.

Diéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

dy; _ dyi,q

= =0
dX|pue  OX

nutl (a)
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(m{m _d }:o
dx nut2 dx nutl
5y dyp|  _dys| |_j
L dx nut2 dx nutl_|
P B A
hay: L dx nut2 dx nutl | (b)

Trong d6 A. ciing 1a an s6 cia bai toan (co k an s6), do do6 tong sé an so
cua bai toan lic d6 1a (n+k) do d6 ma tran d6 cing caa phan tir lac nay ciing
phai thém k dong va k cdt nhu vay kich thudéc cia ma tran d6 cung la
K(n+k,n+Kk). Goi k, 1a goc xoay tai nit 2 cua phan t truéce, k,la goc xoay

tai Nt 1 cua phan tir sau thi ta ¢ cac hé sb trong ma tran d6 cung K:

k(n+i,kl)=§; k(n+i,k2):—§ (i=1:K) ©
k(kl,n+i):A—2X; k(kz,n+i):_A_2X (i=1:k) (d)

Néu c6 hai phan tir thi c6 mot dieu kién vé goc xoay, ¢6 n , phan tu thi
c6 (2npt —1) diéu kién lién tuc vé goc xoay giita cac phan tir. Nhu vay cudi

cuing ta sé& thiét lap dugc phuong trinh:

[KJaj={F}e
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]
9]
0,
{ap=1""
_ i %
F A
so—hang=n ;
F .
trong do: {F} = O” ; 4 J 1 4n 6 cua bai toan
: ¢S0—hang =k
- O —

Trong vi du 3.1 khi chia thanh ra thanh 4 phan ti, ta c:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96
—-768 768 —96-96
96 -96 16 8

96 -96 8 16
- Ma tran @9 cieng toan dam [K]:

[Ke] =

Ghép néi cac ma tran do cang phan tir [Ke] vao hé toa do chung, ta dugc

ma tran do cting tong thé caa toan két ciu nhu sau:
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-96 1056

0

1536 0 -96 -9 % 9%
0

-96
-96

-9%6 -9 96 96

0

0 0

16

1536

-128
-136

16
8

0

0

16

16

96
96

16

-9
-9
96

16

16

16

96

16
-128

-96

0

-136

1056 O

[]
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- Véc to luc nut{F}:

N
ol

—
T
—_—
Il

O O O O O O O O O o o o o o o

Giai phuong trinh (e) ta nhan dugc:

{a}=[KI{F}

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

y=[KFS

Két qua chuyén vi, goc xoay tai cac nut:

lp}=
W. 0.0002
=12t x PI3
W, [~ |-0.0001 .
Momen uén ciaa dam:
M,] [0
M, 0.01354
M}=<M;}t=1{-0.0083 }xPI
M,| |-0.0042
Mg | 0
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Py
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0.0010
0.0010
-0.0014
0.0002
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Ta thiy két qua trén:

- Khi chia dam thanh 4 phan tir

nhan dugc két qua chua tring

khép véi két qua chinh xéc tai

mot s6 mat cat dam.

- Khi chia dam thanh 16 phan ti

ta nhan duoc két qua nhu sau: x10

+ V& chuyén vi, hinh 3.2a. //\\
W. 0.0005571 ; \
{W }= 2= X P13 L/ \
W, -0.0002389 1/ \
\ L . : AN
trung khop vai ket qua chinh xac ,

+ Vé chuyén vi, hinh 3.4a.
M) [0

M,| | 0.02361

{M}={Mj}=1:-0.01529

M, | [-0.007644
Mg| | 0O

~o 2 4 6 8 10 12 14 16

Hinh 3.2a. Pudng do vdng ciia dam

x Pl

Hinh 3.2b. Biéu do M

gan nhu trung khop vai két qua chinh xac theo hinh 3.2b.
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Vidu 3.2: Ddm lién tuc (hinh 3.3)

Xac dinh no1 luc va chuyén
vi ctia dam c6 tong chiéu dai cac
nhip |, d6 ctng udn EJ, chiu tai
trong tap trung, hinh 3.3a.

