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hoan thanh luan van.
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MO DAU

Bai toan co hoc két ciu c6 tam quan trong dac biét trong linh vuc co hoc
cong trinh, doi hoi phai nghién ciru ddy du ca vé mat 1y thuyét va thuc nghiém.
Van dé noi luc va chuyén vi cta két ciu dugc nhiéu nha khoa hoc trong va
ngoai nudc quan tdm nghién ctru theo nhiéu hudng khac nhau. Tyu chung lai,
cac phuong phap xdy dung bai toan gom: Phuong phap xay dung phuong trinh
vi phan can bang phan t6; Phuong phap ning lugng; Phuong phap nguyén 1y
cong ao va Phuong phap st dung truc tiép Phuong trinh Lagrange. Cac phuong
phép giai vé co ban gdm: Phuong phép luc, phuong phap chuyén vi, phuong
phap hdn hop, lién hop; Cac phuong phap s6 gdm: Phuong phap sai phan,
Phuong phap bién phan, phuong phap hdn hop sai phan - bién phan va phuong
phép phan ttr hitu han.

Hién nay, két cAu chinh thuong duoc sir dung trong cac cong trinh dan
dung va cong nghiép thuong 1a khung ctimg thuan tiy hodc khung két hop véi
16i va vach cung. Vi sb luong phan tir rat 16n dan dén s an cua bai toan rat
16n, van dé dit ra 1 v6i nhitg bai toan nhu véy thi dung phuong phap nao dé
tim 101 giai cua chung mdt cach nhanh chong, thuan ti€n va c¢6 hiéu qua nhat.
V6i sy phét trién manh mé clia may tinh dién tir, dong thoi cac phan mém lap
trinh két cdu ngay cang hién dai, tc gia nhan thiy rang phuong phap phan tir
hitu han 1a mot phuong phap s6 dap tng duoc cac yéu cau néu trén.

Thuc chat cia phuong phap phan tir hitu han 13 rdi rac hoa ban than két
cau. Cac phan tir lién ké lién hé v6i nhau bang cac phuong trinh can bang va
cac phuong trinh lién tuc. Dé giai quyét bai toan co hoc két cau, co thé tiép can
phuong phép nay bang dudng 16i truc tiép, suy dién vat 1y hodc dudng 16i toan
hoc, suy dién bién phan. Tuy nhién bang cach nao di ching nita thi két qua thu

dugc 1a mot ma tran (d0 cung hoac do mém). Ma tran d6 duoc xay dung dua



trén co sO cuc tri hda phiém ham biéu dién ning luwong. Trong pham vi mdi
phan tir riéng biét, cac ham chuyén vi duoc xap xi gan dang theo mot dang nao
do, thong thuong la cac da thuc.
Poi twong, phwong phap va pham vi nghién ctru cia dé tai
Trong ludn vin ndy, tic gia st dung phuong phan tir hiru han néi trén dé
xdy dung va giai bai toan khung phang chiu udn chiu tai trong phan bd déu.
Muc dich nghién ciru ciia dé tai
“Xac dinh noi luc va chuyén vi cua khung phcfng chiu tai trong
phdn bé déu bang phwong phdp phdn tir hitu han”

Nhiém vu nghién ctru ciia dé tai
1. Tim hiéu va giéi thiéu cac phuong phap xay dung va cac phuong phap giai

bai toan co hoc két cdu hién nay.
2. Trinh bay phuong phép phan tir hitu han
3. Sir dung phuong phap phan tir hitu han dé giai bai toan khung phang, chiu

tac dung cta tai trong phan bd déu.

4. Lap chuong trinh may tinh dién tir cho cac bai todn néu trén.



CHUONG 1.
CAC PHUONG PHAP XAY DUNG VA GIAI
BAI TOAN CO HQC KET CAU

Trong chuong nay trinh bay cac phuong phap truyén thong dé xay dung
cac bai toan co hoc ndi chung; gidi thiéu bai toan co hoc két cau (bai toan tinh)
va cac phuong phap giai thuong dung hién nay.

1.1. Phwong phap xay dung bai toan co hoc

Bbn phuong phap chung dé xay dung bai toan co hoc két cau dugc trinh
bay dudi day. Dung 1y thuyét dam chiu uén dé minh hoa.

1.1.1. Phwong phap xiy dung phwong trinh vi phan cin bang phan té
Phuong trinh vi phin cén bang duoc xay dung truc tiép tir viéc xét cac

diéu kién can bang luc cua phan té duoc tach ra khoi két cau. Trong strc bén vat

licu khi nghién cu dam chiu uén ngang sir dung cac gia thiét sau:

- Tryc dam khong bi bién dang nén khong c6 tng suat.

- Mt cit thang goc véi truc dam sau khi bién dang van phiang va thang goc

véi truc dam (gia thiét Euler—Bernoulli).

Khong xét luc nén giita cac thd theo chiéu cao cua dam

Véi gia thiét thir ba thi chi ¢ (ng suat phap oy Va cac g Suat tiép oyz, oz tac
dung 1én phan té dam (hinh 1.3), ang suat phap o, bang khdng. Hai gia thiét tha
ba va thir nhat dan dén truc dam chi c6 chuyén vi thang dung y(x) va né duoc
goi 1a dudng d6 vong hay duong dan hoi cua dam. Gia thiét thi nhat xem chiéu
dai truc dam khong thay doi khi bi vong doi hoi d6 véng ciia dam la nho so véi
chiéu cao dam, ymax/ h < 1/5. Vi gia thiét thir hai thi bién dang truot do tng
suit tiép gay ra khong duogc xét trong tinh d6 vong cua dam nhu trinh bay dudi
day. Gia thiét nay chi dung khi ti I h/l < 1/5. Chuyén vi ngang u cua diém

nam & d6 cao z so véi truc dam bang



dy o -
u=-—-z— TTH 9 Y

dx 7

N
N
=

Bién dang va ung suit xac dinh
Hinh 1.2. Phan t6 dam

nhu sau
&, :—ZM; O, :—EZd y
dx’? plxz
Momen tac dung Ién truc dam:
hi/2 2 3 2
M= e L
“hi2 dx 12 dx
hay M =EJy (1.7)
Ebh’ d’y
t do:EJ = Ly =—
rong do 12 y4 dX2

EJ duogc goi la do ciing ubn caa dam; ¥ 1a do cong cua duong dan hoi va sé
duoc goi 1a bién dang uén;b la chiéu rong dam. Bé don gian trinh bay, ¢ day
chi dung trudng hop dam c6 tiét dién chir nhat.

Cach tinh noi luc momen & trén khong xét dén bién dang truot do cac
g suat tiép gay ra. Tong cac tng suit tiép o, trén mat cat sé cho ta luc cit Q

h/2
tac dung lén truc dam: Q= [o,dz
-h/2

Biéu thirc cua tng suat tiép o, trong tich phan trén s& trinh bay sau.

Nho cac gia thiét néu trén, thay cho trang thai tng suat trong dam, ta chi can
nghién ctru phuong trinh can bang cta cac noi luc M va Q tac dung Ién truc
dam.

Xét phan t6 dx cua truc dam chiu tac dung cua cac luc M,Q va ngoai luc phan
bé g, hinh 1.3. Chiéu duong cua M, Q va q trén hinh v& twong tng vai chiéu

duong cta do vong huéng xubng dudi.



Q a(x) M + dM
ve'na o,

21Q+dQ
WL dX WL

Hinh 1.3. Xét can bang phan té

L4y tong momen ddi véi diém O, bo qua cac vd cling bé bac cao ta co

M 60 (1.8)
dx

L4y tong hinh chiéu céac luc 1én truc thang ding:

QL q=0 (1.9)
dx

Phuong trinh (1.8) 1 phuong trinh lién hé giita momen udn va lyc cat,
phuong trinh (1.9) 1a phuong trinh can bang luc cat Q va ngoai luc phan bé g.
D6 12 hai phuong trinh xuét phat (hai phwong trinh dau tién) caa phuong phap
can bang phan t6.L4y dao ham phuong trinh (1.8) theo X rdi cong véi phuong
trinh (1.9), ta c6 phuong trinh dan xuat sau
d*M

dx?

+q=0 (1.10)

Thay M xac dinh theo (1.7) vao (1.10) nhan dugc phuong trinh vi phan
xéc dinh duong dan hoi cua thanh
d'y
dx’

Phuong trinh (1.11) dwoc giai véi cac diéu kién bién cua y va cac dao

EJ

=q (1.11)

ham dén bac ba caa y (4 diéu kién), hai diéu kién bién tai mdi dau cudi thanh.
Céc diéu kién bién thuong dung nhu sau

a) Lién kétkhép tai x=0:



Chuyén vibing khong, Y| . =0, momenuén M =0, suy ra dle =0
b) Lién két ngam tai x=0:
Chuyén vi bing khong, Y| , =0, géc xoay bing khdng, % =0
o
¢) khdng c6 gdi tya tai x=0:
Momen uén M =0, suy ra 2;2’ =0; luc cat Q=0, suy ra (;;2/ =0

Céc diéu kién tai x=1 ciing 1ay twong ty nhu trén.
Bay gio tim hiéu sy phan bd ung suét tiép o, trén chiéu day h caa dam.

Trudc tién viét phuong trinh can bang wng suat trén truc x nhu sau

0 0 s
995, D0n g pay 00200 g0
OX 0z 0z OX dx
2 3
Tich phan phuong trinh trén theo z: o, =— EZZ (;Xg +C(x)
Ham C(x) xéac dinh tir diéu kién (ng suat tiép bang khong tai mat trén va mat
- h Eh* d®y
dudidam, z=+—.Taco: C(x)=
udi da ) (x) 8 do
Ung suét tiép phan b trén mat cat dam cé dang
Ed’y,, ,
o,=—— 47° —h?
Xz 8 dX3 ( )

D6 12 ham parabol bac hai.Ung suét tiép 16n nhat tai truc dam (z=0) c6 gia tri
bang

_Eh*d%y
=g dx’

Tich phan ham ng suét tiép theo chiéu cao dam rdi nhan véi chiéu rong b ta

Xz

co

luc cat Q tac dung 18n phan trai caa dam



_ Ebh’d’y
Q= 12 dx®

Eh* d’y
12 dx®

Ti 1é gitra ¢tng suét tiép max tai truc dam va Gng suét trung binh o=1.5.

Ung suat tiép trung binh trén chiéu cao dam bang: o =

1.1.2. Phwong phap ning luwgng
Ning luong cia co hé bao gom ddong nang T va thé ning IT. Pong ning duoc
xéc dinh theo khéi luong va van tdc chuyén dong, con thé nang IT bao gdbm thé
nang bién dang va cong cia cac truong luc, phu thugc vao chuyén vi. Trudng
lyc 14 luc 6 thé nhu luc trong treong. Cac luc ngoai tac dung 1én co hé 13 lyc
khong thé.
Péi vai hé bao toan, nang lugng 1a khong doi

T+ IT = const (1.12)
Do d6 téc do thay ddi nang lwong phai bang khdng

%(T+ Mm)=0 (1.13)

Ta xét bai toan tinh, T=0, do do

IT= const (1.14)
Thé ning IT c6 thé biéu thi qua @ng suat va noi luc ciing co thé biéu thi qua
chuyén vi va bién dang. Vi vay ta c6 hai nguyén ly bién phan nang luong sau:

Nguyén ly thé ning bién dang cuc tiéu

Khi phuong trinh can bang dugc biéu thi qua (g suat hoac ndi luc va do d6
thé ning bién dang ciing biéu thi qua tng suat hoac ni luc ta cd nguyén Iy thé
nang bién dang cuc tiéu, nguyén ly Castiliano (1847-1884). Nguyén ly phat
biéu nhu sau:
Trong tdt cd cac trang thai can bang luc cé thé thi trgng thai can bang thuec

xdy ra khi thé ning bién dang 1a cuc tiéu.



Trang thai can bang luc cé thé 1a trang thai ma cac luc tac dung Ién phan té thoa
min cac phuong trinh can bang. Ta viét nguyén 1y dudi dang sau:

I1(F ) — min

Véi rang budc 1 cac phuong trinh can bang viét duéi dang luc.

Déi voi dam ta co:

Nlb—\

l
M?
f— X — min (1.15)
E

0

d2M
dxz 1
Noi lyc can tim mémen ubn 12 ham phan bé theo chiéu dai dam M(x) va phai

(1.16)

thoa mén cac diéu kién lién két ¢ hai dau thanh (dugc xac dinh & hai dau thanh).
Pay 1a bai toan cuc tri ¢d rang budc. Bang cach dung thira sé Lagrange A(x)

dua vé bai toan khong rang buoc sau:

l l
1 2
n=g | Frex+
0 0

A(x) la thira s6 Lagrange va ciing 1a an cua bai toan. Theo phép tinh bién phan

dx — min (1.17)

tir phiém ham (1.17) ta nhan duoc hai phuong trinh sau (phuong trinh Euler—
Lagrange).

d2

= —E] = (1.18)

d*M
dx?

