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MO PAU
Ly do lwa chon dé tai

Trong cac ndm gan day kinh té xa hoi ngay cang phat trién, thu nhap cua
ngudi dan ngdy mot nang cao do vay ngay cang c6 nhiéu cac cong trinh nha
cao tang, cong trinh vuot khau do 16n dugc xay méi nham phuc vu cho céc hoat
d6ng sinh hoat va nhu cau thudng thirc doi song van hoa, giai tri cua ngudi dan.
Vi vay, van dé dat ra cho cac ki su thiét ké cho cac cong trinh ndy ngoai viéc
phai dam bao duoc yéu cau cua my thuat kién trdc van dé quan trong nhat Ia
cac cong trinh nay phai dam bao duoc kha nang chiu luc ciing nhu sy lam viéc
binh thuong cua cac hé théng ky thuat; dam bao an toan cho con ngudi lam
viéc hoic sinh hoat bén trong cong trinh. Mét trong nhitng yéu cau do 1a van
dé 6n dinh cua céc két cau, da tro thanh mot trong nhitng noi dung bat budc
phai tinh todn va kiém tra trong qua trinh thiét ké cong trinh.

Bai toan 6n dinh cta két cau cho dén nay da duoc rat nhiéu tac gia quan
tam dua ra rat nhiéu phuong phap khac nhau. Cac phuong phap nay thuong dua
vao ba tiéu chi dé danh gia 6n dinh: Tiéu chi duéi dang tinh hoc; Tiéu chi dudi
dang nang luong va Tiéu chi dudi dang dong luc hoc.

Nham c¢6 mét cach nhin don gian va luén x4c dinh duoc luc téi han cho
bai toan on dinh, luan vin sé& trinh bay phuong phap chuyén vi cudng buc két
hop vé6i phuong phap nguyén 1y cuc tri Gauss dé giai bai toan 6n dinh dan hoi
cho két cau cong trinh.

Muc dich nghién ctru

Nham lam phong phu thém phuong phép giai cho bai toan 6n dinh dan hoi
cua két cau hé thanh,trong noi dung luan van nay sé& trinh bay mot phuong phap
giai khéc so véi cac phuong phap phén tich 6n dinh di duoc ciing nhu nudc
ngoai da trinh bay.

Poi twong va pham vi nghién ciu

Luan van tap trung khao sét bai toan on dinh dan hdi cia mot sé két cau

thanh chiu nén doc truc véi cac diéu kién lién két hai dau khac nhau.



Phuwong phap nghién ciu

Dua trén phuong phap chuyén vi cudng btc dong thoi két hop véi phuong
phap nguyén ly cuc tri Gauss cua GS TSKH Ha Huy Cuong xac dinh duoc luc
t6i han trong bai toan két ciu dan hoi.

Y nghia khoa hoc va thuc tién caa dé tai

Vén dé xac dinh luc toi han trong bai toan 6n dinh dan hdi c6 rat nhiéu
phuong phéap khac nhau va di duoc trinh bay trong nhiéu tai liéu trong nuéc
cling nhu nuée ngoai.Y nghia khoa hoc va thyc tién caa dé tai luan vin thac
sila gigi thiéu mot cach giai khac dé 1am phong phti thém phuong phap giai
trong bai toan 6n dinh dan hdi thanh chiu nén.

B cuc cia luin vin
Ngoai phan md dau, phan két luan, tai liéu tham khao va phu lyc. Noi dung
chinh cta luan vin duoc bd cuc trong 3 chuong:

- Chuong 1: Tong quan vé phén tich 6n dinh két cdu cong trinh: Trinh bay
su can thiét cua viéc phai phan tich 6n dinh cho két cau cong trinh khi thiét ké
cling nhu kiém tra tinh toan két cau cong trinh. Ngoai ra trong chuong nay ciing
trinh bay mot s6 khai niém vé 6n dinh va mét on dinh cong trinh, dong thoi gidi
thiéu so bd mot sé phuong phap hién nay thuong st dung dé phan tich 6n dinh
cho két cau cong trinh.Cudi chuong tac giadua ra cic van dé cu thé giai quyét
cua luan van.

- Chuong 2: Co sé 1y thuyét phan tich 6n dinh két cdu cong trinh theo
phuong phap chuyén vi cudng birc: Trinh bay co s 1y thuyét phan tich 6n dinh
két cau cong trinh duwa trén phuong phap chuyén vi cudng birc va két hop véi
phuong phap nguyén 1y cuc tr1 Gauss.

- Chuong 3: Mot s6 vi du phan tich 6n dinh két cdu cua thanh chiu nén
doc truc véi cac lién két hai dau khac nhau dua trén phuong phép chuyén vi
cudng burc theo hai cach tiép can bai toan:Xay dung bai toan 6n dinh theo
phuong phéap phan tir hitu han.



CHUONG 1
TONG QUAN VE PHAN TICHON PINH KET CAU CONG TRINH

1.1. Tam quan trong cia viéc nghién cru 6n dinh cong trinh

Vén dé tinh toan diéu kién 6n dinh cho két cAu 1a mot trong nhimg diéu
kién bat buoc khi tinh toan thiét ké két cau cong trinh. Néu khi tinh toan thiét
ké chi tinh toan theo diéu kién bén va diéu kién ctng thoi thi chua du dé dam
bao cbng trinh an toan khi dua cong trinh vao sir dung. Trong thuc té co rat
nhiéu trudng hop khi két cau chiu luc, dic biét 1a ddi véi két cau chiu nén hoac
nén ubn dong thoi, tuy tai trong tac dung chua dat dén gia tri tai trong lam két
CAU mAt an toan theo diéu Kkién bén hodc diéu kién bién dang nhung két cau
chuyén sang vi tri can bang méi khac trang thai can bang ban dau. Tai trang
thai can bang maéi nay noi luc trong két cau tang 1én rat nhanh lam cho két cau
nhanh chéng bi phé hoai. Lich st vé cdng nghé xay dung cho thay, khéng it
cac sy c6 sap cong trinh xay ra tai cac nudc khac nhau do khi thiét ké co thé
ngudi thiét ké khong xem xét day du vé hién tuong dao dong cling nhu sy mat
6n dinh cua két cau.

Niam 1875 cau sat Kevda & Nga la cdy cau dan ha da bi pha hiay do hé
thanh bién trén mat 6n dinh.Nam 1891 cau Menkhienxtein & Thuy Si bi phéa
hay do mat o6n dinh [2, 8].

Niam 1907 bé chira khi Hamburg bi pha hity do thanh ghép chiu nén bj mat
6n dinh.Ciing trong nim 1907 cay cau Quebec ( ba nhip véi chiéu dai hai nhip
& dau cau 1a 152,2m, chiéu dai nhip giita la 548,64m) trong qua trinh thi cong
lap dung nhip gitra ciu, cac thanh canh duéi caa cau di mat on dinh lam cay
cau bi sup d6 dan dén 75 cong nhan dang thi cong trén cong trinh bi tir nan, chi
con 11 cdng nhan sbng sot (hinh 1.1) [2, 8, 17].



Niam 1925 Cau dan Mujur & Nga bi phé& hity do thanh ghép bi nén mat 6n
dinh. Ngay 07 thang 11 nam 1940 Cau Tacoma & My bi mat 6n dinh vi tc dung
cuia gid sau 4 thang 6 ngay ké tir khi hoan thanh xong [2, 8].

Nam 1978 cong trinh mai dan nha thi dAu Hartford c6 kich thudc 91,44m
x 109,73m sau tran mua tuyét I6n mot sé thanh dan da bi mat 6n dinh l1am két

cau mai dan nhanh chéng bi sup d6 (hinh 1.2) [17].

+ M1l sl 0 = - SN
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Hinh 1.1 Cau Quebec nim 1907  Hinh 1.2 Nha thi d4u Hartford 1978

Ngoai ra, trong khoang thoi gian tir 1951-1977 tai Nga da c6 59 cong trinh
két cau thép bi pha hay, trong s6 d6 c6 17 truong hop 1a do nguyén nhan mat
6n dinh tong thé hoic mat on dinh cuc bo chiém 29% [17].

Ngay nay do kinh té ngay cang phat trién, diéu kién séng caa nguoi dan
ngay mot nang cao vi vay ngay cang c6 nhiéu cong trinh cao tang, cong trinh
khau d6 16n xay dung, dic biét do cong nghé vat liéu ngay cang phat trién do
d6 cac vat liéu méi ngay cang chiu luc tot hon vi vay cac kich thudc cac cau
kién cua két cdu ngay cang nho gon va mong hon. Do d6, viéc nghién ciu tinh
toan 6n dinh cho két cau cong trinh 1a mot van dé rat can thiét va co ¥ nghia
thuc tién.

Vén d& nghién ciru 6n dinh két ciu duoc bit dau tir cdng trinh nghién cau

thuc nghiém do Piter van Musschefnbroek cong bd nim 1972, da di dén két



luan rang “Luc téi han ty 1¢ nghich véi binh phwong chiéu dai thanh”. Mudi
lam nam sau nha toan hoc L.Euler 1a nguoi dau tién dat nén mong cho viéc
nghién ctu Iy thuyét bai toan 6n dinh. Két qua nghién cau caa Euler ban dau
khong duoc chap nhan va ngay ca véi Culdng ciing cho rang d6 ciing cua cot
ty 1& thuan véi dién tich mat cat ngang va khdng phu thudc vao chiéu dai thanh.
Nhitng quan niém cua Culdng dua trén cac két qua thi nghiém ddi véi céc cot
gd va cot sit co chiéu dai twong dbi ngan, nhitng thanh nay thuong phé hoai
thuong nho thua tai trong Euler do vat liéu bi pha hoai chi khdng phai do mat
on dinh ngang gay ra. E.Lamac 1a ngudi dau tién giai thich thoa dang su phu
hop giita ly thuyét 6n dinh caa Euler va két qua thuc nghiém voi gia thuyét co
ban xem vat liéu dan hoi [2, 8].

Dén cudi thé ky XIX van dé nghién ciru 6n dinh mai dugc phét trién manh
m& qua cé&c cong hién caa cac nha khoa hoc nhu: Gigo su F.S.Iaxinski, Vién si
A.N.Pinnik, Vién si V.G.Galerkin v.v...cho dén nay c6 rat nhiéu cac cong trinh
nghién ctu vé 6n dinh cho két cau cong trinh [8].
1.2 Nguyén ly cuc tri Gauss

Nha toan hoc nguoi Pirc K.F.Gauss nam 1829 da dua ra nguyén 1y sau
day d6i véi cac co hé chat diém: “Chuyén dong cua hé chdt diém c6 lién két
tly ¥ chiu tdc déng bdt ky ¢ méi thoi diém sé xay ra mét cach phi hop nhdt c6
thé véi chuyén dgng cua hé dé khi hoan toan tw do, nghia la chuyén dong xay
ra véi lirong rang bugc tai thiéu néu nhuw sé do lwong rang bugc ldy bang tong
cac tich khoi lwong chdt diém véi binh phwong dg 1éch vi tri chdt diém so véi
vi tri khi ching hoan toan tu do. "[1].

Goi m. l1a khéi lugng chat diém, A, 1a vi tri caa no, B, 1a vi tri sau thoi
doan vo ciing bé do tac dong luc ngoai va van téc ¢ dau thoi diém gay ra, C; 1a

vi tri c6 thé (rang budoc bai lién két) thi lwong rang budc duoc viét nhu sau:



Z=ym, (E)2 —min (1.1)

Do hé can tinh va hé hoan toan tu do déu chiu luc giéng nhau, nén trong
biéu thirc lugng cudng bic khéng xuat hién luc tac dung. Lugng rang budc cé
dang binh phuong t6i thiéu 1a phuong phép toan do Gauss dua ra.

1.2.1 Phuong phap nguyén ly cuc tri Gauss véi co hé chat diém

Xét hé chat diém co lién két tiy y & mot thoi diém bat ky nao d6 ¢ nghia
la phai dua luc quan tinh f. cua hé tai thoi diém nao d6 tac dung Ién hé. Doi
vé6i hé hoan toan ty do hec quén tinh f,, ciia n6 bang véi ngoai lyc (chi s6 0° ¢
chan ky tu chi rang Ky tu d6 & hé so sanh, truong hop nay hoan toan tu do c6
cung khdi lwong va cuing chiu tac dung luc ngoai giéng nhu hé ¢ lién két).
Nhu vay, céc luc tc dung 1én hé co lién két gom céac luc f. =m..i va cac luc
f, =m., (thay cho ngoai lyc). Theo nguyén ly chuyén vi ao doi véi lién két
giir (lien két dudi dang dang thic) va khong gitr (lién két dudi dang bat dang
thie) diéu kién can va da dé hé ¢ trang théi can bang Ia:

5= (f —f,)r <0 (1.2)

Pé nhan duoc biéu thic (1.2) can xem cac chuyén vi r. doc lap dbi véi
lyc tac dung. Cho nén biéu thirc (1.2) 6 thé viét:
Z=>(f —f, ) > min (1.3)

Néu nhu chuyén vi 40 r, théa méin cac diéu kién lién két da cho ctia hé can

tinh thi ta cd thé ding van téc 4o . lam dai lugng bién phan, nghia 1a:
5z=(f, —f, ), <0 (1.4)
hay:Z =3 (f —f, )i > min (1.5)

trong biéu thirc (1.4), (1.5) van téc cua chat diém 1a dai luong bién phan.



Cudi cung khi chuyén vi 4o r. thoa man cac diéu kién lién két da cho cua
hé can tinh thi ta c6 thé ding gia tc a0 ¥ lam dai lwong bién phan, ta co:

2= (f, -, ot <016)
hay: Z=3 (f, —f, i, —> min (1.7)

Ta bién doi thuan tdy vé mat toan hoc biéu thic (1.7):
Z=>(f —f, )i > min

Z:Z(fi _foi)(ﬁ _roi) — min

Z=Z(fi—f0i)(%—:n£J—>min
Z=zi(fi ~f,)" > min (1.8)
i m,
Z:Zm,(%—r’o,j — min (1.9)

Hai biéu thirc (1.8), (1.9) 14 hai biéu thirc thudng ding caa nguyén Iy cuc
tiéu Gauss voi dai lugng bién phan 1a gia tbc.