Roi rac héa két ciu dam ra
thanh n_ phan te.Cac nit cua
phan tir phai tring véi vi tri dat
lyc tap trung, hay vi tri thay doi
tiét dién, chiéu dai cac phan tt c6
thé khac nhau. Mdi phan tir ¢ 4

an v, v,, 6, 6, vay néu n_phan tu

roi rac thi tong cong ¢ 4n _ an.

q
® YITTILIL IV TIITILII]
! B
] /2 n /2 n
7 7 7
SO DO DAM
1 2 3 4 5 ,
| T I I | it
SO DO NUT DAM
P £ 90 212 g n
SO DO AN CHUYEN VI
E 48 B 82 19 nx

SO DO AN GOC XOAY

/npt 'IL l/npt 'IL /npt 'IL l/npt
l

Hinh 3.3. Dam hai nhip

Nhung vi can dam bao lién tuc gitra cac chuyén vi la chuyén vi cua nit

cudi phan tir thir e bang chuyén vi cua nit dau phanti thir (e +1) nén so bac ty

do cua thanh s& nhé hon 4 n , .Khi gidi ta chi can dam bao diéu kién lién tuc cua

chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao

cac diéu kién rang buoc. Vi dy dam trong (vi du 3.3a) ta chia thanh 4 phan tx

(hinh 3.3b)

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, th tu tir tréi sang

phai 1a [1, 2, 3, 4, 5] (hinh 3.1b), s an chuyén vi ny=, tha ty tir trai sang phai

la [1, 2] (hinh 3.1c), & day an chuyén vi tai hai dau va vi tri gbi trung gian cua

dam bang khong, an goc xoay ng=8, thir ty tir trai sang phai 14 [3, 4, 5, 6, 7, 8,

9, 10] (hinh 3.1d).
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Nhu vay, tong cong sé an 1a 10 an < 4x4=16 an. Goi ma tran n_ la ma

tran chuyén vi c6 kich thudc nw(npt,Z) la ma tran c6 n , hang va 2 cot chira

cac an s6 1a chuyén vi tai nGt caa cac phan ta (hinh 3.1).

n,@)=[0 1n,2)=f 0f;n,3)=[0 2}n,4)=[2 0]
n,=[0 1100 2 2 0]

Goi ma tran ng 12 ma tran chuyeén vi c6 kich thudc ng(ny,2) 1a ma tran c6 n,
hang va 2 cot chira cac an s6 1a goc xoay tai nit caa cac phan tir (hinh 3.5).

Ne@)=[3 4fny,(2)=[5 6];n,(B)=[7 8fng(4)=[9 10]

nx=[3 4 5 6 7 8 9 10]

Sau khi biét an so thyuc ciia dam ta cd thé xay dung do cung tong thé cua
dam (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiiy vao trinh d6 1ap trinh
ciia mdi ngudi nén tac gia khdng trinh bay chi tiét cach ghép ndi cac phan ta
lai dé dugc ma tran d6 cing cua toan dam va co thé xem trong code mo dun
chuong trinh cua tac gia)

Néu bai toan c6 n,, an so chuyén vi va n_ an s6 goc xoay thi ma tran do
cing cua dam 1a K c6 kich thuoc (nxn), K(n,n)véi n=(nw+ng). Nhu & vi du
3.2, n=10. Bay gid xét diéu kién lién tuc vé goc xoay gitra cac phan ti.

Piéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

dyi _ dyi+1

bl =0
dX | OX

nutl (a)

40



(m{m _d }:o
dx nut2 dx nutl
5y dyp|  _dys| |_j
L dx nut2 dx nutl_|
P B A
hay: L dx nut2 dx nutl | (b)

Trong d6 A. ciing 1a an s6 cia bai toan (co k an s6), do do6 tong sé an so
cua bai toan lic d6 1a (n+k) do d6 ma tran d6 cing caa phan tir lac nay ciing
phai thém k dong va k cdt nhu vay kich thudéc cia ma tran d6 cung la
K(n+k,n+Kk). Goi k, 1a goc xoay tai nit 2 cua phan t truéce, k,la goc xoay

tai Nt 1 cua phan tir sau thi ta ¢ cac hé sb trong ma tran d6 cung K:

k(n+i,kl)=§; k(n+i,k2):—§ (i=1:K) ©
k(kl,n+i):A—2X; k(kz,n+i):_A_2X (i=1:k) (d)