A(x) c6 thir nguy@n 1a chuyén vi cho nén phuong trinh (1.18) biéu thi quan hé

=—q (1.19)

gitta M va chuyén vi. Thé (1.18) vao (1.19) ta c6
d*A

5 =4q (1.20)



A(x) 1a @6 vong cta dam va phuong trinh (1.20) 1a phuong trinh vi phan can
bang cua dam viét theo chuyén vi nhan duoc & trén.
Nguyén ly cong bu cuc dai

Khi dung an 1a cac chuyén vi va bién dang thi c6 nguyén ly cong bu cuc dai.

Trong tat cd cac chuyén vi dgng hoc c6 thé (khd di) thi chuyén vi thuc
la chuyén vi c6 cong bul cue dagi.
Chuyén vi dong hoc cd thé I1a chuyén vi thoa man cac phuong trinh lién hé giira
chuyén vi va bién dang va thoa man cac diéu kién bién. Céng bl bang tich caa
ngoai luc va chuyén vi trir di nang luong bién dang.

[Cong ngoai luc — thé nang bién dang]—max

Véi rang budc 1a cac phuong trinh lién hé giita chuyén vi va bién dang.

LAy vi du dbi véi dam chiu udn, ta co
l l

qudx —%J EJ] ? dx - max(1.21)

0 0
Vi rang budc:

2
X =— d—xf (1.22)

x 1a bién dang uén ciing 1a do cong ciia dudng d6 vang. Tich phan tha nhat
trong (1.21) 1a céng toan phan caa ngoai luc (khdng cé hé sé %), tich phan thi
hai la thé nang bién dang biéu thi qua bién dang udn.
Thay x tur (1.22) vao (1.21), ta co

L 2
1
qudx _E_[ EJ] (— W) dx —» max(1.23)
0

Thay dau cua (1.23) ta c6
l l
L (-4, dx - min(1.24
Ej] Tz) qux—>m1n(. )
0 0



Khi y c6 gia tri xac dinh tai hai dau mat dam thi diéu kién can dé biéu thuc

(1.24) cuc tiéu 1a phuong trinh Euler sau

d*y

Phuong trinh (1.25) 1a phuong trinh vi phan cin bang cua dam chiu un.
Nguyén Iy cong b cuc dai dudi dang biéu thuc (1.24) dugc sir dung rong rai
trong tinh toan cong trinh theo phuwong phap phan tir hiru han.

1.1.3. Nguyén ly cong ao

Nguyén 1y cong ao duge str dung rat rong rii trong co hoc. Theo K.F.
Gauss (1777-1855) thi moi nguyén Iy trong co hoc hodc truc tiép hodc gian tiép
déu rat ra tir nguyén 1y chuyén vi o.

Xét co hé chat diém ¢ trang thai can bang ta 6

>X =0, YY=0, YZ=0, (1.26)
> X;3'Y; > Z : 14 tong hinh chiéu cua tat ca cac luc tac dung 1én ba truc clia
hé toa do Dé cac. Ta viét biéu thtc sau:

DX +Y YOV +>.Z8W =0, (1.27)
¢ day xem cac SUJ; &V ; SW;; 1a cac thura s6 bat ky.

Tu (1.26)ta c6 (1.27) va nguogc lai tir (1.27) ta s€ nhan duoc (1.26) béi vi
C4C SU: oV; OW; 1a nhitng thira s6 bat ky. Bay gio ta xem SU; 8V; dW; la cac
bién phan ctia cic chuyén vi 4o theo ba chiéu cta hé toa d6 vuong goc. Chuyén
vi 40 1a chuyén vi bé do nguyén nhan bat ky bén ngoai nao d6 gy ra. Céc
chuyén vi 40 nay phai thoa man cac diéu kién lién két cua hé.

Khi ¢6 chuyén vi ao thi vi tri ctia cac luc tac dung trén hé c6 thé thay doi
nhung phuong chiéu va do 16n ctia nd van gitt nguyén khong d6i. Nhu vy, cac
chuyén viaoJ; oV; W la cac dai lugng dde 1ap véi luc tac dung va tir hai biéu

thire (1.26) va (1.27) ta ¢6 nguyén ly cong do:

10



Néu nhw tong céng ciia cdc lwe tic dung cia hé thwe hién trén cdc
chuyén vi o bang khong thi hé & trang thdi cén bang.

Pbi voi hé dan hoi (hé bién dang) thi ngoai ngoai luc con ¢ ndi luc. Van
dé ditra & day la cach tinh cong cia ndi luc nhu thé nao.
Trudce hét ta can phai dua thém yéu cau dbi voi chuyén vi 4o nhu sau:

Céc chuyén vi 4o phai thoa man céc lién hé giita chuyén vi va bién dang.

r A . , « A au av N\ - K A J4
Néu nhu céc chuyén vi ¢ bién dang &, :8_; g, :&; ... thi bién phan cac
X

chuyén vi 40 &u; &v; Swiing phai co cac bién dang 4o twong mg:
L
Thong thudng cong cua ndi luc (hodc tmg suat) dugc tinh qua thé ning
bién dang. Khi c6 cac chuyén vi 40 SU; 8V; SW; thi thé ning bién dang IT s&
thay d6i bang dai luong bién phan d1. Do d6 nguyén 1y chuyén vi a0 d6i voi
hé bién dang duoc viét nhu sau:
STI-D. XU =D YV > ZW =0, (1.28)
Céc dai luong bién phén trong (1.28) déu 13 chuyén vi 40 cho nén néu
xem ndi lyc (Ung sut) trong qua trinh chuyén vi 4o cling khong d6i thi dau
bién phan trong (1.28) c6 thé viét lai nhu sau:
S[IT-2XU -3 YW -3 zZW =0 (1.29)
Hai biéu thirc (1.28) va (1.29) dudi dang chi tiét hon duoc trinh bay trong [30,
Tr.261].

5[{ (d yj —qy}dx 0 hay j&{l(z;/j —qy}dx:o (1.30)

4
Phuong trinh Euler cia (1.30) nhu sau: EJ 3)(21

_q:()
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1.1.4. Phuwong trinh Lagrange:
Phuong trinh Lagrangela phuong trinh vi phan cia chuyén dong duoc

biéu thi qua céc toa d6 téng quét (cac chuyén vi tong quat).

Goi T 12 dong ning va IT 1a thé nang ctia hé, cac qi 1a cac chuyén vi tong

quat va Q; 1a cac luc tdng quat thi phuong trinh Lagrange c6 dang:

d(eT) oT oIl . .
E(aq,j_éq,+aq =Q, (i=1,2,3......,n) (1.31)

. aq, , q e
trong do: Q. = 8_tl la van toc cua chuyén dong.Doi véi moi chuyén vi gi s€ co

mot phuong trinh Lagrange. Pong nang T trong toa do tong quat 1a ham cua
van tdc va c6 thé 1a ham cua ca chuyén vi tong quat.
Thé nang toan phan cta hé bao gom thé ning bién dang va thé nang cua luc co
thé (luc trong trudng 1a luc co thé). Q; 12 luc khong thé co thé duogc hiéu 1a cac
luc ngoai tac dung 1én hé (luc tong quat).ap dung phuong trinh Lagrange dé
xdy dung phuong trinh chuyén dong ctia dam chiu uén nhu sau:

Goi yi 1a chuyén vi (tong quat) cua diém i ctia dam va q; 1a lyc tac dung
tai diém i ctia dam va m; 1a khéi luong.

DoOng nang cua dam

n 1 oy.
T= Z—myfdx trong d6: Y, = Y (1.32)
i1 2 ot
Thé ning bién dang ctia dAm chiu udn
1 (0%y. Y
Im=> ~EJ : 1.33
.Z; 2 ( O’ Ji (1.33)

Dau tong ldy cho tat ca cac diém i cia dam. Phuong trinh Lagrange doi voi

dam c6 dang

(1.34)

ot

0 (GTJ oT oIl
~ - + =q;
oy, ) oy, oy,
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Ta tinh hai thanh phan dau cta phuong trinh (1.34)

o) o _ . oy .
~| = [ MY, =M —=MmY,
atlay ) at ot
Ty

Y,

(1.35)

Dé tinh thé ning bién dang c6 thé dung phuong phap sai phan hitu han, hinh

1.5.
Bd&i vi d§ vong yi ciia dam chi c6 mat trong

biéu thirc thé nang bién dang cuia ba diém

i-1 i+1

-2

lién tiép i-1, 1 va i+1, cho nén chi can tinh |.

i+2

thé ning bién dang ctia dim (1.33) choba !

diém nay, Ax la khoang céach gilta céac

AX L AX L AX L AX L
- - - 1
Hinh 1.4. Budc sai phan

diém.
1 azy 2 1 yi—l B 2yi + yi+l :
—EJ > =-EJ >
2 ox" ). 2 AX
1 o’y ©1 Yoo =2Y 1+ Y, )
- EJ I EJ i-2 i-1 i
2 \ox* ), 2 ( AX* (1.36)
1 azy 2 1 yi _2yi+1 + yi+ 2
—EJ . =— EJ( > 2
2 ox" )., 2 AX

Tong cong ba phuong trinh trén cho ta thé nang cua dam d¢é tinh y;. Ta tinh

o cua phuong trinh (1.34).

8_H = E‘](_ 2yi_l * 4yi _ 2yi+1 Y, — 2yi—1 +Y, Ty — 2yi+l + yi+2j
i Ax*
= EJ( Yo =4y, t0oy, =4y, + V., j —EJ i
AX' AX'|,
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4

o'y
x|’

Biéu thtrc (1.37) biéu thi sai phan hiru han ctia EJ

Cong (1.35) va (1.37) nhan dugc phuong trinh Lagrange ddi v6i chuyén vi yi

2%y, o'y

m——_+EJ . 1.38
ot? ox* — (1.38)

Diém i 1 bat ky nén nhin duoc phuong trinh vi phan can bang ciia dam

6 y o'y
1.39
8t ox* =1 ( )
Déi véi bai toan finh T=0 ta c6: EJ 2 = g (1.40)

dx
Phuong phép st dung phuong trinh Lagrange dé nhan dugc phuong trinh vi
phan ciia duong do vong cua dam trinh bay & ddy 1a cua tac gia.

& trén trinh bay bon phuong phép chung dé xay dung bai toan co, 14y bai
toan dam chiu udn lam vi du dé biét cach sir dung ching va dé thiy bon dudng
16i d6 1a twong dwong nhau nghia 13 déu dan vé phuong trinh vi phan can bang
cua hé.

1.2. Bai toan co hoc két cfi’u va ‘céc phuong phap giai 7

Bai toan co hoc két cau nham xac dinh ndi luc va chuyén vi ctia hé thanh,
tdm, vo dudi tac dung cua cac loai tai trong, nhiét do, chuyén vi cudng buec,...va
duoc chia lam hai loai:

- Bai toén tinh dinh: 14 bai todn c6 cau tao hinh hoc bét bién hinh va du lién
két tua voi dat, cac lién két sap xép hop 1y, chiu cac loai tai trong. Dé xac dinh
ndi luc va chuyén vi chi can dung cac phuong trinh can bang tinh hoc 1a du;

- Bai toan siéu tinh: 1a bai toan c6 cau tao hinh hoc bat bién hinh va thira lién
két (nd1 hodc ngoai) chiu cac loai tai trong, nhi¢t do, chuyén vi cudng buc,.. bé
xac dinh noi1 luc va chuyén vi ngoai cac phuong trinh can br:ing ta con phai bo

sung cac phuong trinh bién dang.
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Néu tinh dén tan ung suét, co thé noi réng moi bai toan co hoc vat rin
bién dang néi chung va bai toan co hoc két cdu noi riéng déu la bai toan siéu
tinh.

D3 c6 nhiéu phuong phap dé giai bai toan siéu tinh. Hai phuong phap
truyén thong co ban 1a phuong phap luc va phuong phap chuyén vi. Khi st
dung chiing thudng phai giai hé phuong trinh dai sb tuyén tinh. S6 luong céac
phuong trinh tiy thudc vao phuong phéap phan tich. Tir phuong phap chuyén vi
ta c6 hai cach tinh gan dung hay duoc st dung 1a H. Cross va G. Kani. Tir khi
xuat hién mdy tinh dién tir, nguoi ta bd sung thém cac phuong phap s6 khac
nhu: Phuong phép phan tir hitu han; Phuong phép sai phan hiru han...

1.2.1. Phwong phap luc

Trong hé siéu tinh ta thay cac lién két thira bang céc luc chua biét, con
gia tri cac chuyén vi trong hé co ban twong Gmg véi vi tri va phuong cua céac
luc an s6 do ban than cac luc d6 va do cac nguyén nhan bén ngoai giy ra bang
khong. Tir diéu kién nay ta 1ap duoc hé cac phuong trinh dai sé tuyén tinh, giai
hé nay ta tim duoc cac an sb va tir d6 suy ra cac dai luong can tim.

1.2.2. Phuwong phap chuyén vi

Khac véi phuong phap luc, phuong phap chuyén vi lay chuyén vi tai cac
nat 1am an. Nhitng chuyén vi ndy phai c6 gia tri sao cho phan luc tai cac lién
két dat thém vao hé do ban than chiing va do cac nguyén nhan bén ngoai giy ra
bang khong. Lap hé phuong trinh dai s tuyén tinh thoa man diéu kién nay va
giai hé do ta tim dugc céac an, tir d6 xac dinh céc dai lugng con lai. HE co ban
trong phuong phap chuyén vi 1a duy nhat va gi6i han giai cac bai toan phy thudc
vao sd cac phan tir mau c6 san.