Cac biéu thuc (1.3), (1.5), (1.7) va (1.9) 1a tuong duong va duoc goi la
lwgng rang budc chuyén dong caa co hé can tinh.
1.2.2. Phwong phap nguyén ly cuc tri Gauss ddi véi bai toan co hoc két cau
hé thanh

Phuong phéap nguyén 1y cuc tri Gauss do GS TSKH Ha Huy Cuong dua ra 1a
phuong phap str dung truc tiép nguyén ly cuc tiéu Gauss vao co hé bang cach:

- So sanh chuyén dong cua co hé dang xét v6i chuyén dong caa nd khi hoan
toan tu do. So sanh duogc hiéu theo nghia 13 tim cyc tri ciia luong rang budc.

- Phuong phap nguyén 1y chuyén vi ao véi bat dang thic Gauss ddi V6i

lien két khong giir, xem lién két giir 1a trudng hop riéng.



Nhitng noi dung trén 1a noi dung téng quét cua phuong phap nguyén 1y
cuc tr1 Gauss.

Trong bai toan co hoc két cau hé thanh chiu tai trong tinh ma ¢ng suét va
bién dang tuan theo dinh luat Hooke thi mdi quan hé gitta noi luc va bién dang
duoc viét nhu sau:

M, =ElL.x.; M,=ElLx,; M,=Gl8;

GA GA (1.10)
Q=""w; Q=—"7,; N =EAg,
o a

Nhu vay theo (1.9) lwong rang budc cia bai toanco thé dugc viét dudi

dang binh phuong tbi thiéu nhu sau:

_I(O)(MX_MOX) I(O)(MV_MOV) I(())(I\/Iz_l\/IOZ)
Z— _! E—IX.XXdZ + .([ E—Iy.xydz + .!. —p_edz +

19 & Qx_Qx 1 o, Q _Q (N =N -
+£ (To)yxdeJf !%Yﬂdz+ !Mezzdz — min
(1.11)

trong d6: o 12 hé sd tap trung tng suét tiép do luc cat gy ra tai truc dam [2].

Phuong phap nguyén 1y cuc Gauss da duogc rat nhiéu hoc vién cao hoc ciing nhur
céc nghién ciru sinh da ap dung dé giai quyét duoc nhiéu bai toan khac nhau trong
co hoc.Pay ciing 1a mot cach tiép can khac so véi cach tiép can cua cac phuong

phap thudng duoc trinh bay trong mét s sach co hoc hién nay.

1.3. Khai niém on dinh va mat 6n dinh cong trinh
Mt cach hinh dung tét nhat vé khai niém on dinh 13 ta xét cac truong hop

vién bi ciing trén cac mat phang cang, mit cau cing 16m va 16i (hinh 1.3)

Hinh 1.3 Trang thai 6n dinh va mat 6n dinh cua vién bi




Trong truong hop a: Mat cau 18m, sy can bang cuaa vién bi 1a 6n dinh bai
vi kich n6 ra khoi vi tri can bang ban dau (day cau) roi tha ra thi n6 sé trg vé vi
tri day cau hozc lan can vi tri d6 (néu c6 ma sat).

Trong trudng hop b: Mit cau 15i, su can bang 1a khéng 6n dinh, bai vi
kich vién bi ra khoi vi tri can bang ban dau rdi tha bi ra thi vién bi s& khong tro
lai vi tri ban dau nia.

Trong trudng hop ¢: Kich vién bi ra khoi vi tri can bang ban dau thi n6 lan
trén mit ngang dén khi nging chuyén dong, no c6 vi tri can bang méi khéc voi
trang thai can bang ban dau. Trong truong hop nay ta noi rang trang thai can
bang ban dau 1a phiém dinh (khdng phan biét).

O trén ta da néi trang thai can bang cua vién bi. Suy rong ra ta ciing c6 thé
n6i nhu vay d6i véi cac trang thai can bang ciia co hé phic tap, vi du trang thai
g suat va bién dang, trang thai noi luc va chuyén vi hoic 1a trang thai ning
lugng.

Tré lai (hinh 1.3a). Khi léch khoi vi tri can bang, trong tdm cua vién bi 1én
cao, thé niang cua no tang. Trang thai can bang 6n dinh 14 trang théi c6 thé nang
t6i thiéu. O (hinh 1.3b), khi Iéch véi tri s6 nho, trong tam cta vién bi giam, thé
nang ctia n6 giam. Trang thai can bang khdng 6n dinh ung véi thé nang 16n. O
(hinh 1.3c) khi léch ra khoi vi tri can bang, trong tam cua vién bi khéng thay
d6i, trang thai can bang la phiém dinh hoic khong phan biét.

Nhu hinh 1.3, dé biét dugc trang thai can bang caa co hé ¢6 6n dinh hay
khong thi ta kich thich n6 ra khoi vi tri can bang ban dau. Phuong phap chung
dé danh gia sy mat 6n dinh cta co hé 1a: Pua hé ra khoi vi tri can bing ban dau
cua nd va kiém tra xem nd co ton tai trang thai can bang méi khdng. Néu nhu
tim duoc trang thai can bang méi khac voi trang thai can bang ban dau thi hé
la mat 6n dinh va luc giir cho hé ¢ trang thai can bang méi nay goi 12 luc téi

han, trudong hop nguoc lai 14 hé 6n dinh.



N6i dén 6n dinh cta co hé 1a néi dén 6n dinh cua trang thai can bang, ma
trang thai can bang la nghiém cua phuong trinh vi phan, cho nén néi dén o6n
dinh cta co hé 1a noéi dén 6n dinh cua nghiém cua cac phuong trinh vi phan.
Nhu vay khi nghiém caa phuong trinh vi phan can bang 1a 6n dinh thi trang
thai can bang la 6n dinh, con nghiém cta phuong trinh vi phan can bang khong
6n dinh thi trang thai can bang 1a khéng 6n dinh.

Cach xay dung bai toan 6n dinh 1a dua hé ra khoi vi tri can bang va xem
c6 ton tai trang thai can bang magi khdng, néu tan tai trang thai can bang mai
thi trang thai can bang ban dau 1a khong 6n dinh. Trong truong hop khéng can
giai bai toan 6n dinh dén cling chiing ta van c6 thé biét duoc hé cd 6n dinh hay
khong 6n dinh thdng qua c4c tiéu chi vé sy can bang 6n dinh sau:

- Tiéu chi 6n dinh duéi dang tinh hoc [8, 17]: Trong tinh hoc, sy can bang
cua két cau duoc thé hién bang cac phuong trinh can bang tinh hoc song diéu
kién can bang d6 khong noi nén duoc dang can bang dé 1a on dinh hay khong
6n dinh. Dé khang dinh van dé nay ta can khao sat hé ¢ trang thai léch khoi
dang can bing dang nghién ctru. Gia sir trang thai léch nay su can bang ¢ thé
thuc hién dugc vé nguyén tac ¢ thé tim gia tri P* cua lyc tir diéu kién can bang
tinh hoc cua hé & trang thai léch dé dbi chiéu vai gia tri P cua luc da cho ¢ trang
théi ban dau.

+ Néu P > P™: lyc can giir cho hé ¢ trang thai léch khdng thé gitr hé o trang
thai 1éch ma con 1am tang do léch, hé khdng thé tro vé trang thai can bang ban
dau, nghia 1a can bang khong 6n dinh.

+ Néu P < P™: lyc can giit cho hé ¢ trang théi Iéch cd thé giir hé & trang
thai léch dugc, hé phai tro vé trang thai can bang ban dau, nghia 1a can bang on
dinh.

+ Néu P = P™: lyc can giir cho hé ¢ trang thai léch bang luc da cho thi su

can bang 1a phiém dinh.
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Trong trudng hop khi su can bang ¢ trang thai 1éch khdng thé thuc hién
duoc vé nguyén tac ta can cin cir Vao luc tac dung trén hé dé phan doan cach
thirc chuyén dong caa hé. Néu do léch ting thi sy can bang 1a khdng 6n dinh
con néu do léch giam thi su can bing 1a khong 6n dinh.

- Tiéu chi 6n dinh duédi dang dong luc hoc [8, 17]: Tiéu chi cua su can
bang 6n dinh duéi dang dong hoc dugc xay dung trén co s khuynh huéng
chuyén dong caa hé sau khi léch khoi dang can bang ban dau bang mét nhiéu
loan nao d6 rdi bo nhiéu loan d6 di. Néu sau khi nhiéu loan mat di, hé dao dong
tat dan hay tré vé trang thai can bang ban dau khong dao dong thi can bang la
6n dinh. Nguoc lai 1 can bang khéng 6n dinh.

Pé thyc hién ta can khao sat chuyén dong bé cia hé & 1an can vi tri can
bang:

+ Néu chuyén dong tit dan hoidc diéu hoa (khi khong ké dén luc can) thi
can bang la 6n dinh.

+ Néu chuyén dong khéng tuan hoan (xa dan trang thai ban dau), mang
dic trung dan dén su tang dan cua bién d6 chuyén dong thi can bang la khdng
6n dinh.

- Tiéu chi 6n dinh duéi dang ning luong [8, 17]: Ngoai luc c6 khuynh
huéng sinh cong duwong, do d6 néu & trang thai léch, thé nang bién dang cua hé
dugc tich lily 16n hon cong ctia ngoai lyc thi nang luong tich 1ty do c6 kha
nang dua hé vé trang thai can bang ban dau ttc 1a hé 6n dinh. Nguoc lai thi hé
méat on dinh. D¢ &p dung tiéu chuan 6n dinh vé nang lugng, ta thudng van dung
nguyén Iy Lejeune-Dirichlet: “Néu hé ¢ trang thai can bang on dinh thi thé
ndng toan phdn dat gid trj cuc tiéu so Vi tat cd vi tri cua hé ¢ 1an cdn vi tri
can bang ban dau véi nhieng chuyén vi vo cing bé. Néu hé ¢ trang thai can
bang khdng én dinh thi thé nang toan phdan dat gid tri cuc dai. Néu hé ¢ trang

thai can bang phiém dinh thi thé ndng toan phan khéng doi”.
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Theo nguyén ly Lejeune-Dirichlet, néu goi U 1a thé ning toan phan va T
la cdng cua ngoai lyc thi:

+ NéudU > 8T hé ¢ trang thai can bing 6n dinh

+ NéudU < 8T hé ¢ trang thai can bang khong on dinh

+ NéudU = 8T hé ¢ trang thai can bang phiém dinh

Ngoai ra tiéu chi vé niang luong ciing c6 thé dién dat theo diéu kién cuc tri
cua thé nang toan phan [8].

1.4. Cac phwong phap xay dung bai toan on dinh cong trinhhién nay
1.4.1 Phwong phap tinh hoc

Khi giai bai toan on dinh theo phuwong phap tinh c¢6 thé thuc hién qua cac
budc nhu sau [8, 15, 17, 18, 19]:

Bwéc 1: Tao cho hé nghién ciu mot dang can bang léch khoi dang can bang
ban dau.

Buwéc 2: Xac dinh tri s6 lyc téi han (tri s luc can thiét giir cho hé & dang can
bang méi, léch khoi dang can bang dau). Lyc téi han xac dinh tir phwong trinh
dic trung (hay con goi 13 phuong trinh 6n dinh).

Ngudi nghién ctiiu ¢6 thé van dung noi dung noi trén khi ap dung: Phuong
phép thiét 1ap va giai phuong trinh vi phan; Phuong phéap thong sé ban dau;
Phuong phap luc; Phuong phap chuyén vi; Phuong phap hdn hop; Phuong phap
sai phan hitu han; Phuong phap day xich; Phuong phap nghiém dung tai timg diém;
Phuong phap Bubnov-Galerkin; Phuong phép giai dung dan.

Trong thyc té, &p dung cac phuong phép tinh hoc dé tim nghiém chinh xac
ctia bai toan 6n dinh thudng gap nhiéu kho khan va doi khi khong thé thuc hién
duoc [8].

1.4.2 Phwong phap dong luc hoc

Khi giai bai toan 6n dinh theo phuong phap dong co thé thuc hién qua cac

budc nhu sau [8, 15, 17, 18, 19]:
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Buwéc 1:Lap va giai phuong trinh dao dong riéng cua hé.

Bwéc 2: Xac dinh luc téi han bang cach bién luan tinh chat nghiém caa chuyén
dong: néu dao dong cta hé co bién do tang khéng ngung theo thoi gian thi dang
can bang ban dau 1a khdng 6n dinh; nguoc lai, néu hé luén dao dong bé quanh
vi tri can bang ban dau hoac tat dan thi 1a dang d6 1a 6n dinh.

1.4.3 Phwong phap nang lwgng

Khi giai bai toan on dinh theo phuwong phép ning luong cd thé thuc hién
qua cac budc nhu sau [8, 15, 17, 18, 19]:

Bwéc 1: Gia thiét trudc dang bién dang cua hé ¢ trang thai léch khoi dang can
bang ban dau.

Bwéc 2: Xuat phét tir dang bién dang da gia thiét, 1ap biéu thic thé ning bién
dang va cong cua ngoai luc dé viét diéu kién téi han cua hé.

Bwéc 3: Tur diéu kién téi han, xac dinh gia tri cua luc t6i han.

C6 thé van dung cac phuong phap ning luong bang cach ap dung: Truc
tiép nguyén ly Lejeune-Dirichlet; Phuong phap Rayleigh-Ritz; Phuong phap
Timoshenko.

Do gia thiét truéc bién dang cua hé nén két qua luc toi han tim dugc
thuong 12 gan dung va cho két qua 16n hon gia tri cua luc téi han chinh xac.
Nhu vay mtc d6 chinh xac cua két qua theo cac phuwong phap ning lwong phu
thudc vao kha niang phan doan bién dang cua hé ¢ trang thai léch: ham chuyén
vi dugc chon cang gan véi dudng dan hoi thuc cua thanh thi két qua cang chinh
xé&c. Theo cach 1am nay thi ham chuyén vi chon trudc thoa man cang nhiéu diéu
kién bién hinh hoc va tinh hoc cang tét nhung it nhat phai thoa man diéu kién
bién tinh hoc[8, 15, 17, 18, 19].

Puong 16i cua ba loai phuwong phap (phuong phap tinh; phuong phap dong;
phuong phéap ning lugng) tuy khac nhau nhung cho cing mét két qua déi véi

hé bao toan.Ddi véi hé khdng bao toan, cac phuong phép tinh va cac phuong
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phap ning luong dan dén két qua khong chinh xac, ngudoi ta phai st dung céc
phuong phap dong luc hoc[8, 15, 17, 18, 19].