Néu c6 hai phan tir thi c6 mot dieu kién vé goc xoay, ¢6 n , phan tu thi
c6 (2npt —1) diéu kién lién tuc vé goc xoay giita cac phan tir. Nhu vay cudi

cuing ta sé& thiét lap dugc phuong trinh:

[KJaj={F}e
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trong do:{F} =

0

so—hang=n

so—hang =k

14 4n sd cua bai toan

Trong vi du 3.2 khi chia thanh ra thanh 4 phan tu, ta co:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

- |

96

42

768
-96

768 —-768 96 96‘
-96

—96-96
16 8
8 16



- Ma tran d9 cieng toan dam [K]:
Ghép ndi cac ma tran d6 cirng phan tir [Ke] vao hé toa d6 chung, ta dugc

ma tran do ctng tong thé caa toan két cau nhu sau:

(153 0 -9 -96 96 % 0 0 0 0 0 0 0 0 0
0 15% O 0 0 0 -% -9% % % 0 0 0 0 0
-96 0 16 8 0 0 0 0 0 0 0 0 0 0 0
-96 0 8 16 0 0 0 0 0 0 0 0 0 0 0
9 0 0 0 16 8 0 0 0 0 0 0 0 0 0
9 0 0 0 8 16 0 0 0 0 0 0 0 0 0
0 -9 0 0 0 0 16 8 0 0 0 0 0 0 0
[K]=| 0 -9 0 0 0 0 8 16 0 0 0 0 0 0 0
0 96 0 0 0 0 0o 0 16 8 0 0 0 0 0
0 96 0 0 0 0 0 0 8 16 0 0 0 0 0
0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0o 1 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 o0 0 0 0 0 0 0 0
1056 0 -128 -136 0 0 0 0 0 0 0 0 0 0 0]
- Véc to luc nUt{F}:

0.25

0

0

0

0

0

0

[Fl= 0

0

0

0

0

0

0

0

Giai phuong trinh (e) ta nhan dugc:

{a}=[KI{F}
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Theo ngén ngit 1ap trinh Matlab ta c6 thé viét:

W)= [K]\F

Két qua chuyén vi, goc xoay tai cac nut:

{W}:{WZ}:{ 0.0001073 }X PI3.

W, | |-0.00007233
PRI
?, 0.0008

{p}=1 05 +=1-0.0008 \x PI?
04 0.0001
s 0.0004 |

Momen uén ciaa dam:

M, -0.003637
M, 0.007219
{M}=<Mj; =1 -0.004629 | x PI

M, -0.002315

M; 0
Ta thay két qua trén: e
- Khi chia dam thanh 4 phan ty ~ ° / N\
nhan duoc két qua chua tring 0
khop voi két qua chinh xdc tai a1\ //
mot s6 mat cat dam. - \\ /
- Khi chia dam thanh 16 phan te 3 /
ta nhan duoc két qua nhu sau: oo e e
+ Ve Chuyén vi, hinh 3.4a. Hinh 3.4a. Puong dé vong ciia dam

W= {Wz} :{ -0.0009263})( B3

W, 0.0004177
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tring khop voi két qua chinh xac

+ V& chuyén vi, hinh 3.4a.

M, [ -0.06739
M, 0.07146
M j=1M; =1 -0.02673 } x P Hinh 3.4b. Bidu d M
M,| |-0.01337
\M5 O

gan nhu trung khop vai két qua chinh xac theo hinh 3.5b.
Vidu 3.3: Ddm hai nhip (hinh 3.5)

Xac dinh noi1 luc va

/I M 9 "\ A M @
chuyén vi cua dam lién tuc hai | :ﬁf .l.i.
L

/2 1 /2 ‘IL

N
N

nhip c6 tong chiéu dai cac nhip

SO DO DAM

|, &6 cting udn EJ, chiu tai trong 1 2 3 4 5
111 111 1|1 ] m
tap trung P tal nhlp 2’ hxlnh 3.5a. @ | I|I I|I I|I 1
SO DO NUT DAM
Raoi rac hoa két cau dam ra thanh ® P 1 0,0 22 qn,

n, phan tir.C4c nit cia phan tu

SO DO AN CHUYEN VI

phai tring voi vi tri dat luc tip @ F AR A 88— N

SO DO AN GOC XOAY

L/npt I, l/npt I, l/npt I, l/npt
cn - -y A ) , 1 1 1
dién, chiéu dai cac phan tu co l