1.2.3. Phuong phap hén hop va phuwong phap lién hop
Phuong phap hdn hop, phuong phap lién hop 13 sy két hop song song giita
phuong phap luc va phuong phap chuyén vi. Trong phuong phap nay ta cé thé
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chon hé co ban theo phwong phap luc nhung khong loai bo hét cac lién két thira
ma chi loai bo cac lién két thudc bd phan thich hop véi phuong phap luc; hodc
chon hé co ban theo phuong phap chuyén vi nhung khong dit day du céc lién
két phu nham ngan can toan bd cac chuyén vi nat ma chi dit cac lién két phu
tai cac nut thudc bo phan thich hop voi phuong phap chuyén vi. Truong hop
dau hé co ban 1a siéu tinh, con truong hop sau hé co ban 1a siéu dong.

Trong c4 hai cach néi trén, bai toan ban dau dugce dua vé hai bai toan doc
1ap: Mot theo phuong phap luc va mot theo phuong phap chuyén vi.

1.2.4. Phuwong phap phan tir hiru han

Thuc chat cia phuong phép phan tir hitu han 1 rdi rac héa ban than két
cau (chia két cau thanh mot s6 phan tir ¢6 kich thudc hitu han). Cac phan tir
lién ké lién hé v4i nhau bang cac phuong trinh can bang va cac phuong trinh
lién tuc.

Pé giai quyét bai toan co hoc két cau, c6 thé tiép can phuong phap nay
bang duong 16 tryc tiép, suy dién vat 1y hodc duong 16i toan hoc, suy dién bién
phan. Tuy nhién bang cach ndo di ching nita thi két qua thu duoc 14 mot ma
tran (d6 cung hoac do mém). Ma tran d6 duoc xay dung dua trén co so cuc tri
hoa phiém ham biéu dién ning luong. Trong pham vi mdi phan tir riéng biét,
cac ham chuyén vi duoc xap xi gan dang theo mot dang nao d6, thong thuong

l1a cac da thtec.

1.2.5. Phwong phap sai phin hiru han

Phuong phép sai phan hiru han ciing 1a thay thé hé lién tuc bang mé hinh roi
rac, song ham can tim (ham mang dén cho phiém ham gi4 tri dimg),nhan nhiing
gia tri g?m ding tai mdt s6 hiru han diém ctia mién tich phan, con gia tri cac

diém trung gian s& duoc xac dinh nhd mot phuong phap tich phan nao do.
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Phuong phép nay cho 16i giai sé ctia phuong trinh vi phan vé chuyén vi
va noi lyc tai cac diém nat. Thong thuong ta phai thay dao ham bang cac sai
phan ctia ham tai cac nut.Phuong trinh vi phan cua chuyén vi hodc noi luc duoc
viét dudi dang sai phan tai mdi nut, biéu thi quan h¢ ctua chuyén vi tal mot nut
va cac nut 1an can dudi tac dung ctia ngoai luc.

1.2.6. Phwong phap hdn hop sai phin — bién phan

Két hop phuong phap sai phan véi phuong phap bién phéan ta c6 mot
phuong phap linh dong hon: Hoac 1a sai phan cac dao ham trong phuong trinh
bién phan hoic 13 sai phan theo mot phuong va bién phan theo mot phuong

khac (d6i voi bai toan hai chiéu).
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CHUONG 2
PHUONG PHAP PHAN TU HUU HAN

Trong chuong trinh bay mét s6 khai niém co ban caa phwong phap phan
tar hitu han, va st dung né dé xay dung va giai bai toan dao déng ty do cua dam,
dugc trinh bay trong chuong 3.

2.1. Phwong phap phan tir hiru han

Phuong phéap phan tir hitu han 1a mot phuong phap sé dac biét ¢é hiéu qua
dé tim dang gan dung ctia mot ham chua biét trong mién xac dinh V cua né.
Tuy nhién phuong phap phan ti hitu han khdng tim dang xap xi caa ham can
tim trén toan mién V ma chi trong tirng mién con Vv, (phan tir) thuoc mién xac
dinh V. Do d6 phuong phéap nay rat thich hop véi hang loat bai toan vat Iy va
ky thuat trong d6 ham can tim dugc xéac dinh trén cac mién phic tap gom nhiéu
viing nho ¢ dac tinh hinh hoc, vat Iy khéc nhau, chiu nhitng diéu kién bién
khac nhau. Phuong phap ra doi tir truc quan phan tich két cau, roi duoc phat
biéu mot cach chat ché va tong quat nhu mot phuong phap bién phan hay
phuong phéap du ¢ trong nhung duoc Xap xi trén mdi phan tir.

Trong phuong phéap phan tir hitu han chia két cau cong trinh thanh mot s6
hitu han cac phan tir. Cac phan tir nay duoc ndi vai nhau tai cac diém dinh trudc
thuong tai dinh phan ti (tham tri tai cac diém trén bién phan tir) goi la ntt. Nhu
vay viéc tinh toan két cdu cong trinh duoc dua vé tinh toan trén cac phan tir cia
két cau sau d6 két ndi cac phan tir nay lai voi nhau ta dugc 11 giai cia mot két
cau cbng trinh hoan chinh. Tuong ty nhu phuong phap sai phan hitu han ciing
chia cong trinh thanh cac doan nhé (phan tir) va c4c trang thai chuyén vi (truong
chuyén vi) v.v... duoc xac dinh tai cac diém nat sai phan. Su khac biét cua hai
phuong phap 1a Phuong phap sai phan hitu han sau khi tim duoc céc chuyén vi

tai cAC N0t cua sai phan con cac diém nam giira hai nat duoc xac dinh bang noi
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suy tuyén tinh, con phuong phap phén ti hitu han sau khi xac dinh dugc chuyén
vi tai c4c nt ctia phan tir thi cac diém bén trong duoc xac dinh bang ham noi
suy (ham dang).

Véi bai toan co hoc vat ran bién dang, tuy theo ¥ nghia vat Ii ciia ham noi
suy c6 thé phan tich bai toan theo 3 loai mé hinh sau:

- M6 hinh chuyén vi: Xem chuyén vi 1a dai lwong can tim va ham noi suy
biéu dién gan dang dang phan bé caa chuyén vi trong phan ti.

- M hinh can bang: Ham noi suy biéu dién gan dang dang phan bé cua
g suat hay ndi lyc trong phan tu.

- Md hinh hdn hop: Coi cac dai lugng chuyén vi va tng suat 1a 2 yéu t6
doc lap riéng biét. Cac ham noi suy biéu dién gan dung dang phan bé cia ca
chuyén vi 1an tng suat trong phan tir.

Hién nay, khi 4p dung phuong phap phan ti hitu han dé giai cac bai toan
co hoc thudng sir dung phuong phap phan ta hitu han theo mé hinh chuyén vi.
Sau day luan vin trinh bai ndi dung phuong phap phan tir hitu han theo mé hinh
chuyén vi.

2.1.1 Noi dung phwong phap phan tir hira han theo md hinh chuyén vi

Trong phuong phap phan tir hitu han - md hinh chuyén vi, thanh phan
chuyén vi dugc xem la dai luong can tim. Chuyén vi dugc lay xap xi trong dang
mot ham don gian goi 1a ham noi suy (hay con goi 1a ham chuyén vi). Trinh tu
phan tich bai toan theo phuong phap phan tir hiru han - mé hinh chuyén vi c6
no1 dung nhu sau:
2.1.1.1. Roi rac hoa mién khdo sat

Mién khao sat (d6i tuong nghién ctru) dugc chia thanh cac mién con hay
con goi 1a cac phan tir c6 hinh dang hinh hoc thich hop. Céc phan tir nay duoc
coi 1a lién két véi nhau tai cac ndt nam tai dinh hay bién caa phan ta. S6 nat

cua phan tir khdng lay tuy tién ma phu thuc vao ham chuyén vi dinh chon.
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Cac phan tu thuong c6 dang hinh hoc don gian (hinh 2.1)

AN

Hinh 2.1 Dang hinh hoc don gian caa phan ti
2.1.1.2. Chon ham xdp xi

Mot trong nhitng tu tuong cia phuong phap phan tir hitu han 1a xap xi hoa
dai lugng can tim trong m&i mién con. Piéu ndy cho phép ta kha nang thay thé
viéc tim nghiém vén phuc tap trong toan mién V bang viéc tim nghiém tai cac
nat caa phan tr, cOn nghiém trong cac phan tir dugc tim bang viéc dua vao ham
xap xi don gian.

Gia thiét ham xap xi (ham chuyén vi) sao cho don gian ddi véi viéc tinh
toan nhung phai thoa mén diéu kién hoi tu. Thuong chon dudi dang ham da
thie. Biéu dién ham xap xi theo tap hop gia tri cac thanh phan chuyén vi va co
thé ca dao ham cua no tai cac nit cua phan tir. HAm xap xi nay thuong duoc
chon 1a ham da thie vi cc ly do sau:

- Pa thtrc khi duge xem nhu mot t6 hop tuyén tinh cua cac don thic thi
tap hop cac don thirc thoa man yéu cau doc 1ap tuyén tinh nhu yéu cau cua Ritz,
Galerkin.

- Ham x4ap xi dang da thirc thuong dé tinh toan, dé thiét 1ap cong thic khi
xay dung cac phuong trinh ctia phan tir hitu han va tinh toan bang may tinh.
Pic biét 1a dé tinh dao ham, tich phan.

- C6 kha ning ting d6 chinh x4c bang cach tang s bac cua da thirc xap xi
(vé ly thuyét da thac bac vo clng s& cho nghiém chinh xé&c). Tuy nhién, khi

thue hanh tinh toan ta thuong ldy da thic xap xi bac thap ma théi.
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Tap hop cac ham xap xi s& xay dung nén mot trudng chuyén vi xac dinh
mot trang thai chuyén vi duy nhat bén trong phan ti theo céc thanh phan chuyén
vi nit. Tir trudng chuyén vi s& xac dinh mét trang thai bién dang, trang thai ang
suat duy nhat bén trong phan tir theo cac gié tri cua cac thanh phan chuyén vi
nt caa phan tu.

Khi chon bac ctiia ham da thirc Xap i can luu ¥ cic yéu cau sau:

- Céc da thurc Xap xi can thoa méan diéu kién hoi tu. Pay 13 yéu cau quan trong
vi phuong phéap phan tir hitu han 14 mot phuong phép s6, do d6 phai dam bao khi
kich thudc phan tir giam thi két qua sé hoi tu dén nghiém chinh xéc.

- Céc da thtrc xap xi duoc chon sao cho khéng mét tinh dang huéng hinh
hoc.

- S6 tham s6 ciia cac da thic xap xi phai bang sé bac ty do caa phan ta,
tac 14 bang sb thanh phan chuyén vi nat cua phan tir. Yéu cau ndy cho kha ning
noi suy da thirc ciia ham xap xi theo gia tri dai lugng can tim, tac 12 theo gia tri
cac thanh phan chuyén vj tai cac diém nat cua phan ti.
2.1.1.3. Xay dung phwong trinh cén bang trong ting phan t, thiét lap ma
trgn dp cirng [K], va vecto tdi trong nat {F}_ciia phan ti thir e.

Thiét 1ap mdi quan hé giira ing suat va chuyén vi mit phan tir

Can thiét 1ap biéu thuc tinh bién dang va Gmg suat tai mot diém bat ki trong
phan tir thong qua an co ban 14 chuyén vi nit phan tir {8},.. Su dung cac cong
thire trong Li thuyét dan hoi, mbi quan hé gitra bién dang va chuyén vi :

(s} =[V]{u} @)

Taco:{u} =[N]{s} (2.2)

trong d6: [N] - goi 12 ma trdn ham dang, chira cac toa do ctia cac diém nut

cua phan tr va cac bién cua diém bat ki dang xét.
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Thay (2.2) vao (2.1), ta duogc:

te) =[VIIN]i3}, =[Bi3), (2.3)

trong d6:  [B]=[V][N]- ma trdn chita dao ham ctia ham dang.

Theo 1y thuyét dan hdi quan hé gitta tng suat va bién dang :

{o} =[Dl{e} (2.4)
Thay (2.3) vao (2.4), taduoc :
{c} = [D][BK5}- (2.5)

Thé ning toan phan I1.cia phan tir

Xét truong hop phan tir chiu tai trong tip trung tai nat {Pn}e (tng véi

chuyén vi ntit {8}, ) va chiu tai trong phan bd trén bé mit phan tir c6 cuong do

tai diém M bat ki 1a {q} :{qx}.

9y

Thiét 1ap biéu thuc tinh thé nang toan phan I, cta phan tir theo cong ctia

ngoai luc W, va thé nang bién dang U ctia phan tir do.