Hé bao toan tac 12 nhitng hé chiu luc bao toan. Luc bao toan c6 tinh chat
sau day [8]:

- B¢ bién thién cong cua luc bang vi phan toan phan caa thé ning.

- Cong sinh ra boi cac luc trén cac chuyén vi hitu han khdng phu thudc
vao dudng di chuyén caa luc ma chi phy thudc vao vi tri diém dit dau va diém
dat cudi cua luc.

- Tuén theo nguyén ly bao toan nang luong.

Sy xuat hién ctia ma sat ni do quan hé phi dan hdi hay ma sat ngoai s&
dan dén hé luc khéng bao toan.

1.5. Mgt s6 nhan xét

Qua cac phan tich & cac phan trén ctia chuong mét, nham 1am phong pht cho
c4c cach giai bai toan 6n dinh két cau cong trinh cling nhur c6 mét céch tiép can
khéc cho bai toan 6n dinh,luan van s& tap trung nghién ctu mot sé van dé sau:

1) Dya trén phuong phap chuyén vi cudng buc két hop phuong phap
nguyén ly cuc tri Gauss xay dung duoc phuong phap giai cho bai toan 6n dinh
cho két cau cong trinh.

2) Dua trén phuong phap chuyén vi cudng bic trong phan tich bai toan
6n dinh, nham cung cip cho ngudi nghién cau tinh toan on dinh ¢6 mot cach
don gian khi phan tich luc t&i han trong bai toan 6n dinh.

3) Trén c& so ciia phuong phéap chuyén vi cudng birc két hop véi phan mém
Matlab 7.0 viét cac md dun chuong trinh tinh toan 6n dinh thanh chiu nén doc
truc dya trén cach xay dung bai toan theo phwong phap phan tir hitu han.

4) Phan tich 6n dinh mét s6 thanh chiu nén doc truc véi cac diéu kién bién
khéc nhau duya trén phuong phép chuyén vi cudng bire dé xac dinh luc toi han tac
dung Ién cac thanh. Két qua nay duoc so sanh véi cac két qua caa phuong phap giai

khéc dé thay dugc do tin cay ciia phuong phép trong luan van.
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CHUONG 2
CO SO LY THUYET PHAN TICH ON PINHKET CAU CONG TRINH
THEO PHUONG PHAP CHUYEN VI CUONG BUC

Trong chuong nay, luan vin sé& trinh bay co s¢ Iy thuyét cua phuong phap
chuyén vi cudng buc trong viéc phan tich cac bai toan 6n dinh. Bong thoi, trong
chuong con trinh bay mot s6 khai niém co ban cua phuong phap phan tir hitu
han, dé phuc vu cho viéc xay dung cac bai toan xac dinh luc téi han cho cac
thanh chiu nén theo cach xay dung bang phuong phap phan tir hitu han ¢

chuong 3.

2.1 Phwong phap phan tir hitu han

Phuong phap phan tir hitu han 1a mot phuong phép sb dic biét c6 hiéu qua
dé tim dang gan dung cua mot ham chua biét trong mién xac dinh V caa noé.
Tuy nhién phuong phap phan ti hitu han khdng tim dang xap xi cia ham can
tim trén toan mién V ma chi trong timg mién con V., (phan tir) thuoc mién
xé4c dinh V. Do d6 phuong phap nay rat thich hop véi hang loat bai toan vat ly
va ky thuat trong d6 ham can tim duoc xac dinh trén cac mién phuc tap gom
nhiéu ving nho co dic tinh hinh hoc, vat 1y khac nhau, chiu nhimg diéu kién
bién khac nhau. Phuong phéap ra doi tir truc quan phan tich két cau, roi duoc
phat biéu mot cach chat ché va tong quat nhu mot phuong phép bién phan hay
phuong phap du ¢6 trong nhung duoc Xap xi trén mdi phan ti.

Trong phuong phéap phan tir hitu han chia két ciu cong trinh thanh mot s6
hitu han céc phan tar.Céc phan tir nay duoc ndi véi nhau tai cac diém dinh trudc
thuong tai dinh phan tir (tham tri tai cac diém trén bién phan ti) goi 1a nat.Nhu
vay viéc tinh toan két cdu cong trinh duoc dua vé tinh toan trén cac phan tir cia

két cau sau d6 két ndi cac phan tir ndy lai v6i nhau ta dugc 101 giai caa mot két
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cau cong trinh hoan chinh.Tuong ty nhu phuwong phap sai phan hitu han ciing
chia cong trinh thanh cac doan nho (phan tir) va cac trang thai chuyén vi (truong
chuyén vi) v.v... duoc xac dinh tai cac diém nit sai phan. Su khac biét cua hai
phuong phap 13 Phuong phép sai phan hitu han sau khi tim duoc cac chuyén vi
tai cAC N0t cua sai phan con cac diém nam giira hai nat duoc xac dinh bang noi
suy tuyén tinh, con phuong phap phén ti hitu han sau khi xac dinh dugc chuyén
vi tai cac nut cta phan tir thi cac diém bén trong duoc xac dinh bang ham noi
suy (ham dang).

Véi bai toan co hoc vat ran bién dang, tuy theo ¥ nghia vat Ii ciia ham noi
suy c6 thé phan tich bai toan theo 3 loai m6 hinh sau:

- M6 hinh chuyén vi: Xem chuyén vi 1a dai lwong can tim va ham noi suy
biéu dién gan dang dang phan bé caa chuyén vi trong phan tir.

- M hinh can bang: Ham noi suy biéu dién gan dang dang phan bé cua
g suat hay ndi lyc trong phan tu.

- M@ hinh hdn hop: Coi cac dai lugng chuyén vi va tng suat 1a 2 yéu tb
doc 1ap riéng biét. Cac ham noi suy biéu dién gan dung dang phan bd cua ca
chuyén vi 1an tng suat trong phan tir.

Hién nay, khi 4p dung phuong phap phan ti hitu han dé giai cac bai toan
co hoc thudng sir dung phuong phap phan ti hitu han theo mé hinh chuyén vi.
Sau day luan van trinh bai ni dung phuong phap phan tir hitu han theo mé hinh
chuyén vi.

2.1.1 Ndi dung phwong phap phan tir hira han theo md hinh chuyén vi

Trong phuong phap phan tir hitu han - md hinh chuyén vi, thanh phan
chuyén vi dugc xem 1a dai luong can tim. Chuyén vi dugc lay xap xi trong dang
mot ham don gian goi 1a ham noi suy (hay con goi 1a ham chuyén vi). Trinh tu
phan tich bai toan theo phuong phap phan tir hitu han - md hinh chuyén vi gom

cac budc sau:
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Buwéc 1. Roi rac hoa mién khao sat

Mién khao sat (d6i tuong nghién ctiu) dugc chia thanh cac mién con hay
con goi 1a cac phan tir c6 hinh dang hinh hoc thich hop. Céc phan tir nay duoc
coi 1a lién két véi nhau tai cac ndt nam tai dinh hay bién caa phan ti. S6 nat
cua phan tir khdng lay tuy tién ma phu thudc vao ham chuyén vi dinh chon.

Cac phan tu thuong c6 dang hinh hoc don gian (hinh 2.1)

AN

Hinh 2.1 Dang hinh hoc don gian caa phan ti
Buéc 2. Chon ham xap xi

Mot trong nhitng tu tuéng cia phuong phap phan tir hitu han 1a xap xi hoa
dai luong can tim trong mdi mién con.Diéu ndy cho phép ta kha ning thay thé
viéc tim nghiém vén phuc tap trong toan mién V bang viéc tim nghiém tai cac
nat ctia phan tir, cOn nghiém trong cac phan tir dugc tim bang viéc dua vao ham
xap xi don gian.

Gia thiét ham xap xi (ham chuyén vi) sao cho don gian ddi véi viéc tinh
toan nhung phai thoa mén diéu kién hoi tu. Thuong chon dudi dang ham da
thie. Biéu dién ham xap xitheo tap hop gia tri cac thanh phan chuyén vi va c6
thé ca dao ham cua no tai cac nit cua phan tir. HAm xap xi nay thuong duoc
chon 1a ham da thirc vi céc ly do sau:

- Pa thtc khi duge xem nhu mot t6 hop tuyén tinh cta cac don thic thi
tap hop cac don thirc thoa man yéu cau doc 14p tuyén tinh nhu yéu cau cua Ritz,

Galerkin.
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- Ham x4ap xi dang da thirc thuong dé tinh toan, dé thiét 1ap cong thic khi
xay dung cac phuong trinh ctia phan tir hitu han va tinh toan bang may tinh.
Pic biét 1a dé tinh dao ham, tich phan.

- C6 kha ning ting d6 chinh xé4c biang cach ting s bac cua da thirc xap xi
(vé ly thuyét da thic bac vo clng s& cho nghiém chinh xé&c). Tuy nhién, khi
thue hanh tinh toan ta thuong ldy da thic xap xi bac thap ma théi.

Tap hop cac ham xap xi s& xay dyng nén mot trudng chuyén vi xac dinh
mot trang thai chuyén vi duy nhat bén trong phan titheo cac thanh phan chuyén
vinGt. Tur truong chuyén vi s& xac dinh mot trang thai bién dang, trang thai tng
suat duy nhat bén trong phan titheo cac gia tri cua cac thanh phan chuyén vi
nGt caa phan tu.

Khi chon bac ctia ham da thirc Xap Xi can luu ¥ cic yéu cau sau:

- Céc da thirc xap xi can thoa man diéu kién hoi tu. Pay 1a yéu cau quan trong
vi phuong phéap phan tir hitu han 1a mot phuong phap s6, do d6 phai dam bao khi
kich thudc phan tir giam thi két qua s& hoi tu dén nghiém chinh xAc.

- Céc da thue xap xi dugc chon sao cho khéng mat tinh dang hudng hinh hoc.

- S6 tham s6 cuia cac da thic xap xi phai bang sé bac ty do caa phan ta,
tc 14 bang sb thanh phan chuyén vi nat caa phan tir. Yéu cau ndy cho kha ning
noi suy da thirc ciia ham xap xi theo gia tri dai lugng can tim, tac 12 theo gia tri
cac thanh phan chuyén vj tai cac diém nat cua phan ti.

Budéc 3. Xay dung phwong trinh cin bing trong tirng phan tir, thiét 1ap ma
tran dj cing [K] va vecto tai trong nGt {F}_cia phan tir thir e.
Thiét 1p mdi quan hé giira Gng suit va chuyén vi nit phan tir

Can thiét 1ap biéu thuc tinh bién dang va img suét tai mot diém bat ki trong

phan tir thong qua an co ban 1a chuyén vi nat phan tir {8}, . Str dung cac cong

thire trong Li thuyét dan hoi, mdi quan hé gitra bién dang va chuyén vj :
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et =[V]{u} (21)
Ta c6: {ujp =[N]{8}, (2.2)
trong do: [N] - goi 1& ma tran ham dang, chira c4c toa d6 cua cac diém nat
ctia phan tir va céc bién cua diém bat ki dang xét.
Thay (2.2) vao (2.1), ta duoc:
{e} =[VIINJ{3}, =[B]{3}, (2.3)
trong d6:  [B]=[V][N]- matran chtra dao ham ciia ham dang.
Theo ly thuyét dan hdi quan hé gitta tng suat va bién dang :
{o}=[DJ{s} (24)
Thay (2.3) vao (2.4), taduoc :
{c} = [D]I[B{&}. (2.5)
Thé ning toan phan I1.caa phan tir
Xét truong hop phan tir chiutai trong tap trung tai nut {P,} (ing voi
chuyén vi nit {8}, ) va chiu tai trong phan bé trén bé mat phan tir 6 cudng do

tai diém M bat ki 12 {q) ={QX}.

y
Thiét Iap biéu thuc tinh thé nang toan phan I, caa phan ti theo cong cua
ngoai luc We va thé nang bién dang U.cua phan tir do.
ITe= U, - W, (2.6)
Cong ngoai luc W, (khdng xét lyc thé tich) dugc tinh:

W= (5] P}, + [{o) fajos

Tir (2.2), tacs: {u}=[N]{8}, = {u}" =([N]{s},) = {8} [N]'

Thay vao biéu thic tinh cong ngoai lec Wetrén, thu duoc:
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Thé ning bién dang Uecta PT duoc tinh:
1 T
U, = Ei{a} {c}dV

Thay (2.3) va (2.5) vao biéu thuc tinh thé nang bién dang Uecua phan ti,

ta co:

T A QICIO R

\Y%

Thay (2.7) va (2.8) vao (2.6) thu dugc thé nang toan phan cua phan ti :

1.0, w316 [l ol o, | (75 1] I s

\% S

(2.9)

pat:  [K], =[[B] [D][B]aV (2.10)

\Y

[K]e- goi la ma tran d6 ciing phan tir. Vi [D] 1a ma tran d6i xang nén tich
([B]" [D] [B]) ciing d6i xtmg va do d6 [K]e la ma tran ddi xang.

pat. {F}, ={R},+[[N] {a}ds={R.}, +{R,}  (2.11)

S

{F}. - 1a vecto tai trong n{t caa phan tir; duoc xay dung bai ngoai luc dit
tai nut phan tar {P,}e va ngoai luc dat trong phan tir qui vé nit {Pq}e
trong do: {P.}.=[IN] {a}ds (2.12)

S

Thay (2.11) va (2.12) vao (2.9), tadugc :

M, =26} KL, -Gl (Fl, @13)
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Thiét 1ap phuong trinh cin bang

Theo nguyén Ii ding thé niang toan phan, diéu kién can bang caa phan tu
tai cac diém nat ;
o1,
018},

Tién hanh 1y dao ham riéng lan luot véi tirng chuyén vi ndt va cho bang

=0 (2.14)

ol, =0=

0, thu dugc m phuong trinh (cho phﬁn trcoOm Chuyén Vi nut):
oI,
00,
oI,

08
e /P 1=0 (2.15)

oIl

e

00

m

Thay ITctheo (2.13) vao (2.15) vaap dung phép lay dao ham riéng ddi véi

o({x)"TAT(X)) o({x)"{8})

ma tran X =2[A}{X}; X {B} |, thu dugc:
[K]. {8}, —{F}, =0 (2.16)
Suyra: [K]. {3}, ={F}, (2.17)

trong do:

{F} - vectotai trong n(t cua phan ti thir e xét trong hé toa do dia phuong;
{8}, - vecto chuyen vi nit cua phan tir thir e xét trong hé toa do dia phuong;
[K], - ma tran d¢ ctng cuia phan ti thir e xét trong hé toa do dia phuong.