trung, hay vi tri thay doi tiét

thé khéac nhau. M&i phan tir 6 4 - A
P Hinh 3.5. Dam hai nhip
an vy, vy, 6;, 6, vay neu n_ phan
tir roi rac thi tong cong ¢o 4n
an.
Nhung vi can dam bao lién tuc gitra cac chuyén vi 1 chuyén vi cua nit

cudi phan tir thir e bang chuyén vi cua nit dau phanti thir (e +1) nén so bac tu
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do cua thanh s& nhé hon 4 n_.Khi giai ta chi cn dam bao diéu kién lién tuc cua

chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao
cac diéu kién rang buoc. Vi du dam trong (vi du 3.5a) ta chia thanh 4 phan te
(hinh 3.5b)

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, th tu tir trai sang
phai 1a [1, 2, 3, 4, 5] (hinh 3.5b), s6 4n chuyén vi ny=, tha ty tir trai sang phai
1a [1, 2] (hinh 3.5¢), & day an chuyén vi tai hai dau va vi tri gi trung gian cua
dam bang khong, an goc xoay ng=8, thir ty tir trai sang phai 14 [3, 4, 5, 6, 7, 8,
9, 10] (hinh 3.5d).

Nhu vay, tong cong sé an 1a 10 an < 4x4=16 an. Goi ma tran n_, la ma

tran chuyén vi c6 kich thudc nw(npt,Z) la ma tran c6 n , hang va 2 cot chira

cac an so la chuyén vi tai n(t cia cac phan ta (hinh 3.1).
n,@)=[0 1n,2)= 0];n,(3)=[0 2}n,(4)=[2 0]
n,=[0 1100 2 2 0]

Goi ma tran ngy 1a ma tran chuyén vi c6 kich thudc ngx(ny,2) 1a ma tran co n,
hang va 2 cot chira cac an sb 1a goc xoay tai nit cua cac phan tir (hinh 3.5).

Ne@)=[3 4fny,(2)=[5 6];n,(B)=[7 8fng(4)=[9 10]

nx=[3 4 56 7 8 9 10]

Sau khi biét an so thyc ctia dam ta cd thé xay dung do cung tong thé cua
dam (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh d6 1ap trinh
cuia mdi ngudi nén tac gia khong trinh bay chi tiét cach ghép ndi cac phan ta
lai dé duoc ma tran d6 cung cua toan dam va c6 thé xem trong code mé dun

chuong trinh cua tac gia)
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Néu bai toan c6 n,, an s6 chuyén vi va n_ an s6 goc xoay thi ma tran do
cing ctia dam 1a K c6 kich thuéc (nxn), K(n,n)veéi n=(nw+ng). Nhu & vi du

3.3, n=10. Bay gid xét diéu kién lién tuc vé goc xoay gitra cac phan ti.

Diéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

% _ dyi+1 -0
dx nut2 dx nutl (@)
%m _dy, }:o
dx nut2 dx nutl

5y ayp| - _dys| | _gl

L dx nut2 dx nutl
S5y % _% =0

hay: | X o Xy | (b)

Trong d6 A. ciing 1a an s6 ciia bai toan (co k an s6), do do6 tong sé an so
cua bai toan lic d6 1a (n+k) do d6 ma tran do cung caa phan tir lac nay ciing
phai thém k dong va k c6t nhu vay kich thudc cia ma tran d6 cang la
K(n+k,n+k). Goi k, 1a goc xoay tai nit 2 cua phan tu truéc, k,1a goc xoay

tai Nt 1 caa phan tir sau thi ta ¢ cac hé sb trong ma tran d6 cang K:

k(n+i,kl):A—2X; k(n+i,kz)=_A_2X (i=1:k) ©
k(kl,n+i)=A—2X; k(kz,n+i)=—A_2X (i=1-K) (d)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢6 n_, phan tu thi
co (ant —1) diéu kién lién tuc vé goc xoay giira cac phan tir. Nhu vay cudi

cuing ta sé& thiét 1ap dugc phuong trinh:

KJa)=Fe)
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9]
9]
0,
{aj=1"
_ i Z
R A
so—hang=n :
F .
trong do: {F} = O” ; 4 J 12 4n 6 cua bai toan
so—hang =k
- O —