He= Ue'We (26)
Cong ngoai luc W, (khong xét luc thé tich) duoc tinh:

W= (5] P, + 1o} {a}os

Twr (2.2), ta co: {u} = [N]{S}e = {u}T = ([N]{S}e)T = {éi}eT [N]T
Thay vao biéu thuc tinh cong ngoai luc W, trén, thu dugc:

W, =(3}] (R}, +{o}] [[NT {ajas @7)

S

Thé nang bién dang U, ciia PT duoc tinh:
1 T
U, = El{g} {c}dV

Thay (2.3) va (2.5) vao biéu thuc tinh thé nang bién dang Ue ctia phan ti, ta co:
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0. 21| 87 [oTelev s, 28

Thay (2.7) va (2.8) vao (2.6) thu duogc thé ning toan phan cta phan ti :

1=, =3 T oo, | ), o [T |- 29

\Y S

bat:[K], = [[B]' [D][B]dV (2.10)

[K]e- goi 12 ma tran do cung phan tir. Vi [D] 12 ma tran di xtng nén tich

([B]" [D] [B]) ciing d6i xtmg va do d6 [K]e 1a ma tran dbi ximg.
Dit: {F}e:{Pn}e+I[N]T{q}d8={Pn}e+{Pq}e (2.11)

{F}. - 1a vecto tai trong ndt ctia phan tir; dugc xay dung boi ngoai luc dat
tai nat phan tir {Py}e va ngoai luc dit trong phan tir qui vé niat {Pg}e

trong d():{Pq}e :I[N]T {q}ds (2.12)

S

Thay (2.11) va (2.12) vao (2.9), ta duogc :
M1, = {8)] [KL {6, ~ {81 {F), 2.13)

Thiét 1ap phwong trinh cin bang

Theo nguyén li dimg thé ning toan phan, diéu kién can bang cua phan tur
tai cac diém nut :
oIl
013},

Tién hanh ldy dao ham riéng lan luot v6i timg chuyén vi nit va cho bang

oI, =0=> =0 (2.14)

0, thu dugc m phuong trinh (cho phan tir ¢ m chuyén vi nat):
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oIl

e

08,
oIl

08
o, _ %2 1_ (2.15)

oIl

e

a5

Thay ITctheo (2.13) vao (2.15) vaap dung phép lay dao ham riéng ddi véi

(a(p4" A1) o(x)"(8))

ma trin 5] =2[A]{X}; 3] ={B} |, thu dugc:
[K].{8}, —{F}.,=0 (2.16)
Suy ra:[K] {8}, ={F}, (2.17)
trong do:

{F} - vectotdi trong niit cia phan ti thir e xét trong hé toa do dia phuong;

{8}, - vecto chuyen vi niit cia phan tir thir e xét trong hé toa do dia phuong;

[K]. - matran do cting cua phan tir thir e xét trong hé toa do dia phuong.

Phuong trinh (2.17) chinh 14 phwong trinh can bang cua phan tir thi e.
2.1.1.4. Ghép néi cac phan ti xay dung phwong trinh cén bang cia toan hé.

Gia stir hé két cdu duoc roi rac hod thanh m phan tir. Theo (2.17) ta viét

dugc m phuong trinh cin bang cho tit ca m phan tir trong hé toa do riéng cua
ting phan tir. Sau khi chuyén vé hé toa do chung ctia toan két cau, tién toi gdp
cac phuong trinh can bang cta ting phan tir trong ca hé, thu dugc phuong trinh
can béng cho toan hé két cau trong h¢ toa d§ chung:

[K']{67} = {F’} (2.18)
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Do thir tu cac thanh phan trong vecto chuyén vi nat {8’ }e ciia timg phan tir
khac voi tht tu trong vecto chuyén vi nt {8’} ctia toan hé két cau, nén can luu
¥ xép dang vi tri cta timg thanh phan trong [K’Je va {F’}e vao [K’] va {F’}.
Viéc sdp xép nay thudng duoc ap dung phuong phap sé ma, hay st dung ma
tran dinh vi phan ttr [H]e dé thiét 1ap cac ma tran tong thé va vecto tai trong nut
tong thé cua toan hé két ciu.

Ap dung ma tran dinh vi phén tir [H],

Gia sir hé két cAu duoc roi rac hoa thainh m phén ttr. S6 bac tu do cua toan

hé 1a n. Vécto chuyén vi nat tong thé co dang:
(81={8, &, .. 8.} (219)

Vi phﬁn ttr thtr e, sb bac tu do 14 ne, co vécto chuyén vi nut trong h¢ toa

do chung la {8} . Cac thanh phan cua {8, nam trong sd cac thanh phan cia

{8"}. Do d6 c6 su biéu dién quan hé giita 2 vecto ndy nhu sau:

('1.= [Hle {8} (2.20)
(nexl) (nexn) (nx1l)
trong d6: [H] - 13 ma tran dinh vi cia phan tir e, n6 cho thiy hinh anh sap xép

cac thanh phan cua vecto {8 trong {8}.

Dua vao (2.13) ta x4c dinh dugc thé ning toan phan cho ting phan ti.
Thay (2.20) vao (2.13), sau d6 cong gop ctia m phan tir, xac dinh duoc thé ning

toan phan cua hé:
[1=3) 316} ML IKLHL 18- T+ (7, 221

Biéu thirc (2.21) biéu dién thé nang toan phan cua hé theo vecto chuyén
vi nat tong thé {8'} . 4p dung nguyén li thé ning dimg toan phan s& c6 diéu kién

can bang cua toan h¢ tai diém nut:
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Ap dung phép 1y dao ham riéng ddi v6i ma tran thu dugc:

ST i3 - SIHL ), = o @29

e=1 e=1

Nhan thdy ddy chinh 1a phuong trinh can bang cho toan hé. So sanh véi

(2.18), thu dugc:
Ma tran d6 ctmg tong thé: [K']= Zm:[H]eT [K].[H], (2.29)
e=1

{F1=2[HL{F}, @25)

Vecto tai trong nit tong thé:
e=1

Vi du 2.1: Xac dinh cic ma tran dinh vi [H]e ctia ddm vé6i 4 diém nit, co cac
thanh phan chuyén vi nat nhu trén hinh 2.2.

Loi giai
Vecto chuyén vi niit tong thé cta két cau trong hé toa do chung:
T

{8|}:{81 d, 03 9, 05 O8; 98, O3 Jy Oy 811}



~

Vecto chuyén vi nat cta timg phan tir biéu dién theo vecto chuyén vi nat

Hinh 2.2 Hinh vi du 2.1

tong thé:
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Ma tran do ctng tong thé:
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a,;, &, a;, a, a Ay 0 0 0 0 01
Ay, Ay ay, Ay g 0 0 0 0 012

g, Ay, Ay A 0 0 0 0 013

a44 + bll + dll a45 + blZ + d12 a46 + blS b14 b15 d13 d14 0 4

ag+by,+d,, a,+b, b,, b, 0 0 015

[K ] = ags + Dy, b, by 0 0 016
b44 + Cll b45 + ClZ C13 Cl4 C15 7

b55 + C22 C23 C24 CZS 8

(dX) Cyp+Cy Cy+€y Cy|9

C,+€, Cu (10

L Cg |11

4
Vecto tai trong nut tong thé: [F] = Z[H]GT {F'}e
=1

e 1

e, 2

e, 3
e,+f,+h | 4
e;+f,+h,| 5
[F]={ e,+f, :6
f,+09, |7
fo+9, |8
g,+h; |9
g,+h, |10
s 11

Viéc st dung ma tran dinh vi [H]e trong (2.24) va (2.25) dé tinh ma tran
d6 cung [K’] va vecto tai trong nat {F’} thuc chét 1a sap xép cac thanh phan
ctia ma trdn d6 ctmg phan tir [K’]e va vecto tai trong nat phan tir {F’}e vao vi
tri ctia nd trong ma tran do ctng tong thé [K’] va vecto tai trong nut tong thé
{F’}. Tuy nhién trong thuc té ngudi ta hay sir dung phuong phéap sé ma.
Phwong phap danh s6 ma

Khi tién hanh ghép ndi ma tran do cung cia két cdu va véc to tai trong tac
dung tai nut, ta 1am theo céc budc sau:
- Tién hanh danh s6 mi cta cac thanh phan véc to chuyén vi nut tai cac nat

cua két cau va danh s6 ma cho phan tu.
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- Lap bang xac dinh mé cuc bo ctia cac phan tir theo mi tong thé cua két
cau.

- Tinh toan xé&c dinh cac ma tran do cing, véc to tai trong tac dung tai cac
nut cta phan ttr theo mi cuc bd va tuong Gmg véi ma tong thé trong hé toa do
chung.

- Tién hanh ghép ndi ma tran d6 cimg va vécto tai trong tac dung nit cua
cac phén tir thanh ma tran do cling va vécto tai trong tac dung nit cua toan bg
hé két ciu trong hé toa do chung theo cong thirc.

- X(K,). 226
trong do:

+1,j:1a s6 hiéu ma téng thé cua toan bo két cau trong hé toa d§ chung;

+ k'ij : 1a hé sd cua trong ma tran do cimg cua toan bo két cau twong ing voi
hang co s6 hiéu ma téng thé iva cot co sd hiéu ma téng thé j trong hé toa do
chung;

+(k

i )e : 1a hé s ctia ma ma tran d6 cing ctia phan tir trong g véi hang
c6 sb hiéu ma téng thé iva cot co sd hidu ma tong thé j trong hé toa d6 chung
Vi du 2.2: Thiét 1ap ma trdn d6 cimg tong thé [K’] va vecto tai trong nat{F’}
ctia toan hé két cu cta hé trén hinh 2.3.

B (4,5,6) (7,8) g

& A 1 (123) | (9,10,11)
"

Hinh 2.3 Hinh vidu 2.2
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Loi giai
- Panh s6 ma cua cac thanh phan véc to chuyén vi ntt tai cac nut cua két cau
va danh s0 ma cho cac phan tit nhu hinh.

- Lap bang xac dinh ma cuc bd cua cac phan tir theo ma tong thé cua két cau.

Phén tur M cuc bd

1 2 3 4 5 6
TT | Loal o . .

SO ma toan thé
1 ¢ 90 1 2 3 4 5 6
2 —d 0 4 5 6 7 8
3 — -90 7 8 9 10 11
4 b—d oo 4 5 9 10

- Tinh toan xac dinh c4c ma tran d¢ cing [K ']e, véc to tal trong tac dung tai cac

nit {F'}_ cua phan tir theo mé cuc bé va tuong ing véi ma tong thé trong hé toa

do chung.
cB1 2 3 4 5 6
1_a11 dp 83 8y A a16_1 e |l
2 By Ay 8y Ax 8y |2 €,|2
[Kl] :3 a33 a34 a35 a36 3 {FI} — e3 3
L4 A Qg5 Ay 4 | ' € 4
5 (dx) Qge Qg |D e |5
6] g |6 €| 6
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CB1 2 3 4 5
/b, by, b, b, byl4 f |4
2 by, Dy by by |5 f15
[K1,=3 by, b, by |6 {F) =11, 16
4 (dx) b,, b, |7 £,|7
Sl b |8 f;)8
4 5 6 7 8 TT
cCB1 2 3 4 5
e, €, Cy €y Cs|7 9. 7
2 Cpp Cp Cy Cy|8 9,8
[K']3:3 C3 Ca Cy |9 ;{F'}3: 9y 9
4 (dx) Cu  Cus |10 g, |10
S| Cos |11 g,]11
7 8 9 10 117TT
CB1 2 3 4
1ld, d, d, d,|4 | 4
[K'] _ dp dy dy |5 {F} 2|
4 (dx) dy, dg, |9 e .1 9
i d, [10 h, 10
4 5 9 10 TT

- Tién hanh ghép ndi ma trdn d6 cing va vécto tai trong tic dung ndt clia cac
phan tir thanh ma tran do cimg [K']va vécto tai trong tac dung nit {F'} clia toan

bo hé két cau trong h¢ toa d§ chung theo cong thurec.
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a,;, &, a;, a, a Ay 0 0 0 0 01
Ay, Ay ay, Ay g 0 0 0 0 012

g, Ay, Ay A 0 0 0 0 013

a44 + bll + dll a45 + blZ + d12 a46 + blS b14 b15 d13 d14 0 4

ag+by,+d,, a,+b, b,, b, 0 0 015

[K ] = ags + Dy, b, by 0 0 016
b44 + Cll b45 + ClZ C13 Cl4 015 7

b55 + C22 C23 C24 CZS 8

(dX) Cyp+Cy Cy+€y Cy|9

C,+€, Cu (10

L Cg |11

e, 1

e, 2

e, 3
e,+f,+h |4
e.+f,+h, |5
[Fl=| e;+f, |6
f,+9, |7
fo+g, |8
s +hy |9
g,+h, |10
o8 11

2.1.1.5: Si Iy diéu kién bién cia bai toan

Phuong phap phan tir hitu han 1a cudi cing dua vé giai phuong trinh toan
hoc:

[K{8} ={F'}(2.27)

Pé phuong trinh nay khong c6 nghiém tam thudng thi diéu kién dinh thic
ctuia ma tran [K’] khac 0 ( det [K’] khac 0), khi d6 phuong trinh khong suy bién.
Véi bai toan két cau, diéu nay chi dat dugc khi diéu kién bién duoc thoa man
(két cau phai bat bién hinh). D6 1a diéu kién cho truéc mot sé chuyén vi nit

nao d6 bang 0 hay bang mot gia tri xac dinh hoac mot sé chuyén vi nat phai
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lién hé véi nhau. Sau khi 4p dit diéu kién bién vao, phuong trinh can bang cua
toan hé két cau trong hé toa d6 chung c6 dang:
(K8 ={F] (2.28)

Trong thuc té khi phan tich két ciu thuong gap 2 diéu kién bién sau:

- Bién 1am mét hozc nhiéu thanh phan chuyén vi bang 0.