Phuong trinh (2.17) chinh 13 phuong trinh can bang caa phan ti thi e.
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Buwéc 4. Ghép ndi cac phan tir xay dwng phwong trinh cin bing cia toan
hé.

Gia str hé két cdu duoc roi rac hod thanh m phan tir. Theo (2.17) ta viét
dugc m phuong trinh cin bang cho tit ca m phan tir trong hé toa do riéng caa
ting phan tir. Sau khi chuyén vé hé toa d6 chung cua toan két cau, tién téi gop
cac phuong trinh can bang cua ting phan tir trong ca hé, thu dugc phuong trinh
can bing cho toan hé két cau trong hé toa do chung:

[K']{8’} = {F’} (2.18)

Do thr tu cac thanh phan trong vecto chuyén vi nit {5’} caa ting phan ti
khé&c véi thir tu trong vecto chuyén vi nut {8°} cua toan hé két cau, nén can luu
y xép dang vi tri ca tung thanh phan trong [K’]e va {F’}e vao [K’] va {F’}.
Viéc sap xép nay thuong duoc &p dung phuong phap s mé, hay sir dung ma
tran dinh vi phan tr [H]. dé thiét 1ap cac ma tran tong thé va vecto tai trong nut
tong thé cua toan hé két cau.

Ap dung ma trén dinh vi phan tir [H],

Gia sir hé két ciu duoc roi rac hoa thanh m phan ter. S6 bac tu do caa toan
hé 1a n. Vécto chuyén vi n(t tong thé cd dang:
(81={8, &, .. &) (2.19)
Véi phan tar thir e, s6 bac tu do 13 ne, ¢ vécto chuyén vi nit trong hé toa
do chung la {3'},. Cac thanh phan cua {8'}, ndm trong sé cac thanh phan cua
{8'}. Do d6 co su biéu dién quan hé giita 2 vecto nay nhu sau:
(6% = [H]e{5" (2.20)

(nex1) (nexn) (nx1)
trong d6: [H]e - 12 ma tran dinh vi caa phan tir e, nd cho thay hinh anh sap xép

cc thanh phan ciia vecto {3'}, trong {5
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Dua vao (2.13) ta xac dinh duogc thé ning toan phan cho ting phan ti.
Thay (2.20) vao (2.13), sau d6 cong gop caa m phan ti, xac dinh duoc thé nang

toan phan cua hé:

[1=3) 36Y L [K LML) (8} [ {7, 221

Biéu thuc (2.21) biéu dién thé nang toan phan cua hé theo vecto chuyén
vi ndt tong the {5} . ap dung nguyén I thé nang dung toan phan s& c6 diéu kién

can bang cua toan hé tai diém nat:

oTT
06",
o,

05"
O _ 1%zl (2.22)

o
35"

Ap dung phép lay dao ham riéng ddi véi ma tran thu duoc:

DRIGIONCE NG 229

e=1
Nhan thy day chinh la phuong trinh can bang cho toan hé. So sanh véi
(2.18), thu duoc:

Ma tran do cing tong thé: [K']=Y[H] [K.[H],  (2.24)
e=1

Vecto tai trong ndt tong thé: Z[H] | (2.25)

23



Vi du 2.1: Xac dinh cac ma tran dinh vi [H]e cua dam véi 4 diém nat, c6 cac
thanh phan chuyén vi nat nhu trén hinh 2.2.
Loi gidi

Vecto chuyén vi n(t tong thé cua két cau trong hé toa do chung:

T

{SI}:{Sl 0, 83 9, O 8 &, dg dy O 811}

5 (4.5,6) (7.8)C

\ y' A ] (9,10,11)
Xl

Hinh 2.2 Hinh vidu 2.1

Vecto chuyén vi ndt cia tirng phan ta biéu dién theo vecto chuyén vi nit

tong thé:

d, 1 0 00000 OO0 O 0]8
5, 0100000000 0 0]lS,
0 0 01 00 O0OO0OTUOT O O0]]:

8N =4 BL_[H] {8 ==

{}184[]1{}0001000000069
O 0 0O0O0O1 0O0O0O0 0 0],
O 000001 O0O0O0O0 0](3,
8, 0 001 000O0TGO0 0 0]8)
d; 0O 0O0OO0O1O0O0O0UO0TQO0O0]|9,

{8%,=18,t=[H],{8}=|0 0 0 0 01 0 0 0 0 Off:
5, 0000O0O0OT10O0O0 0||3,
8 0 0000O00O010 0 0][8,]
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4
Ma tran d6 cting tong thé: [K']= Z[H]: [K'].[H].
=1

_all a13 a'13 al4 a15 alG 0 0 0 0 0 i l
A, Ay ay, Ay Ay, 0 0 0 0 0|2

8y, a,, Ay g 0 0 0 0 013

a44 + bll + dll a45 + blZ + d12 a46 + blS b14 b15 d13 d14 0 4

a55 + b22 + d22 aSG + b23 b24 b25 O O O 5

[K ] = g + by b,, b, 0 0 016
Dy +Cy bus+Cyp Ci3 Cia Cs | 7

b55 + CZZ c23 C24 C25 8

(dx) Ci+Cy Cy+E€y Cyp |9

Ciu+€y Cy (10

L Cs |11

4
Vecto tai trong nit tong thé: — [F']=>"[H]. {F.
e=1

g 1

e, 2

€, 3
e,+f,+h | 4
e, +f,+h,| 5
[F]=1 e, +f, 6
f,+9, |7
f.+g, |8
g;+h; |9
g,+h, |10
0s 11

Viéc sir dung ma tran dinh vi [H]e trong (2.24) va (2.25) dé tinh ma tran
d6 cang [K’] va vecto tai trong ntt {F’} thyuc chat 1a sap xép céac thanh phan
ciia ma tran do cang phan tir [K’]e va vecto tai trong nit phan tir {F’}e vao vi
tri caa no trong ma tran do ctng tong thé [K’] va vecto tai trong nat tong thé
{F’}. Tuy nhién trong thyc té nguoi ta hay sir dung phuong phap s6 ma.

Phwong phap danh sé6 ma

Khi tién hanh ghép ndi ma tran do cing cua két cau va véc to tai trong tac

dung tai nat, ta lam theo cac budc sau:
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- Tién hanh danh sb ma cua c4c thanh phan véc to chuyén vi ndt tai cac nat

cua két cau va danh s6 ma cho phan tu.

- Lap bang xac dinh ma cuc bo caa cac phan tir theo ma tong thé cua két

CAU.

- Tinh toan xac dinh cac ma tran d6 cung, véc to tai trong tac dung tai cac nat

cua phan tir theo ma cuc bd va twong tng véi ma tong thé trong hé toa do chung.

- Tién hanh ghép ndi ma tran d6 cung va vécto tai trong tac dung ndt cua
cac phan ttr thanh ma tran do cung va vécto tai trong tac dung ndt cua toan bo

hé két cau trong hé toa d6 chung theo cong thic.
ki = >(K;). (2.26)
trong do:
+ 1, j: 12 s6 hiéu ma téng thé cua toan bd két cau trong hé toa do chung;
+ k;; - 1a hé s ctia trong ma tran do cung cua toan bo két cau tuong Gng voi

hang c6 s6 hiéu ma téng thé iva cot co s6 hiéu ma téng thé j trong hé toa do

chung;
+ (ku) - 1a hé s cia ma ma tran do cang cua phan tir trong ang véi hang
e
c6 sb hiéu ma tdng thé iva cot o sb hiéu ma tong thé j trong hé toa do chung

Vi du 2.2: Thiét lap ma tran d6 cang téng thé [K’] va vecto tai trong nat{F’}

cua toan hé két cau caa hé trén hinh 2.3.
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B (4,56) (7,8) g

’ y A | (9,10,11)
Xl

Hinh 2.3 Hinh vi du 2.2

Loi gidi
- Panh s ma caa céc thanh phan véc to chuyén vi ndt tai cac nit cua két cau
va danh s6 ma cho cac phan tir nhu hinh.

- Lap bang xac dinh ma cuc bo cua cac phan tir theo ma tong thé cua két cau.

Phan tu M4 cuc bo

_ 1 2 3 4 5 6

TT Loai a L
S0 ma toan thé

1 — 90 1 2 3 4 5 6
2 —-d 0 4 5 6 7
3 — -90 7 8 9 10 11
4 b—d oo 4 5 9 10

- Tinh toan xac dinh c4c ma tran d¢ ciing [K ']e, véc to tal trong tac dung tai cac
nat {F'}, ciia phan tir theo ma cuc bo va tuong tng v6i ma tong thé trong hé toa
do chung.

CB12 34 5 6
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CB1 2
1[d,
2
[K],=
4_
4

5

9

dlﬂ 4
d,, |5
d, |9
d,, |10
10 TT

> 5 O =

[y

N

w

9
10

- Tién hanh ghép néi ma tran do cung va vécto tai trong tac dung nit cia cac

phan tir thanh ma tran do cing [K']va vécto tai trong tac dung nit {F'} cua

toan bo hé két cau trong hé toa do chung theo cdng thuc.

all a13 a13
a'22 a'23
a33

K-

Ay,
Az
a3,

© 00 N O Ol b WO DN P

= =
= O

a44 + bll + dll

a15 alﬁ

a‘25 aZG

a35 aSG
a45 + b12 + dlZ a46 + b13
a55 + bZZ + d22 aSG + b23
a66 + b33
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b44 + Cl].

b45 + ClZ
b55 + C22

C13
C23

Cy3 +Cg3

Cus
Cas

Cyy €4y
Cys t€4
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Buwéc 5: Sir 1y diéu kién bién caa bai toan
Phuong phap phan tir hitu han Ia cudi cung dua vé giai phuong trinh
toan hoc:
(K3} ={F}(2.27)

Dé phuong trinh nay khong c6 nghiém tim thudng thi diéu kién dinh thic
ciia ma tran [K’] khac 0 ( det [K’] khac 0), khi d6 phuong trinh khong suy bién.
Véi bai toan két cau, diéu nay chi dat duoc khi diéu Kién bién dugc thoa man
(két cau phai bat bién hinh). D6 13 diéu kién cho truéc mot s6 chuyén vi nit
nao d6 bang 0 hay bing mot gia tri xac dinh hodc mot s6 chuyén vi nat phai
lién hé vai nhau. Sau khi ap dit diéu Kién bién vao, phuong trinh can bang cua

toan hé két cau trong hé toa d6 chung c6 dang:

(K J{s"}={F} (2.28)

Trong thuc té khi phan tich két cau thuong gap 2 diéu kién bién sau:
- Bién 1am mot hozc nhiéu thanh phan chuyén vi bang 0.
- Bién 1am mét hozc nhiéu thanh phan chuyén vi ¢ mot gia tri xac dinh

Khi bién c6 thanh phan chuyén vi nao d6 bang 0

Thanh phan chuyén vi tai mét ndt caa phan tir bang 0 do twong ung Véi
cac thanh phan chuyén vi nay 1a cac lién két véi dat, ta xu |i bang cach:

- Khi ¢anh ma chuyén vi cho toan bd hé, nhitng thanh phan chuyén tai nat
nao d6 bang 0 thi ghi ma caa chuyén vi d6 1a 0. Viéc danh sé ma toan thé cua
chuyén vi nat theo tha ty va vecto chuyén vi nit cua toan hé chi bao gom cac
chuyén vi nat con lai.

- Khi 1ap ma tran [K']. va vecto {F'} cua ting PT, cac hang va cot twong

ng vé6i s& ma chuyén vi nat bang khong thi khdng can tinh. Va khi thiét lap
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ma tran do ctng tong thé [K’] va vecto tai trong nat tong thé {F’} thi nhing

hang va cot nao c6 ma bang 0 thi ta loai bo hang, cot.

Vi du 2.3: Thiét 1ap ma tran do cang tong thé [K’] va vecto tai trong nat {F’}

cua toan hé két ciu nhu hinh 2.4 (c6 xét téi diéu kién bién).

5 (123) (4,5 C

& A ] (0,0,0) 30°\D (0,0,0)

Hinh 2.4 Hinh vi du 2.3

Léi giai:

Lap bang sé ma khi xét toi diéu kién bién:

Phan tu M4 cuc bo
) 1 2 3 4 5 6
TT Loal o SN -
SO ma toan thé
— 90 0 0 1 2 3
—d 0 1 3 4
b— -30 0 0

Ma trén do cting [K'], va vecto tai trong ndt {F'}_cua ting phan tir trong

hé truc toa d6 chung:
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1| x 0 x |0
2 0 x 10
3 0 x 10
[KI]1:4 a44 a‘45 a46 l ;{Fl}l: d4 l
5 (dx) Ass g |2 dg |2
6 Ags |3 dg |3
O 0 1 2 3TT
CB1 2 3 4 5
1_b11 b12 b13 b14 b15_1 el 1
2 b22 b23 b24 b25 2 e2 2
[K'],=3 b, by, by |3 {F'},=1e4¢3
4 (dx) b, by |4 e, |4
5] bss |5 e |5
1 2 3 0 O TT
CB1 3 45
1fc, ¢, X x x|4 f |4
2 C, X X X|5 f,|5
[K'],=3 X x x|0 {F},=1x¢0
4 (dx) x x10 x |0
S| X |0 X0

4 5 0 0 0TT
Can clr vao bang s6 ma, thu dugc ma tran d6 cimg va vecto tai trong nat

tong thé (co xét téi diéu kién bién) nhu sau:
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(a44 + bll) (a45 + blZ) (a46 + bl3) b14 b15 1

(a55 + b22) (a56 + b23) b24 b25 2

[K *] (a66 + b33) b34 b35 3
(dx) (by+cy) (bg+cy,) |4

I (bss +¢5,) |5

1 2 3

4

5

(F¥={(d, +e,) (ds+e,) (dy+e) (e,+f) (e+F,))

Khi bién c6 thanh phan chuyén vi che truéc mat gia tri

Khi thanh phan chuyén vi tai mot nit nao d6 cho trudc mot gid tri xac dinh,
thi du Am = a (hay lién két twong @ng véi cac thanh phan chuyén vi nit Sm
chiu chuyén vi cudng buc c6 gia tri bang a). Lic nay ta cé thé giai quyét bai
toan nay theo 2 céch:
Céch 1: Khi ddnh sé6 ma ctia bac ty do (cac thanh phan chuyén vi) tong thé két
cau thi thanh phan chuyén vj tai nit c6 chuyén vi bang a ta vin danh ma binh
thuong chang han ma 1a m. Sau khi 1ap duoc ma tran d6 ciing tong thé [K’] va
vecto tai trong ndt tong thé {F’} thay thé s6 hang k__ trong ma tran thé [K’]
bang (k,,,+A) Va thay sé hang tai hang m trong ma tran {F’} 1a f bang
(K +A)a.