Trong vi du 3.3 khi chia thanh ra thanh 4 phan ti, ta co:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96
—-768 768 —96-96
96 -96 16 8

96 -96 8 16
- Ma tran @9 cieng toan dam [K]:

[Ke] =

Ghép néi cac ma tran do cang phan tir [Ke] vao hé toa do chung, ta duoc

ma tran do cting tong thé caa toan két ciu nhu sau:

(153 0 -9 -9 9% % 0 0 0 0 0 0 0 0 0]
0 156 0 0 0 0 -9% -9% % 9% 0 0 0 0 0
-96 0 16 8 0 0 0 0 0 0 0 0 0 0
-9 0 8 16 0 0 o 0 0 0 0 0 0 o0
96 0 0 0 16 8 0 o0 0 0 0 0 0 0 0
96 0 0 0 8 16 0 o 0 0 0 0 0 0 o0
0 -9% 0 0 0 0 1 8 0 0 0 0 0 0 O
[K]=| 0 -9 0 0 0 0 8 16 0 0 0 0 0 0 0
0 9% 0 0 0 0 0 0 16 8 0 0 0 0 O
0 9% 0 0 0 0 0 o 8 16 0 0 0 0 0
0 0 0 1 -1 0 0 o 0 0 0 0 0 0
0 0 0 0 0 1 -1 o0 0 0 0 0 0 0 0
0 0 0 0 0 0 o 1 -1 0 0 0 0 0 o
0 0 1 0 0 0 0 o0 0 0 0 0 0 0
1056 0 -128 -136 0 0 0 0 0 0 0 0 0 0]
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- Véc to luc nut{F}:

N
(6]

—
T
—
Il

O O O O O O O OO o o o o o o

Giai phuong trinh (e) ta nhan dugc:

{a}=[KI{F}

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

y=[KFS

Két qua chuyén vi, goc xoay tai cac nut:

%]
%
?3
2
?s

lo}=
W. -0.0001
=1 2= x PI®
W, | | 0.0004 .
Momen uén ciaa dam:

M,) [ -0.002451

M, 0.000603
M}={M;t=: 0.01393 ' xPI

M,| |-0.02429

Ms| | O

50

0.0000
-0.0006
0.0016
0.0003
-0.0027

x PI?



Ta thay két qua trén:
- Khi chia dam thanh 4 phan tu

nhan duoc két qua chua tring

khép voi két qua chinh xac tai

mot s6 mat cat dam.

- Khi chia dam thanh 16 phan tir

A4

N—"

) o » w N [ [=] [ N
\

o

2 4 6 8 10 12 14 16

ta nhan duoc két qua nhu sau:

+ V& chuyén vi, hinh 3.6a. Hinh 3.6a. Duong dé vong ciia dam

{W}:{Wz}:{ 0.0001371})( o 0178348

W, -0.0005289

trung khép véi két qua chinh

xac Hinh 3.6a. Biéu do M
M;] (-0.007822
M, 0.004397
M}={Mz =4 0.01758 ¢xPI
M, -0.02246
M 0

Nhdn xét: Néu ta roi rac hoa dam thanh 16 phan tir, két qua sé tring
khép véi két qua chinh xac nhan dugc bang phuong phap giai tich. Khi d6 biéu

d6 mdmen ubn va dudng do vdng cta dam nhu hinh 3.6b:
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Vidu 3.4: Dam hai nhip (hinh 3.7)

Xac dinh noi luc va

chuyén vi ctia dam hai nhip ® | fﬁ ﬁ.

A qae s A L /2 L /2 L
chiéu dai nhip |, do cing i 7 1
, SO DO DAM
uon EJ, chiu tai trong phan 1 2 3 4 5 i
7 N . . N @ | I|| ||| ||I |
bo déu q trén toan dam, ' ; ; ; '
SO DO NUT DAM
hinh 3.7a.
© P—HF—2—3F qn
Roi rac hoa ket cau dam ra SO DO AN CHUYEN VI

@ F 4112 81K 8lE—19 N

thanh n_, phéan te.Cac nit

SO DO AN GOC XOAY

cta phan tr phai tring véi L/npt '||' |/npt '||' L/npt '||' L/npt
vi tri dat luc tap trung, hay L
vi tri thay doi tiét dién, Hinh 3.7. Dam hai nhip

chiéu dai cac phan tu co thé
khéac nhau.