- Bién 1am mét hozc nhiéu thanh phan chuyén vi c6 mot gia tri xac dinh
Khi bién c6 thanh phan chuyén vi nao d6 biang 0

Thanh phan chuyén vi tai mét ndt caa phan tir bang 0 do twong wng Véi
cac thanh phan chuyén vi nay la cac lién két véi dat, ta xu |i bang cach:

- Khi ¢anh ma chuyén vi cho toan bd hé, nhitng thanh phan chuyén tai nat
nao d6 bang 0 thi ghi ma caa chuyén vi d6 1a 0. Viéc danh sé6 ma toan thé cua
chuyén vi nit theo tht t va vecto chuyén vi nGt caa toan hé chi bao gom cac
chuyén vi nat con lai.

- Khi lap ma tran [K"], va vecto {F}_cuia ting PT, céc hang va cot tuong
ng vé6i s&6 ma chuyén vi nat bang khong thi khdng can tinh. Va khi thiét lap
ma tran do cang tong thé [K’] va vecto tai trong ndt tong thé {F’} thi nhiing
hang va cot nao c6 ma bang 0 thi ta loai bo hang, cot.

Vi du 2.3: Thiét 1ap ma tran do cung tong thé [K’] va vecto tai trong nat {F’}
ctia todn hé két ciu nhu hinh 2.4 (c6 xét toi diéu Kién bién).
B (1,2,3) (4,5 C

& A ] (0,0,0) 30 \D (0,0,0)

Hinh 2.4 Hinh vi du 2.3
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Léi giai:

Lap bang sé ma khi xét toi diéu kién bién:

Phén tur M cuc bd

1 2 3 4 5 6
TT | Loai o i .

SO ma toan thé
1 — 90 0 0 0 1 2 3
2 —d 0 1 2 3 4 5
3 —f -30 4 5 0 0 0

Ma tran @0 cang [K'], va vecto tai trong ndt {F} cua timg phan tu trong

hé truc toa d6 chung:

cB1 2 3 4 5 6

1l x X 0 X 1|0
2 0 X |0
3 0 X |0
K, = {F, =
[ ]1 4 a, a, a,ll { }1 d,|1
5 (dx) Qge Qg |2 dg |2
6 ags |3 CE

35



CB1 2 3 4 5
1_bll b12 b13 bl4 b15_1 el 1
2 b22 b23 b24 b25 2 e2 2
[K']2:3 b, by, by (3 ;{F'}2= e;r3
4 (dx) b, by, |4 e, |4
50 bgs |5 e |5
1 2 3 0 O0TT
CB1 2 3 45
1[c, ¢, X X4 f | 4
2 Cyy X XI5 f, |5
[K']3:3 X Xx|0 ;{F'}3= X +0
4 (dx) x x|0 x |0
5 X |0 X0
4 5 0 0 OTT

Can cr Va0 bang s6 m3, thu duoc ma tran d6 cang va vecto tai trong nit

tong thé (co xét téi diéu kién bién) nhu sau:

(3 +by) (B +by,) (84 +by) by bys 1

(855 +0y) (85 +Dy5) b,, by 2

[K*]= (865 +bgs) by, by 3
(dx) (bys+c11) (bastcy,) |4

I (bgs +C) |5

1 2 3 4 5
.
{(F*p={(d,+e,) (ds+e,) (ds+e;) (e,+f) (e5+f,)]
Khi bién c6 thanh phan chuyén vi cho truéc mot gia tri
Khi thanh phan chuyén vi tai mot nat nao dé cho trudc mot gia tri xac

dinh, thi du Am = a (hay lién két twong ung véi cac thanh phan chuyén vi nit
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dm chiu chuyén vi cudng bic co gia tri bang a). Llc nay ta co thé giai quyét
bai toan nay theo 2 céch:

Céch 1: Khi danh sb ma cua bac tu do (cac thanh phan chuyén vi) tong thé két
cau thi thanh phan chuyén vi tai nt c6 chuyén vi bang a ta vin ¢danh ma binh
thuong chiang han mé 1a m. Sau khi lap duogc ma tran d6 ciing tong thé [K’] va
vecto tai trong nit tong thé {F’} thay thé sb hang k__ trong ma tran thé [K’]
bang (k,.,+A) va thay so hang tai hang m trong ma tran {F’} la f, bang
(K +A)a.

Vi du 2.4: Thiét 1ap ma tran do ciing tong thé [K’] va vecto tai trong nat {F’}
ctia todn hé két ciu nhu hinh 2.5 (c6 xét toi diéu kién bién).

g (1.2.3) (4,5) C

A 0,0,0 3
¥ AL©00 )

Hinh 2.5 Hinh vi du 2.4

Loi gidi
Hé dugc danh sé phan tir va s6 ma chuyén vi tong thé cta két ciu nhu hinh
2.5.
Bang sé ma khi xét toi diéu kién bién:
Phan tit M3 cuc bo
1 2 3 4 5 6
TT | Loai o

SO ma toan thé

1 —— 90 0 0 0 1 2 3
2 —d 0 1 2 3 4 5
3 b— -30 4 5 0 6 0
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Ma tran do cing [K'], va vecto tai trong nat {F'}_cua ting phan tir trong
hé truc toa d6 chung:

cB1 2 3 4 5 6

1[ x 0 x]0

2 X 0 X |0

3 0 X0
[K']lz ;{F'}lz

4 A, A Ay |l d, |1

5 (dx) A Agg |2 d; |2

6 Ags |3 ds) 3

O 0 O 1 2 3 TT

CB 1 2 3 4 5

1_b11 12 b13 b14 b15_1 ,el 1

2 b, Dy by by |2 €, |2
[K']2:3 D, D, Dby |3 ;{F'}2:< e, 3

4 (dx) b, by |4 e, |4

5] bss |5 e |5

1 2 3 0O0TT

CB1 2 3 4 5

1lc, ¢, C, X|4 f,| 4

2 C,, C,, X|5 f,|5
[K']3:3 X x10 ,{F'}S: X +0

4 (dx) Cu X6 f, |6

5 X |0 x]0

4 5 0 6 OTT
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Can clr vao bang s6 ma, thu dugc ma tran d6 cimg va vecto tai trong nat

tong thé (co xét téi diéu kién bién) nhu sau:

(a44 + bu) (a45 + blz) (a4e + bls) b, by 0
(as5 + bzz) (a56 + bzs) b, by 0
[K*]= (8 +s;) b, by 0
(b44 + Cll) (b45 + C12) C14
(dx) (bss +sz) Cas
] (Cu+A)]
1 2 3 4 5 6

{(Fri={(d,+e) (dy+e,) (ds+ey) (e,+F) (es+F,) (C44+A)a}T

Giai hé phuong trinh [K*}{S*} = {F*} thoa mén diéu kién bién vi phuong

trinh thir 6 thu duoc:
K181 + K202 + Ke3ds + Kesds + Kesds + (Cast A)ds = (Cast A)a

Chia ca 2 vé cho (Cau+ A), thu dugc: 85 = a
Céch 2: Theo cach thtr 2 nay thi khi danh ma chuyén vi tong thé cho két cau
thi nhitng thanh phan nao chuyén vi bang khéng hoic ¢ chuyén vi cudng buc
ta danh ma 0, con cac thanh phan chuyén vi con lai ta danh ma theo thir tu tir 1
dén hét. Sau d6 ta 1ap ma tran d6 ctig va vécto tai trong tac dung ndt cho toan
bo hé nhu bai toan khong c6 chuyén vi cudng bic. Luc nay ta coi chuyén vi
cudng bire nhu 1 mot dang tai tai trong tac dung Ién két ciu, vi vay khi tinh
vécto tai trong tac dung nat 1&n toan bo hé phai ké thém phan tai trong tac dung
nit do chuyén vi cudng birc gay ra. Vecto tai trong nat Iic nay 1a do chuyén vi
cudng buc cac lién két tua, duoc tdng hop tir cac vecto tai trong nit {P’A} cua

mi phan tir ¢6 lién két tua chuyén vi cudng buc:{P;} =[T]. {P,},; trong do:
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P} nhéan duoc bang phan lyuc lién két nat do chuyén vi cudng buc gdi twa véi
Ao gp

dau nguoc lai.
2.1.1.6. Gidi hé phwong trinh cén biang
Vi bai toan tuyén tinh, viéc giai hé phuong trinh dai s6 1a khong kho. Két

qua tim duoc 1a chuyén vi cua cac nat:

* * 1
o =[K ] {F) (2.29)
2.1.1.7. Xac dinh ngi luc

Tur két qua thu duoc, két hop véi cac diéu Kién bién xac dinh duoc vecto
chuyén vi nGt cua ting phan tir trong hé toa do dja phuong. Tir d6 xac dinh
duoc ndi luc trong phan tu.

Phuong phap phan tir c6 wu diém la viéc chia két cau ra thanh céc phan tir
nho thi dé dang mod ta duoc hinh dang phuc tap cua cong trinh, dic biét vi cac
phan tir nhd nén mé ta trang thai chuyén vi cua phan tir chi can cac da thac bac
thap. Thong thudng d6i vai phan tir dam chiu udn thi ta thuong dung da thirc
bac 3 dé mo ta chuyén vi cua phan tir:

y=a,+aX +a,Xx*+a,x*(2.30)

Trong phuong trinh mé ta chuyén vi ta thay c6 bén théng sé can xac dinh.
Dé thuan tién ta thay bon théng sé a,,a,,a,,a, bang cac chuyén vi va goc xoay
tai cAc n(t ciia phan tirv,,0,,v,,0,.Vi ham chuyén vi bac 3 nén ta cac lyc tac
dung trén phan tir ta phai quy vé nit caa phan tu.

2.1.2. Cach xay dwng ma tran d cirng ciaia phan tir chju uén

Xét phan tir dam c6 hai nGt, mdi nat ¢ hai bac tu do 1a chuyén vi va goc

xoay va dam c6 dién tich mat cat ngang 1a A; md men quan tinh cta mit cét

ngang 13 I; m6 dun dan hoi cua vat lidu E (hinh 2.6)
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Hinh 2.6 Phan tu hai nGt
Pé tinh toan duoc tong quat, chiéu dai phan tir 1y bang hai don vi, géc
toa d6 nam & gitra phan ter. Nhu vay, néu biét dugc cac bac ty do tai cac nit
phan tir 1a v,,0,,v,,0, thi chuyén vi tai diém bat ky trong phan tir tai toa do x
duoc xac dinh nhu sau:
v=N,v,+N,.0, + N,.v, + N,.0,(2.31)
Trong d6 :N,, N,, N,,N,: la cac ham dang va dugc xac dinh nhu sau:

N1=%(2—3x+x3); Nz:%(l—X—X2+x3);

1 1
N :Z(2+3x—x3); N4=Z(—1—x+x2+x3).

3

Theo cdng thirc trén ta thay:

dv
™
X

dv
vV, —

=0 V| = Trw

17

=0

x=1

(2.32)

2

x=-1

Nhu vy, mdi phan tir ¢6 4 bac tw do X ={v,,0,,v,,0,} can xac dinh. Néu
biét duoc X thi ta c6 biét duoc chuyén vi trong phan tir ciing nhu bién dang udn
va md men theo cong thirc sau:

_dzv__[dle d’N, d’N, d°N,

}{vl 6, v, 0,l';(233a)

x= dx? dx®>  dx? dx? dx?
M =Ely =—El dnN, dN, dN, dN, v, 6, v, 6,}'(2.34a)
dx* dx* dx* dx®

Cong thuc trén 1a tinh toan cho phan tir c6 chiéu dai bang 2, néu phan tir
c6 chiéu dai 1a Ax thi bién dang uén va mé men dugc tinh nhu sau:

2 2 2 2 2 2 2
- SY(2)_(ZV[EN N O N
dx \ AX AX dx dx dx dx
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(2.33b)

2 2 2
M — EIX__EI( MdN d’N, d*N, dNﬂ{W o, v, 0,

dx* dx® dx* dx®
(2.34b)
Xét phan tir c6 cAc tai trong tap trung F={P,P,,M,,M } tac dung tai cac
ndt caa phan tir. Theo phuong phap nguyén 1y cuc tri Gauss, luong rang buoc

dbi véi bai toan tinh viét cho phan tir nhu sau:
AX 7 4 )
= 7[ M [ Jdx - >"FX, — min (2.35)
-1 i=1
Piéu kién ding cua (3.25) duoc viét lai nhu sau:

AX 1 4
== [ M3[ Jdx - > F8X, =0(2.36)
-1 i=1

hay:
'1d2 Ld’N, Ld’N, d”N, Ld’N, d°N, | |
dx : Ldx
4 Jl dx’ ,jl dx* dx? ,Il dx® dx?
L Ld?N, dZNZ Ld?N, d*N Ld?N, d*N w, P
dx : 2 dx ! 2 dx
[if NE dx dx Il dx’ .[ dx* dx? .[ dx* dx? 0, | | M,
A 11 1 142 2 142 2 W - P
X del\12 j Nsz jdl\i3dl\i3dx Id’\i“dedX ) )
4 5 dx 5 odx®dx 5 odx® dx 0, M,
1 1 1 A2 2 1 42 2
I ) Id|\!dN Jd’\ing;dX dez“dNZ“dx
% dx ° dx 5odx®odx Sodx®odx

(2.37)
[K]{X} ={F} (2.38)
trong do:[K]: ma tran d6 cing cua phan ti; {F} : véc to tdi trong tac dung nat;
{X}: véc to chuyén vi n(t cua phan tur.
Tinh tich phan céc hé sé trong [K] tacd thé tinh bang phwong phap chinh
xéac (bang ham int(fx,a,b) cd san trong matlab) hozc tinh bang phwong phap tich
phan s6 cua Gauss va két qua do cang caa phan ti chiu uén ngang phang nhu

Sau:
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[ 12El 6El 12El  6EIl |
AX? A A AX
6EI 4El| 6El 2E|
AX? AX  AXE AX
12EI 6El 12El 6El

CAC A A AX
6EI 2E| 6El 4E|
AX AX  AXE AX

(2.39)

Biét dugc ma tran do cing phan tir thi ta dé dang xay dung duoc ma tran

d6 cang cua toan thanh.Néu thanh chi c6 mét phan ti thi ma tran caa phan to

cling chinh 14 ma tran d6 ciing cua thanh. Trong phan tir néu bac tu do nao

khong c6 thi trong ma tran do cang caa phan tir d6 ta bo di hang va cot tuong

ung vaéi bac tu do do.