Vi du 2.4: Thiét 1ap ma tran d6 ciing tong thé [K’] va vecto tai trong nat {F’}
cua toan hé két cau nhu hinh 2.5 (c6 xét téi diéu kién bién).

g (1.2.3) (4,5) C

1\; A | (0,00)
y

Hinh 2.5 Hinh vidu 2.4

34



Loi gidi
Hé dugc danh sé phan tir va sé ma chuyén vi tong thé cua két ciu nhu hinh
2.5.

Bang s6 ma khi xét t6i diéu kién bién:

Phan tu M4 cuc bo
) 1 2 3 4 5 6
TT Loal o — -
SO ma toan thé
— 90 0 0 1 2 3
—d 0 2 3 4
— -30 0 6

Ma tran do cting [K'], va vecto tai trong nit {F'}_cua tung phan tu trong
hé truc toa d6 chung:

CB1 2 34 5 6

1| x 0 X |0
2 0 x 0
K-, NG R
4 a44 a'45 a46 l d4 1
5| (dx) 8oy gy |2 dg |2
6 g5 |3 dg |3
o 0 1 2 3 TT
cCB1 2 3 45
1_b11 b12 b13 b14 b15_1 el 1
2 b22 23 b24 b25 2 eZ 2
(K], =3 by by by |3 {F) ={e,}3
4 () by by |4 e, |4
5| by, |5 6|5
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CB1

(K,

g b W N -

4

5

4 5
X ¢, X|4
X Cx X|5
X x x|0
c,y X |6
x |0
0 6 OTT

— —h
N -

J
o1

-0

AP

00X
(@)

X

Can cr Va0 bang s6 m3, thu duoc ma tran d6 cang va vecto tai trong nit
tong thé (co xét téi dieu kién bién) nhu sau:

(a44 + b11) (a45 + blZ) (a4e + b13) b, bis 0
(ass + bzz) (ass + bza) b,, by 0
[K*] B (a66 + b33) b, D, 0
(b44 + C11) (b45 + ClZ) Cu
(dX) (bss TCx» ) Cos
I (Cu+A)]
1 2 3 4 5 6

(F*={(d,+e) (ds+e,) (dy+e)) (e,+f) (es+F,) (cy+A)a}

Giai hé phuong trinh [K*] {8*} = {F*} thoa mén diéu kién bién vi phuong

trinh thi 6 thu dugc:

K181 + K202 + Kpsds + Kesds + KesOs + (Cast A)ds = (Cast A)a

Chia ca 2 vé cho (Cast+ A), thu duoc: s =a

Céach 2: Theo cach tha 2 nay thi khi danh ma chuyén vi tong thé cho két cau
thi nhitng thanh phan nao chuyén vi bang khdng hoic ¢ chuyén vi cudng birc
ta danh ma 0, con cac thanh phan chuyén vi con lai ta danh ma theo thir tu tir 1
dén hét. Sau d6 ta 1ap ma tran do cting va vécto tai trong tac dung ndt cho toan

bo hé nhu bai toan khéng c6 chuyén vi cudng bic. Lic nay ta coi chuyén vi
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cudng bire nhu 1 mot dang tai tai trong tac dung Ién két ciu, vi vay khi tinh
vécto tai trong tac dung ndt 18n toan bo hé phai ké thém phan tai trong tac dung
nGt do chuyén vi cudng bac gay ra. Vecto tai trong nat Iic nay 1a do chuyén vi

cudng buc cac lién két tya, duoc tdng hop tir cac vecto tai trong nit {P’a}e cua
m3i phan tir ¢6 lién két tua chuyén vi cudng buc: {P;} =[T]. {P,}. ; trong do:
{P,}, nhan dugc bang phan luc lién két nit do chuyen vi cudng bic goi tua Vi
dau nguoc lai.

Buéc 6. Giai hé phwong trinh cin bing
Véi bai toan tuyén tinh, viéc giai hé phuong trinh dai so 1a khong kho. Két

qua tim dugc 1a chuyén vi cua cac nit:

* «7-1 *
{6 }:[K ] {F } (2.29)
Buéc 7. Xac dinh ngi luc

Tur két qua thu duoc, két hop véi cac didu kién bién xac dinh duoc vecto
chuyén vi nit cua ting phan tir trong hé toa d6 dia phuong. Tir d6 xac dinh
duoc ndi luc trong phan tu.

Phuong phap phan ti ¢6 vu diém 14 viéc chia két cau ra thanh cac phan tir
nho thi dé dang mod ta dugc hinh dang phuc tap cia cong trinh, dic biét vi cac
phan tir nho nén mo ta trang thai chuyén vi cua phan tir chi can cac da thic bac
thap. Thong thuong d6i vai phan tir dam chiu udn thi ta thuong dung da thirc
bac 3 dé md ta chuyén vi cia phan tur:

y=a,+ax +a,x*+ax’(2.30)

Trong phuong trinh mé ta chuyén vj ta thiy c6 bén théng sé can xac dinh.
Pé thuan tién ta thay bon thong s a,,a,,a,,a, bang cac chuyén vi va goc xoay
tai cAc n(t cia phan tarv,,0,,v,,0,.Vi ham chuyén vi bac 3 nén ta cac luc tac

dung trén phan tir ta phai quy vé nit cia phan tu.
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2.1.2. Cach xay dwng ma tran d cirng cia phan tir chju uén
Xét phan tr dam c6 hai nat, mdi nat c6 hai bac tu do 1a chuyén vi va géc
xoay va dam c6 dién tich mit cit ngang 12 A; md men quan tinh cia mat cat

ngang la I; mo dun dan hoi cua vat liéu E (hinh 2.6)

NYAY,
V01 V202 % U
@ ® !
xg-1 X571

Hinh 2.6 Phan tir dang hinh hoc
Pé tinh toan duoc tong quat, chiéu dai phan tir 1y bang hai don vi, géc
toa d6 nam & giira phan tir. Nhu vay, néu biét dugc cac bac ty do tai cac nut
phan tir 1a v,,0,,v,,0, thi chuyén vi tai diém bat ky trong phan tir tai toa do x
duoc xac dinh nhu sau:
v=N,v,+N,6, +N,v,+N,.0,(2.31)

Trong d6 : N,, N,, N,,N,: la cac ham dang va dugc xac dinh nhu sau:

1

1 _ 1 :
N =Z(2—3x+x3), N2=Z(1—X—X2+X3),

1 , 1
N :Z(2+3x—x3), N4:Z(—1—x+x2+x3).

3

Theo cong thuc trén ta thay:
dv

V x=-1 - Vl ! dX

dv
= Vg

=0,;v

x=-1

=9, (2.32)

x=1

Nhu vay, mdi phan tir ¢6 4 bac tw do X={v,,0,,v,,6,} cin xac dinh. Néu
biét duoc X thi ta c6 biét duoc chuyén vi trong phan ti ciing nhu bién dang udn
va md men theo cong thurc sau:

_dv _{dle d’N, d?N, d°N,
dx? dx* dx* dx® dx?

y = }{vl 6, v, 6,]'; (233a)
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N, d°N, d°N, d°N,
dx* dx* dx* dx®

M:EI.Xz—EI{ }{vl 0, v, 0, (2.34a)

Cong thirc trén 14 tinh todn cho phan tir c6 chiéu dai bang 2, néu phan tur
c6 chiéu dai 1a Ax thi bién dang uén va mé men dugc tinh nhu sau:

2 2 2 2 2 2 2
X:—d V[i} :_(i) d Nl d N2 d N3 d N4 {Vl 61 V2 GZ}T
dx? \ Ax AX dx* dx®* dx®* dx?

(2.33b)

M=El.x=—El-(i) I AN AN ANl o v, o
AX dx dx dx dx

(2.34b)
Xét phan tur ¢6 cac tai trong tap trung F={P,P,,M,, Mz}T tac dung tai cac
ndt caa phan tir. Theo phuong phap nguyén 1y cuc tri Gauss, luong rang buoc
d6i vai bai toan tinh viét cho phan ta nhu sau:
AX ¢ 4 :
Z:7IM[X]dx—ZFiXi — min (2.35)
-1 i=1
Piéu kién ding cua (3.25) duoc viét lai nhu sau:

57 :A—ZX [M[7]dx — 3 F8X, =0 (2.36)
-1 i=1

hay:

d’N Ld’N, d’N Ld’N, d°N, | |
Ldx - Ldx
2 odx? ,Ildx2 dx? :[dx2 dx?

X e
LN, d°N, o RdPN, AN, RdPN, AN, BdPN, d°N,
[t | f f

P

X dx dx )

2 3EJ 5 dx? dx? 5 odx? o dx? 5 odx? o dx? 5 odx® dx? LM,
: p

M

'jdledzNadX jdzdeZN d jd2N3d2N3 deNAdzNg w,

dx dx
x? dx? Yodx?  dx? Yodx? dx? 0

d’N de3dN4dx de“dN“dx
Jodx? dx? Jodx? dx? Jodx? dx?

(2.37)
[K]{X}={F} (2.38)
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trong d6:[K]: ma tran d¢ cang cua phan ti; {F} : véc to tai trong tac dung nut;
{X} - vée to chuyén vi ndt cia phan ti.

Tinh tich phan cac hé s6 trong [K] ta ¢ thé tinh bing phuong phap chinh
xéac (bang ham int(fx,a,b) cd sin trong matlab) hoic tinh bang phwong phap tich
phan s6 cua Gauss va két qua do cang caa phan tir chiu uén ngang phang nhu
sau:

[ 12EI 6El 12El  6EIl |
AX® A A AXE
6El 4El 6EI 2El
K]= AX® AX  AX? AX (2.39)
12El 6El 12El 6El
A A A AX
6El 2El 6EI 4El
AX® AX  AX? AX

Biét dwoc ma tran do ctiing phan tu thi ta dé dang xay dung duoc ma tran
d6 cang cua toan thanh.Néu thanh chi c6 mét phan ti thi ma tran caa phan to
cling chinh 14 ma trin d6 cing cua thanh. Trong phan tir néu bac tu do nao
khong c6 thi trong ma tran do cang ctia phan tir d6 ta bo di hang va cot tuong
ung voi bac tu do do.

2.1.3 Cach xay dung ma tran do ceng tong thé caa két cau

Pé trinh bay cach xay dung ma tran d6 cang tong thé caa két cau trong
phuong phap phan ti hitu han, luan vin xin dugc trinh bay théng qua vi du giai
bai toan dam chiu udn dudi tc dung cua tai trong tinh cu thé sau (con céc bai
toan khac thi cach xay dung ma tran d6 cing tong thé ciing lam tuong tw):

Vi du 2.5: Tinh toan két cau dam P
chiu luc nhu (hinh 2.7). Biét dam
c6 do cing EI=10°(kN.cm?) A e 4 O”””if’”

khong doiva P=10 (kN). Xac dinh Hinh 2.7 Hinh vi du 2.5

chuyén vi tai giira dam.
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1 2 K 4 5
PN | I
posimy oy o | o
| | | | |
| <2 hiCu nét trong thanh |
| | | | |
0 1 2 3 |
| 1 9, 3 0
} | | | |
. <2 hiQi bEc tu do chuyOnvbnét |
| | | | |
4 5 8 9 1

— \
| 6 7 10 11

2 hiCu bEc tU do géc xoay nét
Hinh 2.8 Roi rac hda thanh thanh cac phan ta

Chia thanh ra thanh n phan tir.Cac nit cua phan tir phai tring voi vi tri
dat lyc tap trung, chiéu dai cac phan tir cé thé khac nhau. Mdi phan tir c6 4bac
tw do, nhu vay néu N, phan tir roi rac thi tong cong ¢6 4N, bac tw do.Nhung
vi can dam bao lién tuc gitra cac chuyén vi la chuyén vi cua nat cudi phan tir
thir e bang chuyén vi ciia nat dau phanti thir (e +1) nén s6 bac tu do cua thanh
sénhé hon 4N, .Khi gidi ta chi can dam bao diéu kién lién tuc cua chuyén vi
con diéu kién lién tuc vé goc xoay duoc xét bang cach cach dua vao cac diéu
kién rang buoc. Vi du dam trong (vi dy 2.5) ta chia thanh 4 phan ti (hinh 2.8)

Nhu vay, tong cong sb an 1a 11 an < 4x4=16 an. Goi ma tran n, la ma

tran chuyén vi co kich thudc nw(npt,Z) la ma tran co6 N hang va 2 cot chira
c4c an s 1a chuyén vi tai nat cua cac phan tir (hinh 2.8)

n,@)=[0 1];n,2)=[1 2];n,(3)=[2 3];n,(4:)=[3 0]
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i _{o 1 2 ?T
112 30
Goi matran n, lamatran chuyén vi c6 kich thuéc ne(npt,Z) la matran co
N, hang va 2 cot chira cc an sb 1a goc xoay tai nit ciia cac phan tir (hinh 2.8)
n,@:)=[4 5];n,(2:)=[6 7];n,3:)=[8 9]; n,(4:)=[10 11]

- _[4 88107
“|5 7 9 11

Sau khi biét an s6 thuc caa cac thanh ta c6 thé xay dung do ciing tong thé
cua thanh (c6 rat nhiéu cach ghép ndi phan tir khac nhau, tily vao trinh do 1ap
trinh caa mdi ngudi nén tac gia khéng trinh bay chi tiét cach ghép néi cac phan
tir lai dé dugc ma tran do cing caa toan thanh va co thé xem trong code mé dun
chuong trinh cua tac gia)

Néu bai toan c6 n,, an s6 chuyén vi va n_,an s6 goc xoay thi ma tran do
cimg cua thanh 13 K c6 kich thuge (nxn), K(n,n)vsin=(n, +n, ). Nhu & vi

du 2.5,n =11. Bay gio xét diéu kién lién tuc vé gdc xoay gitta cac phan tu.