M3i phan tir ¢6 4 4n vy, v,, 6, 6, vay néu n phan tir roi rac thi tong cong
c6 4n_ an. Nhung vi can dam béo lién tuc giita cac chuyén vi la chuyén vi cua
nat cudi phan tir thir e bang chuyén vi clia nit dau phanti thtr (e +1) nén sé
béc ty do cua thanh s& nhé hon 4n , .Khi giai ta chi can dam bao dieu kién lién
tuc caa chuyén vi con diéu kién lién tuc vé goc xoay dugc xét bang céach céch
dua vao cac diéu kién rang budc. Vi du dam trong (vi du 3.1a) ta chia thanh 4
phan tu (hinh 3.1b)

Nhu vay, tong cong sé 4n 1a 11 4n < 4x4=16 an. Goi ma tran n_, la ma
tran chuyén vi c6 kich thudc nw(npt,Z) la ma tran c6 n , hang va 2 cot chira

cac an so 1a chuyén vi tai n(t cia cac phan ta (hinh 3.1).
ny(L?) = [O 1]; Ngx (2,) = [1 2]; Ngx (31 = [2 3]; Ngx (4,) = [3 4]
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n,=[0 1 1 2 2 3 3 4]

Goi ma tran n, la ma tran chuyén vi c6 kich thuéc ne(npt,Z) la ma tran c6
n, hang va 2 ct chira cac an s 1a goc xoay tai nit cua cac phan tir (hinh 3.5).

Ne(@) =[5 6l ng(2)=[7 8];nu(3)=[9 10 ny,(4,)=[11 12]

ng=[ 6 7 8 9 10 11 12]

Sau khi biét an sb thuc cta cac thanh ta c6 thé xay dung d6 cang tong thé
cua thanh (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh do 1ap
trinh caa mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi cac phan
tir lai dé dugc ma tran d6 cing caa toan dam va cd thé xem trong code mé dun
chuong trinh cua tac gia)

Néu bai toan c6 n_, 4n s6 chuyen vi va n_ an sb géc xoay thi ma tran do
ctring ctia dam 1a K ¢6 kich thude (nxn), K(n,n)vegin= (ncv +N, ) Nhu ¢ vi du

3.3,n =11. Bay gio xét diéu kién lién tuc vé goc xoay giira cac phan tir.

Diéu kién lién tuc vé goc xoay gitta cac phan tir duwoc viét nhu sau:

% _ dyi,q —0
dx nut2 dx nutl (a)
51{% _dy }:0
dx nut2 dx nutl
57, dyp)  _dys| |_,
L dx nut2 dx nutl |
57 dys)  _dyal |,
hay: | X e Xy | (b)

Trong d6 A, ciing 1a an s6 cia bai toan (co k an sb), do do6 téng sé an so
cua bai toan lic d6 1a (n+k) do d6 ma tran do cing caa phan tir lac nay ciing

phai thém k dong va k c6t nhu vay kich thudc cia ma tran d6 cang la
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K(n+k,n+k). Goi k, 1a gdc xoay tai nit 2 cua phan tu truéc, k,la goc xoay

tai N0t 1 cua phan tir sau thi ta c6 cac hé sb trong ma tran d6 cing K:

k(n+i,kl)=§; k(n+i,k2):—§ (i=1+k) ©
2 2
k(kl,n+|):§; k(kz,n+|):—§ (i=1+Kk) (d)

Néu c6 hai phan tu thi c6 mot diéu kién vé goc xoay, ¢6 n_, phan tu thi
c6 (ant —1) diéu kién lién tuc vé goc xoay giita cac phan tir. Nhu vay cudi

cuing ta sé& thiét 1ap dugc phuong trinh:

[KRa}=1{Fie)

9]
9]
0,
{af=1"
_ i Z
R A
so—hang=n :
F .
trong do: {F} = O” ; 4 1a 4n 6 cua bai toan
: ¢S0—hang =k
- O —

Trong vi du 3.1 khi chia thanh ra thanh 4 phan tir, ta c:

- Ma tran d cirng phan tir [Ke], nhw sau:

768 —768 96 96
—-768 768 —96-96
96 -96 16 8

96 -96 8 16
- Ma tran @9 cieng toan dam [K]:

[Ke] =
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Ghép ndi cac ma tran do cang phan tir [Ke] vao hé toa d6 chung, ta duoc

ma tran do ctng tong thé caa toan két ciu nhu sau:

(153 0 -9 -9 9 9 0 0 0 0 0 0 0 0 0
0 153 0 0 0 0 -9 -9% 9% 9 0 0 0 0 0
-% 0 16 8 0 0 0 0 0 0 0 0 0 0
-9% 0 8 16 0 0 o0 0 0 0 0 0 0 0
% 0 0 0 16 8 0 o0 0 0 0 0 0 0 0
% 0 0 0 8 16 0 o0 0 0 0 0 0 0 0
0 -9% 0 0 0 0 16 8 0 0 0 0 0 0 0
[K]=| 0 -9 0 0 0 0 8 16 0 0 0 0 0 0 o0
0 % 0 0 0 0 0 0 16 8 0 0 0 0 0
0 9% 0 0 0 0 0 0 8 16 0 0 0 0 0
0 O 0 1 -1 0 0 0 0 0 0 0 0 0 o
0 O 0 0 0 1 0 0 0 0 0 0 0 o0
0 0 0 0 0 0 0 1 0 0 0 0 0 o
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1056 0 -128 -136 0 0 0 0 0 0 0 0 0 0 0]
- Véc to luc nUt{F}:

0.25

0.25

0

0

0

0

0

[Fl=y 0

0

0

0

0

0

0

0

Giai phuong trinh (e) ta nhan dugc:

{a}=[KI{F}

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:
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)

[K]ViF)
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Két qua chuyén vi va mé men udn khichia dim thanh 16 phan tir nhw

Sau:

W {WZ} _ { 0.0001155

W,

Ta thay két qua trén:

- V& moémen tai goi
trung gian va tai gitra
nhip thir 2 trung khép
véi két qua giai chinh
xac theo phuong phap
giai tich:

- Momen tai ngam va
gitta nhip tha nhat gan
tring khép voi két qua
chinh xac

- Vé chuyén vi két qua
trang khop voi két qua
giai chinh xac theo
phuong phap giai tich:
Biéu d6 mémen uon va
dwong do vOng cua
dAm nhuw hinh 3.8;

-0.000392

M, 0.01249
M,| |-0.00929
MI={M,t=1 0.02635 { x ql°
M -0.01808
Xq|2 4
. M 0.0000
NIN )
TN\ /
\ /
- \ /
\ /
- \ /
N/
” \_/

o 2

4 6 8 10 12 14 16

Hinh 3.8a. Puong do véng cia dim

0.01783ql’
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KET LUAN VA KIEN NGHI
KET LUAN
Qua két qua nghién ctru tir cac chuong, chwong 1 dén chuong 3 d6i voi

bai toan damlién tuc chiu tic dung cua tai trong tinh phan bd déu. Tac gia rut
ra cac két lun sau:
1. Trinh bay duoc cac phwong phap giai bai toan co hoc két cAu. Trinh bay
phuong phéap phan tir hitu han d6i véi bai toan co hoc két cau.
2. Datrinh bay dugc bai toan dam chiu udn theo 1y thuyét dam Euler -
Bernoulli.
3. Bang phuong phap phan tir hitu han, tac gia d4 xéac dinh duoc ndi luc va
chuyén vi ctia cac dam lién tuc chiu tai trong tinh phan bd déu co cac diéu kién
bién khac nhau. Két qua vé noi luc va chuyén vi déu tring khép voi két qua
nhan duoc khi giai bang cac phuwong phap hién co6.
4. Khi rdi rac hoa két cau véi sé phan tir cang nhiéu thi két qua cang tiém can
t61 két qua chinh xac nhan duogc tir phuong phap giai tich. Déi véi bai toan dam
lién tuc chiu tai trong tinh phan bd déu thi dé dat duoc chuyén vi chinh x4c can
chia dim thanh tir 4 dén 16 phan ti.
KIEN NGHI

Str dung phuong phap phan tir hitu han dé giai cac bai toan khac nhu: Dam,

khung, dan, tam, vo....
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