2.1.3. Cach xay dwng ma tran d¢ cieng tong thé cia két cau

Dé trinh bay cach xay dung ma tran d6 cang tong thé caa két cau trong

phuong phéap phan tir hitu han, luan van xin duoc trinh bay théng qua vi du giai

bai toan dam chiu udn dudi tc dung cua tai trong tinh cu thé sau (con céc bai

toan khac thi cach xay dung ma tran d6 ctng tong thé ciing lam tuong ty):

Vi du 2.5: Tinh toan két cau dam

chiu lyc nhu (hinh 2.7). Biét dam
c6 do cung EI=10°(kN.cm?) ”’g:il;;é’w(m)

I\

a

L

a

I\

a 1

khong doi va P=10 (kN). Xac dinh Hinh 2.7 Hinh vi du 2.5

chuyén vi tai giira dam.
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1 2 K 4 5
PN | I
posimy oy o | o
| | | | |
| <2 hiCu nét trong thanh |
| | | | |
0 1 2 3 |
| 1 9, 3 0
} | | | |
. <2 hiQi bEc tu do chuyOnvbnét |
| | | | |
4 5 8 9 1

— \
| 6 7 10 11

2 hiCu bEc tU do géc xoay nét
Hinh 2.8 Roi rac hda thanh thanh cac phan ta

Chia thanh ra thanh n, phan ti.C4c nit cua phan tir phai tring véi vi tri
dat lyc tap trung, chiéu dai cac phan tir c6 thé khac nhau. Mdi phan tir c6 4bac
tw do, nhu vay néu n, phan ti roi rac thi tong cong c6 4n  bac tw do. Nhung
vi can dam bao lién tuc gitra cac chuyén vi la chuyén vi cua nat cudi phan tir
thir e bang chuyen vi cua nat dau phan tir thi (e +1) nén s6 bac ty do cua thanh
s& nho hon 4n_ . Khi gidi ta chi can dam bao dicu kién lién tyc cia chuyeén vi
con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao cac diéu
kién rang buoc. Vi du dam trong (vi dy 2.5) ta chia thanh 4 phan ti (hinh 2.8)

Nhu vay, tong cong s6 an 1a 11 an < 4x4=16 an. Goi ma tran n_ 1a ma
tran chuyén vi c6 kich thuéc n,,(n,,2) 1a ma tran ¢6 n, hang va 2 cot chira
cac an so la chuyén vi tai n(t caa cac phan ti (hinh 2.8)

n,@)=[0 1;n,(2:)=[1 2];n,3:)=[2 3];n,(4)=[3 0]

01 2 37
n =
“11 2 30
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Goi ma tran n, la ma tran chuyén vi c6 kich thuéc n,(n,,,2) la ma tran co
n,. hang va 2 cot chira cac an s6 la goc xoay tai nit cua cac phan tir (hinh 2.8)

n,@:)=[4 5];n,(2:)=[6 7];n,(3:)=[8 9]; n,(4,:)=[10 11]

. {4 6 8 10]
15 7 9 11
Sau khi biét an s6 thuc caa cac thanh ta c6 thé xay dung d6 ciing tong thé
cua thanh (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tily vao trinh do 1ap
trinh caa mdi ngudi nén tac gia khéng trinh bay chi tiét cach ghép néi cac phan
tir lai dé dugc ma tran o ciing cua toan thanh va c6 thé xem trong code mé dun
chuong trinh cua tac gia)

Néu bai toan c6 n_, an so chuyén vi va n_ an s goc xoay thi ma tran do
ctng cla thanh 1a K ¢6 kich thuéc (nxn), K(n,n)véin=(n,+n_ ). Nhu & vi

du 2.5,n =11. Bay gio xét diéu kién lién tuc vé goc xoay giira cac phan ti.

Piéu kién lién tuc vé goc xoay giita cac phan tir duoc viét nhu sau:

Wil ][ W) |Z0(2.40)
dX nut2 dX nutl
dy dy
hay: oM || = |- =2 =0 2.41a
y l|:£ dX nutZJ [ dX nutl]:| ( )
oo, || De| |- [dl -0 (2.41b)
L dX nut2 dX nutl /|
s | s |- (di -0 (2.41c)
L dX nut2 dX nutl /|

Trong d6 A. ciling 14 4n s cua bai todn (6 k an s6), do d6 tong sé an s6
ctia bai toan lac 1a (n+k) do d6 ma tran d6 ciing cua phan tir lic nay cling phai

thém k dong va k cot nhur véy kich thuéc ciia ma tran do cang laK(n + k,n + k).
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Goi k, la goc xoay tai ndt 2 ctia phan tir truéce, k, 1a goc xoay tai nit 1 ciia phan

tir sau thi ta c6 cac hé sé trong ma tran do cang K:

k(n+i,k1)=§;k(n+i,k2):—A—2X(i:1+k) (2.422)

k(kl,n+i):§;k(kz,n+i):_§(izl+k) (2.42b)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢6 n phan tir thi c6
(2n,, —1) diu kién lién tuc vé goc xoay giira cac phan tir. Nhu vy cudi cling

ta s& thiét lap dugc phuong trinh:

(KX ={F}

R X, |
so—hang=n :
F X, s 2 4 .
trong d6: {F} = ; {X}=|_"|laén so cua bai toan
0 X,
so—hang =k

Trong vi du 2.5 khi chia thanh ra thanh 4 phan ttr. Két qua ma tran d6 cang cua
thanh:

[24 -12 0 -12 -12 1.2 1.2 0 0 0 0 0 0 0
-12 24 -12 0 0 -12 12 1.2 1.2 0 0 0 0 0
0 -12 24 O 0 0 -12 -12 12 12 0 0 0
-12 0 0 16 08 0 0 0 0 0 0 0 0 0
-12 0 0 08 16 0 0 0 0 0 0 210° 0 0
12 -12 O 0 0 1.6 0.8 0 0 0 0 -210° 0 0
[K]=10° 12 -12 O 0 0 0.8 1.6 0 0 0 0 0 210° 0
0 12 -12 0 0 0 0 1.6 0.8 0 0 0 -2.10° 0

0 12 -12 O 0 0 0 0.8 1.6 0 0 0 0 2.10°

0 0 12 0 0 0 0 0 0 16 08 0 0 -2.10°
0 0 12 0 0 0 0 0 0 08 16 0 0 0
0 0 0 210° -210° 0 0 0 0 0 0 0 0
0 0 0 0 0 210° -2.10° 0 0 0 0 0 0

| 0 0 0 0 0 0 0 0 210° -210° 0 0 0 0 |

Két qua chuyén vi, goc xoay tai cac nit:
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W,,W,,W,; 1 0.09166667(cm);0.13333333(cm);0.09166667(cm);
©0,:0,;9,;9, | | 0.05(rad);0.0375(rad); 0;—0.0375(rad); —0.05(rad)
Ta thay két qua trén so voi két qua giai chinh xac theo phuwong phap giai
tich rat dang vi du nhu chuyén vi tai nat 3 tinh theo phuong phép giai tich:

3
w, = _0,13333333(cm)
48E|

3
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CHUONG 3.
TINH TOAN KHUNG PHANG CHIU UON
THEO PHUONG PHAP PHAN TU HUU HAN

Dé 1am sang t6 noi dung phuong phap, trong chuong nay tac gia trinh
bay cac vi du tinh toan cu thé.
3.1. Bai toan khung

Khung 13 két cau 1am viéc chiu uén. Cac dai luong bién phan theo phuong

phap nguyén 1y cuc tri Gauss 1a bién dang va chuyén vi cho nén dé tinh khung
trudc tién can gia dinh dang dudng d6 vong ciia cac doan ciia khung, (thi du,
theo da thirc) hodc roi rac dudng do vong theo phuong phap phan tir hitu han
hodc theo phuong phap sai phan hiru han. Nhu vy, khi giai truc tiép phiém
ham lugng cudng birc Z thi cac 4n cua bai toan 1a:
~ céc hé sb cia ham xép xi ( vi du, cua da thuc Xép xi ) hodc
— chuyén vi tai cac diém cia sai phan hiru han hoic
—~ chuyén vi va goc xoay tai hai nit ciia phan tir hiru han
s& 1a cac dai luong bién phan (cac bién doc 1ap) cua bai toan.

Goi Y,(x) la duong d6 vong cta doan thir i nao d6 cia khung véi truc x
tring voi tryc dam, EJ, 1a d6 cimg udn cia nd, . 1a bién dang udn. Déi vai
doan thtr 1 cua khung, ta co6:

3 2
E‘]-:Ebh :—d—y, Mi:E‘]i-li:E\]i(_

b7 ‘ 4y
12 dx?

dx?

§Ice

& day E 1a modun dan hdi vét liéu dam, b va h 1a chiéu rong va chiéu cao tiét
dién doan dam.Tai diém ndi doan i va doan (i+1) chuyén vi va géc xoay hai
doan phai bang nhau (diéu kién lién tuc), tai gdi twa chuyén vi bang khong, néu
1a ngam thi goc xoay ciing bang khong (hinh 3.1).D4i véi khung, can xét thém

cac chuyén vi tai nat khung. Trén hinh (3.1) gi¢i thiéu so d6 phan ttr, ntt khung
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phéng mot nhip, mot tﬁng, va toa do cua cac thanh. Do chi xét momen ubn va

luc cat trong thanh nén chi can xét mot chuyén Vi ngang tai dau cot tr:flng mot

va hai chuyén vi xoay tai hai nat cua khung.

7
P
IR 4N NN NNenen:
@ >/ ©
3
N
¢ [y 4 I

b

®

el

lﬂ-l L

1

a. So d6 phan tir

g

Tt/

®
S
L A

b. Toa do cac thanh

Hinh 3.1 So' dd phan tir, nit va toa d§ cac doan thanh ciia khung

Nhitng vi du trinh by duéi diy dung phuong phap phan tir hitu han dé

xay dung va giai cac bai toan
3.2.Céc vi du tinh toan khung
Vidu 3.1.Khung siéu tinh bdc 2, hinh 3.2.
Xéc dinh ndi luc va chuyén
vi cua khung chiu lyc nhu hinh 2,
d6 ctmg udn EJ=const.
R&i rac hoa két ciu dim ra thanh
Npt phan tir. Cac nut cia phan tir
phai trung véi vi tri dat luc tap
trung, hay vi tri thay doi tiét dién,
chiéu dai cac phan tir co thé khac

nhau.

L l l

1 1

Hinh 3.2. Khung siéu tinh bdc 2
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| l
| X '|I'
s é é SO DO DAM NGANG
N _ — _ — N /,
> e 7 &!r év @ :IL ||2| ||3| |A|1| |5 rl_,t
\ I i i T 1
<= 2 "’E E S'; > N’VE SO DO NUT DAM
& FOT ST & & = %) 0 1313 1414 18915 Q [y
5 1 9 ol % N § 3 é I [} || i |} 1
~| g ™= ; T %2 o1 5(;.75( SO DO AN CHUYEN VI
5 1] 8 8 g z 16 1718 1920 2122 23 |y
@ L § -l g ~L ¢ S 5 @ f {1 1F {I} 1 X
T -T oT é N SO DO AN GOC XOAY
S N /Mot by i L T Ly i
® ® ® @ CHIEU DAI PHAN TU

Hinh 3.3. So d6 roi rac két ciu
MJ3i phan tir c6 4 4n wy, w,, 6;, 6, vay néunp: phan ta roi rac thi tdng cong co
AXNpan.