Diéu kién lién tuc vé goc xoay gitta cac phan tir duoc viét nhu sau:
% _ dyi+l
dX nut2 dX
j—£% H ~0(2.41a)
nut2 dX nutl
|| Dzl o[ |20 (2410)
dX nut2 dX nutl
oo || s [ Del |20 atc)
dX nut2 dX nutl

j: 0 (2.40)

dy
hay: oA || —
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Trong d6 A, ciing 1a an s6 cua bai toan (co k an sd), do d6 tong s6 an sb
ctia bai toan lac 1a (n+k) do d6 ma tran d6 ctiing cua phan tir lic nay ciing phai
thém k dong va k c6t nhu vay kich thudc ctia matran d6 cing la K(n +Kk,n+ k) .
Goi k, la gdc xoay tai nut 2 cua phan tir truge, k,1a goc xoay tai ndt 1 caa phan

tir sau thi ta c6 cac hé s6 trong ma tran do cang K:

k(n +i,kl)=A—2X; k(n+i,k,) =_A_2X (i=1+k)(2.42a)

K(kn+1) =23 K(k, 0 +1) === (1=1+K) 2420)

Néu c6 hai phan tir thi c6 mot diéu kién vé goc xoay, c6 N, phan tir thi co
(2npt —1) diéu kién lién tuc vé goc xoay gitra cac phan tir. Nhu vay cudi cling

ta s& thiét lap duoc phuong trinh:

[KJiX} ={F}

R X, ]

: +so—hang=n

F X | o .
trong d6:{F} = ; {X}=|_"|laén sb cua bai toan

0 A,

: rS0—hang =k E
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Trong vi du 2.5 khi chia thanh ra thanh 4 phan tir. Két qua ma tran d6 ctng

cua thanh:
[24 -12 0 -12 -1.2 1.2 1.2 0 0 0 0 0 0
-12 24 -1.2 0 0 -1.2 -1.2 1.2 1.2 0 0 0 0 0
0 -12 24 0 0 0 0 -1.2 -1.2 1.2 1.2 0 0 0
-12 0 0 1.6 0.8 0 0 0 0 0 0 0 0 0
-12 0 0 0.8 1.6 0 0 0 0 0 0 210° 0 0
1.2 -1.2 0 0 0 1.6 0.8 0 0 0 0 -210° 0 0
[K] _10° 1.2 -12 0 0 0 0.8 1.6 0 0 0 0 0 2.10° 0
0 12 -12 0 0 0 0 1.6 0.8 0 0 0 -2.10°° 0
0 1.2 -1.2 0 0 0 0 0.8 1.6 0 0 0 0 2.10°
0 0 1.2 0 0 0 0 0 0 1.6 0.8 0 0 -2.10°
0 0 1.2 0 0 0 0 0 0 0.8 1.6 0 0 0
0 0 0 0 210° -210° 0 0 0 0 0 0 0 0
0 0 0 0 0 0 2.10° -2.10° 0 0 0 0 0 0
L 0 0 0 0 0 0 0 0 2.10° -2.10° O 0 0 0

Két qua chuyén vi, goc xoay tai cac nit;
{wz;wg;m; } B {0.09166667(cm);0.13333333(cm);0.09166667(cm);}
QL P, Py D, P 0.05(rad);0.0375(rad);0;—0.0375(rad); —0.05(rad)
Ta thay két qua trén so voi két qua giai chinh xac theo phuong phap giai
tich rat dung vi du nhu chuyén vi tai nat 3 tinh theo phuong phép giai tich:

3
w, =" _0.13333333(cm)
48E|

3

2.2Phwong phap chuyén vi cwdng birc trong phan tich bai toan on dinh cia
thanh chiu nén
2.2.1 On dinh thanh chiu nén
Pé hiéu duoc 6n dinh cua - c
thanh chiu nén, ta c6 thé nghién p A \ IQ g8 pX

ctu bai todn thanh theo Iy thuydt >~ —70C"

A n I
dam cot (Beam —Columns | '

Theory) cua Timoshenko. Hinh 2.9 Thanh chiu nén uén
Xét dam don gian chiéu dai | chiu tac dung dong thoi cua tai trong ngang
Q va tai doc truc P nhu hinh 2.9. Ta c6 thé xac dinh duoc mémen & phia bén

trai va phia phai caa dam trén hinh 2.9 lan luot 1a:
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M=%x+Py,M:w(l—x)+Py (2.43)

trong d6 y 1a ham d6 vong cua dam.
Loi giai cua Timoshenko cho ta hai ham d§ vong tuwong rng véi hai doan
bén trai va bén phai Q.

Qsm(kc) Qc
Pksm(kl) in(kx) — ﬁx 0<x<(l-c¢) (2.44a)

_ Qsin(k(I-c)) Q(I c)
pising) SMKA—X) = (0mx) (g sx<l o (2:440)

trong do: k =, fﬂ
El

Truong hop riéng khi tai trong dat chinh gitra cia dam, truc véng sé doi

Xang va ta chi can xét doan dam & phia trai tai trong. L4c ndy muén tim do

vong 16n nhat, chi viéc thay x =c=1/2 vao phuong trinh (2.44) ta duoc:

Dé thay rd anh huong cua lec doc P téi do vBng cia dam ta dung bién doi

| [P
_ 5\/; (2.46)

x(u) (2.47)

Sau.

Khi d6 cong thurc (2.45) tré thanh

QI 3(tg(u)-u) _QF
48El u® 48El

SZWﬁW:
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QP

T & vé phai cua phuong trinh trén biéu thi do vang

(tg(u)-u)

. , 3
cua dam khi chi c6 luc ngang Q tac dong. Thira s6 thir hai x(u) = 7

Thura s6 thir nhét

biéu thi anh huong cua luc doc P téi do vong S.
- Khi P nho gia trj u theo phuong trinh (2.47) 1a nho va thira sé y(u) xap
Xi bang don vi.
- Khi u=m/2 thi y(u) tién t&i vo han, chuyén vi § cua dam ciing ting
Ién v han, ta n6i dam bj mat on dinh. Trong truong hop nay tir phuong trinh
(2.46) ta tim ra:
n’El

P (2.48)

Pay chinh 1a tri s6 luc nén 1am cho d6 vdng caa dam tang 1én vo han. Nhu
vay, c6 thé két luan rang, khi luc nén P tién dan téi tri s6 t&i han (2.48) thi du
lyc ngang c6 nhoé dén may ciing van gay Ién chuyén vi rat 16n. Ta goi trang thai
nay 12 mat on dinh, tri s téi han caa luc nén 12 tai trong téi han voi ky hiéu la
P, . Timoshenko ciing dung 1y thuyét dam-cot dé nghién ctiu 6n dinh cua thanh
chiu nén c6 cac diéu kién bién khéc nhau.
2.2.2 Phuwong phap chuyén vi cudng birc

Phuong phap chung dé danh gia su
mat on dinh cua co hé 1a dua hé ra khoi vi
tri can bang ban dau caa n6 va kiém tra xem
no co ton tai trang thai can bang mai khong.
Néu nhu tim duoc trang thai can bang méi
khé&c véi trang thai can bang ban dau thi c¢6

thé xem 14 mat 6n dinh va luc giir cho hé &
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trang thai can bang mai nay goi 1a luc t6i  Hinh 2.10 Thanh chiu nén
han, truong hop nguoc lai hé 1a 6n dinh.

Ndi dung phwong phap: Dé don gian trong trinh bay ndi dung phuong
phap khéng l1am mat di tinh tdng qué cua bai toan, ta xét thanh chiu nén mot
dau ngdm maot dau ty do chiu luc nhu (hinh 2.10). Thanh ¢6 trang thai can bang
ban dau Ia trang thai chiu nén thang dung. O trang thai can bang nay thanh bi
co ngan mot doan 1& A=PI/EA, EA 1a d6 cang chiu kéo nén cua thanh, E 1a
mo dun dan hdi cua vat liéu, | 1a chiéu dai ban dau cua thanh, P 1 luc tac dung.

Pé xét can bang nay cua thanh c6 6n dinh hay khéng ta chon cho mét diém
bat ky trén thanh Iéch ra khai vi tri can bang ban dau mot doan y, nao d6. Khi
d6 thanh s& chuyén vi theo dudng dan hdi y(x) va luc P ngoai tac dung nén con
gay ra méd men udn:

M, =P(y -y,) (2.49)

Bay gio trong thanh ¢4 noi luc mé men uén M va khac véi trang thai ban
dau. Po co ngan cua thanh thuong nhé hon so véi chiéu dai thanh cho nén dé
don gian ta xem chiéu dai thanh sau bién dang van Ia .

Bién dang uén cua thanh: y = —% (2.50)

Luong cudng birc theo phuong phap nguyén Iy cuc tri Gauss cua bai toan
nay dugc Viét nhu sau:

Z=[(M =M, Jdx — min (2.51)

Cha y md men ndi luc va md men ngoai luc ludn khac dau. Biéu kién can
va du dé thanh ¢ trang thai can bang la:

ész:j(lvl — M, Sydx =0 (2.52)

hay: SZ:J‘(M —Mpﬁ(—%]dx:o (2.53)
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Str dung phép tinh bién phan dbi voi phuong trinh (2.53) nhan duoc

phuong trinh can bang sau:

2 —
_EM=Me) (254
dx
.. d* y
Ta co: M=Ely=-ElI— 0 (2.55)

Thay M (2.55) va M,, (2.49) vao phuong trinh (2.54) ta co:
Elg%wj Y_0 (2.56)
Pay 14 phuong trinh vi phan can bang caa thanh chiu uén doc béi luc P
tac dung ¢ dau thanh. D6 1a phuong trinh vi phan thuan nhat khéng cé vé phai.
Pé giai phuong trinh vi phan nay c6 nhiéu cach giai nhung trong phan nay luan
van trinh bay phuong phap chuyén vi cudng birc dé giai phuong trinh (2.56).
Phuong phap chuyén vi cudng buc nhim dua phuong trinh (2.56) vé
phuong trinh c6 vé phai bang cach cho mot diém nao d6 trong thanh, vi dy diém
X=X1, Mot chuyén vi Yo:
9=Yey, ~ Yo =0 (2.57)
Pua bai toan tim cyc tri cua phuong trinh (2.51) véi diéu kién rang buoc
(2.57) vé bai toan cuc tri khong rang buoc bang cach xay dung phiém ham
Lagrange F nhu sau:
F=Z+\g—min (2.58)

F

[(M=M, Jdx+1(y,_, —Y,)—> min(2.59)

|
Trong d6 A la thira s6 Largrange va ciing 1a an sb cua bai toan. Tur diéu

kien: 5F = [(M—M, Joxdx +1(5g) = 0(2.60)

Dung phép tinh bién phan phuong trinh (2.60) nhan dugc phuong trinh

sau.
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4 2 —A  khi x=Xx
g9y, pdy_ | ' (2.61)
dx dx 0 khi x=#Xx

Phuong trinh (2.61) 1a phuong trinh ¢6 vé phai. Bé n tro thanh phuong
trinh uén doc (2.56) cua thanh thi:

=0 (2.62)

V& mit toan hoc phuong trinh (2.62) 1a phuong trinh da thirc x4c dinh cac

tri riéng cua (2.60) boi vi nghiém cua né ciing 1a nghiém cua (2.56).Vé mat co

hoc A ¢ thi nguyén 1a lyc. Do 14 lyc gilr dé cho thanh ¢ chuyén vi vy, tai

diém x = x,. Luc giir phai bang khong, suy ra phuong trinh (2.62).Tri riéng

cua (2.59) phu thudc vao thdng sé P va El, suy ra A ciing 1a ham cua P va EL.

Cho nén giai phuong trinh (2.62) theo P, sé nhan dugc cac luc tai han cua thanh

uén doc.
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CHUONG 3

MOT SO Vi DU PHAN TiCH ON PINH THANH CHIU NEN
THEOPHUONG PHAP CHUYEN VI CUONG BUC

Trong chuong nay, luin vin s& ap dung phuong phap chuyén vi cudng
birc va xay dung bai toan theo phuong phap phan tir hitu han dé phan tich mot
s6 bai toan on dinh cua thanh chiu nén doc truc. Tét ca cac két qua phan tich
luc t6i han ctia cac bai toan 6n dinh thanh chiu nén doc truc trong chuong nay
s& duoc so sanh voi cac két qua phan tich theo cac phuong phap khac, dé thay

duogc do tin cay cua phuong phap nghién cuu trong luan van.

3.1 Phan tich 6n dinh cia thanh chju nén dau ngam — dau khép
Vi du3.1: Xéc dinh luc t6i han theo phuong phap chuyén vi cudng bic cho

thanh dau khap va dau ngam chiu luc nén doc truc P (hinh 3.1).

P 1 2 m-1 m
[1] | [Z] | [-] |
| I | |
[ oM | M | oW | f |
| b s o ol
R So h:lcu nut, phlan tu cua tlllanh 5 );
YV x I : I
e | |
0 1 e |
— —— CV |
i : 1 ' : : n cv O :
| S6 hiéu bac twjdo chuyénvi nit |
| | | | |
1 2 » n -1 |
H H gX :
| 13 | n 10
| e I gX

S6 hiéu béac tu do goc xoay nit

Hinh 3.1 Thanh dau ngam —dau khép
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Loi giai
Chia thanh ra lam n_ phan ti (hinh 3.1), ngi luc md men uén do luc P gay
ra trong cac phan tt caa thanh 1a:

M w, (i=1+n_)(3.1)

P
M6 men udn M, gay ra bién dang uén ., do do6 trongthanh phan luong
rang budc cua bai toan ta phai viét thém thanh phan nay, nhu vay lugng rang

budc cho bai toan 6n dinh c6 thé viét nhu sau:

1 sonut

ZI( M® — (')) Jox - ZFX — min (3.2a)

-1

hay

sonut

_ &Z"‘:J‘(M(i) _ MS))SXidX _ z F.5X, — min(3.2b)
= k=1

Goi n,,la sb thong so chuyen vi tai cac nut cua thanh cd chuyen vi; n, 1a
s6 thdng sb goc xoay tai cac nut cua thanh ¢ goc xoay. Dua vao diéu kién nay
ta sé xay dung dugc ma tran do cang cua thanh c6 bac: nxn (n =n_ + ngx)

(sau khi bo di nhitng hang va cot twong ng ¢ chuyén vi hoac géc xoay bang
khong).
Ngoai ra, can dam bao diéu kién lién tuc cua chuyén vi con diéu kién lién

tuc vé goc xoay duoc xét thém bang cach cach dua vao cac diéu kién rang budc.

dy _[ Y -0 (3.3)
dX nut2—cua—pt—thu—i dX nutl-cua—pt—thu—i+1

Nhu vay ma tran do ciing cua cia thanh dugc mo rong thém (0, —1) hang

va (n, -1) cot.
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Theo phuong phap chuyén vi cudng buc tai mot vi tri (nat) nao dé cua
thanh, ta cho léch khoi vi tri can bang moét chuyén viy,. Chang han tai nat thir
Kta cho mot chuyén vi cudng birc y, ta co:

w|, —y,=0(3.4)

Nhu vay ma tran d6 cirng cua phan tir lai duoc mé rong thém 1 hang, mot
cot va ldc nay ma tran d6 cang c6 bac (ncv +n, + npt)x(nw +N,, + npt) véi hé
sb trong ma tran do cing:

k(n, +n, +n,.k)=1(3.52)
k(k,n,, +n, +n,)=1(3.5b)
Ma tran tai trong tac dung Iic nay cé bac:(nw +Nn, + npt)xl Vi giatri hé
s6 F(ncv +N,, + nm) =Y, con c4c hé sé con lai bang khong.