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi cua nt
cudi phan tir thir e bang chuyén vi ciia nat dau phanti thir (e +1) nén s6 an cua
thanh s& nho hon 4xne..Khi giai ta chi cin dam bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach dua vao cac
diéu kién rang budc. Vi du dam trong (vi du 3.1, hinh 3.3) ta chia thanh 4 phan
tir (hinh 3.3).

Khi chia cot thanh 4 phan tir thi s6 nit dam sé 12 5, thir ty tir trai sang phai
la[1, 2, 3, 4, 5] (hinh 3.3b1), s6 an chuyén vi nw=4, tht ty tir trai sang phai la
[1, 2, 3, 4] (hinh 3.1c1), & day an chuyén vi tai chan cot bang khong, an goc
xoay nwx=8, thur tu tir trdi sang phai la [5, 6, 7, 8, 9, 10, 11, 12] (hinh 3.3d1).

Khi chia dam thanh 4 phan tir thi s6 nGt dam sé& 1a 5, th tu tir trai sang
phai 14 [1, 2, 3, 4, 5] (hinh 3.3b2), s6 an chuyén vi nw=3, thi tu tir tri sang
phai 14 [13, 14, 15] (hinh 3.3¢2), & day 4n chuyén vi tai hai ¢au dam bang khéng,
an goc xoay nwx=8, thu ty tir trai sang phai la [16, 17, 18, 19, 20, 21, 22, 23]
(hinh 3.3d2).
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Nhu vay, tong cong sé an 1a 23 an <2x4x4=32 an. Goi ma tran nw 1a ma
tran chuyén vi co kich thudc nw(ng, 2) 1a ma tran c6 ny hang va 2 cot chia cac
an s6 1a chuyén vi tai n(t caa cac phan ta (hinh 3.3).

Céc phan tir cot:

nwi(,:)=[0 1 nwi(2,:)=[1 2];nwi(3,:)=[2 3} nwi(4,:)=[3 4]

nwi=[0 1 1 2 2 3 3 4]

Goi ma tran nwx1la ma tran chuyén vi goc xoay c6 kich thuéc nwx1(ny,2)
lama tran c6 n  hang va 2 ct chira cac an s 1a goc xoay tai nit cua cac phan
tir (hinh 3.3).

nwx1(1,:)=[5 6] nwx1(2,:)=[7 8]; nwx1(3,:)=[9 10} nwx1(4,:)=[11 12]

nwl=[5 6 7 8 9 10 11 12]
C4c phan tir dam:
nw2(1,:)=[0 13} nw2(2,:) =[13 14];nw2(3,:)=[14 15] nw2(4,:)=[15 O]

nw2=[0 13 13 14 14 15 15 0]
Goi ma tran nwx2la ma tran chuyén vi géc xoay co kich thudc NWX2(Npt,
2) 1a ma tran c6 n hang va 2 cot chira cc an s6 1a goc xoay tai nit cua cac
phan tir (hinh 3.3).
nwx2(1,:)=[16 17} nwx2(2,:)=[18 19]; nwx2(3,:)=[20 21] nwx2(4,:)=[22 23]
nwx2=[16 17 18 19 20 21 22 23]
Sau khi biét an sé thuc cua damva cot ta cd thé xay dung do cing tong thé
cua khung(co rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh d6 1ap
trinh caa mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi cac phan
tir lai dé dugc ma tran d6 cing caa todn dam va cd thé xem trong code mo dun

chuong trinh cua tac gia)
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Néu bai toan c6 nwl, nw2 an sé chuyén vi thang cua dam va cot va nwx,
nwx2 an sb goc xoay cua dam va cot thi ma tran d6 cang cua dam 1a K ¢ kich
thuse (nxn), K(n,n)véi n=(nwl+nwxl+nw2+nwx2). Nhu ¢ vi du 3.1, n=23.
Bay gio xét diéu kién lién tuc vé goc xoay giira cac phan ti.

Piéu kién lién tuc vé goc xoay giira cac phan tir dwec viét nhu sau:

avil _dia|
dx nut2 dx nutl (a)
Poi véi cot trai, ta co:
dy dy
. 11 _ 12 =0
A{ 0 e O }
dy,| dy }
522 12 _ YJ13 =0
L dX |nut2 dX nutl
51, Wss| B } 0
L dX nut2 dX nutl (b)

Poi véi dam ngang, ta co:

514 _dy21 _ dy22 — O
| dx dx

nut2 nutl _|

dy dy
by 22 _Jas -0
/15_ dx dx

nut2 nutl _|

5/16 _dy23 _ dy24 — O
L dx nut2 dx nutl _| (C)

Goi k, 1a goc xoay tai nit 2 cua phan tir trudc, k, 1a goc xoay tai nut 1 cta

phan tir sau thi ta c6 cac hé sb trong ma tran do cing K:

k(n+i,kl):A_2X; k(n+i,k2):—A—2X (i=1-K) (d)
k(kun+iy:§%;k(kyn+iy:—§%(rzl+k) @)

52



Néu ¢6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢6 n,, phan tir thi c6
(2n,, 1) diéu kién lién tuc vé goc xoay giira cac phan tir.

Piéu kién bién dwgc viét nhu sau:

- Tai dau ngam bén phai dam ngangcé géc xoay bang khdng:

nut2 (f)

dx
Piéu kién goc xoay tai nat giao gitra ¢t va dam dwoc viét nhw sau:

G6c xoay tai nit cudi cua phan tir dau cot bang goc xoay tai nit dau cua

phan tir dau tién caa dam
5/'18(d2y1 _ d2y1

dx dx

J:o
nutl (g)

Pieu kién chuyén vi ngang tai dau cot biang khong: AV

nut2

w)=0 (h)

Trong d6 h(k=1+9) ciing 13 an s cua bai toan (c6 k an sé), do dé tong
s6 an so cua bai toan luc do 1a (n+k), do d6 ma tran do cing cua phan tir ldc
nay ciing phai thém k dong va k ¢t nhu vay kich thudc cua ma tran do cang la
K(n+k,n+k). Chang han trong vi du ndy, ta c6 n=23, k=9 va tong s6 an cua
bai toan 1a n+k=23+9=32 an. Trong trudng hop nay ta xac dinh dugc kich thudc
ciia ma tran do ciing tong thé 1a: K[32x32].

Nhu vay cudi cung ta sé thiét lap dwoe phwong trinh:

[KKa}=1{F} @)
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51
2
0,
aj=1"
] ; i
F ,
so—hang=n :
F _
trong do:{F} = (; ; ) 1a 4n sb caa bai toan
: vs0—hang =k
- O -

Trong vi du 3.1 khi chia thanh ra thanh 4 phan tir, ta c:

- Ma tran @o cieng phan tir [Ke], nhu sau:

768 —768 96 96
l—768 768 —96—96‘
96 -96 16 8
96 -96 8 16

- Ma tran @9 cieng toan dam [K]:

[Ke] =

Ghép ndi cac ma tran do cang phan tir [Ke] vao hé toa d6 chung, ta dwoc
ma tran d6 ciing tong thé caa toan két cau [K(32x32)], & day khong trinh bay
vi kich thudc ma tran qua lon.

- Véc to luc nUt{F}:Trong vi du nay la véc to 1 c6t 32 dong, nhu sau:
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0.250
0.250
0.250
0.125

o

Fl-

O O O O O O O O O O O O O O O O O O O O O o o o o o o

Giai phuong trinh (e) ta nhan duoc:

{a}=[KI{F}

Theo ngdn ngit 1ap trinh Matlab ta c6 thé viét:

=K F}

Két qua chuyén vi, goc xoay tai cac nit:
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w N

~

N

w

EETETETEEE

N

N

0.0062
0.0082
0.0051
0.0000
-0.0024
-0.0021
-0.0008

0.0279
0.0183
-0.0028
-0.0197
-0.0167
-0.0167
-0.0031
0.0042
0.0052
0.0000

x PI®

X PI?
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Momen uén caa dam:

N N N = = = - [E
w N - 3 ~ w [N (SN

N
s~

<L I LKL

N
(2]

0.0000)
0.0770
0.0915
0.0435
-0.0670
-0.0670
-0.0419
-0.0167
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X Pl

Dudi ddy 1an 1a duong do vdng va biéu d6 moomen uén cua cot va dam
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Hinh 3.2a. Puong dé vong ciia dam

0.08[

0.06fX%0
Y: 0.06696

\ Y: 0.04185

0.04 '\
\ X2

0.02 N Y: 0.016?4

AN

0 X3

Y:-0.008371
I\
-0.02 X4
Y:-0.03348
| }
-0.04 t
0 0.5 1 15 2 2.5 3 3.5 4

57



Hinh 3.2a. Biéu d6 mémen ciia cét  Hinh 3.2a. Biéu dé6 mémen cia dam
Nhan xét két qua trén:

Khi chia cot va dam thanh 4 phan ta nhan dugc két qua nhu trén, so sanh
véi két qua theo 1oi giai giai tich da co o trén (két qua loi giai ban giai tich hoan
toan tring khép vai két qua nhan dugc bang phap luc va chuyén vi) ta nhan
dugc sai sé theo bang sau:

BANG SO SANH MOMEN UON TAI CAC TIET DIEN COT VA DAM

L Lo giai s6 theo S
Cac tiet dién caa Loi giai ban giai o,
. phwong phap Sai so %
cot 1 vadam 2 tich
PTHH

Giira cot 0,0915 0,0893 2,463
Pau cot -0,0669 -0,0714 6,302
Pau trai dam -0,0669 -0,0714 6,302
Giira dam -0,0167 -0,0178 6,179
Pau phai dam 0,0350 0,0357 1,960

Ta thay sai s6 ting 1én so vai két qua chinh xac tai tat ca cac tiét dién, sai
s6 nho nhat tai tiét dién dau ngam bén phai dam (1,92%), sai s6 16n nhat tai nit
giao gitra dau cot va dau dam (6,302%). Mudn ting d chinh xac ta can roi rach
hoa dam va cot thanh nhiéu phan tir hon. Chang han trong vi du nay ta chi can
roi rac hoa két cau dam va cot thanh 16 phan tir ta d nhan duoc két qua tring

khap vai loi giai chinh xac.
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Vidu 3.2b: Khung siéu tinh bdc 2, hinh 3.4.
g
INRNRNN NN INNT RN AN

Xac dinh néi lyc va chuyén vi

cua khung chiu lyc nhu hinh 2, d6 cung
udn EJ=const.
ROi rac hoa két ciu dam ra thanh npt ~

phan tir. Cac nut ctia phan tir phai tring

voi vi tri dat lyc tap trung, hay vi tri

2. AL 4 A ) \ L l l,
thay doi ti€t di¢n, chi€u dai cac phan tir i i
¢6 thé khac nhau. Hinh 3.4. Khung siéu tinh bdc 3
e
| l |,
I’l,ﬂ M Nwxt 1 SO DO DAM NGANG n'-B N N
o mI “I QI i @ b—ifi—it—ii— N2 T mI j ﬂ =
<= 3 oL s :'c_ ?(jvj SO DO NUT DAM = T w_ > §§_ ;37:
K3 oo 9T ¢ ; FS i g §8T ¢ !
FTIT T e euEnknEgne NECENEED
~ § O ; T %2 T 3?75 SO DO AN CHUYEN VI ~ § m= ; ST 24T g?v;
s 11080 e esespaes e HENEE
N O = 0 = m;ro = 0 N g m;r‘
]: ‘—]: co]: é SO DO AN GOC XOAY I §]: ﬁ é
— e, 0 A\r _____ /oot | b/ Tone Ly L/ T |y L o 4 o @ A\V
® ® @ @ CHIEU DAI PHAN TU ® ® @ @

Hinh 3.5. So' do roi rac két cdu
MJ3i phan tir c6 4 4n wy, w,, 6;, 6, vay néunp: phan ta roi rac thi tdng cong co
AXNpan.

Nhung vi can dam bao lién tuc gitra cac chuyén vi 1a chuyén vi cua nit
cudi phan tir thir e bang chuyén vi ciia nat dau phantir thir (e +1) nén s6 an cua
thanh s& nho hon 4xnee.Khi giai ta chi can dam bao diéu kién lién tuc cua
chuyén vi con diéu kién lién tuc vé goc xoay duoc xét bang cach dua vao cac
diéu kién rang budc. Vi du dam trong (vi du 3.1b, hinh 3.4) ta chia thanh 4
phan tir (hinh 3.5).

Khi chia cot bén trai va cot bén phai cua khung thanh 4 phan tir thi:

- S6 nitmdi cot s& 13 5, th tu tir dudi 18n trén 13 [1, 2, 3, 4, 5] (hinh 3.5b1, b3).
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- S6 4n chuyén vi cta cot bén trai khung nwil=4, thir tu tir dudi I8n trén 1a [1,
2, 3, 4] (hinh 3.5¢1).S6 an chuyén vi caa dam ngang 1a nw2=3, tht tu tir dudi
Ién trén 1a [13, 14, 15] (hinh 3.5¢3). Sé an chuyén vi cua cot bén phai khung
nw3=4, thir tu tir duéi 1én trén la [24, 25, 26, 27] (hinh 3.5¢3).

- An chuyén vi tai chan cot trai va phai bing khéng.