Giai phuong trinh [K]{X} ={F} ta s& tim duoc c4c an s6 1 cac chuyén vi
tai cac nGt cta phan tir va céc thira sé Largrange. Tiép theo, ta cho thira s6
Largrange twong ng VGi chuyén vi cudng btc bang khéng ta s& tim duoc gia
tri luc P twong tng la cac gia tri tai han caa luc nén Ién thanh.
phan tir chia bang 6. Thira s6 Largrange tuong tng vai chuyén vi cudng buc 12:
A =-0,24206*y0/1*(-0,16427e294*1"44*p 11+ 0,13354e298*1"2*1"40*p™10*ei +
- 0,44982e301*1"4*1"36*ei2*p”9+0,81919e304*1"6*1"32*ei"3*p"8+
-0,88490e307*1"8*1"28*ei™4*p~7 + 0,58700e310*I1M10* 11 24*eiNo*p/ 6+
-0,24011e313*IM12*1"20*ei6*p"5+0,59428e315* 1M1 4* 1M1 6*eiNT*p4+
-0,85200e317*IM16*1"M12*ei8*p”3+0,65281e319*1M18*|1"8*ei"9*p"2 +
-0,22936e321*1"20*ei*10*p*174+0,25803e322*"22*ei11)/
(0,47948e292*p"10*1"M40-0,37765e296*p9*I"36*ei* |12+
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+0,12193e300*ei2*p/8*1"32*|"4-0,20970e303*ei 3*p 7*28* |6+
+ 0,20944e306*iM4*p"6*[124*118- 0,12464e309%ei5*p 5*[120* |10+
+ 0,43784e311*i"6*p"4* 1 16*1112-0,87219e313*iN7*p3*|N12%|N 14+
+0,91144e315*ei"8*p/ 2*|"8*|116- 0,42997e317*ei9*p*|"4*|"18+
+0,64147e318*ei10*1720)/1"4

Giai phuong trinh A =0 theo an s6 P véi sb bac 1a 11 ta s& tim duoc 11
gia tri lyc t6i han P, (mic du & day ham chuyén vi chi 1a da thuc bac 3), & day
dua ra 3 luc t&i han dau tién lan luot 1a;

P, =20,199E1__/I?:

P, =59,886EI_ /I’;

P, =120,490E1_ /I

Ta thay céc két qua trén rat dang véi két qua phan tich theo giai tich.
3.2 Phan tich 6n dinh cia thanh chju nén diu ngadm — dau ngam
Vi du3.2: Xac dinh luc t6i han theo phuong phap chuyén vi cudng bic cho
thanh dau ngam va dau ngam chiu luc nén doc truc P (hinh 3.2).
Loi gidi

Chia thanh ra lam n_ phan ti (hinh 3.2), ngi luc md men uén do luc P gay
ra trong cac phan tir caa thanh 1a:

M, =Pw_ (i=1+ npt) (3.6)

M6 men uén M., gay ra bién dang uon y, do d6 trongthanh phan luong
rang budc cua bai toan ta phai viét thém thanh phan nay, nhu vay lugng rang
budc cho bai toan 6n dinh c6 thé viét nhu sau:

sonut

Z:&iI(MU)_MS))[Xi]dx—ZFkaémin (3.7a)
i=1 _1 k=1
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hay

Ny 1 ) ) sonut
azz%zj(wl(" ~MY)Sydx— > F8X, > min  (3.7b)
i=1 1 k=1

Goi n,, las6 thong sb chuyén vi tai cac nit cia thanh c6 chuyén vi; n_ 1a
sb thong sé goc xoay tai cac ndt cua thanh co goc xoay. Dua vao diéu kién nay
ta s€ xay dung duoc ma tran d6 cung cua thanh cé bac: nxn (n =n, + ngx)

(sau khi bo di nhitng hang va cot twong tng ¢ chuyén vi hoac goc xoay bang
khong).

- [2]

1
My |

L]

L
l n pt _l ﬁot n pt

|
|
| |
S6 higu nit, phan t clia thanh
| |
|

0 1

— —— CV

| R

1o ___

1 .y N, 0

S6 hieu bac tu do chuyén vi nit
| | |
|

|
|
|
O 1: lo.. :ngx_l i
|
|

|

I I

| : 2 | n_ 0
S6 hiéu bac tu do goc xoay nit
Hinh 3.2 Thanh dau ngam — dau ngam
Ngoai ra, can dam bao diéu kién lién tuc caa chuyén vi con diéu kién lién tuc

vé goc xoay dugc xét thém bang cach cach dua vao cac didu kién rang budc.

% _ dyi+l
dX nut 2—cua—pt—thu—i dX
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Nhu vay ma tran d6 cirng cua cua thanh dugc maé rong thém (npt —1) hang
va (n, -1) cot.

Theo phuong phép chuyén vi cudng buc tai mot vi tri (nat) nao d6 cua
thanh, ta cho léch khoi vi tri can bang moét chuyén viy,. Chang han tai nat thir
Kta cho mét chuyén vi cudng buc y, ta co:

W|XK ~y,=0(3.9)

Nhu vay ma tran d6 ciing cua phan tir lai duwoc mé rong thém 1 hang, mot
cot va ltc ndy ma tran d¢ cing c6 bac (N, +ny, +n, )x(n, +n, +n,) véihe
sb trong ma tran do cing:

k(N +n,+n,,k)=1 (3.10a)
k(k,n,, +n,, +n,)=1(3.100)
Ma tran tai trong tac dung Iic nay co bac:(nw +N, + nm)xl VoI giatri hé
s6 F(ncv +n, + nm) =Y, con cac hé sé con lai bang khong.

Giai phuong trinh [K]{X} ={F} ta s& tim duoc cac an s6 1a cac chuyén vi
tai cac nUt cua phan ta va cac thura sb Largrange. Tiép theo, ta cho thira sé
Largrange twong &ng VGi chuyén vi cudng buc bang khéng ta s& tim duoc gia
tri luc P tuong tng la cac gia tri téi han caa luc nén 1én thanh.

Trong phan nay, luan van giaibai toan thanh dau ngam — dau ngam véi s6
phan tir chia bang 6. Thira s6 Largrange tuong ng vai chuyén vi cudng buc 12:
A =-0,15129e-1*y0/1*(0,10523e262*1"40*p"10- 0,73557e265*1"2*1"36*p"\9*ei +
+0,21006e269*I"4*1"32*p"8*ei2- 0,31919e272* "6 *1"28*p"7*ei3+
+0,28248e275*1"8*1"24*p”6*ei"4-0,15025€278* 1" 10*1"20*p 5*ein5 +
+ 0,48013e280*1"12*I1"16*p4*ei™6- 0,89733e282*IN14*IN12*p 3 *eir 7+
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+0,92233e284* | 6*118*p"2%€i"8- 0,46014e286*I18*p*eirg*| 4+
+ 0,828256287*1°20*i~10)/(-0,191226259*p 9* |36+
+0,128746263*p 8*|A32%ei*"2- 0,34937e266*pT*IN28*ein2* N4+
+0,49505e269*p6*1"24*ei"3*1"6- 0,39773e272*p"5*|1"20*ei4*|"8 +
+ 0,18479e275*p*I"N16*ei"5*1"10-0,48752e277*p3* 1M1 2*eiN6* 1M1 2+
+0,69081e279*p"2*1"8*ei"7*1"14- 0,46627e281*p*|1"4*ei"8*|"16+
+0,11190e283*ei"9*I"18)/1""4
Giai phuong trinh A, =0theo an s P véi sé bac 1a 10 ta s& tim duoc 10
gia tri lyc téi han P, (mac di & day ham chuyén vi chi 1a da thirc bac 3), & day
dua ra 3 lyc t6i han dau tién lan luot 13:
P, =39,540E1 _/I;
P, =81,267El ., / ;
P, =161,340E1 _ /I’
Ta thay céc két qua trén rat dang voi két qua phan tich theogiai tich.
3.3 Phan tich 6n dinh cia thanh chju nén diu ngadm — dau ngam truwot
Vi du 3.3: Xac dinh luc ti han theo phuong phap chuyén vi cudng btc cho
thanh d¢au ngam va dau ngam truot chiu luc nén doc truc P (hinh 3.3).
Loi giai
Chiathanhralam n phan tir (hinh 3.3), ndi luc md men ubn do luc P gay
ra trong c4c phan tir cua thanh 1a:
M, =Pw, (i=1+n )(3.11)
M6 men uon M., gay ra bién dang uén y., do d6 trong thanh phan luong
rangbudc cua bai toan ta phai viét thém thanh phan nay, nhu vay luong rang

budc cho bai toan 6n dinh c6 thé viét nhu sau:
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AX et 1 ) ) sonut

Z:7§£(Mm_|\/|<P'>)[Xi]dx—;Fka—>min (3.12a)
hay
N 1 sonut
:A? [(M® =M )3y dx— Y F3X, —>min  (3.12b)
) k=1

Goi n,, 1a 50 thong s6 chuyén vi tai cac nit cia thanh c6 chuyén vi; n_ 1a
s6 thdng sb goc xoay tai cac nut cua thanh ¢ goc xoay. Dua vao diéu kién nay
ta s& xy dyng dugc ma tran do cing caa thanh cd bac: nxn(n=n,+n, ) (sau

khi bo di nhitng hang va cot twong tng ¢ chuyén vi hoic goc xoay bang khong).

1 2 m-1 m P
| | | I
I. ﬁDt I. ﬁDt ‘I_ ﬁm _{ ﬁ
So ﬁliéu nit, phém tir clia thanh X
| |
l

M% TD

| Xi :
vy | | |
1 2 ... |
—— —— CV I
A
— ——

S6 hiiéu bac tu do chuyén Vi niit
I I I

0 1: lvs :n -1

| | | | gx

| 19 I In 0
| ..I gX

S6 hiéu bac tu do géc xoay niit

Hinh 3.3 Thanh dau ngam-dau ngam truot
Ngoai ra, can dam bao diéu kién lién tuc caa chuyén vi con diéu kién lién

tuc vé goc xoay duoc xét thém bang cach cach dua vao cac diéu kién rang budc.
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[% j{% ]:0(3.13)
dx nut2—cua—pt—thu—i dX

Nhu vay ma tran @6 cirng cua cua thanh dugc mo rong thém (npt —1) hang

nutl-cua—pt—thu—i+1

va (n, —1) cot.

Theo phwong phap chuyén vi cudng buc tai mot vi tri (nat) nao dé cua
thanh, ta cho léch khoi vi tri can bang moét chuyén viy,. Chang han tai n(t thir
Kta cho mot chuyén vi cudng bic vy, ta co:

W\XK ~-y,=0(3.14)

Nhu vay ma tran d6 cirng cua phan tir lai duoc mé rong thém 1 hang, mot
cot va lic nay ma tran do cting cd bac (n,, +n,, +n,)x(n,, +n, +n_ ) voi he
s6 trong ma tran do cing:

k(n,, +n, +n,.k)=1(3.15a)
k(k,n,, +n, +n,)=1(3.15b)
Ma tran tai trong tac dung ldc nay co bac:(nw +N, +N, )xl VoI gidtri hé
s F(n,, +n,, +n, )=y, con cc hé s6 con lai bing khong.

Giai phuong trinh [K]{X} = {F} ta s& tim duoc cc an s6 la cac chuyén vi
tai cac nat cua phan tir va céc thira sé Largrange. Tiép theo, ta cho thira sé
Largrange tuong ng VGi chuyén vi cudng bac bang khéng ta s& tim duoc gia
tri luc P tuong tng la cac gia tri téi han caa luc nén 1én thanh.

Trong phan nay, luan van giaibai toan thanh dau ngam — dau ngam truot
véi 6 phan tir chia bang 6. Thira s6 Largrange twong (ng véi chuyén vi cudng
bc la:

A =-0,24206*y0/1*(-0,18100e263*1"44*p11+ 0,12735€267*1"2*1"40*p10*ei +
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- 0,36670e270*1"4*1"36*p"9*ei2 + 0,56329e273*16*"32*ei"3*p"8+
- 0,50572e276*1"8*1"28*eiM*p7+ 0,27432e279*I1M10* 1" 24*eiN5*p/ 6+
- 0,90106€281*I"12*1"20*€i"6*p"5+ 0,17534€284*I"14* 1" 16*ei"7*p"4 +
-0,19209e286*1"16*1"12*ei8*p”3+ 0,10760e288*1"18*|"8*ei"9*p"2+
- 0,25548e289*1"20*ei"10*p*1"4+0,16424e290*1"22*ei11)/
(0,62939e261*p"10*1"40-0,42636€265*p9*I"36*ei* |2+
+0,11666e269*p"8*1"32*ei"2*|1"M— 0,16717e272*ei"3*p7*1"28* |16+
+ 0,13646e275*ei4*p6*I1"24*1"8— 0,64901e277*ei"5*p5*1"20*1"10+
+0,17752e280*ei"6*p4*I"16*I1" 12— 0,26699e282*ei7*p3*IN12*IN 14+
+0,20151e284*ei"8*I"8*p"2*I" 16— 0,63553e285*ei9*|"4*p*|"18+
+ 0,53683e286*ei*10*1"20)/1"4
Giai phuong trinh & =0 theo an s6 P véi s6 bac 1a 11 ta s& tim duoc 11
gia tri luc téi han P, (mac du & day ham chuyén vj chi la da thirc bac 3), & day
dua ra 3 luc t&i han dau tién lan luot 1a;
P, =9,872El . /I*;
P, =39,510El . /I*;
P, =89,758El . /I?
Ta thay céc két qua trén rat dang véi két qua phan tich theo giai tich.
3.4 Phan tich én dinh ciia thanh chiu nén dau ngam — dau ty do
Vi du 3.4: Xac dinh luc t6i han theo phuong phap chuyén vi cudng btc cho
thanh dau ngam va dau ty do chiu luc nén doc truc P (hinh 3.4).
Loi giai
Chia thanh ra lam n_ phén tir (hinh 3.4), ndi luc m6 men udn do luc P gay
ra trong cac phan tir caa thanh 1a:

MiP = P'Wxi (I =1+ npt) (316)

59



M6 men udn M. gay ra bién dang uén .. do d6 trongthanh phan luong
rang budc cua bai toan ta phai viét thém thanh phan nay, nhu vay lugng rang

budc cho bai toan 6n dinh c6 thé viét nhu sau:

AX et 1 ) ] sonut .
z:_zj(w_M;'))[Xi]dx—ZFkxk—>m|n (3.17a)
i=1 _1 k=1
hay
AX Ny 1 ) ) sonut ]
8Z = 7zj(l\/l -MY)dydx — > FSX, —»min  (3.17h)
i=1 1 k=1
1 2 m-1 m P
[ 1 N 1 |
| | | |
I PO S PO S PO G PO .
| | | | |
| So hiléu nut, ph:éin tor ctia :thanh | y_
3 | | | 0
A | ! | By X
i I I I I -
| I I I
Y | L
0 -
M MCV :
| 1 N1 N,
: | | I |
| S6 hiiéu bac ty do chuyélkl vindt |
| | | | |
0 1 L n2
i :2 ..I :ngx_l :ngx

S6 hiéu bac tu do géc xoay ntit
Hinh 3.4 Thanh dau ngam-dau ty do
Goi n,, lasd thdng s6 chuyén vi tai cac nit ciia thanh c6 chuyén vi; n, 1a
s6 thdng sb goc xoay tai cac nit cua thanh ¢ goc xoay. Dua vao diéu kién nay
ta sé xay dung duoc matran do cirng caa thanh cé bac: nxn (n =n, +n gx) (sau

khi bo di nhitng hang va cot twong tng ¢ chuyén vi hoac goc xoay bang khong).

60



Ngoai ra, can dam bao diéu kién lién tuc cua chuyén vi con diéu kién lién

tuc vé goc xoay duoc xét thém bang cach cach dua vao cac diéu kién rang budc.

. (W
dX nut2—cua—pt—thu—i dX

Nhu vay ma tran @6 cing cua cua thanh dugc mo rong thém (npt —1) hang

J:OGi&

nutl-cua—pt—thu—i+1

va (n, —1) cot.

Theo phuong phap chuyén vi cudng buc tai mot vi tri (nat) ndo dé cua
thanh, ta cho léch khoi vi tri can bang mot chuyén viy,. Chang han tai nat thir
Kta cho mot chuyén vi cudng bic vy, ta co:

W\XK —y,=0(3.19)

Nhu vay ma tran d6 ciing cua phan tir lai duoc mé rong thém 1 hang, mot
cot va ltc ndy ma tran do ciing c6 bac (N, +ny, +n, )x(n, +n, +n,) véihe
sb trong ma tran do cing:

k(n,, +n, +n,.k)=1(3.20a)
k(k,n,, +n, +n,)=1(3.200)
Ma trén tai trong tac dung l4c nay c6 bac:(nw +N, +N, )><1 Vai gia tri hé
s F(n,, +n, +n, )=y, con cac hé sé con lai bang khong.

Giai phuong trinh [K]{X} = {F} ta s& tim duoc cc an s6 la cac chuyén vi
tai cac nt cua phan tar va cac thira sé Largrange. Tiép theo, ta cho thira s6
Largrange tuong ng VGi chuyén vi cudng buc bang khéng ta s& tim duoc gia
tri luc P tuong tng la cac gia tri téi han caa luc nén 1én thanh.

Trong phan nay, luan van giaibai toan thanh dau ngam — dau ty do véi sb

phan tir chia bang 6. Thira s6 Largrange twong tng vai chuyén vi cudng buc 1:

61



A =-15.492*y0/I*( 0,10816€293*1"48*p"12- 0,88171e296*|"2* N 44*ei*p 11+
+0,29803e300*1"4*|*40*ei 2*p~10- 0,54518e303*1M6*1"36*ei3*p/ 9+
+ 0,59238e306*|"8*1"32*eir4*p"8-0,39605e309* 1" 10*1128*eiN5*p/ 7 +
+0,16376€312*|112%|"24%ei"6*p"6- 0,41155e314*IM14*|"20*eiNT*p 5+
+0,60364€316*1"16*1"16*ei"8*p~4- 0,47991e318*1M18* 1M1 2*eiN9*p"3+
+ 0,18079e320*["20*|"8*eir10*p"2-0,24429e321 *1"22%eir 1 1*p*| 4+
+0,49967e321*1"24*ei*12)/(-0,16427294*p 11*|"44+
+0,13354€298*p"10*1"40*ei*12- 0,44982e301*p 9*1"36*ei 2* [N 4+
+ 0,81919e304*p"8*1"32*ei"3*|"6-0,88490e307*p"7*|"28*ei 4 *|"3+
+0,58700e310*p"6*[124*i"5*1110- 0,24011e313*p 5*|"20*eir6* 1112+
+0,59428e315*p"4* |1 16*eir7*1M14- 0,85200e317*p 3*|112*eirg* |16+
+ 0,65281e319*p/2*1"8*ei"9*|118- 0,22936€321*p*IM4*eir10*|"20+
+ 0,25803e322*eir11*1722)/1"4
Giai phuong trinh & =0theo 4n sb P véi s6 bac 1a 12 ta s& tim duoc 12

gia tri luc téi han P, (mac du & day ham chuyén vj chi la da thirc bac 3), & day
dua ra 3 luc t&i han dau tién lan luot 1a;

P, =2,467EI _ /I?;

P, =22,220El_. /I?;

P, =61,920El /I

Ta thay céc két qua trén rt dung voi két qua phan tich theogiai tich.
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3.5 Phan tich 6n dinh cia thanh chiju nén dau khépdi dong — diu khép cb dinh
Vi du 3.5: Xac dinh luc t6i han theo phuong phap chuyén vi cudng bt cho
thanh dau khopdi dongva dau khép ¢ dinh chiu lec nén doc truc P (hinh 3.5).

Loi giai
P 1 2 m-1 m
z [1] | [Z] [--] z\;

|

|
' LWy, |
| | |
| | |
0 1 |
— — CV I
| — prmm—
| S2 hiCu bEc tb do chuyGn vbnét |
| | | | |
— —— 9 I
: : : :n -1 :n
| 3 o g gx

< hiQu bEc tt do géc xoay not
Hinh 3.5 Thanh dau khép di dong- dau khép cb dinh
Chia thanh ra lam n_ phén tir (hinh 3.5), ndi luc m6 men udn do luc P gay
ra trong cac phan ttr caa thanh 1a:
M, =Pw, (i=1+n)(3.20)
M6 men udn M., gay ra bién dang uén ., do d6 trongthanh phan luong
rang budc cua bai toan ta phai viét thém thanh phan nay, nhu vay luong rang

budc cho bai toan 6n dinh c6 thé viét nhu sau:

sonut

Mot 1 . :
2=2X5" [(MO =MO) [, Jix - 3. F.X, - min (3.223)
i=1 _1 k=1
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hay

N

5= 253 [(MY - MY )3 dx - STRSX, s min (3,220
= k=1

-1
Goi n,, 1a 50 thong s6 chuyén vi tai cac nit cia thanh c6 chuyén vi; n_ 1a
s6 thdng sb goc xoay tai cac nit cua thanh ¢ goc xoay. Dua vao diéu kién nay
ta s& xay dyng dugc ma tran do cing caa thanh cd bac: nxn(n=n,+n, ) (sau
khi bo di nhitng hang va cot twong tng ¢ chuyén vi hoic goc xoay bang khong).
Ngoai ra, can dam bao diéu kién lién tuc caa chuyén vi con diéu kién lién tuc

vé goc xoay dugc xét thém bang cach cach dua vao cac diéu kién rang budc.

[% ] _ [ dy,., ) =0 (3.23)
dX nut2—cua—pt—thu—i dX nutl-cua—pt—thu—i+1

Nhu vay ma tran d6 cirng cua cua thanh dugc mé rong thém (npt —1) hang

va (n, —1) cot.

Theo phuong phap chuyén vi cudng buc tai mot vi tri (nat) nao dé cua
thanh, ta cho léch khoi vi tri can bang mot chuyén viy,. Chang han tai nit thir
Kvta cho mét chuyén vi cudng buc y, ta co:

W\XK —y,=0(3.24)

Nhu vay ma tran d6 ciing cua phan tir lai duoc mé rong thém 1 hang, mot
cot va ltc ndy ma tran do ciing c6 bac (N, +ny, +n, )x(n, +n, +n,) véihe
s6 trong ma tran do ctng:

k(n,, +n, +n,.k)=1(3.25a)

pt?

k(k,n,, +n, +n,)=1(3.25b)
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Ma tréan tai trong tac dung l4c nay co bac:(nw +N, +N, )><1 VoI gid tri hé
s6 F(n,, +n,, +n, )=y, con cc hé s6 con lai bing khong.

Giai phuong trinh [K]{X} = {F} ta s& tim dugc cac an s la cac chuyén vi
tai c4c nat cta phan tir va cac thura sbLargrange. Tiép theo, ta cho thura
séLargrange tuong ung Voi chuyén vi cudng bic bang khong ta sé tim duoc
gia tri luc P twong ung la céc gia tri toi han cua luc nén [én thanh.

Trong phan nay, luan van giai bai toan thanh dau khop cb dinh — khép di
dong vai sé phan tir chia bang 6. Thira séLargrange twong Gng Vi chuyén vi
cudng buc la:

A =-0,72618*y0/l * (0,13512e246*1"40*p"10 - 0,90202e249*1"36*1"2*ei*p"9 +
+0,24127e253*I"32* " 4*ei"2*p"8 - 0,33364e256*|1"28*1"6*ei"3*p"7 +

+ 0,25742e259*1"24*1"8*ei"4*p"6-0,11211e262*1"20* " 10*ei"5*p/5 +

+ 0,26904e264*I"16*1"12*ei"6*p"4 - 0,34036€266* 1" 12*IN14*eiN7T*p"3+
+0,20866e268*1"'8*1"16*ei"8*p”2 - 0,52032e269*1"'18*ei"9*p*I™4 +
+0,34057e270*1"20*€ir10) / (-0,126926245*p19*[A36 +

+ 0,83579e248*p8*1"32*ei*I1"2 - 0,21962e252*p N 7*1728*ei"2*I1"M4 +

+ 0,29655e255*p6*1"24*ei"3*1"6 - 0,22128e258*p"5*1120*ei4*I"8 +

+ 0,91654e260*p4*1116*eir5*I1M10 - 0,20281e263*p3*1M12*eiN6*IM12 +
+0,22390e265*eiN7*p"2*I"8*1"14 - 0,10749e267*ei"8*p*I"4*1"16 +
+0,15903e268*ei"9*1"18)/I1"4

Giai phuong trinh . =0theo an sé P vai s6 bac 1a 10 ta s& tim duoc 10
gia tri lyc toi han P, (mac du ¢ day ham chuyén vi chi 1a da thirc bac 3), ¢ day
dua ra 3 luc téi han dau tién lan luot 1a;

P, =9,8698El _ /I*;
P, =39,480E1,, /I*
P, =88,950EI /2.

Ta thay céc két qua trén rat dung voi két qua phan tich theogiai tich.
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KET LUAN VA KIEN NGHI

Két luan: Qua cé4c ndi dung da trinh bay ¢ cac chuong trong luan vin, c6 thé
rat ra cac két luan sau day:

1) Dya trén phuong phap chuyén vi cudng buc két hop phuong phap
nguyén ly cuc tri Gauss luan van da xay dung duoc phuong phap giai cho bai
toan 6n dinh két cau céng trinh theo hai cach tiép can bai toan: Phuong phap
giai tich; Phuwong phéap phan tir hiru han.

2) Phuong phap chuyén vi cudng bic trong phan tich bai toan on dinh két
C4u cong trinh 14 phuong phéap khi két cdu chiu luc muén biét trang thai chiu
luc ¢ 6n dinh khdng bang céch, tai mot vi tri nao d6 trén két ciu ta cho mot
chuyén vi cudng birc sau d6 ta bo ra. Néu két cu tré vé trang thai can bang ban
dau ta ndi két cau on dinh, con néu két cau khdng thé tr vé trang thai can bang
ban dau thi ta néi két ciu mat 6n dinh. Tai trong t6i han 14 tai trong nhé nhat
tac dung I1&n két cau ma tai d6 két cau bit dau mat 6n dinh.

3) Trén c& so cia phuong phap chuyén vi cudng buc két hop véi phan
mém Matlab 7.0 luan vin di viét duoc cac moé dun chuong trinh tinh toan on
dinh thanh chiu nén doc truc dua trén cach xay dung bai toan theo phuong phap
phan ta hitu han.

4) Tat ca cac két qua phan tich 6n dinh theo cach tiép can Phuong phap
phan ta hitu han déi dya trén phuong phap chuyén vi cudng btc véi bai toan
phan tich 6n dinh thanh chiu nén doc truc véi céc lién két hai dau khac nhau
cho thay két qua phan tich ciia phuong phép trong luan van 12 tin cay.

Kién nghi: C6 thé str dung phuong phap chuyén vi cudng bac nhu mot phuong
phap mai trong giang day, hoc tap va nghién ciu khi phan tich 6n dinh cho két

7
A

cau.
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