- An gbc xoay cua cot trai 12 nwx1=8, thi ty tir trai sang phai 1 [5, 6, 7, 8, 9,
10, 11, 12] (hinh 3.5d1).An géc xoay cua dam ngang 1a nwx2=8, thtr tu tur trai
sang phai 1a [16, 17, 18, 19, 20, 21, 22, 23] (hinh 3.5d2).An g6c xoay cua cot
phai 13 nwx3=8, tht tw tir dudi Ién trén 12 [28, 29, 30, 31, 32, 33, 34, 35] (hinh
3.5d3).

Nhu vay, tong cong sé an 1a 35 an <3x4x4=48 an. Goi ma tran nw 1a ma
tran chuyén vi co kich thudc nw(ny, 2) 1a ma tran c6 ny hang va 2 cot chia cac
an sb 1a chuyén vi tai n(t caa cac phan ta (hinh 3.5).

Cé&c phan tir cot bén trai:

nwi(d,:)=[0 1 nwi(2,:)=[1 2];nwi(3,:)=[2 3} nwi(4,:))=[3 4]

nwi=[0 1 1 2 2 3 3 4]

Goi ma tran nwx1 1a ma tran chuyén vi géc xoay co kich thuéc nwx1(np,
2) 1a ma tran c6 n hang va 2 cot chira cc an s6 1a goc xoay tai nit cua cac
phan tir (hinh 3.5¢1).

nwx1(1,:) =[5 6] nwx1(2,:)=[7 8];nwx1(3,:)=[9 10} nwx1(4,:)=[11 12]

nwxl=[5 6 7 8 9 10 11 12]
C4c phan tir dam:

nw2(1,:)=[0 13} nw2(2,:) =[13 14];nw2(3,:)=[14 15] nw2(4,:)=[15 O]

nw2=[0 13 13 14 14 15 15 0]
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Goi ma tran nwx2 1a ma tran chuyén vi goc xoay c6 kich thudc nwx2(np,
2) la ma tran c6 n hang va 2 cot chira cc an s6 la goc xoay tai nit cua cac
phan tir (hinh 3.5).
nwx2(1,:)=[16 17];nwx2(2,:)=[18 19];nwx2(3,;:)=[20 21];
nwx2(4,:) =[22 23]
nwx2=[16 17 18 19 20 21 22 23]
Cé&c phan tir cot bén phai:
nw3(L,:)=[0 24} nw3(2,:)=[24 25];nw3(3,:))=[25 26} nw3(4,:)=[26 27]
nw3=[0 24 24 25 25 26 26 27]
Goi ma tran nwx3 1a ma tran chuyén vi géc xoay co kich thuéc nwx3(np,
2) 1a ma tran c6 n hang va 2 cot chira cc an s6 la goc xoay tai nit cua cac
phan tir (hinh 3.5¢3).
nwx3(1,:) =[28 29} nwx3(2,:)=[30 31]; nwx3(3,:)=[32 33} nwx3(4,:)=[34 35]

nwx3=[28 29 30 31 32 33 34 35

Sau khi biét an sé thuc cua damva cot ta cd thé xay dung do cing tong thé
cua khung (6 rat nhiéu cach ghép ndi phan tir khac nhau, tiy vao trinh d6 1ap
trinh caa mdi nguoi nén tac gia khong trinh bay chi tiét cach ghép néi cac phan
tir lai dé dugc ma tran d6 cing caa todn dam va cd thé xem trong code mo dun
chuong trinh cua tac gia)

Néu bai toan c6 nwl, nw2, nw3 an sé chuyén vi thang caa dam va cot va
nwx1, nwx2, nwx3an sé goc xoay cia dam va cot thi ma tran do cang cua dam
1a K co kich thuéc (nxn), K(n,n)véi

n=(nwl+nwxl+nw2+nwx2+nw3+nwx3).

Nhu & vi du 3.2b, n=35. Bay gio xét diéu kién lién tuc vé goc xoay giira

cac phan tir.
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Piéu kién lién tuc vé goc xoay giira cac phan tir dwec viét nhu sau:

=0

nut1i|

nutl _|

nutl _|

dyi|  dyig
dx nut2 dx nutl
Poi véi cot trai, ta co:
dy dy
ool Pul D
A{ dX |, X
[ dy,, | dy
S 12 _ Y
22_ dX nut2 dX
dy dy
oa| Dl D
23_ dX nut2 dX
Poi véi dam ngang, ta co:
5&4 _dy21 _ dy22
| dX [ dX
dy dy
S 22 U
ﬂs_ dX nut2 dX
5/16 _dy23 _ dy24
| dX [, dX
Poi vai cot phai, ta co:
 dy dy
oo | Pl D
/17_ dx |, dx
| dy dy
S 12 _ Y
28_ dX nut2 dX
dy dy
S 13 YUY
i e

nutl _|

nutl _|

nutl _|

nutl _|

I
o

(b)

()

(d)

(a)

Goi k, 1a goc xoay tai nt 2 cua phan tir trudc, k, 1a goc xoay tai nut 1 cta

phan tir sau thi ta c6 cac hé sb trong ma tran do cing K:

k(n+i,k1)=A—2X; k(n+i,k2):—A—2X (i=1-K)

(€)
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ukpn+n:§%;ukpn+o:_§%a:1+m 0

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, ¢6 n  phan tir thi c6
(2n,, —1) diéu kién lién tuc vé goc xoay giira cac phan tir.
Piéu kién bién dwoc viét nhw sau:

- Tai dau ngam chan cot trai va phai cd goc xoay bang khong:

dy,
540((1—3)’( 0
nutl (f)

541(% =0
we s (9)
Picu kién hai goc xoay tai hai n(t giao giira hai cét va dam dwoc viét
nhu sau:
GAc xoay tai nt cudi cua phan tir dau cot trai bang goc xoay tai nut dau
cuia phan tir dau tién cua dam

52‘12 (% - dy2

dx

dx

J o
nutl (h)

nut2

GAc xoay tai n(t cudi cua phan tir dau cot phai bang goc xoay tai ndt cudi cua

J:o
nut2 (i)

Piéu kién chuyén vi ngang tai diu cot trai va phai bang nhau:

5/714 (y1|nut2 - y3|“Ut2 ) =0 (k)

phan tir cudi cung cia dam

dy
o 72
4{ -

_dy,
nut2 dX

Trong d6 Ak(k=1+14) ciing 1 an sb cia bai toan (co k an sé), do do tong
sb an s6 cua bai toan ldc do 1a (n+k), do d6 ma tran d6 cing cua phan tir ldc
nay cling phai thém k dong va k c6t nhu vay kich thudce cia ma tran d6 ciang la

K(n+k,n +k). Chang han trong vi du nay, ta c6 n=35, k=14 va tong so an cia
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bai todn 1a n+k=35+14=49 an. Trong truong hop nay ta xac dinh dugc kich
thudc caa ma tran do cung tong thé 1a: K[49x49].

Nhur vay cudi cling ta sé thiét 1ap dwgc phwong trinh:

[KJa}={F} ©
0
5
0,
aj=1"
] ; Z
F ,
: tso—hang=n :
F _
trong do:{F} = (; ; ) 1a 4n sb caa bai toan
: vS0—hang =k
- O -

Trong vi du 3.2b khi chia thanh ra thanh 4 phan tu, ta co:

- Ma tran @9 cieng phan tir [Ke], nhu sau:

768 —768 96 96
l—768 768 —96—96‘
96 -96 16 8
96 -96 8 16

- Ma tran @9 ceng toan dam [K]:

[Ke] =

Ghép néi cac ma tran do cang phan tir [Ke] vao hé toa d6 chung, ta dugc
ma tran d6 ciing tong thé caa toan két cau [K(49x49)], & day khong trinh bay

vi kich thudc ma tran qué lon.

64



- Véc to luc nUt{F}:Trong vi du nay la véc to 1 cot 49 dong, nhu sau:

[F1=

O 00000000 O0OO0o

(@)

0.2500
0.2500
0.2500

(@]

OO0 000000000000 0D0D00D0DO0OO0DO0OO0DO0DO0OO0OO0DOO0O0OO0OO0OO0O
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Giai phuong trinh (e) ta nhan duoc:

(a)=[<TF)

Theo ngén ngit 1ap trinh Matlab ta c6 thé viét:
{at=[K\F}

Két qua chuyén vi, goc xoay tai cac nit:

ZN

2P

@13

D14

W, -0.0006 P

W, -0.0016 Pan

W, -0.0018 P22
W, 0.0000 {0} =10, =

W,, 0.0039 P4

Wlh={W, =4 0.0059x PI° P

W,, 0.0039 Do

W,, 0.0006 Doy

W,, 0.0016 Dss

W,, 0.0018 s

W, 0.0000 . Par

0.0000
-0.0041
-0.0033

0.0024

0.0130

0.0130

0.0143

0.0000
-0.0143
-0.0130
-0.0130
-0.0024

0.0033

0.0041
-0.0000

X PI?
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Momen uén caa dam:

M, 0.0260
M., 0.0065
M., 0.0130
M., 0.0326
M, | [-0.0521
M, | [-0.0521
M,, 0.0417
M}=< M, t=1 00729} x PI
M,, 0.0417
M, | [-0.0521
M., 0.0521
M., 0.0326
M., 0.0130
M,,| |-0.0065
M, | [-0.0260

Duéi ddy lan 1a duong d6 vong va biéu 6 moomen uén cua cot va dam

4 3
x 10 x10
20 ‘f ‘, f ‘f 0
| | L :
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[ | ! Y:0.001831 1
15 /! x2
/ Y:0.001628
-2
/
10 7 \
X1
Y:0.0006104 -3
u X1 X3
5 / \ Y:-0.003906 Y:-0.003906 /
/ -4 u n
0 \ /
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X2
Y:-0.006859
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Hinh 3.2a. Puong do vong Hinh 3.2a. Duong d¢ vong
cua cot trai ciia dam
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0.05 A
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//
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/
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Hinh 3.2a. Biéu do mémen ciia cot
trai

-4
x 10

RN

-20
0

Hinh 3.2a. Duong dé vong
cua cot phdi

Nhan xét két qua trén:

o\ /
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-0.04 \ /
-0.06 \\//
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-0.08
0

Hinh 3.2a. Biéu dé momen ciia dam

0.03

0.01 \

-0.01 AN
-0.02 \
-0.03 \
-0.04 \
-0.05 \

-0.06
0

0.5 1 15 2 25 3 3.5 4

Hinh 3.2a. Biéu d6 mémen

cua cot phai

Khi chia cot va dam thanh 4 phan ta nhan dugc két qua nhu trén, so sanh véi

két qua chinh xac theo 1oi giai giai tich ta nhan duoc sai sé theo bang sau:
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BANG SO SANH MOMEN UON TAI CAC TIET DIEN COT VA DAM

Cac tiét dién | Lo giai s6 theo | Loi giai chinh Sai s %
cua phwong phap Xac
cot 1,3 va dam 2 PTHH
Chan cot 0,0260 0,0277 -6,1371
Gitra cot 0,0130 0,0138 -5,7971
Pau cot -0,0521 -0,0555 6,126
Pau trai dam -0,0521 -0,0555 6,126
Giita dam 0,0729 0,0695 4,892

Ta thay sai s6 ting 1én so vai két qua chinh xac tai tat ca cac tiét dién, sai
s6 nho nhat tai tiét dién gitra dam (4,892%), sai s6 16n nhét tai chan cot (6,137%).
Muén ting d6 chinh xac ta can roi rac héa dam va cot thanh nhiéu phan ti hon.
Chang han trong vi du ndy ta chi can roi rac hoa két ciu dam va cot thanh 16 phan

tir ta 3 nhan duoc két qua trung khép vai 16i giai chinh xéac.
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KET LUAN

Qua két qua nghién ctru tir cac chuong, chuong 1 dén chuong 3 ddi véi
bai todn khung chiu uén. Tac gia rit ra cac két luan sau:

Téc gia da ap dung dugc phuong phap phan tir hitu han d6i voi bai toan
khung phang chiu udn chiu tai trong phan bé déu. Nhan duoc két qua hoan toan
chinh xéc khi roi rac hoa két cau dén mot sb luong phan tir nhat dinh.

Khi chia cot va dam thanh 4 phan tir ta nhan dugc két qua co sai s6 nho
hon 7% so véi két qua chinh xac. Mubn ting d6 chinh xac ta can roi rac hoa
dam va cot thanh nhiéu phan tir hon. Chang han trong vi du 3.1 ta chi can roi
rac hoa két cdu dam va cot thanh 16 phan tir ta ¢3 nhan duoc két qua tring khép
véi loi giai giai tich.

Qua két qua nghién ctru thdy rang, véi viéc st dung phuong phap phan

tr hitu han c6 thé xay dung bai toan co hoc két cAu mot cach dé dang.

KIEN NGHI VE NHUNG NGHIEN CU'U TIEP THEO
1. Dung phuong phap phan tir hitu han 1am co so dé xdy dung va giai cac bai
toan két cau chiu udn khac nhu két cau tam, vo.
2. Dung céc két qua tinh todn ndi luc va chuyén vi, dé dua vao thiét ké cac

cong trinh.
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